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JANUARY  1894. 


I,  Note  on  tlie  Generalizations  of  Van  der  Waals  ref/arding 
"  Corresponding'^  Temperatures,  Pressures,  and  Volumes. 
By  Sydney  Young,  B.Sc,  F.R,S.,  Professor  of  Chemistry, 
University  College,  Bristol*, 

IN  a  paper  read  before  the  Physical  Society  in  November 
1801,  and  pubhshed  under  the  above  title  in  the  Philo- 
sophical Magazine  for  February  1892  (xxxiii.  p.  153),  the 
absolute  temperatures  and  the  molecular  volumes  (as  liquid 
and  saturated  vapour)  of  eleven  compounds  were  compared  with 
those  of  fluorbenzene  at  a  series  of  corresponding  pressures. 

It  was  pointed  out,  however  (p.  155),  that  a  better  mode 
of  procedure  in  many  respects  would  have  been  io  give  the 
temperatures,  pressures,  and  volumes  of  each  of  the  twelve 
substances  in  terms  of  its  critical  constants  ;  but  as  the 
critical  volumes  of  several  of  the  compounds  had  not  been 
directly  determined,  and  as  none  of  them  were  known  with 
accuracy,  the  method  had  to  be  abandoned. 

Since  then  it  has  been  shown  by  M.  Mathias  that  the 
critical  densities — and  therefore  the  volumes — may  Ix)  deter- 
mined with  great  accuracy  by  the  method  of  Cailletet  and 

*  Communicated  by  the  Physical  Society:  read Novemljer  10,  1893. 
P]dl.  Mag.  S.  5.  Vol.  37.  No.  224.  Jan.  1894.  B 


2     ^^ Corresponding^^  Temperatures,  Pressures,  and  Volumes. 

Matliias,  and  as  the  values  calculated  l)y  IM.  Mathias  differed 
very  slightly  from  tho.se  obtained  independently  by  the  same 
method  l)y  myself,  I  accepted  these  values  as  correct  (riiil. 
Mag.  Dec.  1892).  It  appears,  however,  that  there  were 
a  few  small  errors  in  the  calculations,  and  I  have  therefore 
adopted  my  own  values  in  the  tables  that  follow.  The  new 
critical  molecular  volumes  and  those  previously  accepted  as 
correct  are  given  below  ;  it  will  be  seen  that  the  alterations 
are  very  small. 


Sub.'stance. 

1 
Critical  Molecular 
Volume. 

Substance. 

Critical  Molecular 
Volume. 

Old. 

1 
Corrected. 

Old. 

Corrected. 

Fluorbeiizeiie 

Ohlorubcnzeno  

270-4 
306-5 
322-4 
348-4 
256-3 
276-1 

270-5 
305-7 
321-4 
347-9 
2563 

275-6      1 

1 

Stannic  chloride  . 
Ether 

3493 
280-7 
170-3 
1180 
166-9 
217-6 

350-4 
281-4 
170-5 
118-0 
166-9 
217-6 

Todobenzeno  

Methyl  alcohol  . . . 
Ethyl  alcohol    ... 
Propyl  alcohol  ... 

Benzene  

Carbon  tetrachloride. 

The  vapour-pressures,  molecular  volumes,  and  critical 
constants  of  ten  esters  [methyl  formate,  acetate,  propionate, 
butyrate,  and  isobutyrate  ;  ethyl  formate,  acetate,  and  pro- 
])ionate  ;  pvo])yl  formate  and  acetate]  have  recently  been 
determined  by  Mr.  G.  L.  Thomas  and  myself,  and  the  abso- 
lute tempei'atures,  i)ressures,  and  volumes  of  each  substance 
have  been  given  in  terms  of  its  critical  constants  (Trans. 
Chem.  Soc.  Ixiii.  p.  1191). 

In  order  to  allow  of  a  comparison  being  made,  pressures 
'' corresponding ''  with  the  previous  ones  (with  a  few  omis- 
sions) were  taken,  and  I  now^  propose  to  give  the  absolute 
temperatures  and  volumes  of  the  substances  previously  studied 
in  terms  of  their  critical  constants.  As  the  data  for  the 
esters  are  published  in  full  in  the  Trans.  Chem.  Soc,  it  is 
unnecessary  to  reproduce  them  here,  and  it  will  be  sufficient 
to  give  the  extreme  values  for  the  ten  esters  in  each  case. 


o 

'o 
o 


Ph 
bjD 

o 

CO 

a> 

o 
O 


42 

.5 

'o 

Ph 

fcc 


o 


K 


c 

JM  3C  00  C5  ■*  O  C5  :2  C:  00  'O  X  t-  -f  -M  l^  or    O 

i^  :r  -.  35  — .  "O  I-  'jt  -r  •*<  oi  oi  lO  ri  o  •*  ?5  o 
— « -f>  (-  r-.  o  -^  o  '~  ci  -M  o  o  ^5  :o  I-  00  C5  5 
ip  .p  o  ip  o  y  ^- 1;-  ^-  op  go  cs  OS  Oi  C5  (35  OS  p 

O     -----...------.     -- 

-tCClt^rOrTTOXX— '-MicCls-t-Clt-XC) 
1-  X)  -^  -r  I-  —  r;  -f  t-  O  i^  — 1  1-  1-  'M  'M  -1  O 

c:  — 1  -r  i~  C  -t"  X  It  t^  —1  -f  n  -M  o  t^  X  cr.  o 

y  ir.  iz  i£.  1^  -f  'P  t^- 1;-  X  (X)  CO  gi  Oi  Z^  Ci  Zi  ■p 

o 
o 
o 

to  I- 1  :3;  r;;  —  rt>  ri  r:'  Ti  ..-  .-.  --T:  -m  -+  -r  ti  o 

o 

03  -H  _  1-  -^  C  --T  :r  X  -t<  C  01  ~J  t-  — <  t-  -t  o 
{5;  -^  £  u  .-:  -^  ;^_^  "  —  x  =  x  x  rt  i-  '-.  r?  o 

>o  >.-;  ^  -i  5  2  i~ «-  X  X  X  5.  S  ?.  :£  c;  S  3 

'-^ 

o 
o 

03  rj  X  tr  -^  X  u-  c;  -x>  71  ^5  ^  ^  o  t-o  co  o 
»potc^'^oi-t;-Gpcccpgic;c;c5Cic5p 

ill 

o 

« 

o 

-t<iar3050'Mt^-^05:roooo  —  looiccio 

t-X-h(M«CaDt^CO.-i3SOC5QOTtit:~iC(?qO 
r:"-CCl'Ni^aC(Mt~^?3t^OCC5DI:~X'CiO 

«Cl;-lp5p■^«;^-^»QpQpqDq5C5qiqiOlClp 

•  q, 

t^i^-ro-HXrr'Mcot-cOQO-*ir;o 

•      •      ■t^O-*00eCt~.-H'*iC10'l«Ot^QC'CiO 

■    ■    "«p5ptt>tt^-«.;-cpqpqco5g505o;pp 

V 

o 

TjH  !£  ^  CO  C-.  >r:  ..-  I-  X  ■-:  n  -r  t-  i-  'M  3t  --c  p 
T-^  —  t^  t:  X  rt  J-  ,.-  X  o  --r  rt  X  I-  :o  t  i  —  o 
o  Ti  -T  I-  r:  -h  X  :■-.  t — '  -r  ~.  'M  I-  1-  X  — .  o 
-^i  ic  1^  .-  vr  -^  ;r  i~  1-  vj  X  X  c:  c:  ~.  c;  ~-  o 

^H 

00  CO  n  X  r:  ^^  X  —  t-  ic  -H  o  o  '-':  ic  7>  t^  o 
•^  i.t  —  o  -T"  r:  Ti  m  ci  CI  r-<  00  --c  o  "M  ci  -H  — > 
t-  O  rt)  tc  c:  -M  t-  •M  :c  O  -t<  X)  oi  lO  t-  oc  ci  p 
■^ipipipipocpt-t-ooxoooicsicjpcip 

'Coooiooc;'*iiCMiO<MCi0  0  5Dir:-*oo 

Oi  CS  m  ^  X  M  «  00  -M  O  Cl  O  t-  --J  CI  Cl  -<  O 

t-  o  fj  a:  c  CO  I-  ?i  i^  o  -f  ci  T)  ir:  i^  x  c:  => 

^  ip  ip  ^  ip  o  m  t-  t-  00  00  X  Ci  cv  p  q;  05  p 

h-l 

MS 

w 
d° 

'NOt^t^CS.-iOt--                                                      O 

i-i-oi -H -t<  c;  CO  CO Q 

X'-<-M-cr-fxco o 

■^iip^pipcpppt- p 

i 

o 

O  Oit-t^OiSO  COCO  l-O                                           o 

i^o  01 --I -r  w  CO -^^  t-oi o 

Q0^^hi;-0'*xcoi-o    :    :    ;    :    ;    :    :o 

^ 

o 
d" 

o  ci  o;  CO  oi  oj  CO  ic  ^  CO  -,c  «i  !!■:  o  1-  cs  as  o 
1^- 1-  oi  oi  m  o  CO  T  X  o  -^  oi  X  I-  oi  oi  -H  o 

00  — <  -^  i~  o  -f  00  CO  t^  --^  -t"  o  o-j  ic  i~  X  C3  o 
Tt<ip»pip«cp.pi;-i^aoaCGpOiCiCipqip 

I— 1 

—  O  —  co-t-Ot^-t^^Ol-fOXC:  —  osio 
;C  1-  CO  01  in  Cr  01  CO  I-  Cl  tC  CO  X  I-  CO  01  —  o 

oc  — 1  -T  I;-  3  -r  QC  CO  1-  o  f  c;  01 '.-.  t~  X  ct  o 

^  iQ  ip  ip  -p  Cp  ^  l-^  l~  00  CO  X  p  Sp  p  p  05  p 

Fraction 
of  Critical 
Pressure. 

cti-'ooc:  —  cotrooooooo  —  oo 
■2  -f  —.  :r.  X  -+•  01  -r  -T  -r  — .  co  — .  oi  i-  •-  -jd  o 
o  — 1  01  .0  r^  01  -p  X  1-  -j:  -f  01  — -  1-  1.-  -f  CO  o 

S  SS  S  S  ;=!  i"  3:  "-^  "•■  —  ~  "*■  '•^-  ^  '^'  '-<-  "+■  2 

p  p  p  p  p  p  p  p  ^  0<  01  -T  ip  I-  X  X  p  p 

<o  -  ■ 

IS 

rt  — 1  '01  OJ  01  CO  CO  CO 

B2 


s 


o 

o 


c 


a 
o 


o 
O 


6 


c3 


rt<  ci  ^  eo  !»■*'  cc  —<  o  'f  CO  o  -f  '■--»"  to  ^^  o 
CI  n  I."  Ti  o  o  CO  o)  o  to  a;  -f  •*.  i'.  '*  ct  c  o 

CO  CC  -t  iC  C:  I^  CC  O  Tl  CO  L-t  C".  :"  '/.  -m  -S:  Ol  O 

CO  M  CO  CO  CO  cc  CO  TjH  ■*  Tfi  -^  "T"  ip  'P  '-0  w  t,--  o 

'       T— I 

CI  CO  c;  o  o  1— I  r-  oi  o  -^  CI  <N  1^  o  o  C"w  2  o 
cr-  o  --I  d^  t^  i^  o  c"- 1^  CO  ic  ^  o  c:  C'  >'.  o  o 
cico-ffic— coc;r-ico>cc5coxTioc;o 
CO  CO  CO  CO  CO  CO  CO  CO  Tf  Tfi  -ti  ■*  iO  i-t  --o  -^  i~  o 


®  .ii 


go  2 


M  o  CO  CO  in  < 


CD'-<<M00505000eOOOb-OiCt^Ot^Q 
Tti  O  >0  r-i  I:^  iC  t--  0-1  C5  ^  >n  c;  OC  t^  l^  iC  l~  o 
•4  iC  >.';  O  ^  I^  00  Q  -1  CO  iC  00  "M  t^  ^  lO  o  o 

cocococoeococo-*-*^rj<^ioo'-occi-o 


t^iCuCSOOO^COt^COt^COr-iOtMt^l^OO 

>r: .--  tc  <M  oi  CO  o  -^^  'M  cc  a;  ci  CO  i^  -^  CO  i^  o 

TtiO»OCOCDt^OOO(MC0  0  0004l--^iOOO 

cococoeocococo'*i-*-<f'*-<tiioiCOc£t^O 


r-lC5C5COOCO'^QO'+<COr-<OO^Q 

,  CO  '^^  lO  CO  c  '—  c;  -f"  ■>!  ct  -^  -m  t^  o 

•  CO  t^  00  O  CI  CO  tr;-  Oi  CO  CO  <M  ■:£  t-1  O 
'eococo-*-*-*-<*i'*ioiC!0^t-o 


'ft^t— Cli— lOCOf— iCStOiO'XtO 
1— iCO-^— ii— ■OCOiMOiOt-'ti'ti 
CO  CO  ^  'O  'tC  1--  CO  C>  — I  CO  ><0  Ci  CO 
C0C0C0C0C0C0r^-^-*<Tt('<tl'1-O 


-h  i-  -t  c  tr  ~  01  r-<  CI  CO  ct  1^ — r  I — h  — >  o 
.  TfH  o  t^  •-O  '.':  y_  1^  i-  —  CI  X  t^  i^  ~  i":  ci  o 

•  -p  irt'  ic  o  1^  cc  r:  ci  -p  to  ct  CO  >x  CI  ■•-:  ^  o 
■cocococococo-+-+-:t<-r-picic:otot^O 


csoocnoooo-ioc'OcocJtMocoioococoo 

iO(MOOCDTrTt<l^iCcOOOOcCiC-*»Or-<rHO 

co-*Ttiincot--QOOcicoi;ocjcoooC'i«o-HO 
cocococoeocoeo-<ti-*i-*-<ti'*iC"o:ocot-o 


r ^ooiccicocq  o 

i~  Cl  X  iC  CO  CO  to  rr O 

CO-*-+iiCtOl^XO Q 

COCOCOCOCOCOCO"*! O 


O  -^  CI  ■— I  IC  Ol  CI  ■— I  CT  O 
to  CI  CO  lO  CO  CO  to  •*  CI  00 

CO  -f  -f  ir;  to  i^  00  O  CI  CO 

COCOCOCOCOCOCO^TfH-* 


tOi-iOOt^i-it^tr-tOOOtCCO 
tOCOCOlO-rfCOtO'tiC^lOOO 
CO-^TtiiOCOt^C005^CO?0 

cocococoeocoeQ^->tiTf<*i 


^OQCOO^inmt^O-fClt^COi.OO'-H'fO 
00  Tti  O  l"~  to  iC  CO  ^  lO  O  CJ  t^  to  in  to  CO  CO  Q 


iH  -f  r.  —  -/:  -*  c"i  ■--  -r  -4-  —  CO  r.  ci  I  -  to  to  S 
S  ~  —  — •  "^  Z '  "^  '  Iz  i^  TX  ZJ  ~  '--  '-T-  "T  '■'■  S 
o  2  S  ^  c  c:  d  c  —  Ti  ci  -p  ir:  i-^  X  X  ot  5 


O  O  O  Q  O  O  v_'  vw  ■^^  ■—  -^ 
(NiCOOCtOOQ_CO 

■-H  CI  -tl  l^  iC  ~     ~     ~ 


g^ 


^-      l^^       ^— ^       -— '     '■^'     '.^'     W      t— '     ".^      <— " 

ocoooooooo 


o 

o 


•S 

a 
o 

Ph 
en 


O 

o 


s 
o 

Ph 

ci 


e3 


_^        O        iMl^iO00Q0>O-t<O 

oi 

-^cp-ir^Cioooi^jiaitoo 

:    :    :    :    :    icjococbooihcbtJii'iAi-^^ 

^ 

»0  CO  ^  ^ 

m 

o    =;i;:rE;.-s: 

a 

^-hc005-h^,-hO 

C5'>^-#iOip-*'i^-0'riC5a50 

•       !        •        •        •        •OC51^'S)OOlbcOl>»<flr^A(r^ 

lO  'T^  '-'rt 

h-l 

o 
o 
o 

.-H  -^  GO  Of)  O  — '  -M  O 

CO  m  un  I-  «  C5  --1  :c  -js  •^^  cj  -^  o 

oocioot^oobihih.^t-icwdiii-i'^r^r^ 

05r:J^C5'M05■*■^^■-^'-l 

w" 

CI  O  O  !N  i-H 

CI  -H 

o 

w 

ic  -^  -M  -1^  CO  i":  to  C2  o 

o 

!^  -1  tc  rt  o  '.-:>  00  I-  '^i  Ci  ;r;  o 

t- 

:    :    :    i-noj-^'^cb^bds'bebcici.^rii.-i 

w^ 

•       •       •       •  Cl  r-<  :0  CO  >-t  l-H 

Cl  1— 1 

o 

a 

loeotooo  —  cmoo 

o 

C5— icoocot-ciooeocsoo 

:    :ir^03co-Hci->5ooodsococic?>^A('^ 

tlf 

•     •  CI  CTM  !M  O  CO  — 1  r-H 

»•*  Clr-I 

d" 

o 

Cll^  10  00  O  00  :c  o 

eOCJ-^rhOO'-H'MOl-rOt-O 

:    i-HrsciOt-Tt^o-^csiTt^cicici.^.^ 

nf 

o 

•    -cicorDTOoJOCir-i 

00  'J^CI  l-H 

o^ 

i.ooo:o^o^co— <o 

^■^ 

(MKl-i-Hr3rM-t--MCi5DO 

w" 

:    :    :    :  ci  i.o  o  ao  t-  ci  do  ib  co  ci  ci  ^  r-4  ,^ 

•      •      •      •  Ci  O  O  (N  .-H  r-t 

d] 

1-1  r-H 

^ 

O           -H  lO  -^ 

o 

a 

XD 

"^  r  =r- r"  ^  ?i  «= 

;    :    :    :    :    iTfco^rcioouoso    :    :    '•    '•    : 

iCO  .-•'-1 

lO  uO  C5  ?0  t^  tC  t-  X'  Cl  o 

,_h' 

00  ^  i^  ci  -<  CI  o  -,0  rt  00  --r:  o 

o 

:    :    :    :    :    :cib-cbr^ooihcbcicii^'^'-i 

o 

O  01  ^  r-H 

iCiOOOCJOO^        o 

tcT 

Ti<CIClCO^COt-CSClCi     .o 

:    :    :    :    :    JrHobi^-ciQOihiebiNc^Ai    :Ai 

d" 

lO  CI  1— 1  i-H 

>-H 

lO                                                o 

K 

,-H-tl O 

::::::  ur:  GO    ::::::::.  i-H 

<o 

lO  c^ 

o 

o  o                             o 

qOTt^Clco cp 

■3 

::::::  -rfi  do  t-  CI    ::.■;:::  -^ 

O  CI  rt  -H 

O 

3 

O  lO  iC  CO                                   o 

cowcoco^ o 

W^ 

:    :    :    :    :    :  ib  do  t-  ci  oo    :    :    :    :    :    •'  -^ 

IC  CI  r-l  .-H 

d" 

lO        t^iCCOr-iCT^COO 
uO  -f  r-<  CI  CO  CO  t~  t-  CI  Ci  -,;:  S 

W 

:    :    :    :    :    iihooi^cidoibdocici'^f^-^ 

ICCI  ^  .-H 

d" 

, 

C   sS   aJ 

O  f'^  '^  O  O  — '  ^  *-^  —   —  O  O  O  O  —  o  o  o 

o  .2   *- 

•j2  -5   3 

^  —  Ti  i-  -^  i '  ir  l'^  Ij  ":=  ^  2J  ~"  ir  ^"  r*"  22  ^ 

^  *n     rn 

202 

O  o  5  C'  o  w  o  w  --^  'Ti  T  J  "4^  '^  I-'  X  CO  c;  o 

■"• 

n 

i^l 

?,SS88gSSSS§SSpiSiZ| 

S  l-H 

s?  •—* 

jr     « 

r-H  ,-,  Cl  Cl  Cl  CO  CO  CO 

p^O 

0  Prof.  SyiliK'j  Young-  on  '■' Cor  responding" 

It  was  pointed  ont  in  the  eurlicr  i)aper  on  tbis  subject 
(IMiil.  Mag,  xxxiii.  p.  172)  that  the  conij)Ounds  investigated 
might  he  arranged  in  gronps,  and  this  is  confirmed  by  the 
niethod  of  comparison  now  adoptetl.  The  twenty-two  com- 
pounds appear  to  fall  into  four  chief  groups  : — 

I.  Benzene   and  its   halogen  derivatives,   carbon  tetra- 

ch!()ri<le,  stannic  chloride,  ether. 
11.  The  three  alcohols  (methyl  alcohol  differing,  however, 
considerably  from  the  others). 

III.  Acetic  acid. 

IV.  Tlie  ten  esters. 

Jiatios  of  Absolute  Temperatures  at  Corresponding  Presmres 
to  Ahsolufe  Critical  Temperatures. — The  ratios  for  the  com- 
])onnds  in  groups  I.  are  the  lowest ;  those  for  the  esters  are 
mostly  higher;  acetic  acid  conies  next  in  order;  whilst  the 
values  for  the  alcohols  are  much  higher  than  for  any  of  the 
other  substances. 

In  the  first  group  the  differences  are  not  great,  but  the 
ratios  for  benzene  and  carbon  tetrachloride  are  below,  and 
those  for  stannic  chloride  and  ether  at  low  pressures  are 
somewhat  above  the  average.  The  influence  of  molecular 
weight  and  constitution  on  the  ratios  for  the  esters  is  fully- 
discussed  in  the  paper  by  Mr.  Thomas  and  myself  (Trans. 
Chem.  Soc.  Ixiii.  p.  1252),  and  it  will  be  sufficient  here  to 
mention  that  there  is  a  marked  rise  as  the  molecular  weight 
increases.  This  is  not  the  case,  however,  with  the  ratios  of 
the  volumes  of  liquid  or  of  saturated  Aapour  to  the  critical 
volumes.  All  the  ratios  appear  to  depend  to  some  extent  on 
the  constitution  of  the  esters. 

Hatios  of  Volumes  of  Liquid  at  Corresponding  Pressures  to 
Critical  Volumes. — The  differences  in  this  case  are  small ;  in 
general  the  ratios  for  acetic  acid  are  the  highest,  and  those 
for  the  esters  the  lowest.  At  the  lowest  pressures  the  values 
for  the  alcohols  are  higher  than  for  the  esters,  but  at  high 
pressures  they  are  lower  than  for  any  of  the  other  substances, 
and  this  is  especially  the  case  with  methyl  alcohol. 

Ratios  of  Volumes  of  Saturated  Vapour  at  Carrespondiyig 
Pressures  to  Critical  Volumes. — The  grouping  of  the  com- 
])Ounds  is  well  seen  in  this  case,  the  differences  being  naturally 
most  marked  at  low  pressures.  Acetic  acid  stands  quite 
alone  with  the  lowest  ratios,  whilst  the  alcohols,  and  especially 
methyl  alcohol,  have  much  higher  ratios  than  the  other 
compounds.  Of  the  remaining  substances  the  esters  have 
higher  values  than  the  members  of  the  first  group. 

There  is  little  doubt  that  the  low  ratios  for  acetic  acid  are 
due  to  the  existence  of  complex  molecules  in  the  saturated 
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vapour  at  low  temperatures.  The  densities  of  tbe  saturated 
vapours  of  the  alcohols,  on  the  other  hand,  are  normal  at  low 
temperatures,  and  complex;  molecules  cannot,  therefore,  lie 
present;  but  there  is  considerable  evidence  of  their  existence 
in  the  liquid  state. 

Hamsay  and  Shields  (Phil.  Trans.  184  a.  p.  647;  Trans. 
Chem.  Soc.  Ixiii.  p.  1089)  have  recently  studied  the  surface- 
energy  of  a  large  number  of  compounds,  and  have  described 
a  method  by  which  the  molecular  complexity  of  liquids  may 
be  ascertained.  They  show  that  most  of  the  liquids  investi- 
gated have  the  same  molecular  weight  in  the  liquid  as  in  the 
gaseous  state,  but  that  there  is  greater  molecular  complexity 
in  the  liquid  state  in  the  case  of  the  fatty  acids  and 
alcohols.  As  regards  homologous  compounds — both  acids  and 
alcohols — the  complexity  diminishes  with  rise  of  molecular 
weight,  and  as  regards  individual  compounds  it  diminishes 
with  rise  of  temperature;  in  order  of  complexity  methyl 
alcohol  comes  next  to  acetic  acid. 

These  conclusions,  based  on  totally  different  considerations, 
agree  perfectly  with  those  suggested  in  this  paper  and  in  the 
previous  one  on  the  same  subject. 

An  explanation  of  the  relatively  high  molecular  volumes  of 
the  saturated  vapour  of  the  alcohols  at  low  temperatures 
would  be  afforded  by  the  assumption  that  complex  molecules 
exist  to  some  extent  at  the  critical  points,  an  assumption 
which  is  supported  by  the  high  critical  densities. 

It  has  been  shown  (Phil.  Mag.  Nov.  1890,  p.  423)  that  if 
the  generalizations  of  Van  der  Waals  were  strictly  true,  the 
following  relation  should  be  true  for  all  substances  : — 

r_V_T     / 

v'-y-T^  p' 

where  v  and  v'  are  the  molecular  volumes  of  saturated  vapour, 
V  and  V  those  of  liquid,  and  T  and  T'  the  boiling-points  on 
the  absolute  scale  of  temperature  of  any  two  substances  at 
corresponding  pressures  p  and  p'.  This  relation  should  hold 
good  at  the  critical  point,  or 

PV 

-=-  =  constant, 

where  P,  Y,  and  T  are  the  critical  pressure,  the  critical 
molecular  volume,  and  the  absolute  critical  temperature  of  any 
substance.  As  the  critical  volumes  are  now  known,  it  is  possible 
to  test  this  relation  at  the  critical  points  of  the  various  com- 

PV 

pounds,  and  the  values  of  -nr  are  given  in  the  table  below. 
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Again,  the  ratios  of  the  actual  to  the  theoretical  density 
(for  a  perfect  gas)  at  the  critical  point  should  be  the  same 
for  all  substances  if  Van  der  Waals's  generalizations  were 
striotly  true  :   these  ratios  are  also  given  in  the  table  under 

the  heading  ^y- 


Substance. 


PV 

T' 


Fluorbcnzene 10390 

Olilorobciizene   10380 

Broiiiobenzeno    1()270 

lodobcnzcne  16300 

Bcnzc-iic  10610 

Carbon  tetracliloridc...  10940 

Stannic  chloride    10030 

Ether 16290 


D 

D'" 

3-79 

3-77 

3-80 

3-78 

3-71 

3-65 

3-76 

3-83 


Methyl  alcohol 13750    452 

Ethyl  alcohol 15470     4-02 

Propyl  alcohol   15400    402 


Substance. 

PV 
T  * 

D 
D'' 

Acetic  acid   

.  12440 

600. 

Methyl  formate    .... 

.  1.^840 

3-93 

Ethyl  formate 

.  15990 

3-88 

Methyl  acetate 

.  157.^0 

3-94 

Propyl  formate 

.  l(i()70 

3-87 

Ethyl  acetate    

.  15730 

3-95 

Methyl  propionate  . 

.  15920 

3-90 

Propyl  acetate  

.  15700 

3-94 

Ethyl  propionate.... 

.  15S80 

3-92 

Methyl  butyrate  .... 

.  15900 

3-90 

Methyl  isobutyrate  . 

..  16070 

3-87 

Here,   again,   the   grouping   of    the   compounds    is    well 

marked :  acetic  acid  has  by  far  the  lowest  value  of  -7^-  (and 

the  highest  density  ratio)  ;  the  alcohols  come  next  in  order, 
the  values  for  methyl  alcohol  standing  about  midway  between 
those   for    the    other  alcohols    and   acetic   acid ;    the   esters 

PV 

agree  well  together,  the  values  of  -jy-  being  in  every  case 

lower  than  for  the  members  of  the  first  group. 


II.  On  the  Separation  of  Three  Liquids  hy  Fractional  Dis- 
tillation. By  Professor  F.  R.  Barrell,  M.A.,  B.Sc, 
G.  L.  Thobias,  B.Sc,  and  Professor  Sydney  Young, 
D.Sc,  F.R.S.,  University  College,  Bristol*. 

IT  is  well  known  that  the  separation  by  fractional  distillation 
of  two  substances  which  arc  misc-ible  in  all  proportions 
and  which  do  not — like  i)ropyl  alcohol  and  water  or  formic 
acid  and  water — form  mixtures  of  constant  boiling-point,  is 
usually  a  simple  matter  if  there  is  a  considerable  difference 
in  their  boiling-points.  The  facility  with  which  the  sepa- 
ration can  be  elfected  depends,  in  fact,  chiefly  on  this 
difference. 


•  Communicated  by  the  rhysical  Society  :  read  NoAcmber  10, 1893. 
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When,  however,  we  have  to  deal  with  a  mixture  of  three 
substances,  the  difficuHy  is  greatly  enhanced,  and  if  the 
boiling-points  are  not  far  apart  it  may  be  almost,  if  not  quite 
impossible  to  separate  any  quantity  of  the  middle  substance 
in  a  state  of  purity  by  the  ordinary  methods  of  fractional 
distillation. 

The  variation  in  the  composition  of  the  distillate  from  a 
mixture  of  two  substances,  the  boiling-point  of  which  rises  con- 
stantly during  the  distillation,  has  been  carefullv  investigated 
by  F.  D.  Brown  (Trans.  Chem.  Soc.  1879,  p.  550  J  1880,  pp.  49 
£304  ;  1881,  p.  517)*;  and  his  results  may  be  briefly  stated 
as  follows  : — Calling  the  relative  weights  of  the  two  liquids 
at  any  instant  in  the  still  ^^\  and  Wg,  the  relative  weights  at 
the  same  moment  iu  the  vajiour  (and  therefore  in  the  distil- 
late at  this  instant  coming  over  from  the  mixture  Wj  +  Wo) 
Xi  and  .rg,  and  the  vapour-pressures  of  the  pure  substances  at 
the  boiling-point  of  the  mixture.  Pi  and  P2,  the  composition 
of  the  instantaneous  distillate  is  given  approximately  by  the 
equation 

^_Wi   P, 

^2~W2'P2' 

p 

but  by  substitutinga  constant,  c,  for  the  ratio  p^ ,  thus 


^,_     Wi 
a  still  better  result  is  obtained. 


2 


*  For  an  account  of  the  experimental  work  and  of  the  theoretical 
conclusions  relating  to  the  distillation  of  pairs  of  liquid  that  are  (a)  non- 
miscible,  (b)  miscible  -within  limits,  (c)  miscible  in  all  proportions,  the 
article  by  one  of  us  on  "  Distillation  "  in  Thorpe's  '  Dictionary  of  Applied 
Chemistry  '  may  be  consulted.  Pairs  of  liquids  belonging  to  the  first  and 
second  classes  boil  at  a  lower  temperature  than  eyen  the  more  volatile 
component  when  distilled  alone,  and  no  separation  can  be  effected  by- 
fractional  distillation.  Among  those  in  the  third  class  there  are  some 
from  Ayhich  only  one  of  the  two  substances  can  be  so  separated ;  in  each 
case  of  this  kind  there  is  a  particular  mixture  (the  composition  of  which 
varies  to  some  extent  with  the  pressure)  which  distils  at  a  constant  tem- 
perature without  change  of  composition,  and  it  is  this  mixture  that  would 
be  separated  by  fractional  distillation  from  that  one  of  the  pure  substances 
which  is  present  in  excess.  Iu  some  cases — such  as  propyl  alcohol  and 
water — the  mixture  of  constant  boiling-point  and  composition  boils  at  a 
lower  temperature  than  either  of  the  Hquids  when  distilled  alone;  in 
other  cases — for  example,  formic  acid  and  water — this  mixture  has  a 
higher  boiling-point  than  either  component. 

It  is  only  when  the  boiling-point  of  every  possible  mixture  lies  between 
those  of  the  components  that  both  liquids  can  be  separated  by  fractional 
distillation  ;  it  is  only  to  such  cases  that  Brown's  law  is  applicable,  and, 
in  the  ca.se  of  three  liquids,  it  is  only  such  mixtures  that  are  considered 
in  this  paper. 
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p 

The  ratio     /  would,  of  course,  vary  to  some  extent  during 

1  o 

the  distillation  ;  the  value  of  the  constant,  c,  does  not  differ 

p 
greatly  from  the  mean  value  of  the  ratio  p. 

This  equation  of  Brown's  may  be  written  in  the  form 

dr]         7]' 

where  |=  residue  of  licjuid  A  at  any  instant, 

„      V=  ?j  1^  n 

Taking  L  and  M  as  the  weights  oi'  A  and  B  originally 
present,  and  L  +  M  =  l,  we  obtain  by  integration 

w'herc^=quantity  of  the  more  volatile  liquid  A  in  unit  weight 
of  the  distillate  coming  over  at  the  instant  when  x  is  the 
quantity  of  liquid  distilled. 

By  means  of  this  equation  we  may  trace  the  changes  of 
comi)Osition  that  take  place  in  the  course  of  a  distillation, 
and  the  variation  in  the  composition  of  the  distillate  may  be 
represented  graphically. 

To  take  a  very  simple  case,  let  us  suppose  that  c  =  2,  and 
that  L  =  M  =  -|. 


R 
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In  the  diagram  (tig.  1)  the  amounts  of  distillate  that  have 
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been  collected  are  represented  as  abscisspe,  and  the  relative 
quantities  of  the  two  liquids  A  and  B  in  the  distillate  at  any 
moment  as  ordinates. 

It  will  be  seen  that  the  composition  of  the  distillate  alters 
slowly  at  first,  then  more  and  more  rapidly,  also  that  while 
the  first  portion  of  the  distillate  contains  a  considerable 
amount  of  the  less  volatile  substance  B,  the  last  portion  is 
very  nearly  free  from  the  lower-boilino;  component  A.  These 
}»oints  are  fully  confirmed  by  experiment. 

By  fractionating  a  few  times  in  the  ordinary  way,  collect- 
ing the  distillates  in  six  or  eight  fractions,  we  shall  have  a 
very  large  excess  of  A  in  the  first  fraction,  and  of  B  in  the 
last. 

Suppose  now  that  we  have  two  of  these  fractions,  one  con- 
taining A  and  B  in  the  ratio  of  9  :  1,  and  the  other  in  the 


ratio  of  1  :  D,  and  that  we  distil  these  fractions  separately  and 
completely ;  the  results  will  then  be  represented  by  figs.  2 
and  3. 

In  making  use  of  this  formula  it  is  assumed  that  no  con- 
densation (and  therefore  no  fractionation)  goes  on  in  the 
stdl-head,  but  that  the  vapour  reaches  the  condenser  in  the 
same  state  as  when  first  evolved  from  the  liquid  in  the  still. 
It  is  obvious  that  by  using  a  long  still-head  or  a  dephlegmator 
a  more  rapid  separation  would  be  effected. 

In  any  case  it  is  evident  that  after  a  sufficient  number  of 
fractionations,  the  first  i)ortion  of  the  distillate  from  the  first 
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fraction  will  be  free  from  B,  while  the  residue  from  the  last 
fraction  vnW  be  free  from  A. 

Suppose  now  that  our  mixture  contains  a  third  substance, 
C,  the  boiling-point  of  which  is  higher  than  that  of  B. 

It  may  be  conjectured  that  in  the  progress  of  the  distilla- 
tion, the  com])Osition  of  the  distillate  at  any  instant  will  be 
analogous  to  that  deterniinod  experimentally  by  Brown  in  the 
case  of  two  liquids  :  namely,  "  the  pro])ortion  of  the  three 
substances  in  the  vapour  forming  the  instantaneous  distillate 
is  the  same  as  that  of  the  weights  of  the  three  substances  in 
the  residue  in  the  still,  each  weight  being  multiplied  by  a 
suitable  constant  which  is  roughly  proportional  to  the  vapour- 
pressure  of  the  corresponding  liquid." 

With  this  assumption  it  is  easy,  as  in  the  case  of  two  liquids, 
to  calculate  curves  representing  graphically  the  progress  of 
the  distillation. 

Let   ^,  V}  ^   =  weights  of  the  three  liquids  in  the  still  at 
any  instant ; 

.*.  d^,  dt],  d^  =   weights  of   the    three    substances  in   the 
instantaneous  distillate. 

By  hypothesis, 

dl^drj^dj 

a^      hrj       c^' 
Integrate 

-  logf  =  J  \ogv  +  ^  =  -log^+A;'. 

Let  L,  M,  N  be  the  original  weights  of  the  three  liquids, 
and  (L  +  M  +  N=l); 


.-.  -logL  =  rlogM  +  ^=-logN  +  /^-'. 


Subtract 


-  log  ~  =  J-  log  ~r   =  -  ^og  Tt  ; 
a     ^L      b      ^M        c®N 


Let 


?/j  =  weight  of  A  ^  in   unit    weight   of    distillate 
?/2  =  „         -^    r    coming  over  when  ;r= weight 

7/3  =  „         C  J    of  liquid  distilled  ; 
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Let 


_  oLz^ hM.zi^ 

•^^  ~  ahz^  +  bUz^^  +  cW 

The  elimination  of  z  from  the  expressions  for  x  and  y  is 
impracticable,  but  the  curves  may  be  readily  traced  by  treat- 
ing z  as  an  independent  variable. 

In  the  following  curves  (figs.  4  &  5)  we  have  taken 

a  =  4,    b  =  2,   c  =  l,      [and  .*.  X.  =  3,    yLi=l], 

these  being  nearly  proportional  to  the  vapour-pressures  of 
methyl,  ethyl,  and  propyl  acetates. 

I.  represents  the  first  distillation  ;  in  it  L  =  M  =  N'=A. 
II.  a,  II. /3,  II.  7,  II.  S,  11.  e  represent  what  would  take  place 
if  the  five  fractions  into  which  I.  is  divided  were  separately 
distilled  ;  the  composition  of  these  fractions  being  found  fi-om 
the  curves  I.  to  be  : — 

A  or  L.        B  or  M.  C  or  N. 

II. «  -543  -300  -157 

11.^  -47  -33  -20 

II.7    -37  -365  -265 

II.  5  '22  -39  -39 

II.  e  -047  -265  -687 
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It  is  to  be  noted  that  in  II.  a,  which  is  richest  in  the  low- 
boilinti"  hquiil  A,  the  amount  of  A  rises  from  "543  to  an  initial 
vahie  "74,  and  in  the  first  half  (or  at  least  §)  of  the  distillate 
the  an;i>regate  amount  of  A  rises  to  '7. 

In  II.  e,  Avhich  is  richest  in  the  high-boiling  liquid  C,  the 
amount  of  C  rises  from  •(587  to  about  "0  in  the  last  fifth,  or 
•&1  in  the  last  two-fifths  of  the  distillate  ;   whereas  in   II.  S, 

Fip:.  5. 


■■■■■■■■■! 
■■■■■■■■■■ 


which  is  richest  in  B,  the  middle  liquid,  the  amount  of  B 
rises  merely  from  "39,  its  initial  value,  to  about  '45,  its  value 
for  the  fifth  which  is  collected  just  after  the  first  half  (-5  to 
•7).     It  is  curious  that  in  each  of  these  distillations  B  rises  to 
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practically  the  same  maximum  value,  viz.  "45,  the  effect  of 
the  varying  richness  of  the  frnctions  in  regard  to  B  being 
merely  to  widen  out  or  contract  the  B  curve. 

III.  a  a,  III.  B  '^  cd,"  lll.ee  represent  the  distillation  of 
those  fractions  of  II.  which  are  richest  in  A,  B,  and  C 
respectively,  and  give  some  indication  of  the  processes  going 
on  at  the  im})ortant  stages  of  the  third  fractionation.  In 
these  A  rises  from  '7  to  '82,  B  from  '45  to  "5,  C  from  '9  to 
•98.  Here  we  notice  that,  owing  to  the  small  amount  of  C 
present  in  III.  aa  (whose  original  composition  is  A  "696, 
B  "239,  and  C  •005),  B  attains  a  higher  maximum  ('525)  than 
it  does  (•496)  in  III.  Bed,  which  is  far  richer  in  B  originally 
[A  -182,  B  -44,  C  -378]. 

P  represents  a  distillation  at  an  advanced  stage  of  the 
fractionations — of  a  fraction  rich  in  B.  Its  initial  composi- 
tion is  A  ^02,  B  •9(),  C  •02.  B  is  only  advanced  from  "90  to 
•97  at  the  most  favourable  part  of  the  curve,  and  is  nowhere 
very  free  from  (J  ;  this  points  to  the  difficulty  of  obtaining  B 
in  a  pure  state  by  the  ordinary  method  of  fractionation. 

The  calculations  for  111.  8  cd  are  appended  as  a  specimen  of 
the  system  employed  (see  table  opposite):  with  the  aid  of  the 
slide-rule  they  are  very  quickly  effected. 

Apart  from  the  consideration  of  the  above  hypothesis  and 
formula^,  it  is  clear  that  after  five  or  six  fractional  distillations, 
carried  out  in  the  ordinary  manner  (but  with  a  larger  number 
of  fractions  than  when  only  two  substances  are  present),  the 
first  fraction  will  contain  a  large  excess  of  A,  a  little  of  B, 
but  very  little,  if  any,  of  C  ;  the  middle  fraction  will  con- 
tain an  excess  of  B  with  moderate  quantities  of  both  A 
and  C ;  the  last  fraction  will  consist  almost  entirely  of  C,  the 
quantity  of  A,  if  present  at  all,  being  much  smaller  than  that 
of  B. 

Now  let  us  suppose  that  these  fractions  are  distilled  sepa- 
rately and  completely.  The  first  portion  of  the  distillate 
from  the  first  fraction  will  consist  of  A  in  a  nearly  pure  state, 
and,  even  if  it  contains  a  little  of  B,  will  be  free  from  C.  Of 
the  middle  fraction  the  middle  portion  (or  probably  a  rather 
later  one)  will  be  purest,  but  will  contain  a  little  of  both  A 
and  C.  The  purest  part  of  the  last  fraction  will  be  the  last 
portion  (the  residue  in  the  still)  and  will  be  quite  free  from 
A  though  it  may  contain  a  little  of  B. 

By  proceeding  with  the  fractionation  in  the  usual  manner 
we  could  obtain  A  and  C  in  a  pure  state  by  separating  each 
time  the  first  small  portion  of  the  first  distillate  and  the 
residue  from  the  last  distillate  ;  but  we  should  have  to  carry 
the  fractionation  a  very  great  deal  farther  before  we  oould 
obtain  B  in  a  state  of  jiurity.     We  should,  in  fact,  have  to 
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reduce  the  qnantitities  of  A  and  C  in  this  fraction  until  they 
both  (lisapj)eared  from  the  middle  portion  of  the  distillate, 
and  an  idea  of  the  difficulty  of  attaining  such  a  result  may  be 
gatliered  from  the  diagram  P. 

With  substances  whose  boiling-points  are  not  very  far 
apart  the  rise  of  temperature  during  such  a  distillation  would 
be  almost  imperceptible,  and  in  the  fractionation  it  would  be 
necessary  to  collect  a  large  number  of  fractions  above  and 
below  the  true  boiling-point  of  B  with  very  small  tempera- 
ture-ranges. It  would  be  necessary  also  to  read  the  tempera- 
ture with  extreme  care,  and  to  make  very  accurate  corrections 
for  changes  of  the  barometer  (which  would  be  impossible 
unless  the  vapour-pressures  of  the  substance  had  previously 
been  determined). 

It  has  been  pointed  out,  however,  that  after  the  mixture 
has  been  fractionated  a  few  times,  the  first  portion  of  the 
first  distillate  is  free  from  C,  while  the  residue  from  the  last 
distillate  is  free  from  A.  If,  therefore,  after  the  fifth  or  sixth 
fractionation  we  remove  these  first  and  last  portions  each 
time,  we  shall  gradually  accumulate  two  quantities  of  liquid, 
one  (the  first  portions)  containing  only  A  and  B,  the  other 
(the  residues)  only  B  and  C,  and  these  may  be  separately 
fractionated  in  the  ordinary  way. 

It  is  to  be  noticed  also  that  as  a  quantity  of  liquid  is 
removed  each  time,  the  total  amount  to  bo  distilled,  and 
therefore  the  time  required  for  the  distillation,  gradually 
diminishes. 

In  arranging  the  fractions — as  regards  temperature — it  is 
ad^^sable,  if  the  true  boiling-points  of  the  liquids  are  known, 
to  take  these  temperatures  and  also  the  middle  temperatures 
between  the  boiling-points  of  A  and  B  and  of  B  and  C  as 
definite  points,  and  to  arrange  the  fractions  as  far  as  possible 
synnnetrically  about  these  points.  There  will  thus  bo  frac- 
tions of  small  and  diminishing  temperature-range  above  and 
below  the  boiling-point  of  B — and  at  the  boiling-points  of  A 
and  C  after  a  few  fractionations  and  until  these  substances 
are  to  a  large  extent  eliminated — and  fractions  of  large  and 
increasing  temperature-range  above  and  below  the  two  middle 
temperatures. 

As  the  preliminary  fractionation  proceeds,  more  and  more 
of  A  and  C  will  be  eliminated,  so  that  after  a  time  the  boiling- 
point  of  the  first  ])ortion  of  the  lowest  fraction  will  gradually 
rise,  while  that  of  the  residue  from  the  last  fraction  will 
gradually  fall  until  either  A  or  C  disappear,  or,  if  we  proceed 
still  further,  until  we  have  nothing  but  B  left.     Much  time 
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may  therefore  be  saved  if,  instead  of  adding  all  the  first 
portions  of  the  lowest  fractions  together  (and  the  same  remark 
applies  to  the  residues  from  the  last  fractions),  we  collect 
them  in  six  or  more  diflferent  quantities.  The  linal  fractiona- 
tions will  then  be  in  a  forward  state  when  the  preliminary 
one  is  completed. 

We  shall  in  this  manner  obtain  two  quantities  of  B,  one  by 
the  final  fractionation  of  the  first  portions  of  the  distillates 
from  the  lowest  fractions  of  the  preliminarj-  fractionations, 
the  other  by  that  of  the  residues  from  the  preliminary  frac- 
tionations, and  we  can  test  the  purity  of  the  substance  by 
comparing  the  boiling-points  and  the  specific  gravities  of  the 
two  samples  so  obtained. 

In  order  to  test  the  value  of  this  method,  a  mixture  of 
200  cub.  cent,  of  methyl  acetate  (B.P.  57-1),  250  cub.  cent, 
of  ethyl  acetate  (B.P.  77-15),  and  200  cub.  cent,  of  propyl 
acetate"^  (B.P.  101*55)  was  distilled  from  a  flask  provided 
with  a  still-head  one  metre  in  length.  The  distillate  was 
collected  in  four  approximately  equal  fractions,  numbered  5, 
8,  11,  and  14  under  F  in  the  table  (I.)  below.  The  observed 
temperatures  (reduced  to  760  millim.),  the  range  of  tem- 
perature for  each  fraction  (Af),  the  weight  of  each  fraction 
(Au'),  and  the  ratio  of  the  weight  to  the  temperature-range 

(  -r-  )  are  also  given  in  the  tables.     The  second  fractionation 

(II.)  was  carried  out  in  the  following  manner : — the  first  frac- 
tion from  I.  (No.  5,  B.  P.  63°-8  to  71°-3)  was  distilled  and 
the  distillate  collected  in  a  separate  receiver  (No.  4)  until  the 
temperature  rose  to  63°*  8  tj  when  receiver  No.  5  was  substi- 
tuted for  it  and  the  distillation  continued  until  the  tempera- 
ture rose  to  71°*0.  The  gas  was  then  turned  out,  and  the 
second  fraction  from  I.  (No.  8,  B.P.  71°'3  to  77°-8)  added  to 
the  residue  in  the  flask.     Heat  was  again  applied  and  the 

*  The  esters  had  previously  been  purified  with  great  care,  and  were 
distilled  separately  from  phosphorus  pentoxide  immediately  before  being 
mixed.  Special  precautions  were  also  taken  to  avoid  absorption  of 
moisture  during  the  fractionations.  The  methods  of  preparation  and 
purification  and  proofs  of  the  purity  of  the  esters  are  fully  described  in 
the  Trans.  Chem.  Soc.  Ixiii.  p.  1194. 

t  The  actual  temperature  was  63°-5,  the  barometric  pressure  being 

751-1  millim. ;  the  value  of  -j.   at  the  boiling-point  is  27  millim.  per 

degree  for  methyl  acetate,  25  millim.  for  ethyl  acetate,  and  23  millim. 
for  propyl  acetate.  All  the  temperatures  are  corrected  to  760  millim. 
by  means  of  these  constants. 
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24-0 
36-6 

17-3 
9-1 

209-1 

60 
1-5 
2-1 

28-0 
2160 

very 
high 

-57-15 
67-15-57-55 
57-55-58-55 
58-55-67-2 
67-2  -76-3 

76-3  -77-0 
77-0  -77-15 

1  77.15  (slight 

77-15-77-2 

-57-55 

57-55-58-.% 
58-55-67-2 
67-2  -76-5 

76-5  -7705 
77-05-77-15 

1             f    T'ery 
77-15    .slight 

-'             (    rise. 
77-15 

500-4 

498-0 

XXIII. 

XXIV. 

(A  to 

%\. 

4. 
5. 

7. 

8. 

9. 
10. 
11. 
R... 

(Sto 

z.) 

0                  0 

n 

"8-66 
9-4 

0-4 
0-05 

127-2 

8-6 

9-1 

21-7 

14-4 
l()-6 
331 
25-2 
11-5 
19-7 

209-1 

1-1 

2-3 

36  0 
3320  ! 

1  very 
1  liigii 

(A  to 
C.) 
D... 

4. 

5. 

6. 

7- 

8. 

9. 
10. 
Q... 

(Rto 

Z.) 

•10         0 

0 

"8-65 
8-1 
1-5 
0-3 
0-05 



127-2 

10-0 
6-8 
15-1 
7-8 
12-2 
14-6 
31-9 
26-9 
13-1 

228-8 

0-8 

1-9 

5-2 

40-7 

2920 

1  very 

/high 

-58-65 
58-55-67-2 
67-2  -76-7 

76-7  -77-1 
77-1  -77-15 

1 77-15 

77-15 

-58-55 
58-56-67-2 
67-2  -75-3 
75-3  -76-8 
76-8  -77-1 
77-1  -77-15 

1  77-15 
1      

■ 

J 

J 

494-4 

496-2 

XXV. 

XXVI. 

(A  to 
D.) 
E... 

5. 

6. 

7. 

8. 

9. 
10. 
Q.. 

(Rto 

z.) 

1     o           o 

o 

■7-6 

1-35 
0-25 
005 

137-2 

10-2 
9-3 
90 
13-2 
20  2 
21-6 
191 
23-2 

228-8 

1-3 
6-7 

52-8 
404-0 
]  verv 
;  Ingh 

(A  to 
D.) 
E... 

5. 

6. 

7. 

8. 

9. 
10. 
Q.. 

(Rto 
Z.) 

TO               0 

0 

"'6-8 
1-2 
0-2 
0-05 

0 

137-2 

11-9 
7-1 
10-4 
15-4 
16-4 
19-2 
12-1 
32-3 

228-8 

10 

8-7 

77-0 

328  0 

1  very 

/high 

-67-9 
67-9  -75-5 
75-5  -76-85 
76-85-77-1 
77-1  -77-15 

177-15 

J          

-68-9 
68-9  -75-7 
75-7  -76-9 
76-9  -77-1 
77-1  -77-15 

1  77-15 

1 

!■  

J 

J 

492-3 

490-8 
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distillate  collected  in  receiver  No.  5  until  the  temperature 
again  rose  to  71°"0,  when  it  was  replaced  by  receiver  No.  8, 
and  the  tlistillation  was  continued  until  the  temperature  rose 
to  77°-l.  The  third  fraction  from  I.  (No.  11,  B.  P.  77°-8  to 
89°' 2)  was  then  added  to  the  residue  in  the  flask,  and  the 
distillate  collected  in  No.  8  until  the  temperature  again  rose 
to  77°'l,  when  No.  11  was  put  in  its  place.  When  the  tem- 
perature had  risen  to  8J:°*4  a  new  receiver,  No.  13,  was  sub- 
stituted for  No.  11,  and  the  distillation  was  continued  until 
the  thermometer  registered  91°' 7.  The  last  fraction  from  I. 
(No.  14,  B.P.  above  89°*2)  was  then  added  to  the  residue  in 
the  flask  and  the  distillate  collected  in  No.  13  until  the  tem- 
perature rose  again  to  91°'7,  after  which  fractions  were  col- 
lected in  No.  14  from  91°-7  to  98°-4,  and  No.  15  from  98°-4 
to  101^*5,  when  the  distillation  was  stopped,  and  the  residue 
poured  into  receiver  No.  17. 

The  third  fractionation  (III.)  was  carried  out  in  a  similar 
manner,  a  new  fraction  No.  3  being  collected  at  the  beginning. 
As  the  temperature  rose  to  lOl^'bo,  the  true  B.P.  of  propyl 
acetate,  before  the  end  of  the  last  distillation,  the  residue  in 
the  flask  consisted  of  this  substance  in  a  nearly  pure  state,  and 
it  was  therefore  collected  in  a  separate  flask  Z,  and  was  not  re- 
distilled during  the  preliminary  fractionations.  The  residues 
from  the  subsequent  fractionations  up  to  the  tenth  were  col- 
lected in  Z,  but  after  this,  as  a  large  amount  of  propyl  acetate 
had  been  removed,  the  temperature  did  not  reach  101°'55, 
and  the  residue  from  the  eleventh  fractionation  (B.  P.  above 
101°'45)  was  collected  in  a  new  flask,  Y. 

At  the  end  of  the  twelfth  fractionation  the  temperature 
rose  only  to  101°*  15,  and  the  residue  was  therefore  placed  in 
a  third  flask,  X,  and  subsequently  the  residues  were  collected 
in  W,  V,  &c.,  to  Q,  as  shown  in  the  tables. 

It  was  not  until  the  fifth  fractionation  that  the  first  fraction 
began  to  boil  at  57°*1,  the  B.P.  of  methyl  acetate,  and  it 
was  not  thought  advisable  to  separate  the  first  portion  of  the 
first  distillate  until  the  eighth  fractionation.  This  portion  and 
also  the  corresponding  ones  up  to  the  twentieth  fractionation 
were  collected  together  in  flask  A,  after  which  the  first 
portions  were  collected  in  B,  C,  D,  and  E. 

The  ratios  —   give  an    indication    of   the    purity  of  the 

various  distillates,  for  with   a  pure  substance,  since   A/  =  0, 

_-  =co  J  while  with  a  very  impure  substance  there  is  a  rapid 
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Aie  . 
rise  of  temperature   during  distillation,  and   —    is    conse- 


quently small. 

It  will  be  seen  that  the  ratio  for  the  highest  fraction  rises 
rapidly,  being  197  in  the  third  fractionation  and  rising  to  340 
in  the  sixth,  after  which  it  diminishes  again  owing  to  removal 
of  propyl  acetate  in  the  residues.  The  value  for  the  lowest 
fraction  increases  much  more  slowly,  reaching  a  maximum  of 
204  in  the  thirteenth  fractionation,  and  afterwards  diminishing 
owing  to  removal  of  methyl  acetate. 

The  presence  of  the  middle  substance,  ethyl  acetate,  is  not 
clearly  shown  until  the  fourth  fractionation,  when  the  value  of 

—  for  the  sixth  distillate  (No.  9)  is  higher  than  for  those 
Af 

above  and  below  it  ;  but  the  gradual  accumulation   of  the 

ethyl  acetate  in  the  middle  fractions  in  subsequent  fractionations 

is  clearly  shown  by  the  rise  in  the  values  of  -r—  for  fractious 

8  and  11,  and  after  the  tenth  fractionation  in  fractions  9 
and  10.  The  range  of  temperature  for  fractions  9  and  10  was 
gradually  diminished  from  0°'2  each  in  the  eleventh  fractiona- 
tion until  no  rise  could  be  detected  ;  there  was  indeed  no 
perceptible  rise  of  temperature  during  the  collection  of  No.  11 
in  the  twenty-second  and  twenty-third  fractionations.  It  was 
therefore  certain  that  after  the  twenty-sixth  fractionation  the 
tenth  fraction  was  free  from  propyl  acetate,  and  that  the 
remaininof  fractions  Nos.  5  to  10  contained  onlv  methyl  and 
ethyl  acetates. 

The  preliminary  series  of  fractionations  was  therefoi-e 
completed,  no  fraction  now  containing  more  than  two  sub- 
stances. 

The  progress  of  the  separation  is  w'ell  seen  by  mapping 
the  temperatures  against  the  total  weight  of  distillate 
collected.  The  curves  I.  to  XI  I.  represent  the  first  twelve  frac- 
tionations, the  w^eight  of  distillate  being  given  in  each  case 
as  percentages.  The  dotted  lines  at  the  extremities  of  the 
later  curves  represent  the  methyl  and  propyl  acetates  re- 
moved in  the  first  portions  of  the  first  distillates  and  in  the 
residues. 

The  presence  of  the  middle  substance  is  clearly  indicated  in 
the  fourth  curve,  but  not  in  the  earlier  ones. 


Fig.  6. 
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Final  Fractionations. 

The  fractions  into  which  the  esters  had  been  separated  at 
the  end  of  the  26th  prehminary  fractionation  are  given 
below  : — 


Methyl  and  Ethyl  Acetates. 

Ethyl  and  Propyl  Acetates. 

Frac-        Temperature 
tion.              range. 

Weight. 

Frac- 
tion. 

Temperature 
range. 

Weight. 

A    ... 

o 

671 

105-5 

Q,    ... 

O 

77-15 

32-3 

B    ... 

below  57  15 

11-6 

E,    .. 

above  7715 

19-7 

0    ... 

„      57-55 

10-1 

S 

,,     77-2 

16-8 

D    ... 

„      68  55 

100 

T 

„     77-3 

9-7 

E    ... 

„     68-9 

11-9 

U    ... 

„     77-65 

10-2 

6   ... 

68-9-75-7 

7-1 

V     ... 

„     79-6 

15-8 

6   ... 

75-7-76-9 

10-4 

w  ... 

„     997 

8-1 

7  ... 

7(i-9-771 

15-4 

X    ... 

„    101-15 

7-8 

8   ... 

77-1-7715 

16-4 

Y    ... 

„    101-45 

8-1 

9  ... 

77-15 

19-2 

Z     ... 

„    101-55 

132-6 

10  ... 

77-15 

12-1 

229-7 

261-1 

The  total  weight  was  490'8,  so  that  86  grams  had  been  lost 
by  evaporation  and  through  adherence  to  the  flasks  and  to  the 
funnel  through  wdiich  the  liquid  was  poured  into  the  still. 

The  final  separation  of  the  esters  was  carried  out  in  the 
follo\N'ing  manner  : — 

Ethyl  Acetate  (1). — The  fractions  5  to  10  consisted  of  ethyl 
acetate  with  some  methyl  acetate.  The  final  fractionations 
in  this  case  were  a  continuation  of  the  preliminary  ones  and 
were  carried  out  in  the  same  manner.  No.  10  was  almost  if 
not  quite  pure  ethyl  acetate,  and  was  only  distilled  once  more; 
the  first  portion  was  collected  in  No.  9,  and  the  residue  was 
taken  as  pure.  In  the  remaining  six  fractionations  the  resi- 
due, after  the  distillation  of  No.  9,  was  each  time  taken  as 
pure,  and  the  total  amount  of  ethyl  acetate  thus  obtained  was 
56' 1  grams. 

Ethyl  Acetate  (2). — The  flasks  Q  to  U  contained  ethyl 
acetate  with  some  propyl  acetate.  In  the  six  fractionations, 
which  were  carried  out  in  the  usual  way,  the  first  portion  of 
the  distillate  from  Q  was  each  time  taken  as  pure,  the  small 
residue  in  the  still  being  rejected.  The  weight  of  pure  ethyl 
acetate  obtained  from  this  series  was  62*7,  and  the  total 
weight  was  therefore  118*8  grams,  or  about  53  per  cent,  of 
that  originally  taken. 

Methyl  Acetate. — The  flasks  A  to  E  contained  methyl  acetate 
with  some  ethyl  acetate.  Although  special  care  had  been 
taken  to  prevent  absorption  of  moisture,  it  was  found  that  a 
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little  "water  was  present :  in  two  fractionations,  therefore, 
phosphorus  pentoxide  was  placed  in  the  distillation-bulb, 
which  was  heated  by  a  water-bath.  After  the  first  frac- 
tionation the  first  portion  of  the  distillate  from  the  first  frac- 
tion was  taken  as  jnire,  the  small  residue  in  the  still  being 
each  time  rejected.  There  were  altogether  nine  fractionations, 
and  the  amount  of  pure  methyl  acetate  obtained  was  88  grams, 
or  about  48  per  cent,  of  that  taken.  (The  loss  of  this  ester 
by  evaporation  would  be  greater  than  that  of  either  of  the 
other  two.) 

Propyl  Acetate. — The  flasks  V  to  Z  contained  propyl  acetate 
with  some  ethyl  acetate.  It  was  found  that  the  first  two 
residues  were  slightly  acid,  owing  to  hydrolysis  of  the  esters 
by  the  trace  of  water  present.  These  two  residues  were 
therefore  collected  separately  and  were  shaken  with  a  strong 
solution  of  potassium  carbonate  ;  the  ester  was  then  washed 
with  water,  dried  with  phosphorus  pentoxide,  and  again  dis- 
tilled. Five  fractionations  were  found  sufficient  to  purify  the 
propyl  acetate,  the  residues  being  each  time  taken  as  pure 
(except  the  first  two,  which  were  treated  as  described) .  The 
total  weight  of  pure  propylacetate  was  126*8  grams,  or  72  per 
cent,  of  that  taken.  (The  loss  by  evaporation  would  bo 
smallest  in  this  case.) 

The  esters  were  then  distilled  from  phosphorus  pentoxide, 
and  their  specific  gravities  at  0°  determined  by  Sprengel's 
method  as  modified  by  Perkin.  The  completeness  of  the 
separation  was  proved  by  the  close  agreement  of  the  results 
with  those  obtained  before  mixing,  as  well  as  by  the  identity 
of  the  boiling-points  with  those  previously  determined. 

The  specific  gravities  are  given  below : — 

Specific  Gravities  at  0°. 


Previous 
Determinations. 

After 
Fractionation. 

Methyl  acetate  *  («) 

•95929 
-95934 
-92434 
•92438 
•91017 
•91015 

•95937 

(1)  ^92438 

(2)  -92437 
•91008 

(6) 

Ethyl  acetate  *  (a)  

ih)  

Propyl  acetate  *  (ct) 

ih\ 

*  Two  different  samples  of  each  ester  had  been  purified  and  their 
specific  gravities  determined.  The  two  results  are  given  in  each  case, 
in  order  to  show  what  error  oi"  experiment  might  be  expected.  The  two 
samples  of  each  ester  were  afterwards  mixed  together. 
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Apart  from  the  comparison  of  the  specific  gravity  of  tlie 
ethyl  acetate  before  mixing  and  after  fractionation,  a  proof 
of  the  purity  of  this  substance  is  afforded  by  the  agreement 
between  the  specific  gravities  of  the  two  samples,  since,  if  the 
separation  had  been  incomplete,  one  would  have  been  con- 
taminated with  methyl  acetate,  the  other  with  propyl 
acetate. 


III.  On  Kndothermic  Decompositions  obtained  by  Pressure. 
(Second  Part.)  Transformations  of  Energy  by  Shearing 
Stress.     By  M.  Cabey  Lea'^. 

OF  the  relations  which  exist  between  two  forms  of  energy, 
mechanical  and  chemical,  very  little,  if  anything,  is 
known.  In  the  second  volume  of  his  Lehrhuch  Ostwald 
remarks  that  as  to  these  relations  "  almost  nothing  '■*  is 
known  f. 

There  are  certain  familiar  cases  in  which  mechanical 
energy  may  seem  at  first  sight  to  be  converted  into  chemical 
energy.  The  fulminates,  iodimide,  and  other  substances  ex- 
plode by  shock.  But  it  is  hardly  necessary  to  remark  that 
all  such  reactions  are  exothermic,  and  need  an  external  im- 
pulse only  to  start  them — if  this  impulse  were  not  needed 
such  compounds  could  not  exist  at  all.  Were  such  reactions 
taken  as  true  transformations  of  energy,  an  absence  of  due 
relation  between  cause  and  effect  would  be  involved  ;  for 
the  shock  that  suffices  to  explode  a  grain  of  fulminate  will 
equally  explode  a  ton,  and  the  faint  spark  that  will  explode  a 
grain  of  gunpowder  will  also  explode  a  magazine. 

Present  opinion  holds  undoubtedly  that  no  true  transfor- 
mation of  mechanical  into  chemical  energy  is  known.  Most 
text-books  do  not  consider  the  question  at  all.  But  Dr. 
Horstmann,  in  the  volume  of  theoretical  chemistry  which 
forms  part  of  the  last  German  edition  of  Graham-Otto's 
'  Chemistry,'  discusses  the  matter.  His  views  are  so  much  to 
the  point  that  I  shall  ti-anslate  a  few  sentences,  putting  in 
italics  the  statements  to  which  I  would  specially  refer. 

"  We  must  consequently  admit  that  through  a  rough  me- 
chanical attack  the  molecular  structure  of  certain  chemical 
compounds  can  be  disrupted  and  destroyed.  This  will  cer- 
tainly be  possible  only  for  compounds  in  whose  molecules  the 
arrangement  of  the  atoms  does  not  correspond  to  a  stable 

*  Communicated  by  tlie  Author. 

t  "  Audeiseita  ist  vou  dem  Verhaltniss  zwischen  mechanischer  und 
chemiocber  Energio  fast  nicbts  bekitnnt."  A  few  lines  below  this  remark 
is  repeated  with  emphasis.     Lehrbuch,  2nd  German  ed.  vol.  ii.  p.  12. 


32  Mr.  M.  Carey  Lea  on  Endothermic 

equilibrium,  and  in  which,  therefore,  the  chemical  energies 
themselves  are  already  striving  to  form  simpler  and  more 
stable  compounds  out  of  the  constituents  of  the  existing  sub- 
stance. For  it  cannot  he  admitted  that  actual  chemical  changes 
can  he  hro^ight  ahont  hy  a  mechanical  impulse  "  (1.  c.  p.  350). 

In  another  chapter  he  says  with  equal  distinctness  : — 

"  j5?/  mechanical  means  alone  no  reactioii  against  the  force  of 
chemical  energy  can  he  hrought  about.  By  a  shock  or  blow 
the  molecular  structure  of  chemical  compounds  can  indeed  be 
so  far  loosened  that  free  play  is  given  to  chemical  forces  ; 
but  against  these  forces  tee  cannot  hy  mechanical  means  separate 
the  atoms  nor  combine  them  in  a  definite  way  "  (p.  594). 

These  expressions  of  a  distinguished  chemist  will  suf- 
ficiently indicate  what  has  been  up  to  the  present  time  the 
opinion  of  chemists  as  to  the  possibility  of  transforming 
mechanical  energy  into  chemical. 

In  the  first  part  of  this  j)aper  I  believe  I  have  been  able  to 
show  in  a  qualitative  way  the  production  of  true  endothermic 
reactions  by  mechanical  force.  In  the  present  part  I  hope 
to  show  an  increased  number  of  such  reactions,  and.  in  one 
case  to  exhibit  actual  quantitative  results,  at  least  so  far  as 
to  obtain  the  product  of  the  transformation  in  weighable 
quantities. 

In  the  first  part  decompositions  were  described  that  were 
brought  about  by  simple  pressure.  Compounds  formed  by 
exothermic  reactions,  and  therefore  requiring  expenditure  of 
energy  to  break  them  up,  were  decomposed.  The  investiga- 
tion might  probably  have  been  made  to  include  a  still  larger 
range  of  substances.  But  it  was  found  that  the  efticiency  of 
pressure  was  so  enormously  increased  by  the  addition  of 
shearing  motion,  that  decompositions  requiring  a  force  of 
hundreds  of  thousands  of  pounds  with  pressure  alone  could 
be  effected  by  the  mere  strength  of  the  hand  when  shearing- 
stress  was  used.  More  than  this,  decompositions  which 
enormous  pressures  failed  to  effect  readily  took  place  under 
the  action  of  shearing-stress*. 

*  It  would  not  have  been  difficult  to  obtain  mucli  greater  pressures 
than  those  described  in  the  first  part  of  this  paper.  This  could  be  effected 
by  means  of  the  differential  screw.  I  had  planned  for  a  screw  with  threads 
of  40  turns  in  10  inches  and  39|  turns  in  10  inches  respective!}'.  The 
mechanical  efficiency  of  such  a  screw  is  that  of  one  having  320  turns  to 
the  inch,  if  such  a  thing  were  practicable,  at  the  same  time  that  a 
thoroughly  strong  construction  can  be  obtained.  The  massive  steel  nut 
to  advance  g  of  an  inch  would  require  40  full  turns  of  this  screw. 

This  arrangement  compares  as  follows  with  that  previously  employed. 
In  it  to  cause  the  vise-jaws  to  approach  by  1  inch  required  that  the  point 
of  the  lever  at  which  the  force  was  applied  should  pass  through  a  space 
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I. 

It  -vvas  mentioned  in  a  prenous  paper  on  the  decomposition 
of  the  silver  haloids  by  mechanical  force  that  when  silver 
chloride  was  shar})ly  ground  for  some  time  in  a  mortar,  both 
the  pestle  and  mortar  became  covered  wnth  a  deep  purple 
varnish  of  silver  photochloride,  thus  indicating  a  partial  re- 
duction to  subchloride.  It  has  since  proved  that  there  is  no 
more  effectual  method  than  this  of  applying  shearing-stress, 
and  that  in  this  way  a  number  of  quite  stable  chemical  com- 
pounds formed  by  exothermic  reactions  can  be  broken  up. 
The  mortar  and  pestle  should  be  very  solid  and  of  unglazed 
porcelain.  With  metal  there  would  be  danger  of  action 
Ijetween  the  metal  and  the  substance,  and  with  agate  mortars 
sufficient  force  cannot  well  be  applied.  In  many  cases  success 
depends  on  the  exertion  of  great  pressure  on  the  pestle.  It 
is  also  absolutely  essential  that  the  quantity  of  material  acted 
upon  should  be  small.  When  a  larger  quantity  is  employed 
the  particles  slip  or  roll  over  each  other  and  thus  escape  the 
action  of  the  stress.  It  is  no  doubt  for  this  reason  that  the 
very  remarkable  results  which  can  be  obtained  in  this  way 
have  hitherto  escaped  attention. 

A  small  quantity,  a  few  decigrams,  of  the  substance  having 
been  placed  in  the  mortar,  the  first  thing  is  to  spread  it- in  a 
thin  uniform  coat  over  the  bottom  and  part  of  the  sides.  The 
pestle  is  then  to  be  rotated  with  the  utmost  force  that  can  be 
exerted. 

Sodium  Chloraurate. — The  salts  of  gold  are  particularly 
well  adapted  to  this  examination,  as  the  reduction  is  complete 
and  the  gold  appears  in  the  metallic  state  so  that  it  can  be 
weighed  and  the  exact  amount  of  reduction  can  be  fixed.     It 

of  113'1  feet:  this  relation,  1  inch  to  113-1  feet  or  1:1357"2,  gives  the 
measure  of  the  efficiency  of  the  instrument. 

With  the  double  screw,  on  the  other  hand,  to  cause  the  nut  to  advance 
g  of  an  inch,  the  end  of  the  lever  (2  feet  long)  must  pass  through  a  space 
of  500  feet,  or  in  the  proportion  of  1  inch  to  over  f  of  a  mile.  The  circum- 
ference described  by  the  lever  being  approximately  12|  feet,  and  the  screw 
requiring  40  turns  to  advance  the  nut  ^  of  an  inch,  we  get  the  proportion 
of  1  inch  to  4000  feet,  or  1  to  48,000,  which  is  the  measure  of  the 
efficiency  of  such  au  instrument.  Therefore,  supposing  two  men  to  pull 
on  the  end  of  the  lever  each  with  a  pidl  of  100  lb.,  the  pressure  exerted 
on  the  nut  (disregarding  loss  by  friction)  would  be  9,600,000  lb.,  which 
could  be  doubled  by  using  a  4-foot  lever. 

Such  a  combination  is  quite  practicable,  the  only  real  difficulty  being  to 
obtain  sufficient  solidity  of  construction  to  resist  strain.  I  had  made 
drawings  for  this  instrument,  but  gave  it  up  in  consequence  of  observing 
the  enormously  greater  efficiency  of  shearing-stress  as  a  means  of  trans- 
forming mechanical  into  chemical  energy. 
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will  be  seen  by  (3)  below  that  it  may  amount  to  as  much  as 
over  4  per  cent,  of  the  gold  present. 

(1)  Two  or  three  decigrams  of  chloraurate  with  a  moderate 
trituration  left  1*8  milligram  of  metallic  gold.  Under  the 
action  of  the  pestle  the  yellow  colour  of  the  salt  gradually 
deepened  to  an  olive  shade.  When  water  was  poured  on,  the 
undecomposed  salt  dissolved,  leaving  \he  gold  as  a  delicate 
purple  powder.  The  colour  of  the  gold  being  purple  instead 
of  the  more  usual  brown  shade  explains  the  olive  colour  just 
mentioned,  yellow  and  purple  combining  to  form  olive. 

(2)  Half  a  gram  of  the  salt  was  taken.  This  specimen  was 
more  neutral  than  the  preceding,  and  was  therefore  more 
easily  reduced.  Half  an  hour's  trituration  had  for  effect  the 
reduction  of  9'2  milligrams  of  gold. 

(3)  A  similar  treatuient  of  the  same  quantity  of  chloraurate 
resulted  in  the  separation  of  10*5  milligrams  of  gold. 

These  may  seem  at  first  somewhat  small  proportions.  But 
it  is  to  be  recollected  that  the  force  is  necessarily  applied  at 
a  disadvantge,  and  that  the  equivalent  in  work  of  chemical 
■  affinity  is  always  very  large.  In  the  present  case  the  figures 
are  as  follows  : — Thomsen  found  as  the  heat-equivalent  for 
the  combination  of  gold  with  chlorine  to  form  auric  chloride 
28*8  great  calories.  Taking  the  atomic  weight  of  gold  as 
197,  we  find  that  one  gram  of  gold  in  forming  auric  chloride 
disengages  115*7  small  calories  or  water-gram-degrees,  whose 
equivalent,  taking  Rowland's  determination,  is  49,288*2 
gram-metres,  corresponding  to  4*83  x  10^  ergs  or  483  joules. 

The  small  quantity  of  gold  reduced  in  (3),  10*5  milligrams, 
would  by  conversion  to  auric  chloride  generate  1*215  water- 
gram-degrees  of  heat  whose  equivalent  in  work  is  518  gram- 
metres.  As  heat  is  a  degraded  form  of  energy,  such  an  actual 
transformation  without  loss  to  a  hii>her  form  would  be  im- 
possible.  It  is  more  correct  to  say,  therefore,  that  the 
amount  of  energy  which  would  raise  518  grams  to  the  height 
of  one  metre  can  be  transformed  into  the  same  amount  of 
heat,  1*215  water-gram-degrees,  as  is  evolved  by  10*5  milli- 
grams of  gokl  by  conversion  into  auric  chloride.  Conse- 
quently this  work,  518  gram-metres,  represents  the  amount 
of  mechanical  energy  transformed  into  chemical  energy  in 
operation  (3)*. 

It  does  not  appear  that  in  effecting  these  reactions  and  the 

*  The  amount  of  energy  required  would,  ia  fact,  slightly  exceed  this, 
as  the  thermochemical  equivalent  of  formation  of  solium  chloraurate 
would  .slightly  exceed  that  of  auric  chloride.  For  this  chloraurate  I  do 
not  tind  a  determination,  but  preferred  to  use  this  salt  in  the  operation 
as  being  both  more  stable  and  more  neutral  than  amic  chloride. 
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others  which  remain  to  he  deserihed,  mechanical  energy- 
undergoes  an  intermediate  conversion  into  heat.  Rapid 
movements  are  not  needed  ;  what  is  required  is  strong  pres- 
sure with  movement,  but  this  need  not  be  rapid.  Nor  does 
the  mortar  or  the  pestle  become  sensibly  warm.  The  opera- 
tion does  not  need  to  be  continuous,  but  may  be  broken  up 
with  any  number  of  intervals.  But  a  decisive  conclusion  can 
be  drawn  from  those  cases  in  which  decompositions  are 
effected  in  this  way  that  cannot  he  produced  hy  heat.  For 
example,  in  the  next  instance  to  be  mentioned  there  is  a 
partial  reduction  of  corrosive  sublimate  to  calomel.  By  heat, 
corrosive  sublimate  sublimes  unaltered,  and  the  same  is  true  of 
mercurous  chloride.  The  three  silver  haloids  fuse  unchanged 
at  a  red  heat.  The  same  conclusion  can  be  drawn  from 
other  reactions. 

These  results  were  obtained  in  an  atmosphere  absolutely 
free  from  dust,  so  that  the  reducing  action  of  this  substance 
was  completely  excluded. 

Mercuric  Chloride. — A  specimen  which,  after  lightly  pow- 
dering, did  not  darken  in  the  least  with  ammonia,  was 
triturated  in  the  manner  just  described  with  several  intervals, 
in  all  for  15  minutes.  It  then  became  grey  in  a  very  striking 
way  when  moistened  with  ammonia. 

This  is  a  very  interesting  reaction.  In  the  first,  part  of 
this  paper  it  was  mentioned  that  mercuric  chloride  could  be 
subjected  to  a  pressure  of  about  70,000  atmospheres  absolutely 
without  change.  It  appears,  however,  that  a  pressure 
amounting  to  less  than  a  hundred  pounds  causes  decomposi- 
tion when  combined  with  movement,  showing  the  enormously 
greater  efficiency  of  shearing-stress  as  compared  with  simple 
pressure.  Not  only  this  but,  as  just  mentioned,  shearing- 
stress  produces  decompositions  which  heat  is  not  competent 
to  effect. 

Mercurous  Chhride. — When  calomel  was  sharply  tritu- 
rated in  a  mortar,  it  first  became  yellow  and  thei  blackened 
without  difficulty. 

Turpeth  Mineral,  SHgO^SOs- — Reduces  rather  slowly. 

Mercuric  Oxtjchhride,  2HgO,  HgCl^,  obtained  by  precipi- 
tating corrosive  sublimate  by  potash  acid  carbonate,  exhibited 
the  following  reaction.  Its  brownish-purple  colour  by  light 
grinding  became  lighter,  and  then  when  strong  force  was 
used  it  blackened  with  remarkable  ease. 

Mercuric  Iodide  shows  a  trace  of  blackening. 

Mercuric  Oxide. — This  substance  yields  much  more  readily 
to  trituration  than  to  simple  pressure.  Especially  on  the  sides 
of  the  mortar  it  was  quite  blackened.  The  layer  of  material 
must  be  quite  thin,  otherwise  little  effect  is  produced, 
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Platinic  Chloride. — Gradually  darkened  in  a  very  marked 
way,  finally  becomino-  blackish. 

Ammonium  PJatinieldoride  gave  same  result. 

Silver  Tartrate. — When  spread  in  a  very  thin  skin  over 
the  mortar,  each  sharp  stroke  of  the  pestle  left  a  black  line 
behind  it.  This  is  a  strong  contrast  with  the  complete  resist- 
ance of  this  substance  to  simple  pressure. 

Silver  Carbonate. — Action  similar. 

Silver  Citrate. — Blackens  very  easily. 

Silver  Oxalate. — At  least  as  easily. 

Silver  Arsenate. — Nearly  as  easily. 

Silver  Sulphite. — Effect  visible  in  five  minutes  and  gradu- 
ally increasing.     Very  well  marked. 

Silver  Salicylate. — No  other  silver  salt  appears  to  be  so 
easily  reducible  as  this.  Every  sharp  stroke  of  the  pestle 
leaves  a  brown  mark  behind  it. 

Silver  Ortliophosphate. — Affected  easily.  After  the  phos- 
phate has  been  a  good  deal  reduced,  the  unchanged  part  may 
be  dissolved  out  with  ammonia.  The  black  residue  after 
washing  readily  dissolves  in  dilute  nitric  acid,  and  the  solution 
gives  a  white  cloud  with  hydrochloric  acid. 

Potassium  Ferridcyanide. — A  crystal  of  the  pure  salt 
sharply  ground  in  a  mortar  becomes  in  portions  brown  and 
in  others  blue.  The  quantity  used  must,  as  indeed  in  all  of 
the  above  cases^  be  small,  one  or  two  decigrams.  If  a  little 
distilled  water  be  added  an  insoluble  blue  powder  is  left  be- 
hind, and  the  solution  formed  strikes  a  blue  colour  when 
added  to  one  of  ferric  alum.  This  indicates  that  the  decom- 
position is  twofold.  The  experiment  is  quite  a  striking  one, 
and  the  result  is  easily  obtained. 

II. 

This  form  of  mechanical  force,  shearing-stress,  may  be 
applied''to  effect  endothermic  change  in  other  ways.  A  very 
simple,  and  at  the  same  time  very  efficient,  method  is  that  of 
pressure  with  a  glass  rod.  Pure  strong  paper  is  to  be  imbued 
with  a  solution  of  the  substance,  if  it  is  soluble,  or  if  not,  it  is 
to  be  made  into  a  paste  with  water  and  then  ai)plied  with  a 
brush.  This  paper  is  to  be  then  very  thoroughly  dried,  and 
is  to  be  laid  upon  a  piece  of  plate  glass.  Characters  are  to 
be  marked  on  it  with  the  end  of  a  glass  rod  that  has  been 
rounded  by  heat,  using  as  much  pressure  as  is  possible  with- 
out tearing  the  paper. 

More  than  twenty  years  ago  I  was  able  to  show  that  marks 
made  in  this  way  on  sensitive  photograph-films  could  be  de- 
veloped, as  an  invisible  image   had  been  impressed.     That, 
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however,  is  a  somewhat  difFereut  matter  from  actual  and 
visible  decomposition  followinp;  each  stroke  of  the  rod,  a 
result  which  may  be  obtamed  with  various  salts  of  gold, 
mercury,  silver,  and  other  metals. 

Potassium  Ferridci/anide. — Pure  paper  was  imbued  with  a 
dilute  solution  of  this  salt.  After  thorough  drying  it  was 
laid  on  a  glass  plate,  and  marks  were  made  with  a  glass  rod 
in  the  manner  just  described.  These  marks  were  immediately 
visible,  and  when  the  paper  was  plunged  into  dilute  solution 
of  ferric  ammonia  alum  or  of  ferric  chloride  they  became  dark 
blue.  It  is  probable  that  the  decomposition  here  effected  w^as 
twofold  (see  above). — The  nitroprussides  appear  to  be  much 
more  stable  than  the  ferridcyanides.  When  sodium  nitro- 
prusside  paper  was  treated  with  pressure  followed  by  appro- 
priate reagents,  no  indications  of  decomposition  were  obtained. 

Auric  Chloride. — Paper  imbued  vnih.  a  solution  of  auric 
chloride  and  marked  in  the  manner  described  was  thoroughly 
soaked  in  water  to  remove,  as  far  as  possible,  the  rest  of  the 
gold  salt.  The  marks  were  very  distinct  and  gradually 
gained  with  time.     Colour  dark  purplish  grey. 

Platinic  Chloride. — xAi'ter  drying  and  marking,  the  paper 
was  thoroughly  soaked  in  water  and  dried.  The  marks  were 
very  distinct,  of  a  yellow  colour. 

Ammonium  Platinichloride. — Marks  very  visible.  Con- 
tinued to  slowly  deepen,  and  in  a  few  weeks  were  almost 
black. 

Silver  Carbonate. — The  traces  of  the  rod  were  brown. 
When  the  paper  was  placed  in  ammonia  the  carbonate  dis- 
solved, but  the  marks  resisted  the  action  of  the  ammonia  and 
remained. 

Silver  Phosphate. — Action  very  similar  to  the  preceding. 

Silver  Arsenate. — Similar  action. 

Silver  Tartrate  and  Oxalate. — These  salts  gave  analogous 
results  to  the  preceding,  but  not  so  well  marked.  The  car- 
bonate, phosphate,  and  arsenate  show  this  reaction  best,  and 
about  equally  well.  What  is  rather  curious  is  that  silver 
chloride  does  not  exhibit  a  \'isible  action. 

Mercuric  Oxide. — Paper  imbued  with  a  saturated  solution 
of  mercuric  nitrate  and  then  treated  with  solution  of  potash 
and  dried  shows  this  reaction  very  distinctly.  Mercuric 
oxide  appears  to  be  quite  sensitive  to  light. 

Turpeth  Mineral. — Mercuric  sulphate  was  dissolved  in 
water  with  the  aid  of  sulphuric  acid.  Paper  was  soaked  in 
the  solution,  allowed  to  become  nearly  dry,  and  then  washed. 
This  paper  showed  the  reaction  very  moderately,  but  the 
marks  were  brought  out  more  strongly  by  immersion  in 
ammonia. 
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Ferric  Alum.  {Ammonia). — Paper  imbued  witli  solution  of 
this  salt,  dried  and  marked,  was  immersed  in  solution  of 
potassium  ferridcyanide.  The  marks  came  out  blue,  showing 
that  the  ferric  salt  had  undergone  partial  reduction. 

It  is  easily  conceivable  that  the  action  of  shearing-stress 
should  be  enormously  greater  than  that  of  simple  pressure. 
For  it  seems  probable  that  pressure  can  only  cause  decom- 
position when  the  resulting  product  is  more  dense,  has  a 
greater  specific  mass,  than  the  original  substance.  With 
shearino-stress  the  case  is  altogether  difl'erent.  All  matter  is 
in  a  state  of  vibration,  and  it  is  easily  conceivable  that  the 
forcible  friction  of  a  hard  substance  may  increase  vibration 
in  somewhat  the  same  way  as  does  a  bow  drawn  over  a 
stretched  cord.  Both  the  elasticity  and  the  tension  of  the 
atoms  themselves  are  vastly  greater  than  those  of  any 
stretched  cord,  so  that  the  increased  vibration  may  easily  be 
sufficient  to  shatter  the  molecule. 

The  transformation  of  light,  heat,  and  electricity  into 
mechanical  energy,  as  well  as  the  converse  transformations, 
are  extremely  familiar.  That  mechanical  energy  may  be 
transformed  into  chemical  energy  is  proved  by  the  results 
described  in  these  papers.  The  converse  transformation,  that 
of  chemism  into  work,  is  in  an  industrial  point  of  view  by  far 
the  greatest  chemical  problem  now^  awaiting  solution.  But  it 
is  by  no  means  certain  that  such  a  transformation  is  practi- 
cally possible.  At  least  it  seems  probable  that  the  improve- 
ment in  our  method  of  obtaining  work  from  the  chemism  of 
carbon  may  be  in  the  direction  of  substituting  electricity  for 
heat  as  the  intermediarv. 


IV.    On    an    Approximate    Laxo    of   the    Variation    in    the 
Pressure  of  Saturated  Vapours.      By  the  late  K.  D.  Keae- 

VITCH'^. 

THE  dependence  between  the  pressure  of  a  vapour  in  a 
state  of  saturation  and  the  temperature  is  probably  ex- 
pressed by  an  exceedingly  complex  function,  which,  notwith- 
standing the  endeavours  of  many  renowned  physicists,  has 
not  yet  been  determined.  Even  the  interpolation  (empirical) 
formula?,  with  the  exception  of  Biotas  formula,  cannot  be 
regarded  as  satisfactory.  The  cause  of  failure  is  to  be  found 
in  the  endeavour  to  attain  the  dependence  sought  for  in  all 
its  exactitude,  which  is  probably  excessively  difficult  (if  not 
impossible)  to  do,  because  the  pressure  of  a  vapour  in  a  state 

*  Conmiuiiicated  by  Prof.  Meudel^efl.  Translated  by  George  Kamensky. 
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of  saturation  depends,  not  only  on  the  temperature,  but  also 
on  a  nnmber  of  other  circumstances:  on  the  properties  of 
the  liquid  (coetficient  of  expansion,  latent  heat  of  va]>orization, 
specific  heat.  Sic),  and  of  the  vapour  (coetficieut  of  expansion, 
specific  heat,  molecular  weight,  &c.).  In  the  present  stage  of 
science  it  would  be  well  to  search  for  even  an  approximate 
dependence  between  vapour-pressure  and  other  thermal  quan- 
tities, and  there  is  no  necessity  to  limit  this  dependence  to  a 
function  of  temperature  ;  and  it  might  be  deemed  a  consider- 
able scientific  success  were  an  exnression  found  for  the  pressure 
of  a  vapour  in  a  state  of  saturation,  in  dependence  upon  any 
thermal  quantity  whatever.  The  finding  of  such  a  dependence 
is  naturally  easier  than  that  of  a  precise  function,  and  one,  espe- 
cially, of  temperature  only^.  Such  approximate  inexact  laws 
and  formulfc  would  serve  as  guiding  clues  for  further  re- 
searches and  for  the  discovery  of  more  exact  laws. 

In  this  paper  it  is  my  object  to  show  that  the  pressure  of  a 
vapour  is  in  a  somewhat  simple,  although  only  approximate, 
dependence  upon  other  observable  quantities  ;  or,  in  other 
words,  if  certain  quantities  are  known,  corresponding  to  a 
definite  temperature,  having  a  special  significance,  then  it  is 
possible  to  calculate  with  sufficient  accuracy  the  vapour- 
pressure  for  temperatures  near  to  it,  and  approximately  also 
for  temperatures  far  removed. 


1.  Let  us  imagine  a  kilogramme  of  a  liquid  at  a  tempera- 
ture of  vaporization  t  under  a  pressure  jj,  and  let  us  convert 
it  by  two  methods  into  vapour  saturating  a  space,  at  a  tem- 
perature t  +  dt  and  under  a  pressure  p  +  dp,  and  calculate 
each  time  the  increase  of  internal  energy  in  the  material. 

(a)  Let  us  increase  the  pressure  p  on  the  liquid  by  dp1i  and 
heat  it  to  the  new  boiling-point  t  +  dt,  corresponding  to  the 
new  pressure.  The  internal  energy  of  the  substance  will  then 
increase  by  cdt,  where  c  is  an  amount  of  heat  which  is  slightly 
less  than  the  specific  heat  of  the  liquid.  In  the  case  of  a  small 
external  pressure  we  can  neglect  this  difference,  because  the 
coefficient  of  expansion  and  specific  volume  of  the  liquid,  upon 
which  the  amount  of  heat  consumed  in  external  work  depends, 
are  exceedingly  small.   This  difference  only  becomes  significant 

*  I  have  wrilten  more  fully  on  the  importance  of  researches  of  thia 
kind  in  my  papers,  "  Remarks  on  "S'an  der  Waals'  Formula  "  (Journal  of 
the  Russian  Paysico-Chemical  Society,  vol.  xix.),  "On  the  Dependence 
of  the  Latent  Heat  of  Vaporization  upon  other  Factors '"  (Idem,  xxi.), 
and  in  the  Repertorium  der  Physik  (vol.  xxvi.  p.  589). 

t  The  internal  energy  of  a  liquid  then  decreases,  but  so  slightly  that 
we  do  not  take  it  into  consideration. 
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for  abnormally  high  pressures,  or  when  the  coefficient  of  expan- 
sion of  the  liquid  becomes  great.  On  the  liquid  attaining  the 
temperature  t  +  dt  imder  the  pressure  p  +  dp,  let  us  convert  it 
into  saturated  vapour  at  the  same  temperature  and  pressure. 
If  p  denote  the  internal  (p()t(nitial)  latent  heat  of  vaporization 
for  the  temperature  t,  we  find  that  the  internal  energy  of  the 
liquid  increases  byp  +  t/ponits  conversion  into  vapour  at  a 
temperature  t-\-dt.  Thus,  if  a  kilogramme  of  a  substance  in 
a  liquid  state,  having  a  temperature  t  and  subjected  to  a  pres- 
sure p,  be  converted  into  saturated  vapour  at  a  temperature 
t  +  dt  and  under  a  pressure  p  +  dp,  then  the  energy  of  the 
substance  increases  by 

cdt+p  +  dp. 

{h)  Let  us  bring  the  given  liquid,  which  is  under  a  pressure 
p  and  at  a  temperature  t,  wholly  into  the  state  of  saturated 
vapour  at  the  same  pressure  and  temperature.  The  internal 
energy  of  the  substance  is  increased  by  p.  Let  ns  heat  the 
vapour  by  dt  without  altering  the  volume  i\  By  this  means 
the  internal  energy  is  further  increased  by  Mt,  where  ^  is  a 
quantity  equal  to  the  specific  heat  of  the  vapour  at  constant 
volume.  The  vapour  will  now  be  in  a  superheated  state.  Let 
ns  increase  the  pressure  p,  under  which  it  occurs,  by  dp 
without  changing  its  temperature  t  +  dt  ;  the  vapour  then 
passes  into  a  state  of  saturation.  Moreover,  if  it  follows  the 
laws  of  Boyle  and  Gay-Lussac,  the  internal  energy  of  the 
vapour  will  not  change  on  compression.  If,  on  the  contrary, 
it  does  not  follow  these  laws,  then  the  internal  energy  will 
decrease  by  some  quantity  S,  because  as  a  rule  the  internal 
energy  of  substances  is  decreased  by  contraction.  Hence, 
in  order  to  convert  a  kilogramme  of  a  liquid  at  t  and  p  into 
vapour  at  t-'i-dt  and  p-\-dp,  it  is  necessary  (not  counting 
external  action)  to  augment  the  internal  energy  of  the  liquid  by 

p-\-kdt  —  ^. 

And  as  both  expressions  represent  one  and  the  same  thing, 
therefore 

cdt  +  p  +  dp  =  p  +  kdt  —  8, 

whence 

jp=-{c-k)di-^*. 

If  it  be  allowed  that  a  saturated  vapour  is,  at  a  certain 
pressure,  subject  to  the  laws  of  Boyle  and  Gay-Lussac, 
then  S  =  0,  because  the  energy  of  a  perfect  gas  is  not 
dependent  upon  the  pressure.  This  is  the  fundamental  pro- 
position of  the  present  paper  ;  and  it  is  not  an  arbitrary  one, 
*  Gorny  Journal,  1869,  vol.  ii.  p.  389. 
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but  is,  on  the  contrary,  proved  by  calcnlations  and  theoretical 
considerations  given  below.  Under  such  a  state  of  the  vapour 
we  obtain  from  the  preceding  equation, 

dp=  —  {c-k)dt (1) 

If  V  denote  the  specific  volume  of  the  vapour  in  a  state  of 
saturation,  and  if  it  be  supposed  that  the  vapour  at  this  volume 
and  corresponding  pressure  jj  and  temperature  t  has  the  pro- 
perties of  a  perfect  gas,  i.  e.  is  subject  to  the  laws  of  Boyle 
and  Gay-Lussac,  we  shall  have 

/>r=DT*; 

where  T=273-f  ^  and  D  is,  as  is  known,  a  special  quantity 
for  every  substance  when  the  latter  occurs  in  the  state  of  a 
perfect  gas.  The  amount  of  heat  required  by  the  vapour  in 
this  state  for  the  completion  of  external  work  in  raising  its 
temperature  by  1°  is  equal  to  AD,  where  A  denotes  the 
thermal  equivalent  of  work.  Moreover,  if  Ci  be  the  specific 
heat  of  the  vapour  at  constant  pressure,  we  have 

k  =  c,-AU (c) 

If  )'  denote  the  latent  heat  of  vaporization  and  lu  the  specific 
volume  of  the  liquid,  then,  as  is  known, 

p  =  >' — Ajj^v—io). 
Under  small  pressures  lo  is  exceedingly  small  compared 
with  v;  therefore  it  may  be  said  without  any  perceptible  error 
that 

and  consequently 

p  =  r-AJ)T, 

dp  =  dr—M)dt (p) 

The  equations  (1),  (c),  and  {p)  lead  to  the  following, 
dr  -AY)dt=-{c-c^  +  KD)dt, 
whence  it  follows  that 

dr=-{c-C'^)dt (2) 

*  This  equation  is  not  exact.  D.  T.  Mendeleeff  showed  that  near  a 
certain  pressui-e,  proper  to  every  gas,  the  latter  is  subject  to  Boyle's 
law ;  beyond  this  pressure  pv  varies  with  ;;.  The  pressure  at  which  »i;  is 
constant  should  fall  with  a  rise  of  temperature.  Let  us  ima<nne  a  satu- 
rated vapour  and  allow  it  to  expand  freelj^  at  a  constant  temperature  • 
then,  according  to  Mendeleeff's  law,  the  vapour  will  attain  such  a  state  of 
rarefaction  that  it  will  fully  satisfy  the  equation  pv  =  &  constant  and 
will  therefore  possess  the  properties  of  a  perfect  gas.  It  is  possible  to 
imagine  such  an  instance,  that  a  vapour  will  follow  Boyle's  law  even 
in  a  state  of  satm-ation.  Thus  the  proposition,  that  a  vapour  in  a 
state  of  saturation  follows  Boyle's  and  Gay-Lussac's  laws  near  a  certain 
temperature,  is  in  harmony  with  other  well-known  phenomena. 


42  K.  D.  Kracvitch  o//  an  Apjjroivimate  Law  of  the 

The  French  chemist  Bertrand  *  obtained  the  same  equation, 
but  he  avows  its  inapplicabiUty  to  liquids.  Indeed,  according 
to  Regnaultt,  for  water 

r  =  6()6-5-0-695«; 
whence 

dr= -0-695  dt. 

On  the  other  hand,  taking  c—1  and  Ci  =  0'4805|,  we  find 
dr=  -0-5195  dt, 

which  differs  considerably  from  the  above.  The  same  dis- 
agreement is  observed  for  other  liquids.  Moreover,  for  the 
majority  of  liquids  r  is  expressed  by  a  trinomial  function,  and 
hence  the  increment  of  r  is  not  proportional  to  the  increment 
of  temperature,  as  it  should  be  according  to  equation  (2). 
But  the  discordance  is  completely  removed  if  equation  (2) 
be  not  referred  to  vapour  at  any  temperature,  but  only  at 
that  temperature  when  the  vapour  is  entirely  subject  to  the 
laws  of  Boyle  and  Gay-Lussac.  It  has  been  said  above  that 
such  a  temperature  does  actually  exist  for  aqueous  and  the 
majority  of  investigated  vapours,  and  therefore  equation 
(2)  is  quite  applicable  for  this  and  its  adjacent  temperatures. 
Let  us  take  the  known  equation 

K[v—ioyp  ~-T  —  rp. 

Inasmuch  as  when  a  vapour  nearly  approaches  the  state  of 
a  perfect  gas  (v  — ?y)/)  may  be  taken  as  equal  to  DT,  therefore 
it  follows  from  the  preceding  equation  that 

dp 

^AD=^ (3) 

If  it  be  supposed  that  c  and  Ci  are  constants  and  do  not 
depend  upon  the  temperature,  then  equation  (2)  may  be 
integrated : 

r-r,=  {c-c,){T-T,) (4) 

By  To  we  understand  the  temperature  at  which  the  vapour 
follows  the  laws  of  Boyle  and  Gay-Lussac  ;  Vq  the  latent 
heat  of  vaporization  at  the  temperature  Tq.  On  sub- 
stituting r  by  the  quantity  equal  to  it,  deduced  fi-om  the  last 

*  Thermoch/namique  par  J.  Bertrand,  1887,  p.  77. 
t  M6moires  de  V Academie  des  Sciences,  t.  xxi. 
X  Idem,  t.  xxvi. 
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equation  in  (3),  we  have 
dp 

AD    ^^   _ro-(c  — ^i)(T  — Tq)^      ^     ^     ^      .^,. 
'  p  T- 

If,  as  before,  c—Ci  be  considered  as  constant,  then  this  equation 
can  be  integrated.  By  taking  Tq  and  T^  at  the  correspond- 
ing />o  and  pi  as  limits,  we  find,  after  an  easy  transposition, 

,      P  (^  —  c\  /i      T  T  — TfA  ,   mro/  1       1  \ 

'"gp.  =  -  AD  ('"St.  -'"  -T-j+  Ad(t,  -  TJ-     (') 

Here  log  is  Brigg's  logarithm^  in  the  modulus  ; 

log?n  =  ro622157. 

J.  Bertrand,  by  assuming  that  a  vapour  has  the  properties 
of  a  perfect  gas  at  any  temperature,  obtained  the  formula* 

log/'  =  «-f-7logT,     ....       (6) 

in  which  a,  /S,  and  <y  are  arbitrary  constants,  whose  arbi- 
trariness this  savant  took  advantaoe  of  in  order  to  bring  the 
pressures  calculated  from  this  formula  in  closest  agreement  with 
the  results  of  observation,  or,  more  truly  speaking,  with  those 
calculated  by  means  of  interpolation-formulae  from  observed 
pressures.  The  expression  previously  found  by  A.  Dupre  tor 
vapour-pressures  can  be  put  into  the  same  form. 

This  investigator,  instead  of  making  my  assumption  as  to 
the  constancy  of  c  — Ci,  took  Regnault's  empirical  formula 

r  =  a  —  ht, 

and  assumed  it  to  be  true  for  all  vapours.  Then,  from  equa- 
tion (3),  we  have 

dp 

.-r^dt      a  —  l)t 
AD  —  ^-Tyr-y 
p         1 

whence  it  is  easy  to  obtain  a  formula  of  the  form  (6). 

Equation    (5)    also    does    not  essentially   differ  from    (6). 
Indeed  it  can  be  transformed  thus  : 

logp=  logpo+  ^-^  Gog  To  +  7«)  +  ^^ 

-lAD-'»T»+ADJT-AD'°g^- 

*   Thennodynamique,  p.  92. 
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This  last  equation  passes  into  (G)  if  it  be  assumed  that 

log?o+  -jjj  (log  ro  +  m)  +  ^^  =a, 


AD  ~'^" 


The  JifFerence  between  the  equations  (5)  and  (6)  is  that  the 
former  does  not  contain  any  arbitrary  magnitudes,  as  we 
shall  prove  subsequently  ;  -while  equation  (6)  contains  three 
arbitrary  magnitudes,  which  Messrs.  Bertrand  and  Dupre* 
endeavour  to  so  choose  for  each  vapour  individually  that  the 
formula  may  best  accord  with  the  results  of  experiment. 
Hence  equation  (6)  is  an  empirical  one,  while  equation  (5) 
should  be  regarded  as  one  based  upon  theory.  In  order  to 
convince  ourselves  of  this,  let  us  consider  the  magnitudes 
which  enter  into  the  second  portion  of  equation  (5).  The 
specific  heats  c  and  Cj  of  substances  in  a  liquid  and  vaporous 
state  can  be  determined  with  more  or  less  accuracy  by  expe- 
riment,    A  is  the  thermal  coefficient  of  work,  we  take  it  as 

equal  to  j^-^  ;  D  is  a  constant  quantity  for  every  substance 

when  it  occurs  as  a  perfect  gas.  It  is  not  difficult  to  prove 
that 

AT*     848-7 

or  nearly  ^2 

P  is  the  molecular  weight  of  the  vapour.  The  magnitudes 
To,  ro,  and  po  correspond  to  that  state  of  a  vapour  when  it 
is  entirely  subject  to  the  laws  of  Boyle  and  Gay-Lussac. 
If  we  have  the  means  of  determining  the  temperature 
which  corresponds  to  this  state  of  a  vapour,  then  Tq,  and 
consequently  /'o  and  />oj  become  perfectly  definite  quantities. 
I  shall  afterwards  give  two  methods,  controlling  each  other, 
by  means  of  which  it  is  possible  to  find  such  a  temperature 
for  any  substance  if  only  it  exists,  and  if  there  be  a  sufficient 
number  of  observations  on  the  vapour-pressure  of  the  substance. 
Thus  equation  (5)  contains  no  arbitrarij  magnitudes  ;  and  in 
this  it  differs  from  all  the  formulse  which  have  been  found  by 

*  Theorie  Micanique  cle  la  Chaleur  par  Athauase  Dupr^.     1869. 
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various  savants  for  the  pressure  of  vapours  in  a  state  of  satu- 
ration. 

It  must  be  remembered,  however,  that  equation  (5)  gives 
only  an  approximate  vahie  for  tlie  vapour-pressure,  except 
for  the  temperatures  To  and  those  adjacent  to  it,  when 
there  can  be  no  ditFerence  between  the  results  of  calculation 
and  experiment;  but  at  temperatures  far  removed  from  Tq 
the  difference  may  be  very  considerable.  Recollecting  the 
assumptions  and  inexactitudes  which  were  allowed  in  de- 
ducing the  equation  (5),  we  must  acknowledge  it  to  be 
perfectly  applicable:  (1)  when  the  vapour,  saturating  its 
space,  subjects  itself  to  Boyle's  and  Gay-Lussac's  laws,  or 
varies  very  slightly  from  them  ;  (2)  if  c—Ci  does  not  vary 
with  the  temperature  ;  (3)  if  the  coefficient  of  expansion 
of  the  hquid  be  exceedingly  small,  and  the  pressure  under 
which  it  occurs  be  not  abnormally  high  ;  and  (4)  if  the 
volume  (lo)  of  the  liquid  be  so  small  compared  with  the 
volume  (i')  of  the  vapour  formed  from  it  that  tv  may  be 
taken  as  equal  to  zero.  The  first  three  conditions  may  be 
allowed  within  certain  limits  of  temperature,  but  the  fourth 
can  never  be  observed  \%dth  any  degree  of  great  accuracy  ;  in 
the  case  of  small  pressures  iv  can  be  neglected  without  essen- 
tial error,  but  with  great  pressures  this  is  not  allowable.  The 
difference  between  the  results  of  theory  and  experiment  in- 
creases in  proportion  to  the  divergence  from  the  aboAe 
conditions,  and  in  the  end  they  frequently  differ  entirely. 

When  the  dependence  of  the  pressure  of  a  vapour  upon 
any  magnitude  whatever  is  discovered,  then  it  is  easy  to 
express  the  specific  volume  of  a  vapour  by  means  of  the 
same  magnitude.     The  equation 

pv=I>T 

serves  for  this  purpose.     Let  us  also  take 

whence 

(■V       To     p 

log^  =  log™  -log^. 
*o  J-o  Po 

On  replacing  log  —  by  its  magnitude  in  equation  (5)  we  shall 
have  ^'^ 

V       ,       T       ^  — ^ifi       T  T  — To"j       7nr(,/l        1\ 
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2.  Before  applying  equation  (5)  to  various  liquids  we  will 
investigate  its  properties.  The  equation  may  be  given  in 
another  simpler  form,  more  convenient  for  calculation.     To 

T  T— T 

do  this  let  us  resolve  log  rpr  into  a  series  in  powers  of  — 7p — , 

J-o  -^ 

and  cast  aside  the  members  higher  than  the  second  power. 
In  this  manner  we  shall  have,  instead  of  equation  (5),  the 
following : — 

This  equation  serves  only  in  the  case  when  the  fraction 

T— T 

— Pl^  is  small,  and  when,  consequently,  the  temperature  T  is 

not  too  far  removed  from  Tq  ;  the  results  given  by  it  will  be 
particularly  near  to  those  of  experime  it  if  c—Ci  be  small.  I 
have  applied  this  equation  to  bisulphide  of  carbon  [12]*  in 
order  to  form  an  idea  of  its  accuracy,  and  found  that  the 
simplified  equation  (5^)  and  the  complete  equation  (5)  give 
similar,  or  very  nearly  similar,  results. 

Experiments  have  shown  that  the  difference  c  —  Ci  is  ex- 
ceedingly small,  compared  to  the  heat  of  vaporization,  for 
all  investigated  substances.  Therefore  the  first  member  of 
the  equation  may  be  neglected,  and  we  shall  have 

,       2)       "i>'u  /  1        1  \  . 

'°^7.=  aI)(t.-tJ W 

Whence  a  formula  analogous  to  that  of  Roche  f  can  be  easily 
obtained  by  integration, 

t 
p=.aa\+mt. 

a,  a,  and  m  are  arbitrary  constants.  By  choosing  them  in 
the  most  advantageous  manner  Regnault  obtained  a  formula 
which  amply  satisfied  the  results  of  observation,  and  which 
was  hardly  less   satisfactory  than   Biot's  formula  with  five 

arbitrary  coefficients.     The  nearer     .  .  ^  approaches  to  zero 

the  better  does  formula  (?•)  agree  with  the  results  of  experi- 
ment. Among  the  substances  ibr  which  I  made  calculations 
there  was  one,  namely  ethyl  bromide  [14],  for  which  c  —  Ci 
closely  equalled  zero.  I  calculated  its  vapour-pressure 
according   to   formula  (?•).      Thus   lloche's   formula    has    a 

*  The  figures  placed  in  bracket;:;  refer  to  the  uuiuber^  of  the  sections  in 
this  paper. 

t  Mcmoircs  de  FAcad.  des  Sci.  t.  xxi.  p.  585. 
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theoretical  basis  ;  this  explains  its  accordance  with  the  I'esults 
of  experiments. 

The  same  formula  may  be  deduced  upon  other  bases. 
According  to  Southern  and  Crighton^s  law,  the  inaccuracy 
of  which  was,  however,  proved  by  llegnault's  experiments, 
the  heat  of  vaporization  does  not  depend  upon  the  pressure  on 
the  surface  of  a  liquid  remaining  constant  at  all  temperatures. 
If  this  law  were  true,  then  instead  of  equation  (4)  we  should 
have  the  less  accurate  one 

r=ro. 

Then  equation  (4')  would  be  converted  into  the  following: — 

dp 

dt  _    ?'o      1 

whence  by  integration  we  obtain  equation  (r). 

Thus  Southern's  inaccurate  law  and  equation  (>■)  proceed 
from  one  and  the  same  supposition,  that  c  —  c^  is  negligible 
compared  with  /•.  This  is  sufficiently  near  the  truth,  and 
may  be  regarded  as  the  very  first  approximation. 

From  the  preceding  we  have  the  right  to  conclude  that 
Roche's  formula,  although  roughly,  still  presents  a  law  of 
nature.  All  the  other  empirical  formula3 — Young's,  AragVs, 
Uulong's,  Tredgold's,  Cariolis',  and  others,  and  among  them 
Biot's — have  no  theoretical  basis,  and  with  the  exception  of 
the  latter  do  not  satisfy  the  results  of- experiments.  It  is  true 
that  Biot's  formula  gives  vapour-pressures  verj'  nearly  ap- 
proaching those  found  by  experiment ;  but  this  is  not  due  to 
its  representing  in  itself  the  nature  of  a  vapour,  but  because 
of  the  large  number  (five)  of  arbitrary  coefficients,  or,  in 
geometrical  language,  because  the  curve  expressed  by  Biot's 
formula  has  a  large  number  (five)  of  points  common  to  the 
curve  of  the  actual  vapour-pressures  in  a  state  of  saturation. 

3.  Let  us  investigate  the  curve  expressed  by  the  equation  (5), 
taking  as  abscissae  the  absolute  temperatures  T,  and  as  ordi- 
nates  the  pressures  p.     From  this  formula  it  is  easy  to  obtain 


Po 
Here  a;=-    .  .A  y=  -jjr,  and  y  +  .i-To  is  a  perfectly  definite 

and  constant  quantity  for  every  vapour.     Let 
3/  +  .fTo=R. 
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Hence  we  find 

^=&-^'^-^- 0.) 

dp           R-.rT  ,     , 

dt=P'-T^^        (Pi) 

It  is  evident  from  equation  (y>)  that  the  curve  passes  through 
the  origin  of  the  coordinates,  and  from  equation  {pi)  tliat  the 
curve   touches   the  axis   of  abscissas   at   this   point.     From 

equation  {p.2)  it  follows  that  -j^  becomes  zero  t^ice  as  T 

rises  from  zero, 

when  Ti  =  -f  1-     ,- \  and  when  '\\=-(l-\- -^L=\ 

FromT  =  OtoT=Ti, 

de  ^ 

-^  becomes  zero  when  T  =  — ,  then 

W/  .1'  ' 


FromT=TitoT  =  T2, 
WhenT>T2, 


df 


-i£<0; 


consequently  p  then  attains  its  maximum.  Thus,  starting 
from  tlie  origin  of  the  coordinates,  the  ciu've  diverges  from  the 
axis  of  abscissae  and  turns  its  convexity  towards  it.     When 

T=  —  I  1 r===  )  an  inflexion  takes  place  ;  the  curve  turns 

its  concavity  towards  the  axis  of  abscissa ;  p  continuing  to 

augment  attains  a  maximum  when  T=  — .     Then  js  decreases; 

a  second  inflexion  occurs,  and  then  the  curve  asymptotically 
approaches  the  axis  of  abscissae.  For  the  subject  under  con- 
sideration the  entire  curve  is  not  of  importance,  but  only  that 
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inconsiderable  portion  of  it  between  the  origin  of  coordinates 
and  the  first  inflexion,  beyond  which  observations  are  never 
carried.  Moreover,  it  must  be  remembered  that  the  formula 
under  consideration  refers  only  to  certain  special  conditions, 
one  of  which  is  never  actually  fulfilled,  namely — that  the 
volume  of  a  liquid  is  equal  to  zero  compared  to  the  volume 
of  the  vapour  formed  from  it,  so  that  the  curve  represented 
by  equation  (p)  serves  to  express  the  actual  variation  of  the 
pressure  of  a  vapour,  and  would  only  fully  express  these 
variations  if  the  above  conditions  were  strictly  observed*. 

The  temperature  of  the  first  point  of  inflexion  is  very  high. 
For  water,  for  instance  f, 

R  =  5106-2  +  5-2948  x  343  =  6922-3; 

The  highest  temperature  of  steam  attained  by  Reguault  was 
only  250°.  So  also  it  is  easy  to  find  that  for  sulphuric  ether 
the  first  inflexion  of  the  curve  corresponds  to  743°*2,  for 
benzene  886°*7,  sulphur  1279°. 

With  the  majority  of  the  substances  I  calculated  for,  x  is  a 
positive  quantity,  but  it  is  sometimes  negative  and  may  be  equal 
to  zero  ;  R  was  always  positive.  If  x  <  0,  when  its  absolute 
magnitude  >1,  then  it  is  easy  to  prove,  from  the  above- 
mentioned  equations  {p),  (jji),  and  (pa)?  that  as  T  varies 
from  zero  to  infinity,  the  curve  diverges  continuously  from 
the  axis  of  abscissae,  and  always  turns  its  convexity  towards 
this  axis,  w'ithout  giving  any  special  points. 

We  may  add  that  it  would  be  absurd  to  deduce  any 
properties  of  a  vapour  from  the  properties  of  the  curves  and 

*  My  paper  "  On  Van  der  Waals'  Formula"  (Russian  Pliysico-Chemical 
Society,  vol.  xix.)  proves  that  for  all  substances  the  second  differential 

coefficient  -pC ,  where  ^j  is  a  function  of  v  and  t,  is  greater  than  zero,  and 
that  it  is  only  for  perfect  gases  that  ,jjr  =^'  This  may  seem  a  contra- 
diction to  the  above,  because  the  value  of  ,4-  ^ or  the  cuiTe  (5)  is  either 

less  or  equal  to  zero.  In  reality  there  is  no  contradiction  at  all.  To  be 
concise,  I  will  only  observe  that  the  curve  expressed  by  equation  (/;) 
presents  the  variation  of  the  vapour-pressure  under  certain  conditions 
and  within  certain  limits ;  in  the  given  instance  it  only  applies  for  that 
portion  of  the  curve  which  lies  between  the  ori>jin  of  coordinates  and  the 

first  point  of  inflexion,  and  then  the  condition  that  — ^  >»  0  is  fulfilled. 

t  In  order  to  calculate  K  and  T,  it  is  necessary  to  know  x  a  id  Tj ;  the 
mode  of  determining  these  quantities  is  given  below.  For  water  r  =  .5"2948, 
To=34.3'^  K- 

Fhil.  Mag.  b.  5.  Vol.  37.  Xo.  224.  Jan.  1594.  JB 
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equation  (5)  we  have  just  considered,  because  they  do  not 
refer  to  actual  vapours  but  only  to  imaginary  ones  such  as  do 
not  really  exist. 

4.  I  will  now  pass  to  the  applications  of  equation  (5)  and 
to  proving  that  its  theoretical  bases  are  confirmed  by  experi- 
ment. The  fundamental  proposition  upon  which  equation  (5) 
is  based  is  that  at  a  certain  temperature  a  vapour  in  a  state 
of  saturation  has  the  properties  of  a  perfect  gas.  Above  and 
below  this  temperature  it  diverges  from  these  properties,  but 
for  the  present  investigation  it  does  not  matter  in  which 
direction.  It  follows  from  the  calculations  given  below  that 
such  a  temperature  does  actually  exist  for  the  majority  of 
substances  yet  experimented  upon,  and  which  are  liquids  at 
the  ordinary  temperature  and  pressure.  The  vapours  of 
other  liquids  are  not  subject  to  the  laws  of  Boyle  and 
Gay-Lussac  within  the  limits  of  the  observations  made  by  us. 
Without  fresh  observ^ations  it  is  impossible  to  say  if  these 
vapours  are  able  to  exist  in  the  state  of  a  perfect  gas  outside 
the  temperatures  observed.  Equation  (5)  is  naturally  as  yet 
inapplicable  to  such  vapours.  Our  theory  should  not  be 
applied  to  gases  which  are  able  to  take  the  form  of  liquid  only 
under  very  high  pressures,  because  the  volume  of  the  resultant 
liquid  would  then  be  somewhat  considerable  compared  with 
the  volume  of  the  gas  and  could  not,  therefore,  be  taken  as 
zero,  as  our  theory  demands. 

5.  Suppose  that  in  equation  (5) 

c—Ci  _        J\)   _ 
AD  ~'''   AD"-^' 

we  shall  have 

log£-=-[log|.-m^],.+  (,l,-^),«y.  .  (7) 

If  X  and  j/  be  regarded  as  arbitrary  constants,  then  they  might 
be  determined,  if  any  vapour-pressures  p,  po,  and  pi  were 
known  corresponding  to  temperatures  Ti,  Tq,  and  T^  If, 
moreover,  vapours  in  a  state  of  saturation  followed  Boyle's 
and  Gay-Lussac^s  laws,  and  if  in  general  the  propositions 
which  served  for  the  deduction  of  equations  (5)  or  (7) 
were  unimpeachable  and  perfectly  accurate,  then  the  pair  of 
unknown  quantities  x  and  i/  would  be  the  same  whatever 
were  the  temperatures  T^,  Tq,  and  T',  and  their  corresponding 
tensions  pi,  po,  and  p'.  In  reality  just  the  contrary  occurs. 
Every  three  observations,  taken  at  random,  give  in  general 
different  magnitudes  for  x  and  y,  so  that  not  unfrequently 
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there  is  no  similarity  between  two  pairs  of  these  magni- 
tudes. And  so  it  should  be,  because  equation  (5)  can  only 
be  applied  with  the  observation  of  certain  conditions,  which 
generally  speaking  are  not  fulfilled.  Nevertheless,  it  is  possible 
with  nearly  all  liquids  to  find  a  temperature  Tq  which  has 
such  properties  that  the  magnitudes  ,v  and  ?/  are  approximately 
the  same  whatever  three  temperatures  are  taken,  if  only  they 
are  adjacent  to  Tq  and  to  each  other.  We  will  now  turn  our 
attention  to  determining  this  temperature.  I  have  discovered 
two  methods,  which  are  here  given,  and  for  the  sake  of  clear- 
ness applied  to  aqueous  vapour. 

6.  Let  us  take  three  adjacent  temperatures,  Tj,  Tq,  and  T', 
differing  for  instance  by  5°,  so  that  T' — To  =  To  — Ti  =  5,  and 
calculate  the  values  of  x  and  _y.  Then  let  us  calculate  their 
values  for  three  other  temperatures  as  near  as  possible  to  the 
first  j  and  then  for  three  more  temperatures,  and  so  on  ;  and 
thus  combine  a  more  or  less  considerable  number  of  observa- 
tions. We  thus  obtain  values  for  x  and  3/  which  are  different, 
but  with  the  majority  of  substances  experimented  upon  (/.  e. 
for  which  there  are  tables  of  vapour-pressures,  in  a  state  of 
saturation,  x,  varying  uninterruptedly  with  the  corresponding 
temperatures)  give  a  maximum  or  minimum  value.  If  the 
mean  (intermediate)  of  the  temperatures  Tq  be  laid  along  the 
axis  of  abscissae,  and  x  along  the  axis  of  ordinates,  then  a  curve 
is  obtained  with  a  maximum  or  minimum.  There  are,  how- 
ever, vapours  for  which  the  curve  of  .i-'s  continuously  recedes 
from  or  approaches  the  axis  of  abscissie  with  a  rise  of  tem- 
perature ;  the  path  of  the  curve  indicates  where  the  maximum 
or  minimum  lies,  beyond  the  greatest  or  least  of  the  tempera- 
tures observed. 

The  value  of  c—Ci  varies  very  inconsiderably  within  small 
limits  of  temperature;  therefore,  the  magnitude  x  should 
remain  constant,  whatever  combination  of  temperatures  be 
taken,  at  temperatures  near  to  that  at  which  the  vapour  has 
the  properties  of  a  perfect  gas,  and  when  in  general  the  above 
theory  stands  good  ;  and  this  is  only  possible  when  x  has  a 
value  near  to  its  maximum  or  minimum"^,  because  a  con- 
siderable variation  in  T  then  produces  an  inconsiderable 
variation  in  x.  Hence  the  desired  temperature  To  is  that  at 
which  X  has  a  maximum  or  minimum  value.  We  may  here 
remark  that  at  this  time  y  varies  with  the  temperature,  as  is 
seen  from  equation  (4)  ;  or,  more  accurately,  the  increment 
of  y  is  equal  to  w  multiphed  by  the  increment  of  temperature. 

*  I  do  not  consider  the  case  when  the  curve  has  an  inflexion  whose 
direction  is  parallel  to  the  axis  of  abscissae,  because  I  have  not  met  with 
such  an  instance  in  my  investigations  upon  vapours. 
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If  X  has  no  maximnm  or  minimum,  then  the  vapour  does  not 
possess  the  properties  of  a  perfect  gas  at  any  temperature, 
within  the  limits  of  observation,  and  the  theory  is  not  applic- 
able to  it.  Then  y  does  not  vary  proportionally  to  the  tem- 
perature. 

To  calculate  the  values  of  x  and  y  it  is  sufficient  to  have  two 
equations  and  three  observed  tensions  corresponding  to  three 
temperatures.  For  the  sake  of  simplicity  let  us  take  equi- 
distant temperatures  : — 

T-To=To-T\  =  A. 

We  shall  thus  have  two  equations  of  the  first  degree  with  two 
unknown  quantities  : — 

A      To  To-Ti\    ^/l        1  \  ,     p, 

-(log.j.  -rn.-^y  +  [j^  -  .jr)my  =  log-. 

/,      T/  T'-To\    ^  /I       1  \  ,     y 

On  solving  them  we  obtain 


Tilog^-'-T'log^ 


Tilog^-T'log^ 

ll  i-o 


(8) 


y=-V-)      ^°         ^' J^>^ .     .     (9) 

(T.logl2-T'logi-).A 

To  obtain  x  to  a  sufficient  degree  of  accuracy,  the  three 
temperatures  for  which  this  value  is  calculated  must  be  taken 
as  near  as  possible  to  one  another,  because  the  direction  of 
the  curve  of  x'%  can  only  be  looked  upon  as  parallel  to  the 
axis  of  abscissa?,  near  the  maximum  and  mininmm,  for  an 
inconsiderable  distance.  Moreover,  this  requires  exceedingly 
careful  observations  of  the  vapour-pressures,  as  otherwise  tha 
series  of  values  of  x  present  such  irregularities  as  to  prevent 
the  possibility  of  distinguishing  the  maximum  or  minimum  of 
this  quantity.  These  irregularities  become  less  perceptible  as 
the  difference  of  temperature  increases  and  the  order  of  the 
variation  of  the  a*'s  becomes  clearer  ;  but  in  this  case,  accord- 
ing to  what  has  been  said  above,  the  maximum  or  minimum 
value  of  X  and  the  corresponding  temperature  may  prove 
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insufficiently  accurate.  Let  us  ajjply  equation  (8)  to  aqueous 
vapour  and  take,  at  random,  temperatures  40°,  45°,  and  50°. 
If  we  take  the  temperature  of  absolute  zero  as  —273°,  then 
these  temperatures  counted  from  the  absolute  zero  will  be 
313°,  318°,  and  323°,  and  the  corresponding  pressures 
calculated  bv  Broch*  according  to  Regnault^s  observations, 
54-8651  millnn.,  71-3619  millim.,  and  91-9780  millim.  On 
substituting  these  figures  in  equation  (8)  we  find 

.1-45  =  3-9542. 

In  this,  and  in  all  further  calculations,  x  refers  to  the  inter- 
mediate temperature,  and  we  now  mark  .1*45  by  the  number 
45.  In  a  like  manner  we  find  for  temperatures  45°,  50°,  and 
55° 

.r5o=4-3293. 

Below  is  a  table  in  which  the  upper  line  contains  the  inter- 
mediate temperatures  (i^)  and  the  lower  the  corresponding 
values  of  x  : — 

t    45°  50°        55°  60°        65°  70°        75°  80° 

X    3-9542    4-3293    46800    5-0031     5-2109    5-2948    5-1997    3-8844 

In  this  series  of  figures  the  greatest  value  of  x  is  5-2948, 
corresponding  to  70°  ;  x  diminishes  with  a  rise  and  fall  of 
temperature,  at  15°  it  is  2-0640  and  at  125°  3-4263.  Hence 
it  is  e^'ident  that  near  70°  aqueous  vapour  follows  the  laws  of 
Boyle  and  Gay-Lussac  ;  i.  e.  satisfies  the  equation 

pv  =  J)T. 

If  in  the  equation 

AD  "■'' 
we  replace  x  and  AD  by  their  values,  we  have 

c-cy=x  .  AD  =  5'2948  .  |,  =  5-2948  .  ^  =0-58831. 

The  specific  heat  c  as  determined  by  various  experimenters 
shows  a  great  diversity.  According  to  Regnault  c  at  70° 
equals  1-0072,  while  according  to  Hendrichsen  it  is  1-0419. 
The  value  of  Ci  was  determined  by  Eegnault  for  temperatures 
above  100°,  at  70°  it  is  probably  less.  Thus,  according  to 
Regnault  c—Ci  =  0-5167,  and  according  to  Hendrichsen  it  is 
0*5614.     The  latter  more  nearly  approximates  to  that  found 

♦  Physikalisch-chemische  Tahellen  von  Landolt  mid  Bornstem,  §  18. 
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above,  0'58831,  and  would  be  still  nearer  if  a  smaller  figure 
were  taken  instead  of  0"4805. 

On  making  the  requisite  substitutions  in  equation  (9)  we 
find  that 

7/  =  5106-2, 
whence 

ro=?/.AD  =  5106-2.  ^=5G7-36. 


According  to  Eegnault's  well-known  formula  we  find  that 
the  latent  heat  of  vaporization  at  70°, 

7'7o=  557*6. 

The  difference  between  the  values  of  r^^  and  ?Vo  is  less  than 
2  per  cent.  The  accordance  between  the  results  of  theory 
and  experiment  must  be  regarded  as  fully  satisfactory  if  we 
take  into  consideration  the  imperfect  observation  of  the 
requisite  conditions  and  especially  the  inexactitude  of  the  ex- 
perimental determinations  of  the  amount  of  heat.  If  instead 
of  70°  we  take  a  temperature  which  is  considerably  higher  or 
lower,  then  the  results  are  less  accordant  ;  thus  at  125°  we  find 
542*8  for  the  latent  heat  according  to  equation  (9),  while, 
according  to  Regnault,  ?'i25  =  519*6.  The  value  of  c—Ci  will 
then  be  0"3807,  which  diverges  still  more  from  the  results  of 
experiment, 

7.  We  will  now  consider  the  second  mode  of  calculating 
^0  and  c  —  Ci.     It  follows  from  equation  (3)  that 

r=. -.     ......   (10) 

P 
This  equation  gives  the  possibility  of  calculating  the  heat 
of  vaporization  if  it  be  assumed  that  the  vapour  follows 
the  laws  of  Boyle  and  Gay-Lussac,  and  that  in  general  the 
above  enunciated  theory  contains  no  inexactitudes.  But  in 
order  to  make  this  calculation  it  is  necessary  to  know  the 

first  differential  coefficients  of  pressure  -^ ,  the  determination 

of  which,  however,  presents  considerable  difficulty.  If  this 
quantity,  at  T  and  p,  be  taken  as  equal  to  the  difference  be- 
tween p>  and  the  pressure  answering  to  the  temperature 
T  — A,  divided  (i.e.  the  difference)   by  A,  then  we  find  that 

—  is  too  small,  while  if  we  take  the  temperature  T  +  A  it  is 

dt 

too  great.      Generally  the  arithmetical  mean  of  these  two 
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values  is  taken,  Init  still  \i  is  far  fi-om  being  the  true  value, 
and  the  dilierence  is  greater  the  more  rapidly  p  varies.  In 
order  to  lessen  the  error  it  is  necessary  to  make  use  of  more 
or  less  complex  interpolation  formulae.     Let 

^  =  a  +  rtiT  +  a2T2, 

where  a,  a^,  a.2  are  arbitrary  constants  which  may  be  calculated 
from  three  observations.     Hence 

^-a  +  2a2T'; 

this  equation  only  leads  to  the  above  method,  which,  as  we  saw, 
was  not  sufficiently  accurate.  In  order  to  attain  a  greater 
degree  of  accuracy,  let  us  take  the  more  complex  formula 


p  =  a  +  aiT-fa/P  +  a3T3; 


(T) 


the  four  arbitrary  constants  are  determined  from  four  ob- 
servations.    Hence  we  have 


dp  _ 


dt 


=  ai  +  2a2T  +  3a3T3. 


Let  the  vapour-pressures  corresponding  to  the  temperatures 
Ti,  T2,  T3,  and  T^  be  pii,  ^93,  ps,  and  p^  ;  we  will  denote  the 
diflferential  coefficients  corresponding  to  these  pressures  thus : — 


dpx 

dt  '■ 


dp2       dp3      (Ipi 
dt  '      dt'      dt  ' 

We  will  assume  that  tables  of  vapour-pressures  are  formed  for 
equal  intervals  of  temperature,  so  that 

T,-T3=T3-T2=T2-Ti  =  A. 

On  substituting  the  pressures  pi,  p^^  p^^  and  ^4  with  their 
corresponding  temperatures  in  equation  (T),  we  obtain  four 
equations,  from  which,  after  a  very  easy  transmutation,  we  find 


dpx 


'^{Pi—Pzl—TJPz—lh)  +  Il{p>2—Px) 


dt  ~ 

6A 

dm 

-{Pi- 

-Pz)+^ip3- 

■P2)+^ipz- 

-Pi) 

dt  ~ 

6A 

dps 

2(;?4- 

-  Ih)  +  KPz  - 

■P2)-{P2- 

-Pi) 

dt  ~ 

6A 

dpi 

11(A 

-Pz)—'^iPz- 

-;>2)  +  2(i?2- 

-Pi) 

y.  .  (11) 


56         K.  D.  Kraevitch  on  an  Approximate  Law  of  the 
Each  value  of  -/'can  be  calculated  four  times :— (1)  we  may 


U 

regard  it  as  corresponding  to  the  pressure  pi  followed  by  three 
other  pressures,  jhj  Ihi  '^"^^^  Pai  ^^^^  therefore  calculate  it  from 

the  first  of  equations  (11)  ;  (2)  we  may  suppose  £hat  -J-  corre- 
sponds to  the  pressure  p<>  which  is  preceded  by  one  value  pi, 
and  followed  by  two,  />3  and  p^,  and  therefore  the  differential 

coefficient  must  be  calculated  as  -^ ,   i.  e.  from  the  second  of 

the  equations  (11)  ;    (3)   when  the  pressure/*  is  preceded  by 

two  and  followed  by  one  pressure,  then  -^  must  be  calculated 

from  the  third  of  the  equations  (11);  and,  lastly,  (4)  the  differential 

coefficient  is  calculated  from  the  equation  for  '-^-     If  the 

figures  forming  a  table  follow  some  definite  law,  then  the  values 
of  the  differential  coefficient,  although  determined  by  different 
methods,  should  be  similar  and  differ  only  in  the  inevitable 
errors  of  observation  ;  or,  more  strictly  speaking,  of  calcu- 
lation, because  all  tables  of  vapour-pressures  are  found  by 
means  of  interpolation  formulae.  If  the  differences  are  great 
it  shows  that  in  one  figure,  at  least,  there  is  a  misprint  or 
error  exceeding  the  possible  one.  The  tables  of  vapour- 
pressures  which  I  investigated  nearly  always  gave  four  very 

nearly  similar  values  of  —  Considerable  discordances  en- 
abled me  to  discover  misprints  or  errors  in  the  tables.  I  may 
here  remark  that  irregularities  in  the  values  of  x,  calculated 
by  the  first  method,  also  sometimes  revealed  an  error  in 
observation. 

In  all  the  calculations  the  results  ot  which  are  given  below,  I 
did  not  calculate  the  differential  coefficient  four  times,  but  only 

twice  by  means  of  the  formulse  -y-  and   -~  ,  and  took  the 

arithmetical  mean  of  the  results. 

Knowing  how  to  find  the  differential  coefficient  ^,it  is 
^  (it 

possible  to  calculate  the  heat  of  vaporization  r  for  each  tem- 
perature according  to  equation  (10).  Let  us  endeavour  to 
determine  the  temperature  with  whose  uniform  rise  or  fall 
the  value  of  r  also  uniformly  varies,  so  that  if  the  tempera- 
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ture  varies  constantly  by  A,  then  r  varies  by  one  and  the 
same  quantity  (f— c^A  by  equation  (2).  This  temperature 
■v\ill  evidently-  be  that  same  Tg  which  was  found  by  the  first 
method.  It  should,  however,  be  remarked  that  (c— Ci)A  is 
exceedingly  small  compared  to  r  ;  therefore,  in  order  to  ob- 
tain results  approachino-  those  of  exjieriment,  it  is  necessary 
to  have  very  exact  tables,  accurate  to  tenths,  and  with  small 
pressures  to  even  hundredths  of  a  millimetre.  But  it  is 
more  than  difficult  to  calculate  to  such  a  degree  of  accuracy, 
and  therefore  it  is  best  to  employ  the  first  method  for  deter- 
mining Tg  and  to  employ  the  second  method  as  a  control. 

We  will  apply  the  second  method  to  aqueous  vapour. 
Broch  has  recalculated  Regnault's  observations  on  aqueous 
vapour  to  four  points  of  decimals.  I  take  from  them  9 
pressures  for  9  temperatures  :  for  the  above  determined  70° 

and  four  above  and  below  it,  and  I  calculate  -~  by  means 

at      •' 

of  the  second  and  third  of  equations  (11).     The  results  are 
given  in  the  following  table ;  the  temperature  t  in  the  first 
column,  the  pressure  p  in  the  second,  and  the  differential  co- 
efficient -^  in  the  third. 
at 


t. 

2^. 

dp 

~dt 

t. 

P- 

dp 
dt 

o 
50  

55  

60  

65  

70  

91-9780 
117-5162 

148-8848 
187-1028 
233-3079 

6-923 

8-402 

10-122 

o 

75  

288-7640 
354-8730 
433-1938 
525-4G76 

12-107 
14-388 

80  

85 

90  

I  consider  it  not  superfluous  to  explain  how  I  found  ^ . 

I  calculate  this  quantity  for  60°,  regarding  it  as  -^    (11) 

according  to  the  data  for  temperatures  50°,  55°,  60°,  and  65°. 
The  figure  6"9247  is  obtained.     I  calculate  the  same  quantity 

after  formula  -^  by  means  of  the  pressures  corresponding  to 
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tlie  temperatures  55°,  60°,  65°,  and  70°.  I  find  6-9207.  The 
arithmetical  mean  of  these  two  results  is  6*9227  ;  the  last 
two  figures  may  contain  an  error.     I  take  the  diiferential 

coefficient  T^for  60°  as  equal  to  6*923,  where  an  error  maybe 

suspected  in  the  last  figure  ;  the  result  thus  obtained  is  placed 
in  the  third  column  opposite  to  60°.    In  exactly  the  same  way 

I  calculated  the  differential  coefficient  ^for  65°,  regarding  it 

dt  J     to  o 

as  ^^and  as  —^  '>  in  the  first  instance  I  obtained  8*4044,  and 
dt  dt 

in  the  second  8*4002*;  the  mean  8*402  is  placed  in  the  table 
opposite  65°.  The  other  differential  coefficients  for  tempera- 
tures 70°,  75°,  and  80°  were  determined  in  the  same  manner  ; 
each  of  them  is  the  arithmetical  mean  of  two  figures. 

By  placing  the  resultant  values  of  the  differential  coefficient 
in  equation  (10),  I  calculated  the  heat  of  vaporization  for 
five  temperatures  t :  these  results  are  placed  in  the  second  line. 

t  60°  65°  70°  75°  80° 

r  572-91  670-04  56713  564-18  561-36 

287  2-91  2-95  2-82 

c-c^ 0-574  0-582  0590  0-564 

The  figure  567*36  was  found  for  the  heat  of  vaporization  at 
70°  according  to  the  first  method  ;  it  may  be  considered  as 
coinciding  with  that  noAV  found  by  another  method,  567*13. 
From  the  tables  it  is  seen  that  the  heat  of  vaporization  falls 
with  a  rise  of  temperature.  The  third  line  gives  the  difi'erence 
between  the  two  adjacent  values  of  r.  These  differences  are 
near  to  each  other,  but  are  not  equal,  as  would  be  expected ; 
but  on  following  out  the  calculation  it  is  easily  seen  that  the 
second  decimals  in  the  heat  of  vaporization,  and  hence  also 
those  figures  in  the  differences,  may  contain  errors  depending 
upon  errors  in  the  pressures.  The  fourth  line  of  the  table  con- 
tains c—Ci ;  these  values  are  obtained  by  dividing  the  differences 
(figures  in  the  third  line)  by  5.  They  and  their  arithmetical 
mean,  0*578,  may  be  said,  taking  into  consideration  the  pos- 
sible errors,  not  to  differ  from  that  found  above  by  more 
than  0*58831. 

When  the  coefficients  of  r  and  .r  are  known,  the  pressures 

*  The  fip:ures  for  one  and  the  same  coefficient  differ  constantly  by  the 
two  last  figures  (3rd  and  4th).  This  is  due  to  the  inaccuracy  of  the 
figures  of  the  pressures ;  hence  the  labour  expended  by  Broch  in  their 
calculation  may  be  counted  as  fruitless. 
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of  aqueous  vapour  may  be  calculated  by  means  of  equation 
(5)  or  (7),  which  in  the  given  instance  takes  the  form 

+  „,[^-_L]  5106-2. 

In  the  following  table  the  temperatures  t  are  placed  in  the 
first  column,  the  pressure  of  aqueous  vapour  in  millimetres,  in 
a  state  of  saturation  and  calculated  by  means  of  equation  (7), 
in  the  second  colunni,  and  the  pressures  according  to  Reg- 
nault's  observations  in  the  third  column*. 


t. 

Pressures. 

Calculated  from 

Observed. 

Calculated  from 

Calculated  from 

equation  (7). 

equation  (52). 

equation  (5j). 

o 

-30 

0-358 

0-386 

0-510 

1067-15 

-20 

0-891 

0-927 

1-170 

817-03 

-10 

■2-053 

2-151 

2-519 

817-03 

0 

4-408 

4-569 

5-120 

428-28 

10 

8-949 

9-140 

9-936 

428-28 

20 

17-159 

17-363 

18-392 

187-55 

30 

31-334 

31-510 

32-692 

187-55 

40 

54-74 

54-87 

56-01 

94-84 

60 

148-86 

148-88 

149-20 

150-15 

80 

354-92 

354-87 

355-70 

353-47 

100 

758-65 

760-00 

772-56 

704-61 

140 

2669-4 

2717-6 

2908-9 

1851-54 

180 

7187-7 

7546-5 

8667  0 

1851-54 

220 

15864-8 

17390-4 

21629-0 

5921-18 

In  this  table  the  temperatures  65°,  70°,  and  75°  are  omitted, 
because  at  these  temperatures  there  can  be  no  difference  be- 
tween the  results  of  calculation  and  observation,  as  they 
appertain  to  points  through  which  both  curves  pass  ;  that  is, 
both  the  curve  expressed  by  equation  (7)  and  that  representing 
the  actual  variation  of  the  vapour-pressure.  The  curves,  which 
almost  accord  between  the  common  points,  diverge  as  they 
become  more  remote  from  them,  but  in  their  general  properties 
they  diverge  very  slowly,  as  is  indeed  seen  from  the  table. 
Such  temperatures  as  40°,  60°,  and  80°,  for  which  the  pressures 
are  calculated  after  equation  (7)  and  determined  by  obser- 
vation, may  be  considered  as  equal.     At  higher  and  lower 

*  The  meaning  of  the  Hgures  in  the  4th  and  5th  columns  -will  be 
explained  presently. 
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temperatures  the  diA^ergence  increases,  especially  on  the  side 
of  a  rise  in  temperature.  This  sio;nifies  that  aqueous  vapour 
in  a  state  of  saturation  follows  Boyle's  and  Gay-Lussac's 
laws  near  70°,  and  diverges  from  these  laws  at  a  certain 
distance  from  70°.  Other  causes  still  further  increase  the 
divergence.  Thus  c—Ci  should  remain  constant  according 
to  our  assumption,  instead  of  which  both  specific  heats, 
especially  c,  vary  with  the  temperature.  The  volume  of  water 
(w)  is  taken  as  equal  to  zero,  which  in  reality  is  never  the 
case.  These  facts  have  their  significance,  especially  for  high 
pressures,  because  with  water  c  at  low  temperatures  varies 
very  little,  and  the  volume  of  liquid  (iv)  is  then  minute  com- 
pared to  the  volume  of  vapour  (v) .  For  this  reason,  probably, 
the  theory  and  experiments  agree  better  for  low  pressures 
than  for  high. 

8.  The  determination  of  a;  and  y  from  experimental  data 
may  lead  to  the  idea  that  these  quantities  are  arbitrary,  and 
that  therefore  formula  (5)  or,  which  is  the  same,  (7),  can  be 
numbered  among  empirical  formulae.  Such  a  conclusion 
would,  however,  not  be  right ;  /v  and  ?/  have  each  a  perfectly 
definite  physical  value,  and  calculated  by  the  above  methods 
prove,  at  least  ?/  does,  in  the  case  of  water  and  of  other 
liquids  subsequently  considered  by  me,  to  be  near  those 
values  given  by  experiment.  If  there  be  not  an  entire 
agreement,  it  may  be  ascribed  to  the  insufficient  accuracy 
of  the  methods  by  means  of  which  the  heat  of  vaporization 
and  specific  heats  are  determined,  while  the  calculation  of 
these  quantities,  or,  which  is  the  same,  of  w  and  y,  depends 
according  to  our  theory  upon  the  vapour-pressures,  which 
may  be  measured  with  incomparably  greater  accuracy.  This 
even  affords  the  possibility,  although  for  one  temperature  T^ 
only,  of  obtaining  these  quantities  for  substances  which  have 
not  been  investigated  in  this  aspect.  The  inexactitude  of 
.r  and  ?/  determined  by  experiments  from  the  quantities  c—Ci 
and  r,  moreover,  proceeds  from  the  fact  that  we  do  not  know 
accurately  the  values  of  A,  D,  and  the  temperature  of  absolute 
zero.  We  may  add  that  if,  instead  of  the  calculated  values 
of  c— Ci  and  r,  we  take  those  which  are  given  by  experiment, 
then  the  tensions  calculated  after  equation  (5)  approximate 
to  those  given  by  observation,  although  not  so  closely  as  the 
same  values  determined  by  the  above  mentioned  methods. 
Thus,  although  the  quantities  x  and  ?/  are  calculated  like 
arbitrary  constants  in  empirical  formulae,  they  are  not  arbi- 
trary, because  they  have  a  definite  physical  meaning  and 
approximate  to  those  values  which  are  given  by  experiment, 
and  can  even  be  replaced  by  the  latter  in  equation  (7).     It 
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has  already  been  explained  that  Tq  is  also  not  arbitrary, 
because  this  number  has  a  physical  significance,  and  ?*o  and 
pQ,  being  dependent  upon  Tq,  are  therefore  also  not  arbitrary. 

Thus,  as  was  said  above  (§  1),  formula  (5)  does  not  contain 
au}'  arbitrai'v  quantities. 

9.  I  foresee  the  possibility  of  yet  another  objection.  Let 
us  imagine  two  curves  of  a  different  nature,  and,  by  the  aid 
of  differential  coefficients,  bring  three  points  of  one  curve 
into  coincidence  with  three  points  of  the  other  curve  ;  and 
let  us,  moreover,  assume  that  these  common  points  approach 
each  other  for  an  infinitely  small,  or  at  least  exceedingly 
small,  distance.  According  to  the  common  property  of 
curves,  they  diverge  very  gradually  as  they  pass  from  the 
three  common  points,  and  only  diverge  to  a  great  extent  at 
a  very  remote  distance  from  the  common  points.  From 
this  it  might  be  concluded  that  the  fact  of  the  curve  (7)  and 
the  curve  of  the  actual  vapour-pressures  being  near  each 
other  about  the  common  points,  and  even  at  a  considerable 
distance  from  them,  does  not  prove  the  truth  of  the  above 
theory.  Such  a  view  would  be  unfounded.  In  order  to 
prove  this,  let  us  take  any  formula  with  three  arbitrary 
coefficients,  for  instance  the  parabolic  formula 

2)  =  a  +  aiT  +  a2T^, (oj 

and  assort  the  constants  a,  ai,  and  a^  in  such  a  manner  that 
the  formula  would  satisfy  temperatures  65°,  70°,  and  75° ; 
i.  e.  so  that  the  curve  expressed  by  formula  (5i)  would  pass 
through  three  points  lying  on  the  curve  (5)  and  on  the  curve 
of  the  actual  vapour-pressures.     It  is  then  seen  that 

a=18513-75,     ai=116-7576,     rt2  =  0-185020. 

The  vapour-pressures  calculated  according  to  formula  (5^)  are 
given  in  the  5th  column  of  the  preceding  table.  We  see  that 
even  at  temperatures  near  70°,  for  example  at  40°  and  100°, 
the  figures  in  this  column  differ  considerably  from  those  of 
observation,  and  at  remote  temperatures,  for  instance  20°  and 
220°,  there  is  not  the  slightest  analogy.  Thus  formula  (5i) 
has  nothing  in  common  with  that  function  which  expresses 
the  dependence  of  a  vapour  in  a  state  of  saturation  on  the 
temperature. 

The  properties  of  Roche's  formula  (§  2)  are  different;  having 
a  theoretical  basis,  it  somewhat  closely  satisfies  the  results  of 
observation.  A  formula  analogous  to  it  may,  as  we  saw,  be 
obtained  from  the  equation 


^<="'Kt.-t)- 
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On  placing  the  known  values  of  y  and  To  in  this  formula, 
we  shall  have 

jC  =;?0e(353)>'[H-(<-7U)/353]  J 

or 


where  log  a     =  2*36 793, 

log  a     =  0-018849, 
log  m    -  3-46471. 

In  Regnault's  formula'^  these  figures  have  another  value, 
because  he  gives  his  formula  a  different  aspect,  somewhat 
diverging  from  theory  : 

and  he  endeavours  to  assort  such  values  for  a,  a,  and   m  as 
would  best  satisfy  the  results  of  observation. 

E(piation  (62)  contains  no  arhitrai'y  coefficients  ;  it  passes 
through  three  points  common  to  curve  (5),  whose  abscissae 
are  338°,  343°,  and  348°.  The  pressures  calculated  from 
this  formula  are  given  in  the  4th  column  of  the  preceding 
table.  Although  they  agree  less  with  the  results  of  experi- 
ment than  the  figures  in  the  3rd  column,  nevertheless  it  is  clear 
Roche's  formula  roughly  and  approximately  expresses  a  law 
of  nature. 

Ether,  C4H10O. 

10.  We  will  now  apply  our  theory  to  various  liquids  and 
commence  with  ether. 

1st  Method. 

It  is  seen  from  the  table  given  below,  where  the  first  line 
represents  the  temperatures  {t)  and  the  second  the  values  of 
X  calculated  after  formula  (8),  that  the  maximum  value  of  x 
corresponds  to  60°. 


t 

10= 

35° 

55° 

60° 

65° 

85° 

100° 

X 

.   0-2821 

1-8727 

2-6274 

2-77986 

2-7258 

2-0899 

0-20548 

Above  and  below  this  temperature   x  becomes  less,  and 
below  10°  it  is  even  negative. 
For  ether, 

*  Mimoires  de  I'AcadSinie  des  tScieiices,  t.  xxi.  p.  bl", 
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We  lintl  from  the  equation 


that 


c-Ci  =  ^-xAD  =  2-77986x  ^=0-07513. 


According  to  Regnault  t'eo  =  O'odiol,  Ci  =  0"47966; 
c  — Ci  =  0'084:85  *.  The  difference  between  these  two  values 
is  considerable,  but  a  closer  agreement  is  not  to  be  expected, 
for  with  the  existing  calorimetric  methods  the  specific  heats 
of  liquids,  and  especially  of  their  vapours,  may  contain  great 
errors,  so  that  it  is  doubtful  whether  they  would  impose 
confidence  if  they  were  near  to  each  other — to  the  difference 
of  their  c—Ci  :  if,  for  example,  the  second  figures  (i.e.  the 
hundredth  parts)  of  c  and  c\  contained  errors,  then  in  the 
difference  c  —  Ci  the  error  would  be  in  ihe  first  figure,  and 
consequently  the  tigure  found  by  subtracting  Cj  from  c  would 
have  no  scientific  value.  Errors  in  the  third  figures  have, 
although  a  less,  still  a  great  influence  on  the  accuracy  of 
c—Ci.  Therefore  it  is  better  to  determine  Ci  by  means  of  x 
than  by  the  usual  calorimetric  method.  Taking  c  =  0'56451 
and  c— Ci  =  0'07513,  we  find  that  Ci  =  0'48938;  this  value 
deserves  greater  confidence  than  047966,  found  by  Keg- 
nault  from  experiment. 

After  making  the  necessary  substitutions  in  equation  (9) 
we  obtain 

i/  =  3318-74, 
and  further 

7-0= 3318-74 X  ^.  =89-688. 

I  calculated  from  Regnault^s  formula  that 

r6o=  86-196. 

Although  there  is  not  an  entire  coincidence  in  the  results 
of  calculation  and  observation,  still  one  cannot  but  acknow- 
ledge that  the  figures  are  very  similar. 

2nd  Method. 

We  take  the  vapour-pressures  corresponding  to  60°  and 
six   adjacent    temperatures,   and   calculate    the    differential 

coefficient -r^  by  equation  (11). 

*  All  the  data  foimd  by  Regnault  -which  are  here  aud  afterwards 
inserted  are  chiefly  taken  from  Landolt'a  tables ;  the  same  may  be  said 
concemin''  the  data  uf  other  observei-s. 
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t. 

i'- 

dp 
df 

t. 

0 

65  

70  

P- 

dp 

di' 

io   

50  

55  

1074-15 

1264-83 

1481-06 

45-946 
51-707 

1998-87 
2304-90 
2645-41 

57-912 

75  

60  

1725-01 

From  whence  by  means  of  equation  (10)  we  construct  the 
table  : 


t  

r   

5Q0 

!      90-203 

0-367 
00734 

60° 
89-836 

0-380 
00760 

65° 
89-456 

c—c,.... 

According  to  the  first  method  we  found  ?'o  =  89"688,  and 
according  to  the  second  method  =89*836  :  notwithstandinor 
their  different  orio-in  these  figures  may  be  considered  the 
same.  The  vakies  of  c  —  q  also  proved  to  be  very  similar; 
according  to  the  1st  method  0'0751,  and  the  mean  of  the 
two  quantities  found  by  the  2nd  method  0'0747.  All  this 
indicates  the  truth  of  the  propositions  serving  as  the  base  of 
the  theory. 

Knowing  .v  and  y,  it  is  possible  to  calculate  the  vapour- 
pressure  of  ether  by  equation  (7),  which  in  this  instance  takes 
the  form 


log 


P      _ 
148-79 


=  -[log 


_T_ 
333 


■m 


T-333 


T 


+  )n 


77986 


LT~333j 


3318-74. 


/. 

Pressures. 

f. 

Pressures. 

Oalciilated. 

Observed. 

Calculated. 

Observed. 

o 
-20  

0  

20  

40  

50  

65-81 

182-03 

43214 

907-59 

1265-70 

68-90 

184-39 

432-78 

907  04 

1264-8 

o 

70     

0    

110    

120     

2307-7 
3891-1 
6257-5 
7617-3 

2304-9 
3898-3 
6214-6 
7719-2 
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This  table  shows  that  from  0°  to  110°  the  results  of  calcula- 
tion and  observation  are  sufiiciently  near  to  each  other;  hence 
the  vapour  of  ether  in  a  state  of  saturation  diverges  but 
little  between  these  temperatures  from  the  laws  of  Boyle 
and  Gay-Lussac. 

Benzene,  CgHg. 
11.  1st  Method. 

t  30°  55°  70°  75°  80°  85° 

X 9-3901        3-8215        27054        25321        25988        2*3905 

t  90°  95°  100°  105°  125° 

X 2-5563        2-6051        26575        2-7598        33561 

In  this  instance  x  has  not  a  maximum  value,  as  it  has  with 
water  and  ether,  but  a  minimum,  whose  exact  position  it  is 
unfortunately  difficult  to  determine,  probably  owing  to  errors 
(misprints  ?)  in  the  pressures.  It  may  be  said  that  the  mini- 
mum Ues  between  80°  and  90°  ;  we  will  take  85^^,  and  -will 
consider  the  minimum  of  x  as  the  arithmetical  mean  of  its 
three  values  for  temperatures  80°,  85°,  and  90°,  that  is  as 
2-5152.     Hence 

c-ci=2-5152  X  ^  =-064492. 

/  o 

According  to  Wiedemann  Ci  =  0*3325,  and  Regnault  gives 
c  =  0'43G02,  hence  c—c,  =  "10352  ;  the  disagreement  between 
the  above  results  is  explained  by  the  uncertainty  of  the 
calorimetric  measurements.  If,  however,  we  assume  that 
the  error  in  c  is  small,  and  take  c  —  Ci  = '064492  as  found 
by  the  1st  method,  then  we  obtain  Ci  =  0*371 53,  which  is 
slightly  greater  than  that  determined  by  Wiedemann.  To 
calculate  y,  I  made  three  replacements,  in  equation  (9), 
for  X :  2  5988,  2*3905,  and  2'55G3,  corresponding  to  tem- 
peratures 80°,  85°,  and  90°,  and  obtained  three  figures  whose 
mean  was  taken  as  the  desired  value  of  y.     It  appeared  that 

y=3816-72, 
whence 

?'o=3816-72x  ;^.  =97-866. 

to 

According  to  Kegnault  r85=90'75  *. 

*  It  is  important  to  exactly  calculate  the  amount  of  heat  required  to 
heat  a  kilogram  of  the  liquid  from  0°  to  85°,  because  observations  were 
not  carried  beyond  71°. 

FhiL  Mag.  S.  5.  Vol.  37.  No.  224.  Jan.  1894.  F 
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2nd  Method. 


t. 

2^- 

dp 
Tt' 

t. 

P' 

dp 
dt' 

o 

65  

463-43 
547-42 
643-18 
751-86 

20-405 
23-105 

o 

85     

874-63 
1012-75 
1167-40 
134005 

26-049 
29-233 

70  

90     

75 

95     

80  

1  100     

1 

t 75° 

r 98-517 


80°  85°  90'' 

98-188  97-877  97-526 

0-329  0-311  0-351* 

00658  0-0622  0-0702 


The  mean  value  of  c  — Cj  from  the  three  figures  of  the  last 
line,  0*0661,  is  very  near  to  that  found  above,  0*0645,  and 
the  heat  of  vaporization  97*877  to  97*866. 

The  following  table  of  the  vapour-pressures  of  benzene  is 
calculated  from  the  values  of  x  and  y  determined  above. 


t. 

Pressures. 

t. 

Pressures. 

Calcu- 
lated. 

Ob- 
served. 

Calcu- 
lated. 

Ob- 
served. 

-i) 

8-83 

5-79 

9-01 

h 

547-42 

547-42 

548-66 

-10 

16-28 

12-92 

16-57 

80 

751-84 

751-86 

752-38 

0 

28-59 

25-31 

29-04 

90 

1012-72 

1012-75 

101202 

10 

4814 

45-25 

48-76 

100 

134000 

1340-05 

1337-20 

20 

77-84 

75-65 

78-71 

130 

2827-0 

2824-4 

2811-4 

40 

184-43 

183-62 

185-78 

170 

6413-7 

6340-7 

6348-6 

60 

39019 

39010 

391-70 

Owing  to  the  irregularities  in  the  values  of  x,  I  took  the 
arithmetical  mean  of  three  of  its  values  in  order  to  obtain  a 
more  reliable  result.  This  may  give  rise  to  a  mistrust  in  the 
figures  subsequently  determined.     In  order  to  test  to  what 


*  See  Notes  at  end. 
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extent  they  deserve  confidence,  I  recalculated   the  observa- 
tions through  intervals  of  10°. 

t  50°  60°  70°  80°  90°  100° 

X 3-G539       3-3633       2-4643*    2-5307       2-5271        2-6685 

The  minimum  value  of  x  lies  between  80°  and  90°.  But 
as  the  values  of  x  at  these  temperatures  are  nearly  equal,  it 
is  best  to  take  their  arithmetical  mean  and  to  take  the  cor- 
responding temperature  as  85".     We  then  have 

«=2-5289, 
3/80=3829-5, 
3/90=3803-4, 

the  mean  of  y  =  3816'5. 

The  value  now  found  for  x  is  near  to  that  given  above, 
and  the  values  obtained  for  y  by  both  methods  can  be  con- 
sidered as  perfectly  equal.  The  pressures  calculated  from 
these  new  values  of  x  and  y  are  given  in  the  fourth  column 
of  the  preceding  table  ;  they  differ  but  little  from  those  in 
the  second  column. 


Bisulphide  of  Carbon,  CS2. 

12.  \st  Method. 

t     10°           55°           70°           75°           80° 

85° 
1-6515 

105° 

X    2-4771      1-7183      1-6498       t-6206      16398 

1-8626 

X  has  a  minimum  value  1*6206  at  75°.     Hence 
c-ci  =  1-6206  X  ^  =0-04265. 

According  to  Hirn,  at  80°  c  =  0-25531  ;  according  to 
Regnault  q  =  0-15956  ;  hence  c— Ci  =  0-09575.  The  latter 
figure  is  more  than  twice  that  found  above — the  difference 
is  very  considerable  ;  nevertheless  there  can  be  no  serious 
objection  to  such  a  discordance,  for  it  has  only  to  be 
admitted  that  there  is  an  ao-o-reoate  error  of  0*05  in  the 
specific  heats,  and  the  figures  found  for  c—Ci  will  both  closely 
agree.  Conversely,  calculating  c'l  from  c  and  x  we  find  that 
Ci=0-21266  instead  of  0-15956. 

According  to  equation  (9)  we  find 

3/ =  3264-26, 
whence 

_2 
76 


ro=3264-26x  ;=;;,  =85-901. 


*  See  Notes  at  end. 

F2 
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According  to  Regnault  it  is  76-43.  A  certain  disagree- 
ment proceeds  from  the  fact  that  a  considerable  error  might 
enter  into  tlie  calculation  of  the  amount  of  heat  required  to 
raise  the  temperature  of  the  liquid  from  O''  to  85°,  because 
Regnault's  observations  did  not  exceed  39°*5. 

2nd  Method. 


t 

P- 

dp        1 

t. 

8^  

85  

P- 

dp 
di' 

^ 

65  

70  

75  

'     1164-51 

i     1347-52 

: 

1552-09 

■     1779-88 

i 

43-182 
47-989 

2032-53 
2311-70 
261908 

53-127 

90  

70° 

75° 

80° 

86-173 

0-211* 
0-0422 

85-926 

0-214 

0-0428 

85-712 

The  mean  value  of  c  — Ci  0*0425  and  the  value  of  Vq  85*926 
do  not  differ  from  those  found  by  the  1st  method,  0*04265 
and  85*901. 


t. 

0 

-•-'U  

0 

•20 

40 

60 

Pressures.                  1 

f. 

Pressures. 

Calcu- 
lated. 

47-96 

128-46 

1^98-31 

617-73 

1164-7 

Ob- 
served. 

Calcu-  1 

lated 

from 

equation , 

(.5').     1 

Calcu- 
lated . 

Ob- 
served. 

Calcu- 
lated 
from 
equation 
(5'). 

47*30 

127-91 

29803 

617-53 

1164-5 

47-99 
297-38 
1164-6 

o 

90 

110 

130 

150 

2618-5 
4162-7 
6296-8 
9121-8 

26191 
4164-1 
6291-6 
9095-9 

2618-9 

6306-5 
91.')3*6 

*  See  Notes  at  end. 
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no 


Carbon  Tetrachloride,  CCI4. 
13.  1st  Method. 

t  -15°      -10°       -6°         0°  5°  10°        15"  20° 

X 5-2217    6-4753    6-2296    6-5014    5-8202    6-8851    60289    6-2210 

t    25°  30°  35°  40°  70°  75°  125° 

X  6-9630      5-9526      6-3706      5-5984      4-4596      4-2927      1-1511 

The  figures  as  we  see  proceed  irregularly,  but  there  is 
hardly  any  doubt  that  the  maximum  lies  at  10°. 

c-ci  =  t;-8851  X  -It  =  0'08942*. 
lo4 

It  is  impossible  to  compare  this  figure  with  the  result  of 
experiment,  because  the  specific  heat  of  the  vapour  of  carbon 
tetrachloride  is  not  known.  But  it  is  possible  to  conversely 
calculate  this  quantity,  knowing  c—Cx  and  c.  According  to 
Regnault  c  =  0-199 79,"^ therefore  Ci  =  0-11037-^. 

By  equation  (9)  we  obtain 

y  =  4061-3, 
whence 

ro=4061-3x  ^=52-069. 

According  to  Regnault  ?'io— 51'45. 
Ind  Method. 


t. 

P- 

dp 

dt' 

i. 

P- 

dp 

0 
_  15  

\ 

13-55 

iB 

71-73 

3-4842 
4-2379 
5-1070 

-  10  

..   18-47 

20 

90-99 

-  5  

..1   24-83 

1-4371 

25  

114-30 

0  

..   32-95 

1-8230 

30  

142-27 

5  

..   4319 

2-2870 

35  

175-55 

10  

..   55-97 

2-8380 

-5°  0°  5°  10°  15°  20°  25° 

53-295      52-865      52-467      52063      51654      51-264      50870 

0-430         0-398        0-404        0-409        0390        0394 

00860       0-0796      0-0808      00818      00780      0  0788 


*  See  Nutes  at  end. 
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The  values  of  c  —  Ci  proved  to  be  not  quite  similar  to  each 
other,  or  to  the  figure  found  by  the  1st  method,  probably 
because  the  vapour-pressures,  taken  at  rather  low  tempera- 
tures, are  small  and  the  errors  they  contain  have  a  great 
influence  on  the  calculation.  The  value  of  vq,  52'063, 
however,  is  similar  to  the  former  value. 


f. 

Pressures. 

f. 

Pressiu-es. 

Calcu- 
lated. 

Ob- 
served. 

Calcu- 
lated. 

Ob- 
served. 

o 

-20 

9-76 

9-80 

9-79 

o 
40 

214-12 

214-18 

214-63 

-10 

18-43 

18-47 

18-47 

(50 

442-87 

447-43 

445-61 

0 

32-94 

32-95 

32-95 

100 

1404-8 

14671 

14290 

20 

90-97 

90-99 

91-00 

140 

3316-9 

3709-0 

3421-1 

30 

14208 

142-27 

142-24 

190 

7269-6 

93990 

7647-3 

In  order  to  verify  the  results,  I  repeated  the  calculations 
by  the  1st  method  through  intervals  of  10°,  between  10°  and 
40°. 


t 

...     -10° 

0° 

10° 

20° 

30° 

40° 

X 

...    60955 

6-2747 

6-3953 

6-1217 

6-0431 

5-6925 

This  table  removes  all  doubt  as  to  x  attaining  a  maximum 
at  10°,  hence 

c-Ci=6-3y53xT4i=0'08305, 
154 

which  is  somewhat  different  from  that  found  above,  0'08942. 
The  same  value  is  obtained  for  y  as  before,  4061'2.  The 
vai)Our-]iressures  calculated  from  these  data  are  given  in  the 
fourth  column. 


14. 


Ethylene  Bromide,  CgH^Brg. 
Isf  Method. 


In  the  case  of  ethylene  bromide  the  calculations  presented 
great  irregularities,  with  Avhich  it  was  exceedingly  difficult  to 
deal.  By  means  of  numerous  attempts  and  recafculations,  T 
came  to  the  conclusion  that  ,v  has  a  minimum  value  of  nearly 
zero,  at  95°.  The  pressure  at  this  point  is  equal  to  245'51. 
Below  this  temperature,  the  errors  contained  in  the  vapour- 
pressures  are  probably   considerable   compared  to   the    true 
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pressures,  because  the  latter  are  small ;  owing  to  this  the 
values  obtained  for  .r  are  irregular.  But  above  9o°  x  in- 
creases regularly.  If  .t'=0  then  c  =  Ci ;  unfortunately  there 
are  no  direct  experimental  data  for  c^.     From  equation  (9), 

y  =  4606-8, 
whence 

ro  =  4(306-8x -93  =  ^9-008. 

According  to  Bertheiot  the  heat  of  vaporization  of  ethylene 
bromide,  under  the  atmospheric  pressure,  is  equal  to  43'78. 

'2nd  Method. 

The  results  obtained  by  this  method  also  present  a  certain 
irregularity. 

I  here  give  several  values. 

t 85°  90°  95°  100°  105° 

r 49-182        49121        49058        49118        49-045 

0061         0063         -0-060         0073 
c-c,  00122       0-0126       -00120       00146* 

The  difference  c—Ci  is  nearly  zero,  and  the  heat  of  vapori- 
zation 49'058  like  that  given  above. 


t. 

Pressures. 

t. 

Pressures. 

Calculated. 

Observed. 

Calculated. 

Observed. 

-20  

-  10  

0  

30  

60  

0-85 

1-66 

3-15 

16-74 

65-87 

1-73 

2-48 

3-92 

17-20 

65-75 

o 

80     

110    

130     

160     

190    

144-24 
400-90 

788-18 
1007-7 
3203-2 

144-02 
401-08 
725-77 
1572-5 
5020-8 

15.  1*^  Method. 


Methyl  Alcohol,  CH^O. 


-10° 
13-483 

100° 

2-7562 


15°  25° 

10-696      9-6978 


30° 
6-4699 


105° 
2-8201 


110° 
2-6484 


50° 
4-1952 

115°         120° 
2-8616      2-8190 


70° 
3-3502 


95° 
2-7869 


Notwithstanding   certain   irregularities   there   can    be    no 
doubt  but  that  x  has  a  minimum  value  at  100°. 


"*  See  Notes  at  end. 
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c-ci=2-7562x-^  =0-17226. 

According  to  Kopp  c  =  0*645,  according  to  Regnault 
Ci  =  0-458,  c  — Ci  =  0-187,  a  result  which  is  near  to  0-17226. 
Conversely  t'l  can  be  determined  from  the  values  of  c  and  x ; 
ci  =  0-473. 

From  equation  (9)  we  have 

?/=4356-5 
whence 

7-0=4356-5  x|.  =  272-28. 

According  to  Andrews  the  value  at  65-8°  is  263-7. 
2nf?  Method. 


t. 

P- 

dp 

df 

t. 

V' 

dp 
di' 

o 

85 

1470-92 
1741-67 
2051-71 
2405-15 

66-208 

105  

2806-27 
3259-60 
3769-80 
4341-77 

85-292 
96-194 

90 

110  

95 

115  

100      .    ... 

75-309 

120  

t  ... 

r  ... 


95°       100°      105°      110° 

273-13     272-28     271-42     27056 

0-85      0-86      0-86 

0-170  0172  0172 


The  differences  of  the  specific  heats  and  the  heat  of  vapori- 
zation determined  by  both  methods  are  equal. 


i. 

Pressures. 

t. 

Pressures. 

Calculated. 

Obsei-Ted. 

Calculated. 

Observed. 

o 
-20  

0  

20  

40  

7-45 

28-73 

90-85 

24505 

6-27 

26-82 

88-67 

243-51 

o 
60     

80     

120    

150     

580-65 
1235-8 
4342-8 
9369-2 

579-93 
1238-5* 
4341-8 
9361-4 

*  The  figure  8  is  probably  a  misprint,  it  should  be  replaced  by  5. 
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16. 

t 

X 

1st  Method. 

25° 

3-819 

30° 
3-426 

75° 
2-4341 

125° 
4-7688 

55° 

2-GS88 

80° 
2-4075 

60° 

2-1175 

85° 
3-1974 

65° 

2-3053 

t 

X 

t  . 

X  . 

70° 

2-2440 

95° 

3-3307 

90° 
3-1758 

Although  there  is  an  irregularity  in  this  series  of  .v's,  still 
it  is  evident  that  x  has  a  minimum  value  between  60°  and  70°  ; 
I  take  65°,  and  the  arithmetical  mean  of  three  values  of  x 
answering  to  the  temperatures  60°,  65°,  and  70°.  In  this 
manner  I  find 

.T=2-2227, 
whence 

c-ci  =  2-2227  X  ^=0-076645. 

Do 

According  to  Regnault  c=0*o580  and  (?i  =  0*4125  ; 
hence  c— Ci  =  0*1455. 

Determining  q  from  c  and  x  we  find  that  Ci  =  0*4814,  and 
the  difference  between  this  value  and  that  given  bj  experi- 
ment, 0'4125,  may  be  referred  to  errors  in  the  calorimetric 
observations. 

According  to  equation  (9), 

i/  =  3690-37; 
hence 

ro=yx^=  127-25. 

According  to  Regnault's  formula,  r65=  127-54. 
2nd  Method. 


t. 

P- 

dp 

dt' 

t. 

P- 

dp 
dt' 

o 
50  

608-86 

725-95 

860-48 

1014-32 

28-774 
32-825 

o 

70  

1189-38 
1387-62 
1611-05 

37-264 

55  

75  

80  

60  

65  

00°         65°         70° 

127-87      127-48      127-10 

0-39        0-38 

0-078       0-076 
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Both  modes  of  calculation  give  similar    results  for  c—Ci 
and  Vq. 


t. 

P  ressures. 

t. 

Pressures. 

Calcu- 
lated. 

Ob- 
served. 

Calcu- 
lated. 

Ob- 
served. 

20  

185-18 

179-63 

184-45 

j    90 

2139-6 

2141-7 

2142-7 

40  

421-23 

420-15 

420-47 

110 

3597-9 

3594-0 

3603-6 

60  

860-75 

860-48 

860-50 

140 

7065-1 

6974-4 

7077-8 

70  

1189-0 

1189-4 

1189-4 

! 

The  irregularity  in  the  sequence  of  the  values  of  x  caused 
me  to  recalculate  them  through  intervals  of  10^:  I  then 
obtained 


50° 
3-0041 


60° 

2-35U 


70° 

2-2777 


80° 
2-6131 


Here  it  is  quite  clear  that  the  minimum  lies  between  60° 
and  70°,  and  nearer  to  the  latter  temperature ;  I  take  the 
minimum  as  the  arithmetical  mean  of  2*3514  and  2'2777, 
and  refer  it  to  65°.     In  this  manner  it  was  found  that 

.t'=  2-3146; 

c-ci  =  2-3146  X  A  =  o-07981. 

I  calculated  y  for  two  temperatures  60°  and  70°,  and  took 
the  arithmetical  mean  of  the  results. . 

?/  =  3696'6;    7'o=127'44. 

I  again  calculated  the  vapour-pressures  from  these  new 
values,  the  results  are  placed  in  the  fourth  column,  they 
roughly  satisfy  the  results  of  experiment  as  well  as  the 
figures  in  the  second  column  do. 

Chloroform,  CHCI3. 


17. 

\st  Method. 
25° 

30° 
5-423 

80° 
3-3510 

60°                 65° 
3-6488           3-3996 

85°             90°           100° 
3-4282        3-5686        3-630 

70° 

5-769 

3-3502 

75° 

145° 

V   .... 

3-3630 

5-117 

X  has  a  minimum  at  a  temperature  70°  to  80°,  I  take  75°, 
and  the  arithmetical  mean  of  the  three  figures  corresponding 
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to  70°,  75°,  and  80°  for  x.     We  have 

.r=3'355, 
2 


c— ci= 3*335  X 


iiy-5 


=  0-05615. 


According  to  Eeonaiilt  c  =  0* 23894,  and  according  to 
"Wiedemann  CisQ-li-il,  hence  c  —  Cj  =  0-01)48.  If  we  as- 
sume that  c  =  0-23894  and  c-Ci  =  0-0561 5,  we  find  that 
Ci  =  0-18279  instead  of  the  vakie  found  by  Wiedemann;  both 
fiofures,  taking  calorimetric  errors  into  consideration,  may  be 
counted  as  very  similar.     Furthermore  we  find 

?/  =  3633-l, 


?'o=3633-lx  ,-rrT-v  =  60-805. 
"  lly'D 

According  to  Regnault  r7,  =  59-602. 
2nd  Method. 


t. 

P- 

dp 

Tf 

t.                   p. 

dp 
Tf 

60  

889-72 
104211 
1214-20 

32-394 
36-492 

80  1407-64 

85  '    1624-10 

90  t  1865-22 

i 

1 

40-935 

65  

70  

75  

t 70°        75°        80° 

r 61-207       60-916       60-648 

0-291       0-268 
c-Oi 0058       0054 

The  mean  of  c  —  c'i  =  0-056,  7'o=  60-916.     The  same  vahies 
are  given  above. 


t. 

Pressures. 

t. 

Pressures. 

28 

162-31 
536  06 
1042-4 
1407-2 

160-47 
53505 
1042-1 
1407-6 

180  

2425-2 
4876-7 
9554-0 

2428-5 
4885-1 
9527-8 

50  

130 

70  

80  

166  

7G 


K.  D.  Kraevitcli  on  an  Approximate  Law  of  the 
Ethyl  Chloride,  CaHgCl. 


18. 

1st  Method. 

t  . 

-15° 

-10° 

-5° 

0° 

25° 

X  . 

10-48 

6-560 
35° 

5-188 
40° 

3-970 
45° 

1-6209 

t  . 

30° 

65° 

X   . 

1-4039 

1-3183 

1-3334 

1-3399 

1-8691 

The  minimum   of  x  lies  at  35°  and  is  equal  to   1*3183: 
hence, 

c-ci  =  1-3183  X  77^=0-040878. 
^  64*5 

The  specific  heat  Ci  is  unknown.     According  to  Regnault 
c  =  0-42760;  hence  Ci  =  0-38672. 
We  then  calculate  y  and  ?'o : 

y  =  3000-24, 

ro= 3000-24  x  ^.  =  93-032. 

According  to  Regnault  the  heat   of  vaporization  at  the 
atmospheric  pressure  is  89-30. 

2nd  Method. 


t. 

I>' 

dp 

di' 

t. 

P- 

dp 

di' 

o 

20  

996-23 
1184-17 
1398-99 
1643-24 

45-820 
61-969 

o 

40  

1919-58 
2230-71 
2579-40 

58-656 

25   

45  

30 

50  

35  

i 
1 

30°  35°  40° 

93-242  93027  92-824 

0-215  0-203 

00430  00406 


The  heats  of  vaporization  determined  by  both  methods 
were  alike  93-027  and  93-032.  The  values  for  c—ci  were 
also  exceedingly  near  to  each  other. 
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t. 

Pressures. 

i. 

Pressures. 

Calculated.  ;    Observed. 

Calculated. 

Observed. 

-28 

0  

20  

30  

192-39           187-55 

466-65           46518 

1 

996-31            996-23 
1399-0           13990 

48 

1919-6 

1919-6 
2579-4 
4405-0 

8722-8      : 

50 

70 

100 

2579-5 
4407-4 
8771-3 

Ethyl  Bromide,  C2H5Br. 


19. 

t  . 

\st  Method. 

15° 

3-780 

25° 
2-637 

60° 
1-6066 

35° 
1-986 

65° 
1-6199 

45° 
1-7282 

70° 
1-7383 

50° 
1-5200 

t  . 

X  . 

55° 

1-4695 

75° 
1-7615 

X  has  a  minimum  value  at  55°  which  is  equal  to  1-4695. 
Hence 

c-ci  =  l-4695x.r7;|^=0-027017. 

According  to  Regnault  c=0-2153,  and  according  to  Wiede- 
mann q  =  0-1 744  ;  hence  c—Ci  =  0-0409. 

Conversely,  assuming  0=0-2153  and  c— Ci  =  0'0270,  we  find 
Ci  =  0-1983  instead  of  0'1744  obtained  by  experiments. 
Further  we  have 

y=3296-47, 

ro=3296-47x  j^^=60-608. 

According  to  Berthelot  the  heat  of  vaporization  under  the 
atmospheric  pressure  is  61*65;  there  do  not  exist  any  obser- 
vations for  other  pressures. 

2nd  Method. 


t. 

P- 

dp 

di- 

t. 

P- 

dp 

di' 

0 
40  

801-92 

947-28 

1112-79 

35-243 

0 
60  

1511-92 
1749-47 
2016-06 

44-843 

45  

65  

70  

50  

55  

1300-35    1     S9-84S 

1 
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t 60°  55°  60° 

r 60-752  60-616  60470 

0-136  0-143 

c-c^   0-0272  0-0286 

The  arithmetical  mean  for  c—c^  will  be  0*0279  and  for 
?'o  60-616;  both  figures  are  similar  to  those  given  above  by 
the  1st  method. 


t. 

Pressures. 

t. 

Pressures. 

Calculated. 

Observed. 

Calculated. 

Observed. 

o 
-  20  ... 

62-61 

59-16 

68  

1511-9 

1511-9 

10  ... 

..        258-66 

257-40 

80  

2639-4 

2638-6 

30  ... 

..j       564-77 

564-51 

110  

5414-5 

5394-0 

50  ... 

..      1112-8 

1112-8 

140  

9923-4 

9779-0 

Ethyl  Alcohol,  CaHgO. 


20. 
t  .... 

X  .... 

1st  Method. 

75° 
4-9002 

105° 
6-7194 

140° 
8-5192 

120° 
7-3370 

145° 

8-6407 

125° 
7-7770 

150° 
8-6754 

130° 

7-9890 

t  .... 

X  .... 

135° 
7-9917 

The  value  of  a;  gradually  rises  from  a  lower  to  a  higher 
temperature.  However,  on  examining  the  curve  of  xs  it 
may  be  remarked  that,  notwithstanding  its  irregularity,  it 
strives  to  att-aiu  a  maximum,  which  lies  about  150°  or  slightly 
higher.  We  assume  that  150°  corresponds  to  the  maximum 
value  of  X,  i.  e.  to  8*6754.  Acting  thus,  we  cannot  naturally 
expect  to  obtain  exact  results.     We  shall  have 


c-ci  =  8-6754  X  -i^.  =0-3772. 

According  to  Hirn  Ci5o  =  l'0503,  and  according  to  Regnault 
Ci  =  0"4797;  hence  the  experimental  value  of  c— Ci  =  0"5706. 
By  equation  (9)  .we  find 

?/=4399-9; 


hence 


7',= 191*30. 


According  to  Regnault's  formula  it  is  170*5. 
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2nd  Method. 


t 

P- 

dp 

di- 

t. 

P- 

dp 

di- 

o 

135  

4964-22 
5674-59 

6458-0 

164-259 

150  

7318-40 
8259-19 

179-986 
196-464 

140  

155  

145  

The  differential  coefficient  i-r)  179*986,  in  the  absence  of 
observations  above  155°,  was  calculated  by  formula  -^  only, 

and  the  differential  coefficient  196*454  by  formula  -~  only. 

t 145°        150°        155° 

r 193-22      191-33      189-44 

1-89        1-89 
c-c,  0-378       0-378 


The  figures  0*378  and   191*33  do  not  differ  from   those 
found  above. 


t. 

Pressures. 

t. 

Pressures. 

Calculated. 

Observed. 

Calculated. 

Observed. 

o 

-20  

20  

50  

80  

1-71 

37-31 

206-80 

800-06 

3-34 

44-46 

219-90 

812-91 

100° 

120  

130  

140  

1689-4 
3229-8 
4322-4 
5674-3 

1697-6 
3231-7 
43320 
5674-6 

Sulphur. 


21.  1st  Method. 


t   400°          480°           520° 

X  0-605        3-5244        4-4393 

540° 
4-9409 

550° 

5-0616 

560° 
4-9683 

X  attains  a  maximum  at  550°. 

c-ci  =  5*0616  X  ^  =0-15817. 
64 

According  to  Personne,  between  119^  and  147°,  c=0*2346; 
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Ci  has  not  been  measured,  but  it  can  be  found  from  the  pre- 
ceding:  Ci  =  0'0764. 
From  equation  (9), 

3/  =  7962, 
hence 

ro=7962x  ^=248-8. 

According  to  Pcrsonne,  at  316°  the  heat  of  vaporization 
of  sulphur  is  362*0.  To  render  these  data  comparable  they 
must  be  brought  to  one  temperature.  Being  unable  to  do 
this  accurately,  we  will  calculate  it  approximately  by  sub- 
tracting the  product  of  0-15817  x  (550-316)  from  362, 
which  gives  37"0.     Thus  we  have 

r55o=32b-0. 

2nd  Method. 


t. 

2^- 

dp 
di' 

t. 

P- 

dp 

di' 

520  

530  

540  

2133-30 
2421-97 
2739-21 

33-203 

o 
550  

560  

570  

3086-51 
3465-33 
3877-08 

36-283 
39-505 

The  lirst  two  differential  coefficients  are  the  arithmetical 
means  of  two  almost  similar  numbers;  but  the  third  coefficient, 
in  the  absence  of  data  for  the  vapour-pressure  at  580°,  is  a 
single  value. 

;;  540°  550°  560° 

r 250-37  24882  247-09 

1-55  1-73 

c-q  0-155  0-173 

The   arithmetical   mean  for  c  —  Ci   is   0'164.      Neither    this 
value  nor  that  of  Tq  diifer  from  those  determined  above. 


t. 

Pressures. 

t. 

Pressures. 

Calculated. 

Observed. 

Calculated. 

Observed. 

390  

450  

500  

530  

263-20 
774-59 
1634-2 
2421-7 

272-31 
779-89 
1635-3 
24220 

o 
540  

560  

570  

2739-3 
3464-9 
3877-0 

2739-2 
3465-3 
3877-1 
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Mercurt/. 

22.  Mercury  belonos  to  the  small  number  of  substances  for 
which  the  maximum  or  minimum  of  x  has  a  negative  value. 
In  this  case  c—Ci  must  inevitably  be  <  0.  Up  to  now,  with 
all  the  substances  investigated,  it  has  been  found  that  c  >  Cj. 
There  is,  however,  no  reason  for  affirming  that  this  aspect  of 
inequality  is  necessary  ;  at  least,  in  the  mechanical  theory  of 
heat  there  is  no  indication  one  way  or  another.  It  is  possible 
to  imagine  a  substance  which  would  at  certain  temperatures 
have  a  greater  specific  heat  in  a  liquid  than  a  gaseous  state. 
The  inequality  c  <  Cj  induces  the  conclusion  that  the  heat  of 
vaporization  increases  with  a  rise  of  temperature  when  the 
vapour  follows  Boyle's  and  Gay-Lussac's  laws.  As  a  rule  a 
converse  phenomenon  is  obsex-ved,  i.  e.  there  is  a  decrease. 
Onl}^  ethyl  alcohol,  according  to  Regnault's  experiments, 
offers  a  remarkable  exception  ;  the  heat  of  vaporization  in- 
creases as  the  temperature  rises  from  0°  to  20°,  and  then 
follows  the  general  law,  /.  e.  it  decreases.  If  x  had  a  maximum 
or  minimum  value  between  0°  and  20°,  then  the  inequality 
c  — £'i<0  would  be  allowable  between  these  temperatures. 

\st  Method. 

t   250°     270°    280°     290°     300° 

X -2-9022  -1-8252  -52979  -4-8474  -4-6333 

t   310°    320°     380°     430° 

X -4-5703  -2-6758  -3-4592  +0-1945 

Although  these  figures  present  irregularities,  still  the  mini- 
mum, without  doubt,  occurs  between  280°  and  300°.  It  may 
be  said  that  the  minimum  value  of  x  is  equal  to  the  arith- 
metical mean  of  its  three  values  corresponding  to  temperatures 
280°,  290°,  and  300°,  namely  4-9262,  and  Hes  opposite  290°. 
Hence 

c-q  =  -4-9262x  2^  =  -0-049262. 

According  to  KupfFer,  c  =  0-0335 ;  Cy  has  not  been  measured, 
but,  on  the  basis  of  what  has  been  said  above, 

ci=0'0335  + 0-049262  =  0-0828. 

Further,  we  find 

y  =  7092-6, 

ro=7092-6x  2^=70-92. 

According  to  Berthelot,  r  at  the  atmospheric  pressure  =70*0« 
Pkil  May.  S.  5.  Vol.  37.  No.  224.  Jan.  1894.  G 
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2nd  Method. 


t. 

P- 

dp 
di' 

f. 

p. 

dp 
di' 

260  

96-88* 

'.    200  .... 

.;      242-15 

5-2357 

270  

12301 

i     310  .... 

.1     299-09 

280  

155-17 

3-5524 

320  .... 

.      368-73 

290  

194-46 

4-3263 

*  The  tables  give  73 ;  if  this  value  be  left  it  gives  certaia  irregularities. 
In  my  opinion  it  should  be  88. 

The  last  two  figures  of  the  differential  coefficient  contain 
errors. 

t  280°  290°  300° 

r 70-010  70-520  70990 

-0-516  -0-470 

c-ci   -0-0516  -00470 

The  arithmetical  mean  for  c—Ci  is  equal  to  —0*0493;  and 
?•(,=:  70"52.  Both  values  are  equal  to  those  which  were  ob- 
tained by  the  first  method.  Besides  which  we  see  that  here 
the  heat  of  vaporization  increases  with  a  rise  of  temperature, 
and  that  the  quantity  c  —  Ci  has  a  negative  value,  as  was 
found  by  the  other  method. 


t. 

Pressures. 

t. 

Pressures. 

Calculated.    Observed. 

Calculated. 

Observed. 

o 

0  

80  

160  

220  

280  

0-002 
0-203 
5-33 
34-20 
154-96 

0020 
0-353 
5-90 
34-70 
155-17 

300  

320  

360  

420  

520  

242-44 
370-19 
809-00 
2281-8 
9734-2 

242-15 
368-73 
797-74 
2177-6 
8265-0 

23.  The  vapour-pressures  of  the  acids  C^HanOg,  formic, 
acetic,  propionic,  butyric,  and. isovaleric,  were  measured  by 
Landolt,  but  unfortunately  with  considerable  errors.  Thus, 
in  the  case  of  propionic  acid,  he  gives  a  vapour-pressure  389*0 
for  120°  and  650*2  for  135°,  both  of  which  figures  are,  without 
doubt,  wrong.      It  is  scarcely  possible  to  deal  with  these 
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mistakes  and  correct  the  errors,  rough  as  they  may  be,  pro- 
ceeding perhaps  from  misprints  and  mistakes  in  interpolation. 
It  is  exceedingly  remarkable  that  with  the  majority  of  acids 
X  has  a  negative  value.  "Whether  c—Ci  is  negative  depends 
upon  X  being  so  when  it  attains  a  maximum  or  minimum 
value.  Acetic  acid  apparently  offers  less  error,  and  I  here 
insert  ray  endeavours  to  bring  our  theory  into  agreement  with 
Landolt's  data  for  this  acid. 

Acetic  Acid,  CgH^Og. 

1st  Method. 

In  order  to  shorten  the  calculations,  I  calculated  the  nu- 
merator of  equation  (8).  Its  different  values  are  placed  in 
the  second  Hne  of  the  following  table  ;  the  first  line  contains 
the  corresponding  temperatures: — 

t  50°         55°         60°         65^         70°         75" 

X 0-225      0-405      0-417      0-329      0206      0-303 

t  80°       85°      90°       95°      100°      105°     110° 

X 0-428    0-203    0-405    0132    0-325    0106    0-309 

On  dividing  these  figures  by  the  denominator  of  equation  (8), 
which  is  always  negative,  w^e  find  that  all  the  x's  are  also 
negative,  x  increases  with  a  rise  of  temperature  above  110° 
ancl  a  fall  below  50°,  hence  its  maximum  value  lies  between 
these  temperatures ;  but  it  is  impossible  to  indicate  the  exact 
corresponding  temperature,  owing  to  the  disorder  of  the 
figures.  I  take  80°,  because  in  the  preceding  table  the  maxi- 
mum quantity  lies  opposite  it.  To  determine  as  accurately 
as  possible  the  minimum  of  x,  it  is  necessary  to  divide  the 
figures  of  the  second  line  by  the  corresponding  numerators 
and  to  take  the  arithmetical  mean  of  the  thirteen  figures  so 
obtained.  As  the  latter  are  too  irregular  it  is  impossible  to 
expect  a  great  accuracy  from  the  mean  result ;  1  therefore 
changed  this  method  for  another,  which,  although  less  accu- 
rate, is  simpler,  counting  that  this  would  not  render  the 
calculations  less  exact.  I  took  the  arithmetical  mean  of  the 
figures  of  the  second  line  of  the  preceding  table  and  divided 
the  number  so  obtained,  0*2818,  by  the  numerator  of  equa- 
tion (8)  taken  for  the  temperature  80°.     I  found 

a;=-9'2657, 
whence  o 

c-ci=  -  9-2657  X  —  =  -0-30886. 

uU 

According  to  Regnault,  0  =  0-4599  (between  10°  and  15°); 
Cx  is  unknown.     From  these  data  we  find 

ci  =  0-7688. 
G2 
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I  calculcated  y  for  three  temperatures,  75°,  80°,  and  85°, 
taking  the  value  of  x  the  same  in  each  case  —  9*2G57,  and 
took  the  mean  of  the  results.     I  found 

^  =  4205-3, 

ro=4205-3x  ^=140-2. 

According  to  Berthelot,  the  heat  of  vaporization  under  the 
ordinary  pressure  (175°?)  is  120' 1. 

2nd  Method. 


t. 

!>• 

dp 
Tt' 

t. 

P- 

dp 

di' 

60  

97-4 
117'8 
1420 
170-6 
204-3 

5-260 
7-324 

85  

244-1 
290-6 
345-2 
408-5 

8-697 
10-077 

65  

90  

70 

95  

75  

100  

80  

Each  -r  is  the  arithmetical  mean  of  two  figures  which  do 
dt  ° 

not  agree  very  well  together  owing  to  the  errors  conlained  in 
the  pressures.    Thus  the  differential  coefficient  for  the  pressure 

244-1  calculated  as  -^  from  pressures  170-6,   204'3,  244-1, 

and  290-6  proved  equal  to  8-61 1 ;  and  that  calculated  after  the 

formula  -^  from  pressures  204-3,  244-1,  290-6,  and  345-2 

equalled  8-583.  Hence  in  the  mean  8-597  an  error  may  be 
suspected  in  the  two  last  ciphers  ;  which  error  should  also 
enter  into  the  figure  expressing  the  heat  of  vaporization. 

t  70°  75°  80°  85°  90° 

r  145-27  146-76  148-91  15046  152-31 

-1-69  -2-15  -1-55  -1-85 

c-c^    -0-338  -0-430  -0-310         -  0-370 

The  values  of  c— Ci  and  of  r^  found  by  the  two  methods  differ 
considerably.  This  indicates,  as  has  been  already  said,  the 
insufficient  accuracy  of  the  observations  on  the  vapour-pressure 
of  acetic  acid. 
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f. 

Pressures. 

t 

Pressures. 

Caloulated. 

Observed. 

Calculated. 

Observed. 

o 
0 

87 

7-6 

90 

o 

70 

144-9 

1420 

139-0 

20 

21-1 

18-9 

20-9 

90 

284-8 

290-6 

274-6 

40 

47-8 

44-1 

42-2 

100 

392-4 

408-5 

380-6 

50 

660 

67-5 

120 

723-3 

781-1 

712-6 

60 

101-5 

97-4 

97-4 

140 

1285-5 

1931-3 

1293-5 

Finding  the  preceding  calculations  of  the  value  of  x  un- 
satisfactory, I  repeated  them  at  intervals  of  10°. 


t  ...  50°  60° 

X  ...  -10-984      -12-00." 


70°  80° 

■9-8238       -11-094 


90° 
-9-5669 


100° 
-9-3295 


There  is  still  an  irregularity,  but  the  position  of  the  minimum 
is  clearer,  it  is  equal  to  12*005  and  lies  opposite  60°.     Hence 


We  then  find 


c-Ci  =  0-4002. 
?/  =  4022-2;  ro=:  130-7. 


I  calculated  the  vapour-pressures  of  acetic  acid  from  the  new 
values  of  x  and  y,  and  placed  them  in  the  fourth  column  of 
the  preceding  table. 

24.  There  are  some  liquids  to  which  our  theory  cannot  be 
applied,  at  least  at  present,  owing  to  the  insufficiency  of  ob- 
servations on  their  vapour-pressures  in  a  state  of  saturation. 
Among  these  are : — 

C2H5I,  PCI3,  BCI3,  SiCl4,  CNCI2,  C2H4CI2,  and  C10H16. 

With  the  first  five  liquids  x  increases  with  a  rise  of  tempera- 
ture, but  with  the  last  two  x  decreases.  If  the  curve  of  x's 
be  constructed,  it  is  easy  to  observe  that  it  strives  to  attain  a 
maximum  or  minimum,  and  Avith  the  first  six  liquids  it  prob- 
ably does  so  not  i'ar  beyond  the  highest  temperatin-e  at  which 
observations  were  made.  In  the  case  of  turpentine  this 
temperature  lies  far  beyond  the  temperatures  observed. 

25.  I  have,  as  far  as  I  know,  reviewed  all  the  liquids  whose 
vapour-pressures  have  been  well  determined  ;  there  remain 
the  liquids  produced  by  the  liquefaction  of  gases  under  high 
pressures.  Our  theory  should  not,  however,  bo  applied  to 
them,  chiefly  because  the  volume  of  the  liquid  presents  a 
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consideraWo  magnitude  compared  to  that  of  the  gas  in  a 
state  of  saturation.  The  application  of  this  theory  to  such 
hquids  is,  however,  interesting,  because  it  enables  us  to  cal- 
culate their  heat  of  vaporization,  the  determination  of  which 
by  experiment  is  very  diflficult.  For  this  reason  I  allowed 
myself  to  apply  the  theory  to  certain  gases,  although  it  was 
impossible  to  exjiect  reliable  results.  It  appeared  that  the 
existing  experimental  data  on  liquefied  gases  in  a  state  of 
saturation  were  exceedingly  rough,  and  did  not  permit  making 
any  even  approximately  exact  conclusions.  Besides  which 
certain  gases  give  a  constant  increase  of  rate  of  decrease  on 
the  value  of  x  wdth  a  rise  of  temperature.  Only  sulphuretted 
hydrogen  (H2S)  gave  the  possibility  of  obtaining  x  and  y, 
although  only  very  approximatively.  I  here  give  the  results 
only,  without  the  calculations.  The  temperature  of  the  maxi- 
mum was  65°. 

.v= 3-3987,  ?/ =2045-3, 
c-ci= 0-2000,  ro=   120*3. 

I  calculated  the  vapour-pressure  of  sulphuretted  hydrogen  in  a 
state  of  saturation,  at  various  temperatures,  from  these  data. 


;;. 

Pressures. 

t. 

Pressures. 

Calculated. 

Observed. 

Calculated. 

Observed. 

-20  

0  

20  

40  

4135-0 
8051-6 
14071 
22563 

4438-5 
8206-3 
14152 
22582 

50 27809 

60 33740 

70 40352 

1 

27815 
33740 
40353 

26.  The  second  mode  of  determining  the  value  of  x  and  the 
latent  heat  of  vaporization  requires  an  exact  knowledge  of 

the  differential  coefficient  of  the  pressure  \-J^).     This  quantity 

may,  as  was  shown  above,  be  calculated  from  four  different 
formulas  (11)  :  I  only  determined  two  values  in  each  instance. 
If  the  latter  were  equal,  within  the  limits  of  logarithmic 
errors,  then  the  results  of  observation  might  be  relied  upon  : 
in  the  reverse  case  the  data  for  the  pressures  contained  errors, 
made  by  the  composers  of  the  tables,  in  their  calculations  of 
the  interpolation  formulae,  or  else  due  to  misprints.      The 
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unreliability  of  the  data  may  also  bo  remarked  in  calculating 
a^  after  the  first  method ;  it  evinces  itself  in  the  irregularity 
of  the  resultant  values.  But  it  is  somewhat  difficult  to  deter- 
mine the  extent  and  locality  of  the  errors :  to  do  this  it  is 
necessary  to  compose  a  table  of  the  differences  of  different 
series  of  data  for  the  pressures  ;  if  there  are  errors,  irregu- 
larities then  appear  in  the  second  or  third  of  the  diflFerences. 
Such  are,  for  example,  the  vapour-pressure  of  ether  at  iO*^, 
i)07*04  (Regnault,  vol.  xxvi.  p.  393)  ;  of  bisulphide  of  carbon 
at  95°,  2966-34  (p.  402) ;  of  propionic  acid  at  120°,  389-0,  and 
at  135°,  650-2  (Landolt's  Tables,  p.  55).  All  these  data  are 
erroneous,  but  I  have  not  been  able  to  determine  the  extent 
of  the  error.  The  vapour-pressure  of  methyl  alcohol  at  80^, 
given  as  123s'*47  (Regnault,  vol.  xxvi.  p.  460),  should  be 
1235-47.  The  vapour-pressure  of  acetone  at  50°,  60:2-86 
(p.  472),  should  be  60&-86 ;  of  mercury  at  380°  (p.  521), 
1139-65  should  be  1136-65  ;  at  260°  it  should  be  96-^^  and 
not  96-75.  The  value  5072-43  at  480°  is  also  very  doubtful. 
In  Landolt's  Tables  (p.  57)  the  vapour-pressure  of  benzene, 
given  as  5()85'03  should  be  5/8^-03.  This  misprint  is,  how- 
ever, mentioned  by  Regnault,  but  is  inserted  in  his  tables 
without  correction.  Lastly,  in  Regnault's  tables  (vol.  xxi.) 
of  the  vapour-pressure  of  steam,  there  are  several  errors  which 
have  been  reprinted  without  correction  in  many  works. 


Conclusion. — The  }i*essure  of  a  vapour  in  a  state  of  satura- 
tion is  expressed  by  equation  (5).  The  values  of  c  —  Ci  and  of 
r^  may  be  taken  from  experimental  data,  but  are  better  calcu- 
lated, looking  upon  them  as  arbitrary  constants,  from  tables 
of  vapour-pressures,  because  the  latter  can  be  determined  from 
experiment  with  far  greater  accuracy  than  the  former.  How- 
ever, the  values  obtained  for  r^  by  either  method  dift'er  but 
slightly,  with  the  exception  of  those  cases  when  considerable 
errors  may  be  suspected  in  the  values  of  the  vapour-pressures 
or  7*„  determined  by  calorimetric  measurements.  The  values 
obtained  for  c  — q  differ  far  more.  This  is  due,  as  has  been 
already  explained,  to  the  fact  that  even  slight  errors  in  c  and 
Cj  produce  an  immense  effect  upon  the  value  of  c  —  Ci.  If  we 
carefully  follow  out  Regnault's  method  for  measuring  q,  we 
ine^^tably  come  to  the  conclusion  that  the  specific  heat  of  a 
vapour  may  contain  a  very  large  error,  because  it  is  calculated 
from  the  difference  between  two  quantities  of  heat  which  are 
exceedingly  great  compared  to  the  magnitude  of  their  differ- 
ence.    Consequently,  the  error  in  c—Ci  may  be  so  great  that 
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it  is  impossible,  in  my  opinion,  to  make  any  true  conclusion 
from  the  magnitude  of  c  — Ci- 

If  the  temperature  To  he  determined  with  sufficient  accuracy, 
then  both  methods  used  for  calculating  it  give  one  and  the 
same  result,  just  as  they  do  for  Vq  and  c  —  Ci.  If,  on  the  con- 
trary, we  purposely  take  an  incorrect,  but  more  or  less  likely 
value  for  To,  then  it  gives  dissimilar  results.  This  shows  that 
the  above  enunciated  theory  has  a  firm  basis  and  gives  a  right 
to  ho})e  that  the  values  found  for  r„  and  c  — q  deserve  greater 
confidence  than  those  given  by  calorimetric  methods. 

It  would  be  very  important  in  rehition  to  the  confirmation 
of  our  proposed  theor}'  to  prove  experimentally  or  theoretically 
the  truth  of  its  fundamental  proposition — that  vapours  in  a 
state  of  saturation  subject  themselves  to  Boyle^s  and  Gray- 
Lussac's  laws.  The  only  existing  means  of  doing  this, 
namely  the  formula 


V  —  IV=  -r 


A'    dp' 
dt 

cannot,  however,  be  made  use  of,  because  the  quantity  r  cannot 
be  considered  as  determined  with  sufficient  accuracy  by  ex- 
periment. Besides  which  this  quantity  has  been  measured  at 
different  pressures  for  only  a  very  few  liquids  ;  in  the  case  of  a 
very  few  of  which  is  it  possible  to  calculate  lo  owing  to  the 
coefficients  of  expansion  being  unknown  at  high  pressures. 
I  applied  the  preceding  formula  to  aqueous  vapour,  and  made 
use  of  Zeuner's  Tables,  in  which  the  value  of  K[v~iv)p  is 
given  for  various  temperatures  :  I  adcled  A.wp  corresponding 
to  the  same  temperatures,  and  divided  the  sum  by  AT.  The 
figures  thus  obtained  present  the  expression 

p)V 

which,  with  a  small  variation  of  temperature  (20°  — 40°)  on 
either  side  of  To,  should  not  vary  within  the  limifs  of  experi- 
mental errors.  Unfortunately,  the  figures  so  obtained  were 
so  irregular  that  it  was  impossible  to  come  to  any  rational 
conclusion  from  them. 

At  temperatures  remote  from  Tq  the  results  given  by  equa- 
tion (5)  sometimes  differ  from  the  data  given  in  tables. 
From  this  it  shonld  in  no  way  be  concluded  that  the  bases 
of  this  formula  are  false.  It  only  indicates  that  the  vapour 
under  consideration  diverges  on  one  side  or  another  from  the 
laws  of  Boyle  and  Gay-Lussac  at  temperatures  remote  from 
Tq.     Some  vapours  preserve  the  properties  of  a  perfect  gas 
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for  large  amplitude  of  temperature,  others  do  not.  Among 
the  former  are,  sulphur  (3U0°  to  570°),  sulphide  of  carbon 
(-20°  to  130^),  water  (-30°  to  100°)  henzene  (40°  to  170°), 
ether  (0°  to  110°)  and  others,  while  the  latter  include  carbon 
tetrachloride,  ethene  bromide,  methyl  alcohol,  and  others. 
Yalta,  January  1891. 


Note  on  Prof.  Kraevitch's  Paper.      By  Prof.   Geo.  Fras. 
FitzGerald. 

It  may  be  worth  while  pointing  out  in  connexion  with  this 
paper  that  the  author  seems  to  attribute  too  much  importance 
to  the  fact  that  his  two  methods  of  calculating  the  specific  and 
latent  heats  agree.  His  second  method  consists  in  calculating 
the  latent  heat  of  vaporization  r  from  the  thermodynamic 
formula 

and  then  using  this  vahie  in  his  own  formula 

r  =  ro-(c-0(T-To). 

His  first  method  consists  in  substituting  r  out  of  the  second 
of  these  eqtiations  in  the  first  and  then  integrating  through 
the  small  range  of  temperature  T  to  Tq.  In  both  cases,  for 
reasons  he  gives  he  assumes  that  the  vapom-  obevs  Boyle's 
and  Dalton's  laws,  and  that  c—Ci  is  constant  throughout  the 
ranges  of  temperature  employed.  This  he  does  explicitly  in 
his  first  method,  but  these  assumptions  are  equally  necessary 
for  his  second  method,  for.  the  first  of  these  equations,  as 
used  by  him,  is  modified  by  an  assumption  of  the  validity  of 
Boyle's  and  Dalton's  laws,  and  the  second  is  explicitly  derived 
from  a  diflPerential  equation  by  assuming  c  —  Ci  constant  within 
the  limits  of  integration,  and  these  limits  are  mostly  the  same 
as  those  he  subsequently  employs  to  obtain  the  equation  he  uses 
in  his  first  method.  Hence  the  two  methods  are  not  indepen- 
dent, and  the  fact  that  they  do  not  lead  to  exactly  equal 
numerical  results  is  largely  due  to  the  difficulty  he  takes  so 

much  trouble  to  surmount  of  calculating  J  at  the  tempera- 
ture required.  There  are  in  addition  several  arithmetical 
mistakes  which  would  require  laborious  calculations  to  correct, 
as  some  of  them  may  be  mistakes  in  the  elaborate  calculations 
which  are  not  given  fully  in  the  paper. 
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Note  hy  Prof.  William  Ramsay. 

This  paper  reached  my  hands  from  Professor  MeiideleeflF 
with  tlie  request  that  it  should  ])e  published  in  the  Philo- 
sophical ]\[a()azine.  Professor  FitzGerald  has  had  the  kindness 
to  see  it  through  the  press,  and  has  made  some  alterations 
which  were  necessary  from  thermodynamical  considerations. 
It  is  unfortunate  that  Professor  Kraevitch  has  made  use  of 
data  in  verifying  liis  equations  which  are,  to  say  the  least, 
not  the  best  attainable.  But  the  main  fact,  that  he  has  devised 
a  rational  formula  which  makes  possible  the  calculation  of 
vapour-pressures,  by  means  of  data  derived  from  other  physical 
constants,  is  of  great  importance. 


V.  The  Action  of  Electromagnetic  Radiations  on  Films  con- 
taining Metallic  Poioders.  By  Professor  G.  M.  MiNCHiN, 
M.AJ^ 

AT  the  last  Edinburgh  meeting  of  the  British  Association 
attention  was  directed  by  Dr.  Dawson  Turner  to  a  dis- 
covery made  by  M.  E.  Branly,  as  to  the  effecl.  produced  on  a 
glass  tube  filled  with  copper  filings  through  the  extremities  of 
which  tube  are  inserted  two  wares  which  dip  into  the  filings 
(without,  of  course,  touching  each  other  inside  the  tube).  The 
filings  form,  apparently,  a  continuous  column  of  metal,  the 
tube  when  held  up  to  the  light  being  opaque.  Supporting 
the  tube  in  a  horizontal,  or  any  other,  position,  and  connect- 
ing its  terminal  wires  with  a  galvanometer  and  a  voltaic  cell 
in  a  continuous  circuit,  the  chances  are  that  no  current  what- 
ever will  be  indicated  by  the  galvanometer.  If  such  a  current 
happens  to  exist,  a  very  slight  tap  given  to  the  tube  or  to  its 
support  will  destroy  the  conductivity  of  the  column  of  filings, 
and  no  current  passes.  Another  such  tap  will  cause  the 
column  to  conduct,  and  so  on. 

At  first  sight  it  seems  strange  that  such  a  metallic  column 
should  be  a  non-conductor  ;  but,  of  course,  when  we  see  the 
result  we  can  admit  that  the  contact  between  every  particle 
and  its  neighbours  is  of  the  microphonic  kind,  and  thus  that 
the  whole  coluum  may  be  an  extremely  bad  conductor. 

The  identity  of  the  state  of  affairs  in  the  tube  with  that  in 
a  microphone  may  be  perceived  by  inserting  a  telephone  in 
the  circuit,  and  then  we  shall  find  that  slight  mechanical  dis- 
turbances communicated  to   the    column  of  filings  will  be 

*  Communicated  by  tlie  Physical  Society :  read  November  24, 1893. 
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accompanied  bv  the  nmiblino-  noises  \Yhich  are  heard  in  a 
telephonic  circuit  which  contains  a  microphone. 

Now  the  most  striking  peculiarity  of  such  a  column  is  that, 
while  it  is  in  the  non-conducting  state,  if  a  spark  is  allowed 
to  pass  anywhere  in  its  neighbourhood  between  the  knobs  of 
a  Leyden  jar  or  the  poles  of  an  induction-coil,  the  waves  sent 
out  from  the  sjxirk  at  once  render  the  column  a  conductor. 

This  experiment  was  reproduced  at  the  meeting  of  the 
Physical  Society  on  October  27  by  Mr.  Croft,  and  it  at  once 
struck  me  as  bearing  a  strong  resemblance  to  the  eflt'ects 
produced  by  electromagnetic  waves  on  photoelectric  impul- 
sion-cells. These  cells  I  have  already  fully  described  (see 
'  Philosophical  Magazine,'  March  1891)  ;  and  in  addition  to 
what  I  showed  with  regard  to  them,  I  may  here  add  that  the 
effects  of  the  sparks  of  an  induction-coil  on  an  impulsion-cell 
were  observed  when  the  cell  (enclosed  in  a  dark  box)  was 
over  140  feet  distant  from  the  coil  and  from  everything 
connected  with  it.  Moreover,  it  was  found  that,  in  most 
cases,  the  power  of  electromagnetic  radiations  to  change 
the  state  of  the  cell  from  one  of  insensitiveness  to  one  of 
sensitiveness  to  light  depends  on  the  length  of  the  electro- 
magnetic waves ;  for,  by  adding  capacity  (by  means  of  Leyden 
jars)  to  the  sparking  circuit,  the  waves  ceased  to  affect  the 
cell,  and,  on  removing  this  capacity,  their  ability  to  effect 
the  change  was  restored. 

1  have  always  held  that  this  action  of  the  cell  is  due  to  a 
rearrangement  of  the  molecules  on  the  sensitized  surface  of 
the  plate  in  the  cell  by  the  electrical  disturbances  produced 
in  the  wires  connected  with  its  poles,  these  disturbances  being 
due  to  the  radiations  emanating  from  the  sparking  circuit ; 
and  I  found  that  by  completely  enclosing  the  cell,  together 
icith  its  terminal  wires,  in  a  metal  box,  the  ability  of  the 
radiations  to  act  on  the  cell  was  destroyed. 

After  having  seen  the  experiment  shown  by  Mr.  Croft,  I 
filled  several  glass  tubes  with  the  filings  of  copper,  tin,  zinc, 
bismuth,  antimony,  &c.,  and  found  M.  Branly's  result  in 
every  case.  It  seems  to  me  that  if  the  filings  are  extremely 
fine  (powders,  in  fact)  the  result  is  much  more  difficult  to 
obtain.  Powders  used  in  this  w^ay  are  very  great  insulators, 
and  they  must  be  strongly  pressed  together  by  the  corks 
which  close  the  glass  tubes  in  order  to  conduct ;  but  then  it 
becomes  difficult  to  alter  their  conductivity  by  mechanical 
disturbances.  On  the  other  hand,  a  tube  filled  with  very 
coarse  iron  filings  was  found  to  conduct  under  all  circum- 
stances ;  so  that,  apparently,  the  filings  must  be  neither  veiy 
fine  nor  very  coarse. 
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As  in  the  case  of  the  iinpulsion-cells,  the  effect  of  the 
electromagnetic  disturl)ances  is  cut  off  by  completely  en- 
closing the  tubes  and  their'terminal  wires  in  a  metal  box.  If 
the  terminal  wires  are  allowed  to  project  outside  the  box — 
whether  they  are  connected  with  the  battery  and  galvano- 
meter or  not — the  tubes  are  affected,  which  clearly  shows 
that  the  result  is  due  to  the  electrical  disturbances  set  up  in 
the  leading  wires  of  the  tube. 

In  order  to  establish  a  closer  connexion  with  the  impulsion- 
cells,  it  seemed  to  me  that  films  containing  metallic  particles 
almost  in  mathematical  contact,  but  yet  free  to  undergo  very 
minute  displacements  of  rotation,  should  replace  the  tubes  of 
filings.  Accordingly,  1  have  formed  such  films  by  im- 
bedding fine  metallic  powders  in  layers  of  gelatine  and  of 
collodion.  The  powders  which  I  employ  in  these  films  are 
very  much  finer  than  the  filings  which  I  have  used  in  the 
glass  tubes. 

The  media,  or  bases,  in  which  these  powders  are  embedded 
are  (so  far  as  I  have  gone)  gelatine  and  collodion. 

To  form  a  gelatine  film  proceed  thus  : — Pour  a  very  thin 
layer  of  dissolved  gelatine  over  a  glass  or  ebonite  plate  ;  let 
this  layer  get  almost  quite  dry  ;  if  it  gets  quite  dry,  hold  it 
over  a  beaker  of  boiling  water  until  it  absorbs  a  sufficient 
quantity  of  steam  to  render  it  very  slightly  plastic  :  take  a 
test-tube  with  fine  metallic  powder  immersed  in  alcohol  ; 
shake  this  up  well,  and  rapidly  pour  some  of  it  over  the 
gelatine  surface,  securing,  to  all  appearance,  both  continuity 
and  uniformity  of  the  metallic  layer.  The  alcohol  soon 
evaporates,  leaving  the  metallic  layer  embedded  in  the  gela- 
tine, but  not  wholly  sunk  below  it. 

In  the  case  of  a  collodion  film,  the  metallic  powder  is  shaken 
up  in  a  test-tube  and  then  rapidly  poured  over  a  glass  plate. 
After  some  time  the  film  dries  and  peels  off  the  plate.  The 
surface  of  the  film  which  was  in  contact  with  the  glass  is 
the  metallic  surface  sought ;  the  other  surface  of  the  film 
probal)ly  contains  no  metallic  particles,  and  is  simply  a  con- 
tinuous surface  of  dry  collodion  which  is  an  absolute  non- 
conductor. 

If  the  layer  of  gelatine  above  described  is  too  thick,  it  will 
probably  hap])en  that  its  upper  surface  (that  remote  from  the 
glass  or  ebonite  plate)  does  not  contain  metallic  particles,  and 
is  a  non-conductor.  In  this  case,  if  the  film  is  peeled  off  the 
plate  there  remains  on  the  plate  a  metallic  surface  which  will 
answer  our  purpose. 

Such  a  film  mny  now  replace  the  tube  of  filings  in 
M.  Branly's  experiment. 
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Let  ABCD  represent  the  film,  L  a  battery  of  one  or  two 
voltaic  cells,  G  a  galvanometer,  and  K  a  key  which  can  be 
connected  with  the  film  by  means  of  the  wires  s,  ic,  the 


former  clamped  to  the  film  at  a  point  P,  while  the  latter  ends 
in  a  stout  platinum  piece  the  end  of  which  is  a  round  knob 
touching  the  film  at  a  movable  point  Q. 

Now  it  is  found  that  when  the  contacts  are  all  made  no 
current  passes,  and  we  have  to  begin  by  making  the  platinyim 
knob  touch  the  film  very  close  to  P — perhaps  ^  millim. 
from  P.  Still  no  current  passes,  even  when  a  spark  of  an 
induction-coil  is  allowed  to  pass  a  few  feet  from  the  film. 
But  by  touching  either  of  the  wires  5,  iv  wath  an  electrified 
body  (that  which  I  commonly  use  is  a  common  gas-lighting 
electrical  machine),  the  resistance  of  the  film  and  the  contacts 
P,  Q  is  overcome,  and  a  strong  current  is  shown  by  the 
galvanometer.  We  can  now  gradually  increase  the  distance 
between  P  and  Q  each  tim^e  that  Q  is  removed  from  P,  the 
wire  s  or  ic  being  touched  b}^  the  electrified  body  ;  and  by 
these  successive  steps  the  whole  of  the  film  is  finally  rendered 
conducting. 

The  special  characteristic  of  such  a  film  which  I  wish  to 
point  out  is  this  :  if,  w^hile  the  film  is  conducting,  the  current 
is  stopped  by  brealdng  the  contact  at  Q,  the  fihn  will  be 
found  to  be  a  non-conductor  if  the  contact  is  almost  instantly 
re-made  at  the  same  point  Q  ;  while,  if  the  contact  is  broken 
anywhere  else  in  the  circuit,  as  at  K,  and  then  re-made,  the 
film  will  still  be  found  to  conduct. 

Again,  if  when  the  film  has  been  rendered  a  conductor,  the 
circuit  is  broken  at  K,  and  left  broken  for  (apparently)  any 
length  of  time,  and  then  re-made,  the  film  will  be  found  to 
be  still  a  conductor. 

The  breaking  of  the  contact  at  Q  is  instantly  fatal  to  the 
conductivity  of  the  film,  if  the  film  is  not  many  days  old  ; 
but,  after  some  days,  it  will  be  found  that  on  breaking  the 
contact  at  Q  and  then  re-making  it,  the  film  remains  a  con- 
ductor, unless  we  delay  the  re-making  of  the  contact  for  half 
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a  minute  or  so.  Doubtless  this  is  due  to  the  fact  that,  as  the 
fibii  gets  more  hard  and  less  plastic,  the  metallic  particles 
find  it  moi-e  difficult  to  move,  by  rotation  or  otherwise,  in 
their  environment. 

Finally,  these  fihns  are  verj  much  less  sensitive  to  me- 
chanical disturbances  given  to  their  supports  than  the  tubes 
of  filings.  They  do  not  appear  to  be  susceptible  to  the  action 
of  heat ;  but  in  many  instances  their  conductivity  was  de- 
stroyed by  breathing  upon  them,  or  by  allowing  a  stream  of 
steam  to  strike  their  surfaces,  the  conductivity  being  always 
restored  by  the  electromagnetic  radiations.  The  more  rapid 
vibrations  of  light  have  not  produced  any  effect  so  far  as  my 
observations  have  gone. 

The  prime  cause  of  the  action  is  to  be  sought  in  the  elec- 
trical surgings  produced  in  the  leads  s  and  iv  ;  but  it  is  clear 
that  the  state  of  affairs  at  the  places  P,  Q  of  contact  of  the 
film  with  the  electrodes  is  a  most  important  matter. 

It  seems  clear,  therefore,  that  the  sensitized  surface  in  an 
impulsion-cell  has  a  close  analogue  in  a  slightly  plastic  film 
filled  with  almost  mathematical  completeness  by  fine  metallic 
particles.  p^  ^j  ^^^^^ 

VI.  On  the  Sudden  Acquisition  of  Conducting-Power  hy  a 
Series  of  Discrete  Metcdlic  Particles.  By  Prof.  Oliver 
J.  Lodge  *. 

THE  recent  experiments  of  Mr.  Croft  and  Prof.  Minchin 
remind  me  of  an  observation  I  frequently  made  when 
engaged  with  the  syntonic  arrangement  of  Leyden-jar  circuits, 
or  sympathetic  electric  resonance.  I  found,  if  the  knobs 
of  the  receiver  were  very  close  together,  a  weak  battery  nnd 
bell  being  in  circuit,  that  the  occurrence  of  a  scintilla  at  the 
receiver  frequently  caused  the  bell  to  ring  for  some  time,  and 
in  general  to  show  signs  that  the  knobs  were  in  a  state  of  feebly 
adhesive  contact.  It  was  just  as  if  their  surface-layers  or 
skins  had  been  broken  through,  or  opened  out,  in  such  a  manner 
as  to  increase  the  molecular  range  of  a  few  of  the  closest 
superficial  molecules  and  thereby  to  cause  cohesion  to  set  in 
at  a  distance  considerably  greater  than  the  ordinary  distance. 
A  phenomenon  which  may  be  similarly  caused  is  that  dis- 
covered by  Lord  Rayleigh,  with  regard  to  the  elfect  of  electri- 
fied sealing-wax  near  a  vertical  water-jet :  drops  which  would 
otherwise  have  rebounded  being  thereby  caused  to  cohere. 
And,  by  the  method  of  two  impinging  jets,  the    necessary 

*  Communicated  by  the  Physical  Society :  read  November  24,  1893, 
as  a  coutribution  to  the  discus^ioa  on  Prof.  Minchin's  paper. 
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difference  of  potential  was  shown  to  be  only  a  volt  or  two, 
since  a  pair  ot"  impinging  jets  ceased  to  rebound  if  connected 
to  the  opposite  terminals  of  a  Grove  cell. 

Once  more,  the  effect  first  observed  bj  Mr.  Guitard  (1850), 
and  rediscovered  by  myself  and  the  late  J.  W.  Clark,  con- 
cerning the  adhesion  of  dust-particles  or  mist-globules  in 
electrified  air,  is  but  a  more  violent  variety  of  the  same  sort 
of  effect.  And  the  action  of  electricity  on  a  steam-jet  dis- 
covered by  Robert  von  Heluiholtz  and  afterwards  by  Shelford 
Bidwell,  and  worked  at  by  Eicharz,  Aitken,  J.  J.  Thomson, 
and  others,  may  not  be  very  different. 

Thinking  of  the  Lord  Rayleigh  variety  of  experiment  as 
in  many  respects  the  most  definite^  it  is  natural  to  explain  it 
electrolytically  as  due  to  the  polarisation  of  the  water-drops, 
or  the  formation  in  each  drop  of  molecular  chains  each  with 
a  negatively  charged  oxygen  atom  at  its  termination  on  one 
hemisphere  and  a  positively  charged  hydrogen  atom  at  its 
opposite  extremity. 

Such  drops  then  colliding  about  the  region  of  their  poles 
would  be  attracted  not  only  by  their  ordinary  cohesive  forces, 
but  by  electrical  force  also,  and  thus  the  effective  molecular 
range  would  be  increased  and  cohesion  might  set  in  over  an 
unusual  distance. 

In  some  such  way  I  have  allowed  myself  to  fancy  that  the 
adhesion  of  my  knobs  might  be  explained,  and  I  suggest  that 
the  conductivity  of  a  chain  of  metallic  filings  under  an  electric 
polarising  influence  may  be  due  to  something  of  the  same 
cause. 

That  a  tap  should  break  the  minute  points  of  contact  is 
likely  enough,  though  I  see  no  reason  why  another  tap  should 
restore  communication, — if  so  it  does. 

At  the  last  moment  I  ^Yrite  this  and  send  it  off  in  the 
hope  that  it  may  arrive  in  time  to  be  read  at  the  Meeting 
as  a  contribution  to  the  discussion  on  these  interesting 
experiments. 

Nov.  23,  1893. 


YII.    On  the  Magnetic  Shielding  of  Concentric  Spherical  Shells. 
By  A.  W.  RiJCKER,  F.R.S.'^ 

SPECIAL  interest  has  of  late  attached  to  the  problem  of 
shielding  magnetic  forces  by  means  of  iron  sci'eens,  and 
recently  the  Astronomer  Royal  has  described  the   arrange- 
ment (designed  by  Messrs.  Johnson  and  Philh])s)  by  which 
*  Communicated  by  the  Physical  Society  :  read  November  24,  1803. 
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he  hcas  protected  the  absolute  magnetic  instruments  at  Green- 
wich from  the  disturbances  due  to  a  dynamo. 

In  that  case  external  space  was  protected  against  magnetic 
forces  produced  inside  the  enclosure. 

The  converse  arrangement  is  sometimes  adopted,  and,  as 
in  Lord  Kelvin's  Marine  Galvanometer,  instruments  are 
enclosed  in  iron  and  thus  protected  against  external  mag- 
netic influence. 

In  the  particular  case  when  the  iron  shields  are  spherical 
shells,  the  method  of  attacking  the  mathematical  problem 
involved  is  well  known.  Maxwell  orives  the  working  in  the 
case  of  an  internal  space  protected  by  a  single  shell  (Ed.  3, 
vol.  ii.  p.  59),  and  also  discusses  the  precisely  analogous 
problem  of  the  flow  of  currents  interrupted  by  shells  of  dif- 
ferent conductivity  from  the  rest. 

I  believe,  however,  that  a  number  of  facts,  which  are  of  some 
practical  importance,  are  not  generally  known,  and  I  propose 
therefore  to  deal  with  them  in  the  following  paper,  illustrating 
them  by  numerical  examples. 

In  the  earlier  part  of  the  paper  the  general  theory  is 
developed,  chiefly  for  the  sake  of  defining  the  notation  used, 
though  this  course  involves  some  recapitulation  from  Maxwell. 
The  discussion  of  the  best  conditions  for  shielding,  with 
which  I  mainly  deal,  is,  I  believe,  new. 

The  principal  point  to  which  attention  is  directed  is  the 
calculation  of  the  advantage  gained  by  lamination,  i.  e.  by 
using  shields  separated  by  air-gaps,  like  those  employed  by 
Mr.  Christie,  instead  of  a  continuous  mass  of  iron. 

That  lamination  would  be  useful  might  be  foreseen  by  the 
aid  of  the  hydrodynamical  analogue  to  the  magnetic  field. 

If  we  suppose  sources  and  sinks  of  equal  power  to  be 
placed  within  an  enclosure,  we  may  weaken  the  flow  outside, 
either  b}^  making  the  enclosure  or  part  of  it  very  permeable, 
or  by  making  the  bounding  surface  very  impermeable. 

In  like  manner  in  the  magnetic  problem  there  are  two  ways 
of  reducing  the  internal  field,  viz.  by  enclosing  the  central 
region  by  shells  of  greater,  or  by  shells  of  less,  permeability 
than  the  surrounding  space.  Although  we  cannot  in  practice 
use  any  material  of  less  permeability  than  the  air,  we  can 
introduce  into  an  iron  shell  layers  of  material  less  permeable 
than  itself.  These  may  tend  to  reduce  the  external  field  by 
preventing  as  it  were  the  force  from  penetrating  to  the 
external  shell. 

This  analogy  has  long  suggested  that  laminated  shells,  in 
which  both  the  permeability  of  the  iron  and  the  relative 
impermeability  of  other  materials  are  utilized,  may  be  the 


Shielding  of  Concentric  Spherical  Shells.  9l 

most  effective  shields:  and  we  are  thus  led  to  enquire  which 
is  the  best  arrangement  that  can  be  made  under  specified 
conditions  as  to  the  magnitude  of  the  space  at  our  disposal  or 
as  to  the  weioht  of  the  shielding  material  used.  The  answer 
to  this  question  is  supplied  b}^  the  following  discussion. 

As  the  formulpe  are  somewhat  heavy,  I  shall  for  the  most 
part  confine  myself  to  shells  formed  of  the  same  material  and 
separated  by  air-gaps. 

The  second  problem,  to  the  result  of  which  I  think  it  is 
desirable  to  draw  attention,  is  that  which  defines  the  relations 
between  the  shielding  exerted  by  a  number  of  concentric 
shells,  (1)  on  external  space  when  the  magnetic  forces  are 
produced  within  the  shells  ;  and  (2)  on  the  enclosed  space 
when  the  magnetic  forces  are  produced  outside.  A  full  dis- 
cussion of  this  is  given  below. 

The  whole  of  the  investigation  is  subject  to  three  limita- 
tions.    I  have  confined  myself: — 

(1)  to  concentric  shells ; 

(2)  to  cases  in  which  the  equipotential  surfaces  are  sur- 
faces of  revolution  about  a  line  through  the  common 
centre  of  the  shells  ; 

(3)  to  the  case  in  which  the  permeability  of  each  shell  is 
constant. 

As  regards  the  first  two  limitations,  I  think  it  will  be 
seen  that  the  conclusions  arrived  at  are  capable  of  generaliza- 
tion in  such  a  way  as  to  enable  a  better  approach  to  be  made 
to  good  shielding  ari-angements  than  would  be  the  case  if  the 
results  of  the  discussion  in  the  simple  case  of  spherical  shells 
were  unknown.  The  third  limitation  no  doubt  affects  the 
applicability  of  the  formulae  to  practice.  In  spite  of  this, 
however,  I  venture  to  think  that  they  afford  some  useful 
guidance,  and  that  at  all  events  they  help  to  put  the  practical 
problem  in  definite  terms. 

Tlie  Relation  between  the  Shielded  and  Unshielded  Fields  when 
tlie  Shielded  Space  is  (1)  within,  (2)  without  the  Shielding 
Shells. 

Take  the  common  centre  of  the  shells  as  origin.  Let  the 
potential  within  any  shell  be  expanded  in  terms  of  zonal 
spherical  harmonics,  then  the  terms  corresponding  to  P^^  will 
be  of  the  form 

Each  such  term  can  be  discussed  independently,  and  it  is 
PUl.  Mag.  S.  5.  Vol.  37.  No.  224.  Jan.  1894.  H 
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more  convenient  to  make  the  subscript  numbers  refer  to  the 
shell  than  to  the  order  of  the  harmonic. 

If,  therefore,  there  are  m  shells,  let  the  radii  of  the  surfaces 
of  separation  be  Uq,  a^,  Uc^,  &c.  a,„.  Then  Oq  is  the  radius  of 
the  central  space,  a^,  Uo,  &c.  are  the  external  radii  of  con- 
secutive shells  (see  figure). 


Let//.oj  /^ij  •  •  •  •  t^m  ^®  ^^  permeabilities  of  the  enclosed 
space  and  of  the  shells,  and  for  generality  let  M  be  the  per- 
meability of  external  space. 

Let  the  coefficient  of  P^^  in  the  expansion  of  the  potential 
in  the  pth  shell  be 

Then  at  the  boundary  between  the  ^th  and  the  (p  +  l)th 
shells  (of  which  the  radius  is  a  )  the  following  conditions 
must  be  fulfilled:  — 

and 

or  if  we  write 

N=(n +  !)/«,  a^  =  a;(2'.+i), 

we  get  <^„  +  ^^oc^ -4>p+i- %+i%  =  0, 

and       H'p<f>p-^f^p^,>%-f^p+i^p+i  +  ^f^p+i%%+i  =  0- 

If  we  suppose,  for  the  sake  of  symmetry,  and  without  refer- 
ence for  the  moment  to  the  expression  of  physical  facts,  that 
the  coefficients  of  V^  in  the  potentials  in  the  central  enclosed 
space  and  in  external  space  are 

<^o>'  +  ^(iA'" +^      and      $7'"  +  ^/r"+i 

respectively,  we  have  in  all  2m  +  4  quantities  to  deal  with, 
and  since  the  m  shells  have  ni  +  1  bounding  surfaces,  there 
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are  2m +  2  equations  between  them,  all  of  which  are  linear 
and  of  the  types  given  above. 

We  thus  get  a  series  of  equations  as  follows  : — 

MO-MN^^^-/.„(^„,  +  /.„NVr,,a„  =0. 

&c.,  &c.  ki) 

(f)2  +  yJTiOCi  —  (/>!  —  "^iCCi  =  0. 

/"i^i  — /ii^'»/^i«o — /^o0o  + /^oNi/roao  =  0. 

In  the  case  of  shielding  an  enclosed  space  the  potential  of 
the  inducing  forces  can  be  expanded  within  and  in  the  neigh- 
bourhood of  the  shells  in  terms  of  positive  powers  of  r,  and 
since  the  potential  of  the  induced  magnetization  must  be 
finite  when  r  =  0,  this  also  is  included  in  ^q.  Hence 
i^()  =  0.  In  external  space  the  expansion  of  the  potential 
contains  both  positive  and  negative  terras,  the  former  due 
to  the  inducing,  and  the  latter  to  the  induced  magnetization. 

As  the  inducing  forces  are  given  <I>  is  known. 

As  '\/ry  =  0  and  <l>  is  given,  the  number  of  unknowns  is 
reduced  by  2  and  is  equal  to  the  nmnber  of  the  equations. 

If,  on  the  other  hand,  the  inducing  forces  are  produced  in 
the  central  space  within  the  shell,  their  potential  must  be 
expanded  in  inverse  powers  of  r  if  the  series  is  to  be  conver- 
gent at  the  boundary  of  the  enclosure  and  beyond  it.  Hence 
^^0  is  known.  In  external  space  the  terms  due  both  to  the 
induced  and  inducing  magnetizations  are  expressed  in  nega- 
tive powers,  and  are  included  in  '^.     Thus  <t>  =  0. 

Now  <^o/^  is  ^^®  '"''^^io  ^^  ^^®  shielded  to  the  unshielded 
field  in  the  first  case,  in  so  far  as  it  depends  on  the  potential 
term  under  consideration,  and  "^/"^q  is  the  corresponding 
quantity  when  the  forces  are  produced  wuthin  the  shell. 

The  relation  between  these  may  now  be  found. 

Putting  1/^0  =  ^  <iii^  writing  A  for  the  determinant  formed 
by  the  coefficients  of  the  ^^s  and  i/r's  in  the  above  equations, 
except  those  which  occur  in  the  first  and  last  columns,  we 
have  : — 

H2 
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M,        —  MN«,H,        —fJ'm,  H-ni^^m, 0 

1,  a»i-l> 0 

fJ'm,        — /X,„Na„i_i, 0 


0,  0, 

0,  0, 


0,  0, 

0,  0, 

0,  0, 

0,  0, 

This  may  be  written 


^c 


M 


M, 

0, 


0, 
0, 
0, 
0, 

M, 

-MN, 
0, 


/u-iNai 


0,  .  .  . 
0,  ... 

0, ao 

0,    ....  —f^iisao 


=  M. 


-M, 

1,. 


0,                  0,                      0,  .  .  .  -fXiNa, 
whence,  by  subtracting  the  first  from  the  second  row, 
M,  M,  -M 0 

0,        -M(N+1),       M-fJL,n, 0 

0,  0,  1, 0 


=  M 


M 


0, 


0,  0,  .  .  .  -fiiNuQ 

1,  Oim-l, 0 


=  M- 


=  «/>oA. 


0,         0,       0,  .  .  .  -yUiN«o 

Proceeding  in  the  same  way  with  the  new  determinant, 
we  finally  get  : — 

{-(N+  1)    '"  +  i<l>a^a„,_i  ....  aoMfji,nfM,n-i /"i  =  <^o^- 

Next,  putting  ^  =  0^  we  get  in  like  manner 

^A  =  {  — (N  +  l)}'""*"Voamam_i  ....  ao/^„,/t,n-l  ....  f^lf^o^O  ', 
.         A  =  ^ 

Hence  if  M=/xo,  i.  e.  if  the  permeabilities  of  the  enclosed  and 
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the  external  space  are  the  same,  the  ratios  of  the  shielded  to 
the  unshielded  fields  are  the  same  for  each  harmonic  term 
whether  the  shielded  field  be  external  or  internal. 

The  most  interesting  application  of  this  proposition  is  to  the 
first  harmonic  term. 

In  this  case  the  (^^  and  tl>  arc  coefficients  of  terms  of  the 
form  rPi,  that  is  the  field  is  imiform ;  and  ■x/tq  and  "^  are 
coefficients  of  terms  of  the  form  Pi/j-^,  that  is,  the  field  is  pro- 
duced by  a  small  magnet  placed  at  the  centre  of  the  shells. 

Hence  the  shielding  eff'ect  on  external  space  when  ;i  small 
magnet  is  placed  at  the  centre  of  the  shells  is  the  same  as  the 
shielding  efi^^ct  on  the  enclosed  space  when  the  shells  are 
placed  in  a  uniform  field. 

In  what  follows  I  shall  for  the  most  part  suppose  that  the 
magnetic  forces  are  produced  within  the  shells  ;  but  the 
above  result  enables  the  conclusions  arrived  at  to  be  applied 
to  the  case  of  shielding  against  external  forces. 

(1)    Case  of  a  Single  Shell  when  the  Permeabilities  of  the 
Internal  and  External  Space  are  Unity. 

This  case  is  well  known,  but  may  be  included  for  the  sake 
of  completeness. 

Since  /io  =  M  =  l,  the  equations  (1)  reduce  to 

</),  -\-'\\r^a^—'^cc-i  =  0, 

/Lti^l  — N/AiaiAlri  +  Nai^  =  0, 

</)o  +  "*/^o«o  —  ^1  —  "^/^l^O  =  0  J 

Hence  ^/o/r^  is  the  ratio  of  the  shielded  to  the  unshielded 
potential  or,  since  this  ratio  is  everywhere  constant,  that  of 
the  shielded  to  the  unshielded  field,  in  so  far  as  it  depends  on 
the  term  under  consideration,  is 

(N/.,  +  l)(N  +  /ii)^o-N«i(/^i-l)'' 

If  the  unshielded  field  is  due  to  a  small  magnet  placed  at 
the  centre  of  the  sphere,  the  only  term  in  the  expression  for 
the  potential  is  .  p  .  « 

Hence 

n=l,     N  =  (»  +  l)/n  =  2,     «„  =  V""*"'^  =  ^"^     <^c- 
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Then  the  above  ratio  becomes 

9a]  Vi  9aiVi 


If  fii  is  so  great  that  a  small  integer  may  be  neglected  with 
regard  to  it,  this  reduces  to 

9        a,' 

but  this  approximate  form  is  only  valid  if  cii  and  aQ  are  not 
nearly  equal. 

It  will  be  observed  that  the  shielding  depends  only  on  the 
ratio  of  aj :  Oq,  and  not  on  the  absolute  dimensions. 

If  the  shell  is  thin,  let  aQ=ai  —  t.  Then,  if  squares  and 
higher  powers  of  t  are  neglected, 


^«       Sf,,  +  2{f.,-l)4 


If  fjui  is  not  large  this  may  be  written 

If  fii  is  large  it  becomes 

^  1 


to       1,2       t 
1  +  3^^^, 

In  this  approximation  we  have  neglected  terms  of  the 
order  ^it^lcii.     The  expression 

^        ,      2       f 

>|ro  3      ai 

is  only  valid  if  terms  of  the  order  iJi'it^/a-^  are  negligible  ;  and 
as  /ii  is  by  supposition  large,  they  may  be  very  much  greater 
than  those  which  have  already  been  rejected. 

As  an  example,  if  ^/ai  =  0"01,  the  ratio  of  the  shielded  to 
the  unshielded  field  is  3/13  if /Xi  =  500,  and  3/23  if /ii  =  1000. 

The  following  Table  of  Values  is  calculated  for  cases  in 
which  aj  — ao  is  not  small,  on  the  assumption  that  /^x=1000. 
The  corresponding  numbers  can  be  obtained  in  any  other  case 
when  fii  is  large  by  remembering  that  the  ratio  under  inves- 
tigation varies  inversely  as  /u-j. 
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"o/"'- 

^/-/'n- 

0-9 

1/60 

0-8 

1/lUS 

0-7 

1/146 

0-6 

1/174 

0-5 

1/194 

This  table  illustrates  the  difficulty  of  improving  the 
shielding  by  increasing  the  thickness  of  a  shield  already 
moderately  thick.  When  the  latter  is  increased  in  the  ratio 
5:1,  and  the  internal  empty  space  is  reduced  sixfold,  the 
sliielded  field  is  only  reduced  in  the  ratio  of  about  1  :  3. 

In  general,  if  the  volume  of  the  material  employed  in  a 
shell  is  seven  times  that  of  the  internal  spherical  space  the 
external  field  will  be  reduced  to  1/100,  1/200,  or  1/300  of 
its  unshielded  value,  according  as  the  permeability  of  the 
material  is  500,  1000,  or  1500. 

Next  consider  the  case  of  a  small  magnet  placed  at  a 
distance  b  from  the  centre  of  the  shell. 

If  the  axis  of  the  magnet  Hes  on  a  diameter,  and  if  the 
moment  is  y^^,  the  unshielded  potential  is 


JP.     2Pj6_^3Ps«.^ 


t«|-J  + 


+ 


+  &C.+ 


wP„6"-i 


,.«  +  ! 


+  &C 


•}' 


where  r  is  measured  from  the  centre  of  the  sphere. 

To  find  the  potential  in  the  shielded  field,  we  must  multiply 
each  term  in  the  expression  by  the  corresponding  value  of 

aoAti(N+l)-^ 

(N/ii+ l)(N+yai)«o--Nai(yt^l-l)2' 

which  may  be  called  the  shielding  factor. 

If  the  shell  is  thin,  so  that  ao  =  ai  — ^,  where  t  is  small,  this 
factor  (remembering  that  ao  =  o~(2"+i>)  becomes 

qi^'^+Vi(N+l)g 

ai2-+>i(N  +  l)2+(2n  +  l)N(/zi-l)V''^ 
(2n+l)/ai 


(2n  +  l)/ii  +  n(n+l)(yL6i-l)2^/a/ 
which,  if  ^i  is  large,  simplifies  to 

2n  +  l 
2n  + 1  +  n  (n  +  l)fjbit/ai 
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Calling  these  shielding  factors  Si,  Sg,  &c.,  the  unshielded 
and  shielded  forces  in  the  direction  of  the  radius  are  given  by 

and  by 

respectively. 

If  we  consider  any  point  on  the  diameter  on  which  the 
axis  of  the  magnet  lies  and  on  the  side  towards  which  it  is 
moved,  all  the  P's  are  equal  to  unity. 

The  larger  b  becomes,  the  more  important  are  the  terms 
in  which  the  shielding  factors  Sg,  S3  are  small,  and  the  more 
efficient  is  the  shielding.  The  total  force  is,  however,  in- 
creased, as  all  these  terms  are  added  to  the  first.  In  other 
words,  the  force  is  increased  OAving  to  the  approach  of  the 
magnet  to  the  point  considered,  and  it  is  only  the  addition 
to  its  original  value  which  is  better  shielded.  The  average 
shielding  is  improved,  but  the  force  is  increased. 

The  converse  statement  holds  good  for  the  side  from  which 
the  magnet  is  moved.  In  that  case  the  P's  are  alternately 
—  1  and  +1,  the  shielding  is  less  efficient,  but  the  force  is 
diminished. 

It  may  be  worth  while  to  illustrate  this  by  a  numerical 
example.  Let  the  magnet  be  placed  on  a  diameter  at  a 
distance  from  the  centre  =  half  the  external  radius  ;  and  let 
the  forces  be  calculated  at  points  on  the  same  diameter,  the 
distances  of  which  from  the  exterior  of  the  shell  are  also  half 
the  external  radius. 

Then  7         ,^  o     /^ 

b  =  ai/2,     r  =  oai/2. 

Let  the  thickness  of  the  shield  be  0*01  of  the  radius,  so 
that  ^/ai  =  0-01,  and  let  the  permeability  be  500. 
The  unshielded  force  is  : — 

-|^  {0-593  Pi  +  0-593  Pg  -}-  0-395  P3  +  0-219  P4  +  0-100  P5 
"'  +  0-051  Pfi  +  0-023  P7  +  0-010  Ps  +  &c.}. 

Multiplying  each  term  by  the  corresponding  shielding 
factor,  the  shielded  force  is  : — 


ai' 


{0-137  Pi  +  0-085  P2  +  0-041  P3  +  0-018  P4  +  0-008  Pg 
+  0-003  Pe  +  0-0011  P7  +  0-0004  Pg}. 
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Tbo  true  values  of  the  unshielded  forces  are 

-2fo/(f,^    and    2i/ro/(2«i)^  =  0'25^oM'. 
The  above  series  gives 

-1'994-fo/V    and    0-248i|ro/ai', 

which  proves  that  the  number  of  terms  taken  gives  results 
sufficiently  approximate  for  the  purpose  of  illustration. 
The  corresponding  values  of  the  sliielded  forces  are 

-0-294'^o/«i'    and    O-OSl-t/ro/ai^. 

These  conclusions  may  be  summed  up  as  follows  : — 

Let  A  and  B  be  the  two  external  points,  and  let  A  be  that 

towards  which  the  magnet  is  moved.     Then  we  get  the  results 

siven  in  the  foil  owing  table  : 


Positiou  of  Magnet. 


Numbers  proportional 
to  force  when 

Unshielded.  I     Shielded. 


Centre 


Halfway  between  centre 
and  outer  boundary  of 
shell. 


0-593  at 
A&B 

2  at  A 

0-25  at  B 


0-137 

0-294 
0081 


Eatio. 


0-23 

015 
0-33 


Case  of  Two  or  Three  Concentric  Shells  of  the  same 
Permeahility  separated  hy  Air- Gaps. 

In  the  case  of  three  shells  there  are  twelve  simultaneous 
equations,  and  we  finally  get : — 

^[l^('7«l  — fao)«l«4(a4  — «5)(a2-«3) 

+  ^V  ('7«2  —  ^^z)»2^S<^0  —  ^\)  («4  -  «5) 

+  f'?('7a5  — W«2a3(«0  — «l)(«2  — «3)  y.        .        .        (3) 

+  aia3(l«3  — •^«3)(^«4  — ■^«5)(^«o  — '^ai)]    I 
=  -^(fiffiia^a^a^i^  +  1 )  V?  ^ 

where  ^  =  (]SV  +  1)(N  +  /^)  and  7;  =  N(/x-l)2. 

This  reduces  to  the  case  of  two  shells  if  we  put  any  two 
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consecutive  a's  equal  to  each  other  ;  and  it  will  be  found  that 
in  all  these  cases  the  expression  ussunics  the  same  form. 
If  a^=-ag,  remembering  that  ^— ■>;=/i(N+  1)^, 

^  {  —  ^^«2  («0  —  «!  )  («2  —  -^^s)  +  «!  ( ?«2  —  »?a3)  (?«0  —  »7*1 ) 

=  ^{r^u^<X2fJt?(N  +  ly  '      .      (4) 

='irD  say. 
Then 

=  { ^V^2 («2  —  as)  -V^i{^^2  —  V^s) } ai^«2^ao  j 


+  {— |^«2ao(a2  — «3)  +  '?«i^(^a2  — W    ao«2<^«i    >  (5) 
+  \^V°^2H^i)~<^i)  —  i^aiasC^^o  — '?«i)}'^oai<^«2        | 
+  {  —  ^V°^2{°^o  —  «i)  +  '7«i(l«o  —  '^'^i) }  oc^oc^a^da^.    J 

As  ao  ^^^  ^-i  ^o  "ot  occur  in  the  coefficients  of  da^  and 
da^  respectively,  it  is  evident  that  no  particular  values  of 
either  these  quantities  give  a  maximum  or  minimum  value  of 
■^  when  the  other  three  a's  are  arbitrarily  selected. 

Again,  the  coefficient  of  da^  may  be  written 

Wa2{«3(^'^2  — W  —  ■^ai(l«2  — "V^s)  }• 

Now  a2<«ij  ^^d  since  ^  is  >7], 

^a^  —  ^a^  is  <^a2  —  r}a^. 

Hence  this  expression  is  always  negative,  i.  e.  ^  diminishes 
as  ao  increases,  that  is  as  the  radius  rto  diminishes. 

Thus  adding  the  permeable  material  Avithin  the  shell  so  as 
to  reduce  the  internal  cavity  always  improves  the  sliielding. 

In  like  manner,  by  discussing  the  coefficient  of  da^,  it  may 
be  shown  that  an  improvement  is  always  effected  by  increasing 
the  external  diameter. 

If,  however,  the  smallest  and  largest  radii  are  given,  ^ 
may  be  a  maximum  or  minimum  if  the  coefficients  of  dai  and 
da2  vanish  ;   i.  e.  if 

2_^«2'^o(«2  — ^3) 

«1 y , 

^a.^  —  ijcc^ 
and 

^^2  _  «i«:i(^«0— ^^l)  ^ 
fK  — «l) 

Let  us  first  suppose  that  ^i  is  also  given,  i.  e.  that  the  dimen- 
sions of  the  inner  shell  are  fixed,  then  the  equations  enable 
us  to  determine  the  effect  of  adding  another  external  shell 
of  which  the  outer  radius  is  also  given. 

We  may  first  suppose  the  external  shell  to  be  of  vanishing 
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thickness,  in  which  case  a2=as,iin<l  then  allow  a^to  increase, 
i.  €.  the  inner  radins  of  the  outer  shell  {a.2)  to  diminish. 
If  ^2  =  ^3  the  coefficient  of  da.2  is  negative,  for  a3<ai  and 

Hence  the  addition  of  a  thin  external  shell  reduces  ^,  /.  e. 
improves  the  shielding. 

This  improvement  will  reach  a  maximum  when 

hut  in  order  that  this  may  correspond  to  a  physical  reality  we 
must  have 

The  first  of  these  inequalities  when  combined  with  the  above 
equation  is  equivalent  to 

ai^K  —  «l)  >  «3 (l«u  — '/a;!) . 

As  «!  is  >a3  and  ?(«o— «i)<f«o~''?«ij  this  condition  may 
be,  but  is  not  necessarily,  fulfilled. 
The  second  is  equivalent  to 

which  is  always  true. 

Hence  we  conclude  that  if  the  external  radius  of  the  outer 
shell  is  so  chosen  that 

'^3<^1— p } 

^oc^  —  V^l 

there  will  be  a  maximum  value  of  the  shielding,  while  an  air- 
space intervenes  between  the  two  shields.  There  will  not  be  a 
maximum  if  a^  is  greater  than  this  hmit.  In  the  case  of  the 
first  harmonic  the  condition  for  a  maximum  becomes 


«3>«1 


-yap  \\ 

-CI.')]   ' 


where  Oq,  aj,  and  a^  are  the  radii  of  the  corresponding  surfaces. 
If  there  is  such  a  maximum  it  is  evident  that  for  some 
thickness  of  the  external  shell  less  than  that  which  gives  the 
best  result  the  shielding  must  be  the  same  as  if  the  whole  of 
the  air-gap  were  filled. 

To  find  this  value  of  a^  we  have  to  put  a2  =  «i  hi  the 
expression  for  '^,  and  equate  the  result  to  the  value  of  ^ 
when  a2  is  not=ai. 
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Remembering  that  ;u.(N+  1)^=^— •»;  we  get 


This  leads    to    a  quadratic   in    a^,  of  "which   one   root   must 
evidently  be  a^  —  ai. 
The  other  root  is 

If  then  we  write  l  =  (^oc(^  —  v^\)/^i^o~^i)y  whore  I  is  a 
function  only  of  the  dimensions  of  the  inner  shell,  of  the 
permeability  of  the  material  and  of  the  order  of  the  harmonic 
term  considered,  we  have  reached  the  following  conclusions. 

If  a^i>ai,  the  shielding  improves  continuously  as  the 
thickness  of  the  external  shell  increases  from  without  inwards. 

If  asl<ai,  the  shielding  at  iirst  improves  and  then 
deteriorates  as  the  thickness  increases. 

When  a^  =  a^I,  the  shielding  is  the  same  as  when  the 
whole  of  the   space  between  the  shells  is  filled,  i.  e.  as  when 

When  a2'^  =  aiasl,  the  shielding  is  a  maximum,  after  which 
it  diminishes  until  a2  =  ^i' 

In  the  particular  case  when  the  maximum  shielding  is 
equal  to  that  when  the  hollow  space  is  just  filled,  the  con- 
ditions 0:2  =  ^3!  ^^^^  a2^  =  aia^l  must  be  simultaneously 
fultilled.  Hence  a2  =  ai,  and  there  is  only  one  maximum, 
which  occurs  when  the  hollow  space  is  just  filled. 

This  can  only  be  the  case  when 

„  2  — ^2_«l«3(^^0  — '^^1) 

?K— «l) 
i.  e.,  when 

^^i^  _ ^^  (1^^^  ^_  ^0:3)  +  ^a^^a^  =  {). 

It  may  be  worth  while  to  give  a  numerical  example  to 
illustrate  these  results. 

Let  the  small  magnet  be  placed  in  the  centre.  Then  the 
only  harmonic  term  is  that  for  which  ?/  =  !  and  N  =  2. 

IjCt  „  Q^  9-, 

i.e.  as=2a()  and  ai  =  l'260ao. 

Let  /Lt=501. 

Then 

1=  (Nja  + 1)  (N  +  /^)  =  1003  X  503, 

7?  =  N(/^- 1)2  =  2x5002  =  1^  nearly  ; 
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or  to  a  closer  approximation, 

^  =  |(l_0-009). 
Hence 

I  =  ^ii^^  =  1  +  0-009. 

By  substituting  in  (4)  we  get  the  values  of  '^/y|r^)  given  in 
the  following  table  for  different  values  of  cz2.  The  volumes 
are  expressed  in  terms  of  the  space  enclosed  by  the  innermost 
surface. 


«2  = 

<7.j  = 

Volume  of 
outer 
shell. 

Total 
Volume. 

^/4'o- 

a3  =  «o/S- 

r009a3=0-1261ao. 

3a3/2=3ao/16. 

3a3=3ao/8. 

«3=2ffo. 
0-997a3=l-994ao. 
0-873«3=l-746ao- 
0-794^3 =1 -SSSflo- 
0-693a3  =  l-386ao. 
0-630«3  =  l-260ao- 

0 
0-07 
2-66 
4-00 
0-33 
tt-00 

TOO 

ro7 

3-66 
5-00 
G-33 
7  00 

0018 

00102 

00007 

O-OOOli 

0-0009 

00102 

Turning  next  to  the  case  when  a^  and  ^2  both  vary,  we 
may  determine  the  maximum  shielding  for  given  external 
and  internal  radii. 

The  conditions  to  be  fulfilled  are  : 


(6) 


—  f a2ao(«2  —  as)  +  «iX^'^2  —  V^^)  =  0  | 
l«2^(«0  — ^i)  —  «i«3(0«u  — ^«i)  =  0  J 

Adding  these  we  get  either 

^2  ^^  ^1       01'      ^2^*1  =  ^{)<^3' 

The  first  has  reference  only  to  the  point  at  which  the 
maximum  value  is  equal  to  that  produced  when  all  the  space 
between  the  shells  is  filled. 

The  latter  leads  to  the  equation 

W(a2  —  as)  —  asXC^ag — T^as)  =  0. 

This  equation  is  a  biquadratic  in  ag* 

Since  the  expression  is  positive  when  u2=—x>  and  nega- 
tive when  a2  =  a33  there  is  at  least  one  real  root  <«3,  with 
which,  since  «2>a3,  we  are  not  concerned. 
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As  regards  roots  >a^,  it  is  evident,  since  the  whole  ex- 
pression is  positive  when  a2  =  '^  ,that  there  is  at  least  one  real 
positive  root  >a^.  Also,  as  ^a2—'r]a^  is  positive,  that  there 
can  only  be  one  positive  root  >  ag. 

This  root  must  be  <  aj,  i.  e.  since  a2«i  =  ^o^sj  '^2  <  *o^3  '■>  '•  ^• 
the  expression  must  be  positive  when  ac^^  =  a()a^. 

This  is  equivalent  to  the  condition 

I  Vao(  Vao—  \/^3)>  s/^zi^  \/o^o  —  V  Vas)- 
As         ao>«3  and  ^  Vao" ^  Va3<f  V^o  — "^  Vasj 

this  equality  may  be,  but  is  not  necessarily,  satisfied. 

Before  discussing  these  equations  further,  it  is  convenient 
to  modify  their  form. 

Let 

—  =  -=X;  77  =  f(l  — e);  -  =  L. 

«!         ^3  «3 

Then  from  (6), 

\\\-l)-L(\-l-\-  e)  =  0,    ....     (7) 
and  from  (4), 

or  from  (7), 

^/rO-|2(^^_l)2|x4_L(l-6)}~   (X-l)^{X'*-L(l-6)     '       ^    '' 

since  |!a(N  +  1)2  =  ^— »7  =  ef. 

Inequation  (8)  ^becomes  infinite  when  \=1  and  when 
\4  =  L(l-e). 

The  first  of  these  assumptions  is  inconsistent  with  equa- 
tion (7),  and  by  substituting  from  X^  =  L(1  — e)  in  (7)  we  get 

(X  -l  +  e)'=-e(l-e), 

which  is  only  possible  if  either  e  or  1  — e  is  negative,  which 
they  can  never  be,  as  ^  is  always  >r},  and  r]  and  ^  are  always 
positive. 

In  the  case  when  the  permeability  is  very  great,  ^  =  7)  =  'Nf^^ 
nearly  and  e  may  be  neglected  in  equation  (7),  so  that  X^  =  L. 

If,  however,  A,— 1  is  very  small,  i.e.  if  the  shells  are  very 
thin,  the  term  in  e  may  be  comparable  with  the  others,  and 
the  approximation  is  not  legitimate.     In  cases  where  it  may 
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be  applied  ^Y0  get  from  equation  (8)  the  very  simple  result 

^/^u-    ;nv   (x-i)^-(Vl-i)3* 

In  this  case  also  the  four  quantities  a^,  ai,  1x2,  a^  are  in 
Geometrical  Progression. 

If  ai=a2j  ao/«3=^^  =  l'>  SO  that  (7)  reduces  to 

(  y/L-iy  =  e, (9) 

of  which  the  root  greater  than  unity  is  \/L=l  +  Ve. 

This  furnishes  a  limit  below  which  the  equations  do  not 
apply. 

Below  the  limiting  case  lamination  must  be  disadvan- 
tageous. 

If  we  remove  a  thin  slice  either  from  the  exterior  or  from 
the  interior  surface  of  a  single  shell,  the  shielding  power  is 
impaired;  and  if  the  shielding  does  not  attain  a  maximum 
when  this  spherical  crack  is  supposed  to  traverse  the  shell 
from  inside  to  outside,  it  must  always  be  less  than  if  there  is 
no  crack. 

Next,  comparing  the  shielding  effect  of  a  single  shell  -with 
that  of  a  double  shell  of  which  the  innermost  and  outermost 
radii  are  the  same  as  that  of  the  single  shell,  if  "we  write  in 
equation  (2)  ag  for  a^,  and  put  '?7  =  0(1  — e),  we  find  by  com- 
paring with  (4)  that  the  single  shell  will  shield  best  if 

aijC  afyaiX2e^ 

a^  —  a3{l-e)      —  (1  -  e)a2(ao— «i)  («2  — ^s) +«i!«2— ^sll  — e)}{«o-ai(l  — e)  }' 

which  reduces  to 


<e. 


Now  if  we  diminish  a^,  /.  e.  increase  the  outer  radius  of 
the  inner  shell,  a^/ai  is  increased  ;  and  in  like  manner  by 
diminishing  the  inner  radius  of  the  outer  shell  a^/ag  is  in- 
creased. Hence  the  largest  value  of  the  left-hand  side  of  the 
inequality  is  attained   when  a^^a^,  so  that  if  a2/a^  =  \i,  and 

Thus 

(X,-l)(X-l)  =  (^-l)(X-l), 

of  which  the  largest  value  Js  (  \/L  —  iy. 

If  e  is  greater  than  (  \/L  — l)'"^,  lamination  is  injurious,  the 
limit  thus  fixed  being  the  same  as  that  previously  found. 


112  Prof.  A.  W.  Riicker  on  the  Magnetic 

Above  this  limit,  if  for  a  given  uq  and  ot^  we  choose  a^  and 
a2  so  that 


(^0(^o 


<e. 


the  two  shells  will  shield  better  than  one,  /.  e.  better  than  if 
the  whole  of  the  space  betw^eeu  the  innermost  and  outermost 
surfaces  were  filled  with  the  permeable  material. 

It  of  course  follows  a  fortiori  that  the  best  arrangement  of 
the  two  shells  will,  under  these  circumstances,  give  better 
results  than  the  single  shell,  a  conclusion  which  can  be  verified 
directly. 

For  we  must  by  (8)  and  (2)  have 

L^6-^  Lg 

(A,-l)2{A,4-L(l-e)}  ^  L-(l-e)' 

where 

A,\\-l)-L(\-l  +  e)  =  0. 

Eliminating  L,  the  inequality  becomes 

{l-e){e-{\-m-'>0. 

which,  since  e  is  always  positive  and  <  1,  must  always  be  true. 

At  the  limiting  point  the  curves  which  give  the  relations 
between  L  and  the  "^'s  for  one  and  two  shells  respectively 
touch  each  other. 

For,  as  in  the  case  of  a  single  shell, 

i/r        L-(l-e)' 
1  ci^  <i-€) 


^lr,dh  -        {L-(l-e)r 
At  the  limiting  point  L  =  (1+  Vey  ; 

••   y^r^dh  ~       4(1+  s/'e) 
In  the  case  of  two  shells  we  have  from  (7), 

{\2(4X-3)-L}^  =  X-l  +  6, 

and  since  at  the  limiting  point  X^=L  =  (1+  ^^y, 
d\  _  1 

£iL""4(l+  Ve)' 
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J_<f^_ 2L62 

yfr^dL  ~  {\-iy  X'-L(l-  e) 


+ 


_     r  ^J_  2X'         \  LV d 

l\-l"^\*-L(l-e)/  (\-l)MV-L(l-6)}^ 


(\-l)^{\^-L(l-6)P 

L'^e^  dX 

dh' 

and  if  we  substitute  in  this  the  values  of  \,  L,  and  dX/dL 
proper  to  the  limiting  point,  we  get 

l_d^_  1-  Vi 

yl^odL  ~      4(1+  v/e)'  ■ 

which  is  the  same  as  the  value  obtained  in  the  case  of  the 
single  shell. 

The  shielding  factor  in  the  limiting  case  is  obtained  by 
putting  X^  =  L  =  (1+  \/e)^  in  (8),  or  in  the  corresponding 
expression  for  a  single  shell.     In  either  case 


Since 


^  _  V6(l+  \/e) 

,_f-5__KN  +  l)!_ 
-     0    -(N^  +  1)(N  +  ^)' 


which  increases  with  N,  i.  e.  with  {n  +  l)/n,  and  therefore 
diminishes  as  n  increases,  the  thickness  of  the  shell  at  the 
limit  is  less  for  the  higher  harmonic  terms,  but  the  shielding 
at  the  limit  is  better. 

If  ju,  is  so  large,  however,  that  we  may  write 

N/A  n{n  + 1)/*' 

the  limiting  thicknesses  and  the  shielding  factors  for  the 
principal  harmonic  terms  vary  very  slowly.  If  jm,  =  4:00  we 
get:— 


n. 

6. 

(l+Vef.    (l+Ve)'. 

*/'l'o- 

1. 
2. 
3. 

•0112 
•0104 
•0102 

1-223             1069 
1-214             1-067 
1-212            1066 

■058 
-056 
•055 

Phil  Mag.  S.  5.  Vol.  37.  No.  224.  Jan.  1894. 
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Thus  tho  limiting  thickness  in  the  case  of  the  first  three 
harmonic  terms  varies  only  from  6"9  per  cent,  to  (d'^  percent, 
of  the  radius,  and  tho  shielding  factor  from  "058  to  -055. 

If  there  are  three  concentric  shells,  by  differentiating  the 
expression  for  ^  in  equation  (3)  we  get 


+  '7«l<^3  (^"^1  —  V^^b}  {  ?«2  («3  —  «3)  —  «!  (^«2  —  ■^^s)  }  ] 
+  ['?a3(f  «1  —  V'^i)  {  (?«2  —  V^z)  °<-\   —  I«0a2(«2  —  «3)  } 


ai 


+  ^V^^(^4  -  «5)  {  {V°^2  -  ?«3)ao^2  —  '7«1^(«2  —  as)  } ]    — " 


«1 


+  ^»7a2a4K  — «5)  {'?a2K— ai)  —  «i(^ao— '7«i)}]  — ^ 

«3 


Kio) 


+  ['?'»l(|ao— "^^i)  {?a/(«2— ^3)  — «3a5(?«2— "^as)} 

+  ^V^zi^O  —  «l)  {  (1^3  —  V^2)^i   +  '?«3a5(«2  —  as)  }  ] 


«4 


+  [■»?ai(|ao  — '7«i){^a4(a2  — ^3)  +«3(^a2— 77^3)} 

+  ^?;ao(au  — ai){('7«2— ^a3)a4  — 77(a2— a3)a3}]    ^^o- 

We  note  that  in  this,  as  in  the  previous  case,  there  can  be 
no  maximum  or  minimum  if  a^  or  «§  are  independent 
variables. 

Further,  writing  the  coefficient  of  daQ  in  the  form 

V^l^i{^^i  —  ^°^5)  {V^\  («2  — as)  —  a2('?a2  — fas)} 

— T^aiaa  (^^4  —  T^ag)  {ai(?«2  — '^ag)  —  f a2(a2  —  ag)  }, 

if  we  remember  that  the  a's  diminish  from  a^  to  a^  and  that 
^  is  >  V}  it  is  easy  to  see  that  the  coefficient  is  the  difference 
of  two  positive  quantities  of  which  the  second  is  the  larger. 
For  c.  y  y 

and 

{ai(^a^  — T/ag)  — ^a2(a2  — as)  —  {»7ai(a2— as)  —azivoii  —  ^a^)} 

which  is  positive. 


J 
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Hence  the  whole  coefficient  is  negative,  or  ^  diminishes  as 
ocq  increases,  i.  e.  as  the  radius  a^  diminishes.  Thus,  as  we 
should  expect,  we  obtain  the  same  result  as  before,  viz.,  that 
the  reduction  of  the  radius  of  the  innermost  surface  always 
improves  the  shielding.  In  like  manner  if  a^  increases  the 
shielding  improves. 

Let  us  now  suppose,  as  before,  that  the  outermost  and 
innermost  radii  are  given.  The  best  arrangement  is  then 
found  by  equating  the  coefficients  of  c?«i,  da^,  and  da.^,  and 
dot^  to  zero. 

By  eliminating  the  terms  in  a^  and  ag  from  the  first  pair, 
and  also  from  the  second  pair  of  these  equations,  we  get 

aoasl^l  — a2){^ao(«0  — «l)«2— ai^(l«0  — '^«i)}=0    •      (H) 
and 

a3(a2  — a3){^'?(ao— ai)  W  +  (^«o  — "^^OW^s 

— ^(^«0—'^ai)ai«2 (02  +  ^3)  («0  — 0^1)=  0    .       (12) 

In  the  cross  multiplications  by  wliich  these  equations  are 
obtained,  we  assume  a^— aj^fcO. 

If  ai  =  a2  or  02=^^3  two  of  the  shells  are  fused  into  one. 
Putting  this  case  aside  and  substituting  for  (|ao~'7'*i)/('*o~«i) 
in  the  second  equation  from  the  first  we  get 

Hence  and  from  (11), 

-z. — r  =  =    — 0-,       ....       (id) 

fao(«o  — ^ij        ai«2        V 

.-.      a^a.-^  =  a2^ (14) 

Again  equating  the  coefficient  of  da^  to  zero,  substituting 
for  (^ao~''7«i)/(^o~«i))  rearranging  the  terms,  and  sub- 
stituting again,  we  get 

Next,  equating  the  coefficient  of  da^  to  zero,  we  get 

W— ^«3^5  _  og     goto  — t;q:i  _  fop. 
a/— a3«5  ^3        ^0  — «!  «! 

This  again  reduces  to 

S?a=fR=^=^  ''^  '^''*'  •     •     '^^^ 
12 


116  Prof.  A.  W.  Rilcker  on  the  Magnetic 

Again,  since  cx^^  =  a^cci, 

But 
or 

^^o  («3«5 — a4^)  =  ai(»?a3«6  —  W'^ )  • 
Multiplying  this  by  (17)  and  putting  a2'^  =  a^ai, 

«3(f«4— '^^s)  (as'^'s  — a/)  =a4(«4  — as)  ('?a3«6— W)j 
.-.  (as— ajjaaaedai— »7a6)-f«4^(a4— «6)}=0• 
If  a3=a4  the  problem  is  reduced  to  the  case  of  two  shells. 
If  a^^a^,  .^ 

^{a^  —  a^)        a^a^ 

Hence  the   equations   (13),   (15),    (16),  and    (18)   finally 
reduce  to 


^(«o— «i)      <^i°^-2       °^\        «3«5      ^i^  ' 

It  must  be  remembered  that  in  obtaining  these  equations 
we  have  thrown  out  the  alternative  cases  where  any  two  con- 
secutive values  of  a  become  identical ;  i.  e.  cases  in  which 
the  three  shells  become  two,  either  by  fusion  or  by  the  dis- 
pearance  of  one. 

Thus  the  solution  for  the  case  of  two  shells  is  contained 
in  the  general  equations  for  three  shells,  but  the  equality  of 
the  above  groups  of  ratios  holds  good  only  when  there  are 
three. 

It  remains  to  assure  ourselves  that  in  the  case  of  three 
shells  all  the  variables  give  minima  simultaneously. 

Thus,  considering  the  coefficient  of  da^  the  coefficient 
of  ay   is 

'7«3 (^^4  —  7)0!.-^  {^a.2  —  rja-i) 

—  Tja^f^^Ui  —  fag)  iV^-i  —  V^s)' 

Comparing  these  term  by  term,  we  see  that  the  terms  are 
either  equal  or  are  less  in  the  second  expression.  Hence 
the  coefficient  of  a^'  is  positive.  If,  then,  a^  is  a  little  less 
than  the  critical  value,  the  coefficient  of  dai  must  be  negative. 
Hence,  as  a^  increases  up  to  the  critical  value  "^  diminishes, 
/.  e.  the  critical  value  of  «!  corresponds  to  a  minimum. 

The  other  coefficients  if  treated  in  the  same  way  lead  to 
the  same  conclusion.  We  may  now  proceed  to  put  equation 
(ly)  into  the  simplest  form  for  calculation. 
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Since 


and  since 


so  that  we  have  three  independent  equations,  viz., 

—  =  — =  Xsav, 
and  > .  .     .     .     (20) 


Oj  _  «! 

«3         «2 

«4         «0           «0 

.     ^_^o 

a3«5      a2'      ^i^a 

«5       «! 

^2^0        ^4 

2  —            J      •  • 

«2 '^4 . 

«!      as 

together  with 
also 


^^^2^^=  Vsay, 

«2  ^3  ^4 

(^-7;)\'  =  ?(\-l)X; (2n 

-^  =:\2V3  =  L  say  as  before. 


So  that  equation  (21)  becomes 

Or 

{X-l  +  e)U={\-l)\l (22) 

If  \'=1  all  the  shells  fuse  into  one  (without  passing 
through  the  intermediate  stage  of  two  shells).  In  this  case 
\"^  =  L. 

Substituting  in  (22)  we  get 

(  VL-1)^  =  6, 

which  is  the  same  as  (9). 

Thus  the  ratio  of  the  outermost  to  the  innermost  radius 
below  is  the  same  for  two  and  for  three  shells. 

The  maxima  of  advantage  in  the  two  cases  are  independent, 
and  to  determine  between  them  their  magnitudes  must  be 
compared. 

Substituting  in  (3)  from  equation  (20)  and  simplifying  by 
means  of  (22),  we  finally  get 

^  ^  (\-l)'H>^^-LHl-e)}'       •     *     ^^^^ 
where  X,  is  given  by  equation '(22). 
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In  the  limitino-  case  when  X^— jj_(i4.  sjef^ 


^/to 


_    \/<l+  Ve) 


2 


which  is,  as  it  should  be,  the  same  as  the  value  obtained  by 
inserting  the  same  values  of  X  and  L  in  the  corresponding 
expression  for  two  shells.  When  e  is  negligible  as  compared 
with  X  and  L  we  get  from  (22)  X''  =  L,  and  from  (23) 

^  _        e^L e'^X'     _  (N  +  l)«  L          . 

to"   (^L-l)^~(>^-l/~     i^V     ""(v/L-l)^ 

If  we  take  the  numbers  before  employed,  viz.  : — 

yLt=501,     ao=8'*3)     N  =  2, 

we  have  X  =   \/^  =  1*516  ; 

-••  IrM^^'iwki)' =  '■'''''■ 

The  results  so  far  obtained  in  the  special  case  to  which 
numerical  calculation  has  been  applied  may  be  summed  up  as 
follows,  the  arrangement  being  the  best  in  each  case  : — 


Volume  of 
Material  used. 

External 
Field. 

Single  shell   

1-0 
50 

4-8 
7-0 

0-018 
0-0006 
0-00016 
0-0102 

Three  shells 

Suigle  shell  

The  great  advantage  of  the  lamination  of  the  shielding 
material  is  here  well  exhibited. 

As  the  external  field  varies  slowly  in  the  neighbourhood  of 
the  minimum,  a  considerable  economy  of  material  ma}^  be 
effected  without  much  sacrifice  of  efficiency.  Thus,  in  the 
case  of  two  shells,  we  have  seen  that  whereas  to  secure  the 
minimum  external  field  (0"0006  of  the  unshielded  field)  the 
volume  of  the  material  used  must  (in  the  case  considered)  be 
five  times  the  internal  volume,  a  practically  identical  result 
(0"0007)  can  be  obtained  by  the  use  of  a  volume  3'66,  while  an 
efliciency  four  times  greater  can  be  obtained  by  a  volume  li'S. 
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Best  arrangement  in  the  form  of  Tu'o  Shells  separated  by  an 
Air-gap  xchen  the  innermost  radius  and  the  volume  of  the 
material  are  given. 

So  far  I  have  supposed  that  both  the  innermost  and  outer- 
most radii  are  given. 

It  is  e^•ident  that  we  may  reduce  the  number  of  the  inde- 
pendent variables,  and  I  now  proceed  to  discuss  two  problems 
which  might  occur  in  practice.  The  enunciation  of  the  first 
of  these  is  given  above. 

In  neither  case  is  the  solution  very  simple,  and  I  therefore 
confine  myself  to  the  case  of  two  shells  when  the  magnet  is  in 
the  centre.  In  this  case  ai  =  l/ai^  &c.,  so  that  the  condition 
that  the  volume  shall  be  constant  is 


Hence 


11111 

+ =  TT  say. 

as       0^2        Oil       a,,         t\ 

da^  _d^         djci    _   ^ 
^3"  «2  «! 


Substituting  for  da^  in  equation  (5) ,  and  remembering  that 
daQ=0,  we  get  as  the  conditions  for  a  critical  value 

^ct.2{a^  —  a{){a^'  —  af}—a-^az(a2  —  ai){^oi^  —  'r]cii)    =  0      .      (24) 
and 

{  —  ^'qa^a^  [a.2  —  a^)  +  'n^x{^cc2  —  rja^) }«! 

+  {^WK— «i)— '^ai«3(l«o— ■^ai)}«2  =  0.    .      .      (25) 
From  the  first  of  these  we  get 

(?ao  — ^«i)«i«3  =  ^«2(ao-«i)(«2  +  a3)-    •      •      •      (26) 
Substituting  for  ^ao~~^"i  i'l  (25), 

(|«2— '7«3)«i^  =  ^a2{aoai(a2  — ^s) +«2a3(«o  — ai)}> 
multiply  by  «i  and  subtract, 

.-.      ai2(a(ja3  — aiag)  =  «2{  —  ao^i(«2  — «3) 

+  (^o""  «i)  (^1^2  +  «ia3-"«2«3)  }  ; 
.-.      ai(aoa3  — a^ao)  =  «2«3(«0  — «l)j 
or  aoa3(ai  — «2)  =  ai«2(«i  — ^3) (27) 

a^       a^       fl^i       ocq         xt 


120 

Prof.  A.  W. 

Riicl^er  on  the  A 
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or 

(«0  — «3)«2«1 

—  («1~«2)«0«3   = 

R 

/.   by  (27), 

«2«l{«0- 

• 

«3— («!  — «3)}    = 
«0^3 

aoai«2*3 

R 

Hence 


(28) 


«i  =  «o(l-g). 

By  combining  this  with  (27), 

«2{«o(l-gJ+^}  =«o«3(l-g);      .     (29) 
also  from  (26)  and  (28), 

(|^«0-»?«l)«l    =     ^^(«2  +  «3), 

and  substituting  for  a.^,  from  (29),  and  dividing  by  1— ^) 
this  becomes 

-!«''«» (2-1) -!-*=»•  •  •  •  (30) 

The  coefficient  of  a^^  in  this  expression  is  negative  when 
0:3=  — CO  , 

It  is  positive  when  a3  =  0,  and  negative  when  a3  =  <x> . 

Hence  the  equation  has  a  positive  root.  In  order  that  the 
solution  may  be  applicable,  this  root  must  be  such  that 

1         1         1 

as  a^  K 

i.  e.  the  space  enclosed  between  the  inner  boundary  of  the 
inner  shell  and  the  outer  boundary  of  the  outer  one  must  be 
greater  than  the  volume  of  the  material  used.  The  change 
in  the  sign  of  the  expression  from  positive  to  negative  as 
ftg  increases  must  therefore  take  place  when 

111 

a^         aQ         ix 
or  the  expression  must  be  negative  when 

i  =  i  +  i. 

«3  ao  R 
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Now  equation  (30)  may  be  thrown  into  the  form 

RasVag     Rj     R^  ' 


and  putting 

1    _    1  _  1 

as  R  —  ao' 

the  left-hand  side  become^' 


<^i/{^^-s}- 


Hence  the  condition  that  there  shall  be  an  arrangement 
which  gives  a  minimum  external  field  is  that 

^  >^^,     i.e.    >€,     I.e.    >  '^ 


If  we  confine  ourselves  to  the  case  of  a  small  magnet  in 
the  centre  of  the  shell :  in  the  limitino-  case 

L  =  ^=l  +  5=H-e, 

as  against  L  =  (l+v^e)', 

obtained  when  the  internal  and  external  radii  were  given. 
If  /Jb  is  nearly  equal  to  unity,  this  reduces  to 

i  >  i; 

R  CCq 

i.  e.  there  will  be  no  "  best  arrangement  ^'  unless  the  volume 
of  the  shielding  material  exceeds  the  volume  of  the  space 
enclosed.     If  /x  is  very  large,  the  expression  becomes 

111 
R        (Xq        '2fi 

rru         -r  -AA  1-         0"009 

Thus,  if  /x  =  oOO,       Y5  >  • 

There  will  be  no  "  best  arrangement  ^'  unless  the  volume  of 
the  shielding  material  is  greater  than  (in  round  numbers) 
one  hundreth  of  the  volume  enclosed ;  /.  e.  unless  it  is  more 
than  sufficient  to  form  a  shell  the  thickness  of  which  is 
=  0-003  of  the  radius. 

In  this  case  therefore,  as  in  that  in  which  the  radius  of  the 
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outer  surface  was  given,  if  very  thin  shells  are  used,  lamination 
is  injurious.  The  higher  the  permoalnlity  the  smaller  is  the 
lower  limit  of  thickness  above  which  lamination  is  useful.    If 

.    .    3 

the  permeability  is  great,  the  Hmit  is  ^  x  radius.     If  we  put 

1-1         _1 

a^         11         Uq 

in  equation  (29),  we  get  a^-^a^,  i.e.  the  thickness  of  the 
external  shell  vanishes  in  the  limiting  case. 

I  now  proceed  to  give  some  numerical  examples  of  the 
application  of  these  formulae.  Equation  (30)  is  troublesome, 
but  when  /a  is  large  so  that  |  and  t)  are  nearly  equal  it  may 
be  simplified. 

It  then  reduces  to 

We  have  already  seen  that  when  the  radius  of  the  outer 
shell  is  twice  the  smallest  radius,  the  best  result  is  obtained 
when  the  volume  of  the  shells  is  five  times  the  volume  of  the 
space  enclosed  by  the  smaller  shell. 

The  above  equation  may  be  used  to  determine  whether  a 
still  better  arrangement  is  possible  with  the  same  volume  of 
material,  if  we  suppose  the  radius  of  the  external  surface 
A^ariable. 

If  aQ=l,  1/R=5,  and  equation  (31)  is  found  to  have  a 
root  such  that 

l/ag  =  9*5  nearly. 

This  gives 

ag  =    ^^b  =  2-118  ; 

and,  as  in  the  previous  calculation  we  assumed  a^  =  2,  it  is 
evident  that  the  two  critical  points  nearly  coincide. 
In  this  case  we  get 

a,  =  «o(l-«3/R)  =  9/19, 
from  (Xo  =  18/101. 

The  magnitude  of  the  shielded  field  is  practically  the  same 
as  before. 

It  must  be  remembered  that  neither  the  equation  in  a^  nor 
the  ratio  ^/t/^q  ^^'^  valid  when  ^  is  put  =77  if  the  shells  are 
thin  or  (which  amounts  to  the  same  thing)  if  R  is  large. 

The  best  method  of  dealing  with  the  problem  is,  then,  as 
follows  : — 
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Write  f  =  '»;(l+6), 

where  e  is  so  small  that  terms  in  e  may  be  neglected,  unless 
divided  bj  a  small  quantity. 

Then  equation  (30)  may  be  written 

The  terms  in  e  may  therefore  be  neglected  unless  11/^3  is 
large. 

As  an  example,  let  R=10,  i.  e.  let  the  volume  of  the  metal 
be  one  tenth  of  the  volume  of  the  enclosure. 

If  then,  as  before,  we  take  yu,=501,  aQ=l, 

.'.     f  =  97(1  +  0-009)     and-    e  =  0-009. 
If  we  neglect  all  the  terms  in  e  we  get 

i  =  2-17. 

as 

Hence  eR/ag  =  -1953, 

which  cannot  be  neglected  when  compared  with  unity. 
Taking  this  term  into  account, 

l/ag  =  1-875. 

As  the  radii  vary  inversely  as  the  cube  roots  of  the  a's,  the 
two  values  of  the  external  radius  are  1-233  and  1-294.  As 
the  shielding  varies  slowly  when  near  a  minimum  value,  as 
the  outer  shell  is  displaced  outward,  it  is  probable  that  no 
very  grave  error  would  be  introduced  even  in  this  case  by  the 
use  of  the  approximate  equation.  The  error  would,  how- 
ever, increase  rapidly  as  the  volume  of  material  employed 
diminished. 

Using  the  more  correct  value  we  get 


a^^aJl-"^  =1-0-0533  =  0-9467, 


-i=i----  +  -=0-l-l-875-l-056  +  l  =  -1-831. 

«2         -tv        «3         «1         «o 

Hence  we  have  for  the  best  arrangement, 

a3=0-5333,    a2  =  0-5461,    ai=0-9467,    a^=l, 
or         ^3  =  1-233,      a2  =  1-223,      «!=  1-018,      a^^i. 
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It  will  be  convenient  to  throw  equation  (4)  into  a  form 
suitable  for  calculation  when  the  shells  are  thin  and  the 
permeability  is  great. 

With  the  same  notation  as  that  just  employed  it  becomes 

na,-.,)(...-.,)  {  -»,+».(!+  J^)  (i+ „-f4)) 

which,  in  the  case  under  consideration,  leads  to  the  result 

>I'/-»/ro= 0-064. 

By  (2),  if  the  same  amount  of  material  were  concentrated 
in  a  single  shell,  we  should  have 

.^/>/ro=  0-089. 

In  this  case  therefore  the  advantage  of  the  best  arrange- 
ment is  much  less  than  if  a  larger  amount  of  material  were 
used. 

No  very  great  disadvantage  is  entailed  in  such  a  case  if 
the  outer  shell  be  outside  its  best  position,  as,  if  we  take 
l/a3  =  3,  we  get 

>^/^o= 0-069, 

which  does  not  differ  very  much  from  the  minimum  value. 


Case  of  Tioo  Shells  lohen  the  largest  and  smallest  radii  a7id  the 

volume  of  the  material  used  are  given. 

In  this  case  daQ  —  da^-=0,  and  as  before 
1 _  i      l_l-i 

a^       a^       «!       ocq       R 

where,  since  a^  and  a^  are  given,  p  is  a  known  quantity. 
Hence  substitutino-  from 


we  oet 


dccn        da,    .      ,_, 

—2  =  -z{  "^  (5) 


[^'?{ai«2(«i  +«2)  —  ao«2^}  — '?W«3]  (a2  — «3)  =0, 

or  «2^  («0  —  «1 )  —  «2ai^  =  -  >  «1^«3  • 


or  «! 
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But  1  =  P±3, 

a.!  pa  I 

"         (p  +  ai)2  p  +  cc,  I' 

■whence  ai  is  known. 

In  the  case  when  fi  is  so  great  that  ^  may  be  taken  =??, 
this  becomes 

(p  +  «l)*(p-a3)=p-(«o  +  p). 

If  the  given  volume  is  very  nearly  =^7r(«3'— tfo^),  l/p  is 
small. 

In  this  case  the  solution  reduces  to 

2a^^—r}ocs  =  ^aQ, 

_  "sV  +  ^% 

~        ^^       ' 
If  fjb  is  large,  this  becomes 

Hence,  if  the  external  and  internal  radii  are  given,  the 
best  position  for  a  narrow  crack  within  the  shell  is  such 
that  the  volume  it  encloses  is  the  harmonic  mean  of  the 
volumes  enclosed  by  the  inner  and  outer  surfaces  of  the 
shell  respectively. 

Case  of  Two  contic/uous  Shells  of  different  Permeabilities. 

It  is  evident  that  the  question  as  to  the  best  arrangement 
of  two  shells  of  dift'erent  permeabiUties  cannot  be  very  defi- 
nitely answered. 

If  the  dimensions  of  the  shells  are  variable,  the  more  of 
the  more  permeable  material  we  use,  the  more  complete  will 
be  the  shielding. 

If,  however,  the  dimensions  of  the  shells  are  fixed,  under 
certain  circumstances  (such  as  when  its  thickness  is  much 
the  greater)  it  will  be  better  to  make  the  outer  shell  of  the 
more  permeable  material,  while  under  other  conditions  the 
reverse  arrangement  may  be  best. 

Though  the  problem  is  not  of  any  great  practical  interest, 
it  may  be  worth  while  to  indicate  the  mode  of  solution. 

Let  /x,o=/x3=l,  and  let  the  permeabilities  of  the  two  shells 
be  fi  and  fj,^.     Then  we  get 
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^{-«l«2N(^>i  +  //2)(/tio-l)(/^l-l)-VN(N  +  /Z2)(/^l-/^2)(/^l-l) 

+  ao«2(N/il  +  1)  N  (/^2-  l)(^l  -/^z)  +ao'^l(NiXi  +  1)  (N  +  yU2)  (N/ti2  +/*l) 

=  i/roaoai(N  +  l)>i/Lt2. 

Hence,  if  "^g  and  ^i  be  the  external  potential  when  the 
permeability  of  the  external  shell  is  /xg  a^nd  /j,i  respectively, 
we  get,  by  exchanging  the  positions  of  the  symlDols  fii  and  fi^ 
in  the  above  expression  and  subtracting, 

i/rao«i(N  +  l)Vi/^2  {  ^2  "~  "^  I 

=  (/^i-/^2)  [-«i'N{2/.i/.2+ (N-l)(/.i  +  /i2)-2N} 
-ai(«2  +  «o)N(N-l)(/.2-l)(/Xi-l) 
+  ao^aN  {  2N/Xi/*2  -  (N- 1)  (i^i  + /i2)  -  2  }  ]. 

Hence  the  exchange  of  materials  causes  no  difference  if  either 
fii  =  fM2  or  if  the  second  factor  on  the  right-hand  side  vanishes. 

If  both  the  shells  are  thin  let  a2  =  ai  +  ti,  and  aQ  =  ai  —  to, 
where  the  squares  of  ti  and  ^2  may  be  neglected. 

Then 

«2=(«i  +  i2)"^""''^  =  «i|l-(2n  +  l)M 

a,=  (ai-g-^'"+'^=ai|l+(2n+l)^^j. 
Substituting  these  approximate  values,  the  second  factor 

-(2/i  +  l)N(N  +  l)(/xif.2-l)(^2-«o)K 
which  proves  that,  as  we  should  expect,  if  the  shells  are  thin 
the  order  of  their  arrangement  is  indifferent. 

Case  of  Three  Shells  of  different  Permeabilities. 
The  general  relation  between  ^  and  ■xJtq  when  an  internal 
space  of  permeability  /^o  is  surrounded  by  three  concentric 
spherical  shells  of  permeabilities  fiy,  (I2,  fi^,  and  when  the 
permeability  of  external  space  is  fi^,  is 

i|roaoai«2  •  H'oH'if^2f^si^  +  1)V^ 

=  «ia2a3N (^3-/^4)  (^0— /^i)  (N/A2  +  /i3)  (N^i  +  /*2) 
+  aia2^N(N/A4  +  /^3)  {f^2—H'z)  (/^o— /*l)(N/ii  +//2) 
+  ai^a^W  (/X3 — /^i)  (/A2  -  /^s)  ( Ati — /^s)  (/*o  —  /^i) 
+  af  a^N  (N/X4  +  /A3)  (N/ig  +  /ig)  {h^i—h)  (^0— /*i) 
+  aoa2a3N(N/A2  +  /^s)  (N/^i  +  /^o)  (/^3 — /^J  {fJ'i—/^2) 
+  aQa2^j^(^fii+H'3)  (^/ii  +  /^o)  (/*2— /^a)  {f^i—H'2) 
+  a^ajagN  (N/^s  +  /^i)  (N/ii  +  /io)  (/^a  — /^J  (/*2 — /^s) 
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If  uow  we  put  yLio  =  Ato  =  yLi4=l,  tliis  reduces  to  the  case  of 
two  concentric  shells  of  permeabilities  /x^  and  /Z3  respectively 
in  air  and  separated  by  an  air-gap.    The  equation  then  becomes 

i/roooaioa  •  f^iM^  +  1  )*/^ 

+  u,a.^^  (N  +  IM,)  (^3  - 1)  (;,,  -  1)  (N/M,  +  I) 

-«i2«,N(N+yL.3)  (Nm3  + 1)  (/^i-l)^ 

+  ao^S^sN  (X  +  fl3)  (N/Xi  +  1)  (;X3  _  1)  (^,  -  1) 
-aO«2'N(X  +  /X3)(N/ii  +  l)(/i3-l)(/*l-l) 

-aoaia3N(N  +  /.i)  (N/tj  +  1)  (/X3-I)' 

+  aoai«2(N/ai  +  1)  (N  +  /^i)  (^>3  +  1)  (N  +  yCig). 

If  we  write 

fl=(Ny^l  +  l)(N+^0.       |3=(N/.3+l)(N  +  /.3), 
^l  =  N(/^l-l)^  773  =  N(^3-1)^ 

P=N(/.3-l)(/c.i-l)(N  +  /.3)(N/.i  +  l), 
the  equation  reduces  to 

'«^uaoai«2/^i/i3(N  + 1)  *^ 

=  «!  (^3*2  — '^S^s)  (liao  — '/l^l )  —  P«2  («0  —  ^l)  («2  —  «3)  J 

which,  if  we  proceed  to  put  /xi  =  //.3,  further  reduces  to  the 
expression  previously  obtained. 
Differentiating, 

=  •{Pa2ai(a2  — '^s)  —V^i'{^z^2—  ^h^a)  }oiiOi2daQ 

+  {  —  Pa2»o(«2  —  ^3)  +  Vi^i-(h^-2  —  Vz^»)  }aoa2dai 
+  {Pa2^(ao— «i)— '73«i«3(?i<^  '  — "^1*1)  }ao«i^a2 

If  the  inner  shell  and  th'i  external  radius  are  given,  the 
best  value  of  a2^  is  deduced  from  the  equation 

Comparing  this  with  equation  (6)  we  see  that  the  new 
value  of  r:>  i;  greater  than  that  obtained  when  the  permea- 
bility ol  t  J  external  shell  is  the  same  as  that  of  the  inner 
one  if 

WP>l/li; 


>  (32) 
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I.  e.,     if  (/.3-  l)(N+/ii)  >  {Ati-l)(N+/i3), 

i.e.,     if/i3>/Ai. 

In  like  manner,  if  the  outer  shell  and  the  internal  radius 
of  the  inner  shell  are  given,  the  best  arrangement  requires 
that 

2_  ^^2^0(0^2  — «3) 
"^  '7l(l^3«2  — ^^s)' 

which  is  greater  than  the  corresponding  value  when  the 
permeabilities  of  the  shells  are  the  same  as  that  of  the  inner 
shell  if 

i.  e.,     if  «2li(P— »?i^3)  >a3';i(P-  ^1^3)' 
But 

P-^,^3  =  N(/.,-l)(N  +  /X3)(N  +  l)(/.3-/.i), 

P_|,^3=N(/.3-l)(N/.i  +  l)(N  +  l)(^i-/.3); 

and  therefore  the  two  sides  of  the  inequality  are  always  of 
opposite  signs. 

Hence,  if  the  permeability  of  the  outer  shell  is  increased, 
the  values  of  a^  and  «!  corresponding  to  the  best  arrangement 
under  the  circumstances  supposed  increase,  i.  e.,  the  outer 
shell  increases  and  the  inner  shell  diminishes  in  thickness. 

In  the  case,  therefore,  of  material  such  as  iron,  if  the  field 
within  the  outer  shell  is  such  that  the  permeability  of  the 
outer  shell  is  the  greater  (which  will  generally  be  the  case 
when  the  enclosed  space  is  protected) ,  it  will  be  better  to 
make  the  external  shell  relatively  thicker  than  the  above 
calculation  would  indicate.  Conversely,  if  the  inner  shell 
has  the  higher  permeability  its  thickness  should  be  increased. 

There  is  no  difficulty  in  eliminating  a^  and  a^  in  turn  from 
the  relations  obtained  by  equating  the  coefficients  of  dai  and 
da2  in  (32)  to  zero,  and  thus  finding  the  best  values  in  any 
given  case  for  which  the  equations  can  be  solved  by  trial. 

Summary. 

In  conclusion  it  is  perhaps  desirable  to  summarize  the  principal 
results  of  the  foregoing  discussion.  In  doing  so  I  shall  con- 
fine myself  exclusively  to  the  corresponding  cases  of  a  small 
magnet  placed  in  the  centre  of  the  shells,  and  of  shells  placed 
in  a  uniform  field,  and  thus  the  interpretation  of  the  symbols 
is  valid  for  these  cases  only. 

The  results  depend  upon  two  quantities,  viz.,  the  ratio  of 
the  outermost  to  the  innermost  radius  of  the  serie;5  of  shells* 
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In  the  paper  the  cube  of  this  quantity  is  indicated  by  the 
symbol  li  =  a(flu^^  =  a^^^/ao^,  where  n  refers  to  the  outermost 
surface. 

The  other  quantity  e  is  a  function  of  the  permeability.  In 
the  cases  wliieh  I  am  now  considering, 

^=  (2;x  + 1^/^+2)  =  i;,m^o^^^te\j, 

when  fj.  is  large. 

If  we  suppose  the  innermost  radius  of  the  shells  («o)  to  be 
fixed,  and  the  thickness  of  the  space  utilized  for  shielding  to 
increase  gradually  from  zero  to  a  thickness  t,  the  material 
employed  is  most  efficient  if  fashioned  in  the  form  of  a  single 
shell  until 

t  1  3 

—  =(l  +  e)^  — 1=—  approximately, 

if  fi  is  large. 

After  that  the  material  will  be  better  employed  if  we  divide 
it  into  separated  shells  ;  but  the  result  obtained  by  the  best  use 
of  the  given  quantity  of  material  can  be  still  further  improved 
by  fiUing  up  the  space  between  the  shells  with  more  of  the 
material,  provided  the  thickness  of  the  whole  shell  occupied 
by  the  shielding  machinery  is  less  than  the  value  given  by 


=  {l+  ^^ey-l=\/~, 


if  fi  is  large. 

After  this  limit  is  passed  it  becomes  positively  injurious  to 
fill  the  whole  of  the  shielding  space  with  the  permeable 
material. 

Better  results  can  always  be  obtained  by  two  shells  with 
the  same  internal  and  external  radii. 

If  the  ratio  of  these  radii  (ct3/ao=  v^L)  is  given,  the  best 
arrangement  of  two  shells  is  defined  by  the  equations 

where  X.  is  given  by  the  equation 

X\X-l)-L{\-l  +  6)=0. 

The  best  arrangement  for  three  shells,  if  ttie  ratio  of  the 
Fhil.  Mag.  S.  5.  Vol.  37.  No.  224.  Jaru  1394.  K 
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innermost  and  outermost  radii  is  given  {ai,/ao=  v^L),is  de- 
fined by  the  equations: 

a,       ai      ^ 


as      as      a  I  ' 

where  \  is  defined  by  the  equation 

x'(X-l)-L3(X-l  +  e)=().  ■ 

In  botli  ca^^es,  when  the  permeability  i.«  great  the  best 
arrangement  i.s  that  in  which  t)ie  radii  of  the  successive 
bounding'  sui'faces  of  the  shells  are  in  Geometrical  Pro- 
gression.  ,' 

The  ratio  of  the  shielded  to  the  unshielded  field  when  tlie 
best  arrangement  is  adopted  is 

L-62  ,  L^^' 


for  two  and  three  shells  respectively,  X  being  in  each'  case 
determined  from  the  equation  given  above  as  appropriate  to 
that  case. 

When  the  permeability  is  great  and  the  shells  are  not  very 
thin,  these  expressions  become 

and  — -g  respectively. 


(x/L-iy  {i/'L-iy 

The  conditions  for  the  best  arrangement  in  the  form  of 
two  shells,  when  (I)  the  innermost  radius  and  the  total  volume 
of  the  permeable  material,  and  (2)  the  innermost  and  outer- 
most radii  and  the  total  volume  of  permeable  material  are 
given,  are  less  symmetrical  but  are  set  forth  above. 

In  any  case  of  an  arrangement  in  the  form  of  two  shells  of 
materials  of  different  permeability,  in  order  to  obtain  the  best 
result,  the  thickness  of  the  shell  formed  of  the  more  permeable 
material  should  be  greater,  and  that  of  the  shell  of  less  per- 
meable material  should  be  less  than  is  given  by  the  above 
rules. 

The  equations  are  obtained  by  which  the  best  arrangement 
can  be  calculated,  if  the  permeabilities  and  external  and 
internal  radii  are  oiven. 


X     . 
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VIII .  Hysteresis  attending  the  Change  of  Length  by  Mag- 
netization in  JS^ickel  and  Iron.  By  H.  Nagaoka,  Riga" 
kushi  *. 

[Plates  I.  &  II.] 

SINCE  Joule's  discovery  t  that  the  length  of  iron  is 
changed  by  magnetization,  the  subject  has  been  studied 
by  Mayer  t,  Barrett  §,  Bidwell  ||,  and  Berget  1[.  _  Bidwell 
carried  the  investigation  into  very  strong  magnetizing  fields, 
and  discovered  several  new  facts  concerning  the  changes  of 
length  in  ferromagnetic  substances.  So  far,  however,  nothing 
has  been  definitely  established  regarding  the  manner  in  which 
these  substances  change  lengih  during  cyclic  changes  of 
magnetization.  The  object  of  the  present  investigation  is  to 
ascertain  if  there  is  any  hysteresis  in  the  changes  of  length 
during  magnetic  cycles,  and  at  the  same  time  to  determine 
its  amount. 

Several  fruitless  attempts  were  made  before  I  obtained 
any  definite  result.  The  first  method  1  had  recourse  to  was 
that  of  interference-fringes.  A  small  brass  plate  was  brazed 
to  the  end  of  an  iron  wire,  and  a  plane  glass  plate  placed  upon 
it.  Separated  by  a  thin  air-film  was  a  plano-convex  lens  of 
about  40  centim.  focal  length,  with  23  fine  dots  on  its  plane 
face.  The  lens  rested  on  a  tripod.  These  different  pieces  of 
apparatus  were  detached  from  Fizeau's  dilatometer.  The 
change  of  length  was  determined  by  observing  the  displace- 
ment of  the  fringes  produced  by  sodium-light.  From  the 
position  of  the  dots  it  was  possible  to  determine  a  change 
amounting  almost  to  a  hundredth  part  of  a  sodium  wave- 
length D.  But  as  each  observation  of  the  fringes  required  a 
few  minutes,  it  was  difficult  to  keep  the  temperature  constant ; 
and,  moreover,  owing  to  the  uniformity  of  distribution  of 
the  fringes,  it  was  not  always  easy  to  count  the  number  dis- 
placed. Consequent]}'  it  was  necessary  to  devise  a  more 
delicate  method,  and,  if  possible,  some  means  of  compensating 
for  temperature-effects. 

»  Communicated  by  Prof.  C.  G.  Knott,  D.Sc,  F.R.S.E. 
t  Reprint  of  Papers,  vol.  i.  p.  235. 
X  Phil.  Mapr.  [4]  xlvi.  p.  177. 
§  '  Nature;  1882. 

II  Proc.  Roy.  Soc.  1886 ;  Phil.  Trans.  1888  ;  Proc.  Roy.  Soc.  1890. 
^   Compt.  Rend.  tom.  cxv.  p.  722. 
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I  also  tried  an  experiment  with  a  system  of  levers  ;  but  it 
did  not  work  smoothly,  so  that  the  readings  were  capricious 
and  could  not  be  trusted. 

These  faults  were,  to  a  great  extent,  removed  by  the 
apparatus  which  I  describe  below.  The  horizontal  and 
vertical  projections  of  the  apparatus  are  represented  in  fig.  1 
and  fig.  2  (Plate  I.)  respectively.  The  essential  part  consists 
of  a  stout  brass  bar  53  centim.  long,  1  centim.  broad,  and 
I'l  centim.  high.  It  is  provided  with  three  levclling-screws 
(^ij  h)  h)'  ^  carefully  polished  V-groove  is  cut  along  the 
bar.  A  small  rectangular  brass  pillar  [j))  is  erected  at  one 
corner  of  the  bar.  A  small  vertical  V-groove  is  cut  on  it, 
and  on  this  two  points  of  the  lever  rest.  The  lever  with 
a  mirror  attached  is  shown  in  fig.  3,  both  from  the  front  and 
from  behind.  It  is  a  small  rectangular  piece  of  brass  with 
three  steel  points  (/:)i,^2,/>3),  of  which  two  {pi,  p^)  rest  on 
the  V-groove  \np.  The  other  point  Q93)  comes  in  contact 
with  a  small  plane  glass  plate,  which  is  fixed  to  the  end  of  the 
movable  brass  rod.  The  point  of  contact  is  in  the  prolonged 
axis  of  the  wire  whose  change  of  length  is  to  be  determined. 
The  distance  of  the  line  p^  2^2  from  p^  is  1'125  millim.  Pre- 
liminary testing  showed  that  the  relative  positions  of  these 
three  fine  steel  points  were  not  directly  affected  by  the 
magnetizing  forces.  The  plate  has  three  holes  {hi,  ho,  h^). 
To  the  holes  Ag  As  is  attached  a  thin  brass  wire,  which  is 
pulled  at  its  middle  by  means  of  a  small  spiral  spring  (^2) 
of  hard  brass  wire.  Another  spring  (sj),  similarly  made,  is 
attached  to  the  other  hole.  These  springs  can  be  adjusted  by 
means  of  slide  arrangements,  ?i]  and  n2,  attached  to  the  sides 
of  the  bar.  The  circular  mirror,  m,  attached  to  the  lever  was 
obtained  from  Hartmann  and  Braun. 

The  greatest  difiiculty  in  the  measurement  of  change  of 
length  by  magnetization  arises  from  the  temperature-changes 
produced  by  a  current  passing  into  the  magnetizing  coil. 
On  this  account  most  experimenters  have  passed  the  current 
only  for  a  very  short  time,  and  observed  the  change  before 
the  temperature  produced  any  effect.  The  consequence 
is  that  the  changes  are  traced  only  by  jumps.  I  found 
that  the  temperature-effect  could  be  greatly  compensated  for 
by  applpng  the  principle  of  the  gridiron-pendulum.  This 
end  was  achieved  by  using  zinc  rods  of  different  lengths  such 
that,  in  any  combination,  the  total  expansion  due  to  small 
changes  of  temperature  in  particular  lengths  of  zinc  and  iron 
(or  nickel)  was  equal  to  that  in  a  particular  length  of  brass. 
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Zinc  rods  5  millim.  thick  were  carefully  turned  on  a  lathe,  and 
cut  into  proper  lengths. 

The  extremities  of  the  zinc  rod  {z  in  fig.  1)  are  concave, 
so  that  the  convex  ends  of  the  brass  rods  {a,  w')  come  into 
contact  at  the  axial  points  of  the  rod.  To  the  ends  of  the 
wire  (?(')  are  brazed  two  short  brass  rods  [w' ,  xo'),  about 
1  centim.  long  and  5  millim.  thick,  with  their  ends  made 
convex.  [In  brazing  the  wire  care  was  taken  that  the  axis  of 
the  wire  coincided  with  the  axes  of  the  rods.] 

A  brass  rod  (h),  5  millim.  thick,  is  placed  in  contact 
with  lo'.  At  the  end  of  the  rod  a  plane  glass  plate  is 
attached,  so  that  the  steel  point  p^  of  the  lever  comes  in 
contact  with  it.  At  the  other  extremity  of  the  row  of  rods 
is  a  stop.  It  consists  of  a  triangular  prism  of  brass  to 
which  a  brass  rod  {d),  5  millim.  thick,  is  attached.  The 
prism  fits  in  the  V-groove,  and  is  fixed  tightly  by  means  of 
a  clamping-screw,  c.  To  adjust  the  length  {h  c)  it  is  pro- 
%'ided  with  a  slit  g.  The  screw  (c)  can  be  placed  at  any 
part  of  the  slit,  and  the  position  of  the  movable  system 
h,  w',  10,  iv',  z,  can  be  so  adjusted  that  the  plane  of  the  lever  is 
perpendicular  to  the  axis  of  the  system.  The  slight  push 
exerted  by  the  springs  {.<i,  ^2)  on  the  movable  system  prevents 
the  play  of  diflferent  parts  among  each  other,  and  was  sufficient 
to  overcome  friction  during  contraction. 

Perhaps  the  following  short  explanation  of  figs.  1  and  2 
will  make  the  various  parts  of  the  apparatus  clear  : — li,  l^,  h, 
levelling-screws  ;  a,  lever  with  three  steel  points  (dots  in  the 
figure)  ;  p,  pillar  wdth  vertical  groove  ;  Si,  s^,  brass  springs 
attached  to  the  lever  for  adjustment ;  nj,  Wg,  slide  arrange- 
ment for  adjusting  the  strength  of  the  springs  ;  ^1  ^2,  ^3  h, 
clamping-screws  for  ni,  rig  respectively  ;  b,  brass  rod  with 
plane  glass  ;  tc,  lo',  brass  rods  attached  to  the  extremities  of 
the  wire  w  ;  w,  wire  whose  change  of  length  is  to  be  mea- 
sured ;  z,  compensating  zinc  rod ;  d,  brass  rod  attached  to 
the  stop  ;  g,  slit  in  the  stop  ;  c,  clamping-screw. 

The  rod  was  placed  inside  a  solenoid  30  centim.  long,  which 
lay  in  a  horizontal  position  magnetic  east  and  west.  It  had  a 
resistance  of  0"63  ohm,  and  gave  a  field  of  37*97  C.G.S.  units 
for  a  current  of  one  ampere.  The  internal  diameter  of  the 
solenoid  was  3*0  centim.,  and  no  part  of  the  measuring  appa- 
ratus came  in  contact  with  it.  Care  was  taken  to  place  the 
apparatus  along  the  axis  of  the  solenoid,  and  so  to  place  the 
wire  that  its  middle  point  coincided  ■v\ath  that  of  the  solenoid. 
These  precautions  were  always  necessary,  especially  when  the 
wire  was  thick. 
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The  optical  method  for  observing  the  change  of  angle 
requires  little  explanation.  When  the  Gauss-PoggendorfF 
method  is  used  at  a  great  distance,  it  requires  very  strong 
illumination  of  the  scale  and  a  good  observing-telescope  ;  or 
when  the  reflected  spot  of  light  is  read  on  the  scale,  electric- 
or  lime-light  must  be  used.  This  inconvenience  can  be 
removed  in  the  following  manner  (see  fig.  4). 

A  fine  glass  thread  t  is  placed  vertically  in  the  focus  of  a 
small  achromatic  lens  c,  and  illuminated  by  a  lamp.  The 
ray,  after  passing  the  lens,  is  reflected  by  a  right-angled 
prism  p,  and  thrown  on  the  mirror  ?n.  After  reflexion  in  the 
plane  mirror,  the  ray  traverses  an  achromatic  lens  L  (whose 
focal  length  was  about  70  centim.  in  my  experiment).  The 
image  of  the  glass  thread  is  then  observed  by  means  of  a 
microscope^  M,  provided  with  a  micrometer.  I  used  a  micro- 
scope detached  from  a  geodetic  comparator ;  the  magnifying- 
power  was  about  40,  but  if  great  exactness  be  desired  it  can 
be  increased  about  five  times,  provided  suflicient  illumina- 
tion be  given.  In  place  of  the  glass  thread  at  ^  I  tried  a 
fine  slit,  spider  or  silk  thread,  and  diamond  traces  on  glass  ; 
but  it  was  found  best  to  use  a  glass  thread  of  such  thickness 
that  its  image  was  a  little  greater  than  the  movable  double 
threads  of  the  micrometer.  In  the  present  experiment, 
1776  divisions  of  the  micrometer  were  equal  to  524"' 1,  so 
that  a  single  division  was  equal  to  0"'295.  The  displacement 
of  one  micrometer  division,  therefore,  gave  a  change  of 
length 

0-1125  X  0-295  X  4-848  X  10-6 
_ ^  centim. 

=  0-805  X  10-7  centim.  =  0-00137  X^, 

where  Xjj  represents  the  wave-length  of  the  sodium-line  D. 

In  experiments  with  the  nickel  wire  through  wide  ranges 
of  magnetizing  force,  the  contraction  was  so  great  that  the 
image  of  the  thread  passed  out  of  the  field  of  the  microscope. 
The  lens  and  microscope  were  then  replaced  by  a  telescope, 
in  the  focus  of  which  was  placed  a  scale  divided  to  tenths  of 
a  millimetre  ;  a  single  division  corresponded  to  20-2  X  10" 
centim.  It  is  easy  to  see  that  the  collimating-lens  e  can  be 
replaced  by  the  lens  L.  For  this,  it  is  necessary  to  place 
the  prism  between  M  and  L,  and  the  thread  t  at  such  a 
distance  that  the  optical  path  through  the  prism  co  the  lens 
is  equal  to  its  focal  length.     This  method  of  measuring  small 
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changes   of  anole   can    be   advantaoeouslv   used    in   various 

11 
other  researches  *. 

The  magnetizing  current  was  supplied  by  Bunsen  cells, 
and  its  strength  was  measured  by  a  Thomson  Graded  Gal- 
vanometer. The  galvanometer  was  gauged  by  means  of  a 
deciampere  balance.  The  current  was  always  changed  con- 
tinuously by  means  of  a  liquid  slide  included  in  the  circuit. 

A  rough  plan  of  the  arrangement  of  the  different  parts  is 
given  in  tig.  4. 

The  hysteresis  accompanying  the  change  of  length  in  nickel 
is  not  so  complicated  as  in  iron.  1  will  first  describe  a  few 
experiments  luade  with  the  former  metal.  A  nickel  wire, 
194:  centim.  long  and  2*04  millim.  thick,-  M'as  carefully 
annealed  by  placing  it  due  magnetic  east  and  west  in  a  por- 
celain tube,  and  heating  it  red-hot  in  a  charcoal  fire.  The  wire 
was  then  placed  in  the  V-groove  of  the  apparatus,  and  inserted 
in  the  solenoid.  The  strength  of  the  current  was  gradually 
increased,  and,  at  convenient  intervals,  the  corresponding 
readings  of  the  micrometer  and  galvanometer  were  noted, 
till  the  magnetic  field  was  10"2  C.G.S.  units.  The  contrac- 
tion of  the  wire  was  at  first  very  slow,  but  when  the  field 
was  about  8  the  rate  of  change  was  greatly  increased. 
As  the  field  was  diminished  the  wire  tended  to  return  to 
its  former  state,  but  not  by  its  former  course.  There  was 
lagging,  so  that  the  wire,  for  the  same  strength  of  field,  was 
more  contracted  than  when  the  field  was  on  the  increase. 
In  fact,  when  the  field  was  diminished  to  zero,  the  wire 
still  remained  contracted  38*2  x  10~^  of  its  original  length. 
When  the  current  was  reversed,  the  wire  continued  in  its 
tendency  to  recover  its  former  length  until  the  reversed  field 
became  equal  to  5.  There  the  recovery  stopped,  and  the 
wire  began  once  more  to  contract,  and  the  contracted  length 
in  field  —  lO'l  was  nearly  the  same  as  that  in  field  -|-]0*2. 
On  decrease  of  current,  the  same  succession  of  changes  took 
])lace.  The  changes  are  graphically  represented  in  fig.  5 
(PI.  I.),  where  the  course  is  in  the  order  of  the  letters  of  the 
alphabet.  The  curve  cdefghoi  a  cycle  from  the  highest 
field  and  back  to  it  is  nearly  symmetrical  with  respect  to  the 
line  of  zero  field,  forming  complete  loops  on  both  sides. 
The  measurements  are  given  in  Table  I.  at  the  end  of  the 
paper. 

On  reannealing  and  experimenting  between  fields  +  30, 

*  I  found  lately  that  it  is  more  advantageous  to  replace  the  prism  p 
and  the  mirror  m  by  a  small  rectangular  prism  attached  at  m.  The 
positions  of  telescopes  and  collimators  must  be  suitably  changed. 
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•we  get  a  similar  curve  of  hysteresis  (fig.  6,  PI.  I).  The 
only  difference  between  the  two  is  that  the  field  which  gives 
the  minimum  contraction  is  higher  in  the  second  case. 

With  still  greater  range  of  the  magnetizing  field  very 
similar  results  are  obtained,  as  shown  by  the  curves  (figs.  6 
and  7,  PI.  I.).  An  examination  of  these  curves  will  illustrate 
the  character  of  the  hysteresis  better  than  a  mere  verbal 
description. 

The  contraction  of  the  magnetized  nickel  wire  does  not 
show  any  maximum  so  far  as  the  experiment  goes,  but  the 
curves  have  two  points  of  inflexion,  one  in  weak  and  the  other 
in  tolerably  large  fields.  The  measured  changes  of  length 
are  nearly  the  same  as  those  given  by  Bidwell  *.  (See  Table  II. 
at  the  end  of  the  paper.) 

Before  entering  into  the  description  of  the  hysteresis 
observed  in  iron,  I  will  describe  a  few  experiments  on  the 
changes  observed  in  iron  wires  of  different  lengths.  The 
curves  A,  B,  C  (fig.  1,  PI.  II.)  represent  the  elongations 
observed  in  iron  wires  whose  lengths  were  66,  22,  and  10*6 
times  the  diameter  respectively.  In  the  longest,  the  elonga- 
tion reaches  a  maximum  in  field  70  nearly,  and  shows  an 
inflexion-point  before  reaching  the  maximum.  In  curves  B 
and  C  the  inflexion-point  has  not  been  reached.  On  con- 
tinuing the  curve  B  (given  in  fig.  3,  PI.  II.),  the  maximum 
is  found  in  field  230,  which  is  very  large  compared  to  the 
former.  This  relation  of  the  elongation  to  the  length  of 
the  magnet  is  very  analogous  to  the  well-known  relation  of 
magnetization  to  length. 

The  changes  wrought  by  a  cycle  of  magnetization  on  the 
length  of  iron  wire  is  so  complex  as  to  require  a  detailed  de- 
scription. An  experiment  made  on  a  wire  19*4  centim.  long 
and  2*83  millim.  thick  will  illustrate  the  nature  of  the  hys- 
teresis. (For  measurements,  see  Table  III.)  The  curve 
given  in  fig.  2  (PI.  II.)  shows  that  the  elongation  in  weak 
fields  increases  gradually,  but  that,  beyond  a  certain  strength 
of  field,  it  increases  rapidly  until  it  reaches  the  "  wendepunkt.'' 
The  rate  of  change  then  gradually  lessens,  and  the  elongation 
reaches  a  maximum  in  field  70.  Beyond  this  point,  in 
increasing  fields,  the  elongation  diminishes  steadily.  The 
curve  thus  traced  up  to  field  305  is  abc d.  With  decreasing 
current  the  wire  again  elongates,  but  shows  lagging,  so  that 
the  length  of  the  wire  for  the  same  strength  of  field  is  shorter 
on  the  return  journey  until  field  120  is  reached.  Here  the 
branches  of  tli£  curve  cross.  In  lower  fields  accordingly  the 
*  Proc.  Roy.  Soc.  1890. 
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elongation  is  greater  in  the  descending  than  in  the  ascending 
curve,  until  field  25  is  reached.  At  this  point  the  wire 
begins  to  shorten  very  abruptly.  In  zero  field  the  wire  is, 
nevertheless,  longer  than  at  the  first  maximum.  When  the 
field  is  reversed,  the  length  continues  to  decrease,  but  only 
slightlvj  until  field  —15  is  reached.  Here  the  minimum 
occurs,  and  the  wire  begins  again  to  lengthen.  The  rate 
of  increase  is  comparatively  slow,  and  reaches  a  maximum 
in  field  —70.  Beyond  this  the  "wire  shortens  quite  rapidly, 
and  nearly  in  the  same  way  as  in  ascending  positive  fields. 
With  decreasing  magnetizing  current,  the  wire  again  shows 
hysteresis  and  the  part  I  m  goes  below  k  I.  The  tw^o  branches 
cross  in  field  —110,  and  the  wire  goes  on  elongating  till 
it  reaches  a  maximum  atjo  in  field  —25.  The  course  of 
changes  from  /  till  the  field  reaches  its  former  maximum 
value  is  nearly  similar  to  the  curve  d  e  f  g  hkl,  as  will  be 
seen  from  inspection  of  the  curve  Imjyqrst  (the  return 
curve  beyond  <j  is  given  in  dotted  lines  to  avoid  confusion). 
Although  the  curve  of  hysteresis  during  a  magnetrc  cycle 
is  very  complex,'  it  is  symmetrical  with  respect  to  the  line 
of  no  magnetizino-  force.  It  is  evident  that  the  maximum 
and  minimum  points  in  the  curve  are  due  to  the  lagging  of 
the  maximum  elongation. 

The  measured  elongations  of  the  wire  are  nearly  the  same 
as  those  given  by  Bidwell.  The  field  at  which  the  wire 
recovers  its  original  length  will  probably  be  about  400.  On 
extrapolating  from  the  curves  given  by  Bidwell  *,  I  find  that 
when  the  wire  has  no  longitudinal  stress  it  will  show  no 
elongation  at  about  the  same  strength  of  the  magnetizing 
force. 

The  course  of  the  curve  is  somewhat  changed  w^hen  the 
limiting  field  is  only  a  little  greater  than  that  of  maximum 
elongation.  This  case  is  elucidated  in  fig.  3  (PI.  II.),  from 
an  experiment  made  on  a  wire  10" 5  centim.  long  and  I*  75 
millim.  thick.  On  account  of  the  shortness  of  the  wire  com- 
pared to  its  thickness,  the  first  maximum  is  only  reached  in 
field  230  approximately,  and,  moreover,  the  slope  of  the  curve 
in  higher  fields  is  very  gradual.  After  describing  the  curve 
ahcd,  the  curve  d  e  f  g  h  k  I  m  n  p  q  r  s  is  traced  during  a 
cycle.  The  peculiarity  observed  in  this  case  is  that  in  place 
of  having  the  maxima  as  in  fig.  2,  there  are  curious  "  humps  " 
in  the  curve  at /and  n.  Had  the  magnetizing  current  been 
sufficiently  strong  to  cause  a  large  decrease  of  elongation,  the 

*  Loc.  cit. 
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maxima  would  probably  have  been  produced  at  or  near 
these  places.     (For  measurements  see  Table  IV.) 

Fig.  4  (PL  II.)  represents  double  magnetic  cycles  made 
on  a  wire  14"2  centim.  long  and  2'83  millim.  thick.  When 
the  maximum  elongation  was  reached  in  field  75  (which  is 
slightly  greater  than  in  fig.  2,  because  the  wire  is  shorter), 
the  magnetizing  Ibrce  was  decreased  and  a  cycle  performed. 
The  cyclic  curve  is  h  e  cl  e  f  g  h.  The  curve  evidently  shows 
hysteresis,  and  is  symmetrical  with  respect  to  the  vertical  axis. 
When  this  cycle  was  completed,  the  field  was  further  in- 
creased till  a  sufficient  decrease  of  elongation  set  in,  and  a 
second  cycle  with  greater  range  was  gone  through.  The 
curve  (shown  in  dots)  is  d'  e  f  g'  li  k'  rii  n  p'  q'  r'  s  t'  ?/,  and  is 
in  every  respect  similar  to  that  given  in  fig.  2 

The  experiments  above  described  prove  that  elongation 
in  iron  and  contraction  in  nickel  by  magnetization  both  show 
decided  hysteresis.  The  curve  of  hysteresis  is  symmetrical 
with  respect  to  the  line  of  zero  magnetizing  force,  so  that  the 
elongation  or  contraction  during  cyclic  changes  is  an  even 
function  of  the  magnetizing  force.  When  the  wire  is  mag- 
netized, it  cannot  be  brought  to  its  original  length  by  simple 
reversal  of  field.  While  this  paper  was  passing  through  the 
press,  Mr.  Lochner  published  the  results  of  his  investigation 
on  the  change  of  length  in  soft  iron  by  magnetism,  in  the 
December  number  of  this  Magazine.  The  curve  given  in 
fig.  3  of  his  paper  distinctly  shows  hysteresis. 

Some  of  the  elongations  measured  in  nickel  and  iron  wires 
are  given  in  the  following  Tables. 


Table  I. — Nickel  wire  :  /=19*4  centim.,  f?=2'04  millim. 


H, 

-^/xiu«. 

1      H. 

-^y^xm 

H. 

-^-f  xm 

0 

0 

3C) 

43-6 

-  3-8 

44-3 

2-0 

1-2 

2-2 

41-5 

-  2-4 

420 

2-8 

1-7 

0 

38-2 

0 

3(vS 

3-6 

2-5 

-  1-8 

341 

1-6 

32-7 

4-7 

3-3 

-  2-0 

30-3 

3-3 

29-9 

fi-fi 

4-2 

-  4-5 

27-8 

4-1 

27-4 

8-5 

14-8 

-  6-7 

28-7 

4G 

27-8 

92 

25-4 

-  7-8 

32-4 

5-4 

28-6 

10-2* 

53-0 

-  8-9 

390 

6-3 

29(5 

7-3 

49-8 

- 10-1* 

51-9 

7-9 

341 

b-S 

48-7 

-  7-9 

50-2 

100 

.50-3 

4-7 

46-4 

-  5-7 

48-2 

10-2 

r.3-7 

*  Give  maximum  magnetizing  field. 
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Table  II.— Nickel  wire  :  /=10-0  eentim.,  rf=2-04millim. 


H. 

1 
-'-{  X  lO:. 

1 
H.    .| 

-jXW. 

H. 

4 

0 

0 

35-2 

92-8 

-  46-5 

113           j 

11-2 

2-0 

25-6 

80-8 

-  37-5 

101 

14-6 

61 

19-5 

647 

-  30-2 

89 

17-8 

18-2 

90 

40-4 

-   2-J-7 

74-8         .] 

22-9 

30-3 

0-0 

24-2 

-   18-0 

64-6         1 

25-6 

40-4 

-     7-8    i 

14-1 

-    151 

58-6         1 

30-3 

52-5 

-  110 

12-1 

-     8-8 

42-4         i 

36-7 

646 

-  161 

20-2 

0-0 

24-2         1 
18-2        \ 

44-2 

80-8 

-  201 

26-2 

4-9 

544 

98-9 

-  24-3 

42-4 

12-4 

18-2 

68-9 

123 

-  29-4 

58-5 

15-9 

22-2         ■ 

82-3   ' 

139 

-  37-3 

70-7 

18-8 

26-2         ' 

•    102-4   1 

158 

-  42-5 

84-8 

21-8 

38-3 

118-6 

168 

-  49-4 

98-9 

259 

46-5 

139-4 

182 

-  57-9 

111 

28-8 

60-5 

158-2 

190 

-  67-8 

127 

35-2 

70-6 

^     171-4 

196 

-  80-7 

144 

422 

86-8 

i     230-6 

218 

-101-4 

162 

49-7 

103 

I    235-8* 

220 

-141-5 

182 

590 

121 

i    173-9 

206 

-170-3 

200 

67-6 

129 

147-8 

196 

-231-6* 

220 

80-2 

146 

'..    117-9 

182 

-160-4 

204 

104-8 

168 

:      89-6 

164 

-125-2 

188 

126-3 

186 

71-8 

146 

-  90-9 

166 

149  9 

196 

'-      56-1 

125 

-  77-0 

150 

1750 

2m 

i      45-7 

109 

-  58-7 

127 

234-7* 

224 

:      37-7 

107 

1 

1 

*  GH 

ve  maxim  I 

m  magnetizin 

y  field. 

Table  I 

[T. — Iron  V 

srire :  /  = 

:  19-44  cent 

im.,  d  = 

2-83  millim 

61 

1 

£f 

i 

61       .     1 

H. 

I  ^  ^^  ■ 

H. 

1 

jxio: 

H. 

-rXlO'.      1 

0 

0 

1      22-1 

33-3 

'    —  55-5 

32-2 

9-1 

4-2 

13-2 

32-7 

'i  -48-2 

33-0        - 

13-7 

10-5 

0-0 

27-8 

-37-7 

33-2 

192 

19-8 

-     8-6 

24-4 

-290 

33-4 

1      251 

23-2 

-  20-8 

24-2 

-16-8 

33-2 

i      35-5 

25-8 

-  24-4 

25-1 

-  2-7 

28-1 

i      43-6 

26-6 

!-  29-3 

26-5 

00 

27-8 

1      59-6 

26-8 

1-  38-4 

1        27-4 

7-5 

25-9 

i      78-4 

27-0 

-  47-5 

28-1 

20-0 

22-9 

I     127 

25-6 

I-  76-4 

28-1 

24-6 

241 

206 

18-7 

-121-2 

26-8 

29-2 

25-3 

305* 

8-8 

-144-5 

25-2 

37-9 

26-5 

193 

17-6 

-289 

10-4 

46-7 

27-2 

133 

24-9 

-299* 

90 

60-0 

27-2 

;     87-4 

29-3 

-201 

17-1 

87-7 

271         1 

68-4 

31-3 

-155 

22-5 

124 

25-6 

54-6 

32-6 

-106 

27-1 

.     164 

230 

38-1 

331 

-  80 

1        301 

1     201 

18-5 

32-6 

1 

33-3 

-  68-6 

31-2 

1    310* 

8-5 

*  Give  maximum  magnetizing  field. 


Table  IY. — Iron  wire  :  /  =  10-5  centim.,  d!=4'75  millim. 


SI 

dl 

^/ 

.  H. 

jXlO". 

H. 

^XlO". 

'     H. 

^-^XlO^. 

0 

0 

'      300 

20-8         i 

-   89-1 

25-1 

21-2 

0 

23-6 

20-2 

-  570 

21-6 

37-1 

0-4 

00 

18-3 

-  42-4 

20-8 

'  43-9 

10 

-   19-2 

18-3 

-  35-6 

20-2 

55-9 

2-0 

-  2C.-8 

18-3 

-  24-8 

19-3 

72-3 

4-8 

-  37-6 

18-3 

0-0 

18-0 

925 

11-2 

-  52-2 

18-4 

24-6 

17-7 

110 

19-2 

-  69-4 

18-4 

32-8 

17-5 

144 

27-6 

-  93-0 

19-3         ! 

58-3 

17-7 

208-5 

31-0 

-1092 

•  22-3 

74-1 

18-0 

333* 

29-8 

-122-6 

26-1 

98-3 

19-6 

188-6 

31-7 

-145-6 

28-9 

118 

24-4 

115-2 

30-3 

-181 

30-9 

140 

27-4 

83-5 

23-9 

-343* 

29-9 

159 

300 

60-6 

21-5 

-215 

31-4 

228 

30-6 

49-8 

21-2         j 

-110 

28-7 

341* 

29-2 

*  Grive  maximum  magnetizing  field. 


Table  V. — Iron  wire  :  1= 

=  14" 2  centi 

n.,  cZ=2'83  millim. 

First  Cycle. 

H. 

fxlO. 

H.            fxlO^ 

H.      i      ?xlO^ 

1       ' 

0 

0 

-34-1            25-4 

13-0    ''        24-2 

17-7 

13-5 

-41-0            26-0 

25-2            24-0 

27-3 

17-1 

-47-5           26-5 

31-4            24-6 

32-7 

20-5 

-58-0           27-1 

38-6            25-3 

46-2 

24-4 

-74-8    !        27-7 

43-9            26-0 

60-2 

26-5 

-66-9           27-9 

67-4    ,        26-9 

74-0 

27-4 

-51-8           27-9 

62-8           27-2 

56-2 

27-7 

-35-4            27-9 

72-1    1        27-3 

43-5 

27-7 

-23-9           27-9 

25-9 

27-7 

-20-5           27-3 

Continued  to  second 

0-0 

25-5 

-15-6           26-3 

cycle. 

-27-3 

24-3 

0                25-2 

i 

Second  Cycle. 

721 

27-3 

0 

29-0 

-32-7 

32-3 

90-0 

27-2 

-    9-2 

27-2 

-16-4 

32-1 

115 

26-7 

-  23-4 

25-5 

0 

28-9 

193 

24-7 

-  31-5 

25-7 

8-9 

27*2 

215 

23-6 

-  400 

27-0 

24-3 

250 

282 

19-3 

-  500            27-9 

31-4 

25-5 

197 

21-6 

-  57-6            280 

42-2 

26-9 

153 

24-3 

-  84-7           28-3 

55-4 

28-2 

106 

28-9 

-135              27-6 

660 

28-2 

79-0 

30-5 

-280* 

18-7 

84-6 

28-1 

63-2 

31-9 

-184 

22-7 

89-0 

28-0 

40-8 

32-2 

-118 

28-4 

115 

27-7 

25-2 

32-2      1 

-  74 

31-8 

144 

27-2 

16-7 

31-7      ' 

-  59 

32-3 

184 

26-0 

8-9 

30-7     1 

-  47 

32-3 

286 

18-8 

»  Give  maximum  magnetizing  field. 
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IX.  Magnetic-Elongation  and  Magnetic-Tioist  Cycles. 
By  Prof.  C.  G.  Knott,  D.Sc,  F.R.S.E* 

IN  measnriug  the  successive  chanoes  of  length  of  iron 
and  nickel  wires  subjected  to  cychc  magnetizations,  Mr. 
Nagaoka  has  worked  out  a  problem  of  extreme  difficulty.  Not 
only  is  the  quantity  to  be  measured  excessively  minute,  but, 
unless  very  refined  precautious  are  taken,  it  is  certain  to  be  dis- 
turbed beyond  recognition  by  ine^'itable  temperature-changes. 
With  admirable  experimental  skill,  Mr.  Nagaoka  has  applied 
the  principle  of  the  gridiron-pendulum  ;  and  the  remarkable 
smoothness  of  the  curves  which  embody  his  instructive  results 
is  an  evidence  of  the  perfection  of  the  compensation.  Joule's 
original  experiments,  and  all  similar  experiments  of  later  date, 
demonstrated  the  existence  of  what  might  be  called  a  residual 
elongation  when  the  magnetizing  force  was  removed.  Mr. 
Nagaoka  has  now  given  us  the  whole  history  of  the  magnetic- 
elongation  cycle,  and  has  done  for  this  very  much  more 
difficult  enquiry  what  Warburg  and  Ewing  did  for  the  mag- 
netization cycle. 

It  may  not  be  without  interest  to  compare  Mr.  Nagaoka's 
results  with  what  I  believe  to  be  closely  related  results  obtained 
by  myself  several  years  ago.  As  long  ago  as  3  858  Wiedemann 
discovered  t  that,  when  a  current  passes  along  a  longitudinally 
magnetized  iron  wire,  the  wire  twists.  In  1883  I  observed 
the  same  phenomenon  with  nickel  wire  similarly  treated,  and 
more  recently  also  with  cobalt  |.  This  phenomenon  is,  for 
present  purposes,  conveniently  called  the  Wiedemann  Effect. 
Maxwell  suggested  that  it  could  be  explained  in  terms  of 
the  Joule  Effect,  as  we  may  also  conveniently  term  the 
phenomenon  which  has  been  engaging  Mr.  Nagaoka's  atten- 
tion. In  my  papers  on  the  subject  I  have  brought  this  probable 
explanation  prominently  forward.  The  general  features  of 
the  Wiedemann  Effect  in  the  three  magnetic  metals  were 
just  what  was  to  be  expected  if  Maxwells  explanation  were 
admitted.  Not  only  so,  but  certain  of  these  features  sug- 
gested corresponding  characteristics  in  the  Joule  Effect — 
characteristics  which  Mr.  Bidwell  has  subsequently  observed  § . 

In  my  paper  of  1891  (Trans.  R.  S.  E.  vol.  xxxvi.)  I  have 
given  the  magnetic-twist  cycles  both  for  iron  and  nickel. 
While  a  steady  current  was  passing  along  the  wire  the  longi- 

*  Communicated  by  the  Author. 

t  See  Wiedemann's  Electricitdt,  Bd.  iii. 

X  See  Trans.  Roy.  Soc.  Ediu.  voU.  xxxii.,  xxsv.,  and  xxxvi. 

§  See  Proceediugs  Roy.  Soc.  vol.  i.  (1892),  p.  495. 
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twlinal  field  acting  on  the  wire  was  gradually  altered  between 
limits  +  H,  and  at  suitable  intervals  observations  of  the  twist 
were  made.  With  small  range  of  field  the  hysteresis  curve 
obtained  by  plotting  twist  against  field  was  very  similar  to  the 
well-known  hysteresis  curve  of  magnetization.  But  with 
limiting  fields  stronger  than  the  field  which  produced  the 
maximum  twist,  the  hysteresis  curve  crossed  itself  twice  and 
formed  three  loops.  A  typical  example  is  shown  in  the  figure, 
the  magnetic-twist  cycle  being  the  Z-shaped  graph  Avith 
the  thick  lines. 


Magnetic-Twist  Cycle. 

In  the  magnetic-elongation  cycle,  the  change  of  sign  of  the 
mao-netizing  force  does  not  produce  a  change  of  sign  in  the 
elongation.  On  the  other  hand,  in  the  magnetic-twist  cycle, 
as  the  magnetizing  force  passes  through  zero  from  positive  to 
neo^ative,  the  twist  tends  to  do  the  same,  though  laggingly. 
Suppose,  now,  that  we  change  the  sign  of  the  twist  throughout 
one-half  of  the  cycle.  In  other  words,  take  the  reflexion  of 
the  one-half  of  the  graph  in  the  Tiorizontal  axis,  as  indicated 
by  the  thin  lines  in  the  figure.  Then  round  off  the  sharp 
angles  by  the  dotted  lines,  and  we  get  a  curve  similar  to 
Mr.  Nagaoka's  magnetic-elongation  curve,  fig.  2,  Plate  II. 
Or,  taking  Mr.  Nagaoka^s  curves  of  fig.  4,  Plate  II.,  we 
may  reflect  one  half  of  each  in  the  horizontal  axis,  join  the 
parts  so  as  to  have  continuous  flowing  lines,  and  thus  get 
curves  identical  in  form  with  those  of  the  magnetic-twist 
cycle  (see  plate  iii.  of  my  paper  already  referred  to) . 

The  magnetic-elongation  curves  obtained  for  nickel  are  all 
of  the  simpler  two-looped  form,  the  reason  being  that  there 
is  no  maximum  contraction  for  nickel.     But  with  nigh  ranges 
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of  lieldjthe  magnetic-twist  curve  for  nickel  is  exactly  similar 
to  the  same  for  iron.  The  reason  is  simply  that  with  nickel 
there  is  a  field  of  maximum  twist  for  each  value  of  current 
passing  along  the  wire,  although  there  is  no  field  of  maximum 
elongation.  The  explanation  of  this  is  given  in  my  paper  of 
1888  (Trans.  R.  S.  E.  vol.  xxxv.).  It  is  sufficient  to  note  that 
the  twist,  under  a  given  combination  of  circular  and  longi- 
tudinal magnetizing  forces,  depends  not  only  upon  the  elonga- 
tions but  also  upon  some  function  of  these  forces  which  changes 
sign  with  each,  and  to  which  the  existence  of  the  maximum 
twist  is  largely  or  altogether  due.  For  even  in  the  case  of 
iron^  which  ha>  a  maximum  elongation,  the  maxinnim  twist 
occurs  in  quite  a  dift'erent  field.  Indeed  the  field  of  maximum 
twist  varies  with  the  value  of  the  current  along  the  wire. 

Meanwhile  the  broad  character  of  the  hysteresis  in  the 
magnetic-elongation  C3'cle,  as  established  by  Mr.  Nagaoka's 
delicate  experiments,  agrees  perfectly  with  what  might  be 
inferred  from  the  character  of  the  hysteresis  in  the  magnetic- 
twist  cycle — a  phenomenon  whose  experimental  study  is  one 
of  the  simplest  in  the  whole  subject  of  magnetic  strains. 

Edinbui'gli  University, 
October  28,  1893. 


X.   On  the  Law  of  Distribution  of  Energy. 
By^.B..  BuRBURY,  F.R.S.* 

IF  there  be  in  any  space  a  great  number  of  mutually  acting 
molecules,  Boltzmann's  law  of  distribution  of  energy 
requires  that  the  number  per  unit  of  volume  of  molecules 
whose  coordinates  and  momenta  lie  between  assigned  limits 
varies  as  e"**^"^  ^  in  the  known  notation.  The  proofs  of  that 
law  given  by  Boltzmann  and  Watson  are  based  on  the  hypo- 
thesis that,  from  the  instant  when  mutual  action  commences 
l)etween  two  molecules  to  the  instant  when  it  ceases,  no 
action  takes  place  between  either  of  them  and  any  third 
molecule,  or,  as  it  is  called,  the  encounters  are  binary.  I 
y)ropose  to  consider  the  more  general  case  when,  for  instance, 
no  group  of  molecules  is  ever  free  from  the  action  of  other 
parts  of  the  system. 

Part  I. 

(1)  The  following  is  a  known  proposition  in  the  theorv  of 
Least  Squares. 

Let  the  chance  of  a  certain  magnitude  lying  between  ,v 
and  x  +  dx  be  f[x)dx,  f{x)  being  a  function  which  vanishes 

*  Comiuuuicuted  by  tbe  Author, 


for  infinite  values  of  x,  and  is  not  altered  by  changing  the 
sign  of  .V,  so  that 
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X, 

^^  f{x)d.v  =  l. 

*'  00 

f{tv)a:dai=0. 


Let 


f{x)x^dx  =  x^. 


Let  there  be  N,  a  very  great  number,  of  such  magnitudes, 
each  independent  of  all  the  others,  denoted  by  Xi,  x^  .  .  .  Xj^, 
Let  it  be  required  to  find  the  chance  that 


VN 


shall  lie  between  c  and  c  +  dc,  and  let  this  chance  be  F{c)dc. 
Then  by  the  known  method  we  find 


J  00 
dex^ 
—00 


e 


in  which  C  is  constant  and 

xe  V~i 


X  =  j      dxf{x)e    VN   dx 

\)    — 00 

=  I      f(x)dx 

-j ^_     I      xf{x)dx  (which  is  zero  as  stated) 

+  terms  involving  6^  &c. 

1       G^ 

=  1  —  ^1?-^  +  terms  involving  6^  &c. 

=  e    N^  2  ^  terms  involving  6^  &c., 
and  therefore  j^       ~^l_i_s 
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It  is  then  showu  that 

X=l  if  ^=0, 
X<1  if  6'^0; 

and  therefore  in  forming  X^,  N  being  very  great,  we  may 
neglect  powers  of  6  above  6^,  and  so 

XN  2 

and 

-(J'^f+cflV— i) 


F(c)=cJ 


dd 
which  is  proportional  to 


2x2 

and  the  constant  C  is  found  from  the  condition  that 


I 


V{c)dc  =  l. 


(2)  That  proposition  has  been  extended  as  follows.  Let 
ti'i,  X2  .  .  .  .i"„  be  n  mutually  dependent  magnitudes,  and  let 
the  chance  that  they  shall  simultaneously  have  the  values 
denoted  by  .ri  .  .  .  Xi  +  dxi,  &c.,  be 

A'h  '  •  •  ^vjdxi  .  .  .  dx^, 

where  f{xi  .  .  .  xj  is  a  function  which  vanishes  for  infinite 
values  'of  the  variables  x^  .  .  .  x^,  and  which  is  not  altered 
when  they  all  change  sign  together.  Let  us  call  the  simul- 
taneous occurrence  of  <ri  .  .  .  x^^  an  association.  The  limits 
for  each  x  shall  be  +  oo  .     Then  we  have 

•  •  ^\)dxx  .  .  .dx^       =1, 

.  .  x^Xidxi  .  .  .  dx^^     =  0  &c. 

Let  jj' .  .  ./(a'i  .  .  .  xjxj^dxi  •  •  .  dx'n  =  x^^, 

.  xjxix^dxi  .  .  .  dx^=  X1X2  &c. 

Let  there  now  be  N  such  associations,  N  being  very  large, 
and  let  each  be  independent  of  all  the  others.  The  variables 
in  the  first  association  shall  for  distinction  be  called  Xn, 
ii'i2  .  .  .  x^^,  those  in  the  second  association  1^21,  ct'22  .  .  .  x.^^,  and 
so  on  to  x^^,  %2  •  •  •  -^Vn- 

Fhil.  Mag.  S.  5.  Vol.  37.  No.  224.  Jan.  1894.  L 
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Let  it  now  be  required  to  find  the  chance  that 

Xi'  = 7= shall  =  Ci  .  .  .  Ci  +  dci, 


That  is, 
X  = 


,  ^  -12-T^..  ■  ^ ^2  gj^^i^  =  ,^ .  .  .  ,2  +  ^,2, 

&c.                     &c.    .                 &c. 
<  =  '''•^'"•;|}3j"'"^'"'"  ^ball  =  <^, ..+dc„ 

and  let  this  chance  be  F(ci  .  .  .  cjdci  .  .  .  dc^. 

In  the  same  way  as  for  one  variable  a?  we  find  that 

J    — 00  '      —00 

in  which  K  is  constant  and 

+"  1  , — 

BN    77^(-ciei+ ••• +^"e«)  v-1  ,  , 

...f{x,...xje^^  dx,...dx^. 

J     .  .  ./(.Ti  .  .  .x^^dx^  .  ..dx^ 
+  '^  ...  xj{x^  .  .  .  xjdxi  .  .  .  dx^^  +  &c. 

4.A  JJ...W(^...-,.M^....^^. 

—  &C. 

+  terms  involving  powers  and  products  of  61  ...  6^  above 
the  second  degree. 

All  terms  of  the  form  jJ  . .  .  xfixy  .  .  .  xjdx^  . .  .  dx^  vanish 
by  the  conditions  of /(.Ti ...  a? J. 

The  higher  powers  and  products  will  be  neglected  for  the 
same  reason  as  in  the  case  of  one  variable  ;  and  therefore 

I  Q  2 \         

X=l-j^Y^l^~i^  ^1^2^1372  +  &C. 

I       Q  2         

=  6 


XN=e 


-(•Ti^-^  +*i*2e,ea+ ...) 
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the  index  containing  all  squares  and  products    of  ^i . . .  ^„; 
and  therefore  F(ri  •  •  •  ^„) 

the  limits  being  ±^,  and  K  being  a  constant  to  be  found 
by  making  Jf .  .  .  F(ci  .  . .  cJ^Oi .  .  .  de^-  1. 
(3)  Now  "for  two  variables  ^1,  X2  we  find  that 

J    —00  *'    -00 


-re,2 


-rr,"^ 


'iTT 


I22—  _x,l2C,Cj+Xi2   2 


V 


X{^  Jj,2  _  XiX^^ 


2 


where  d  is  the  determinant, 

d  = 

and  o?ii,  c?i2j  ^22  are  its  minors. 

AV^e  infer,  and  it  can  be  proved,  that  the  same  law  holds 
for  n  variables.     That  is  that  if 


2 


d   = 


then 


'J  > 


'^1<^2) 


'^l'^2)       '^'2  J 


F(ci  .  .  .  c„)  =  K  —j^e 


V5 


in  which  ^^^  is  the  minor  formed  by  omitting  the  first  row 
and  rth  column  of  d,  and  its  sign  is  such  that 

d = x^dii  +  2^"2  ^l^rdlr> 
(4)  Now  there  exists  a  determinant 

2ai,        ^12  .  .  .  />!„ 
D  =       612,        2a2  .  .  .  h^^ 

2a 

L2 


"     I 
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such  that 

and  therefore 

^  —  ^  A.Jh}     ??? 

-    D       D  •  •  •' 

and  thence  b}-  a  known  proposition  *  we  find 

and  therefore 

F  (ci  .  .  .  c„)  =  K  (27r)'^  VD  .  e  -<2«'¥+*'^'^^+  " "  "^ 

To  determine  K  we  have 

That  is,  since 

(27rK, 
VD 


rr..  .e-('^i''i'+'>2<'"'^+---)^ci. .  .t^c„= 


and 

(27r)2 
(5)  Again, 

(27r)2  ^^ 

=  -r^  =  .t'l''^  by  hypothesis. 

Similarly,  

C1C2  =  A'j^a?  &c.  ; 
and  therefore  q  _  q 

lOe  —   O^  ] 

and  these  results  are  true  whatever  be  the  form  of  the  func- 
tion/(.ri  .  .  .  A- J. 

*  Todhunter,  Theory  of  Equations,  2ud  edition,  p.  393. 
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If,  further, 

(27r)2 
we  see  that 

F  (ci  .  .  .  cj  =  f(c,  .  .  .  cj. 

Now  let  us  write 


.Ti    = 


i/N 


,         '^12 +  .1-22+    .   .   .    +^N2     &c. 


Also 


Si  =  a^.Vn^  +  bi2A\yVi2+  •  .  . 

feg   ^  Clti<2^21    "J"  '^12'''21'^22  "!"••• 
&C.  =   &C. 

S'  =  a^Xi^  +  h^x-lw^. 
Therefore  expanding  a?/^  &c., 

Q,      S,  +  S2+  .  .  .  +Sn  ...  ,     ,       „ 

fe  = jH^ +  terms  containing  products  of 

the  form  x    .r^  ,  that  is  products  of  two  x's,  taken  from  different 
associations,  which  terms  are  not  generallj  zero. 

(6)  The  truth  of  the  foregoing  propositions  Avill  not  be 
affected  if  for  a^,  h^^,  &c.  we  write  kcii,  kL^^i  &c.,  where  k  is 
any  positive  constant.  In  this  case  D  becomes  /c"D  and 
S  becomes  kS.  It  will  be  convenient  if  at  this  point  we 
introduce  a  factor  corresponding  to  Boltzmann's  h,  namely, 

n 
^,  so  that  henceforth  we  will  write 

S  =  aix^  +  hi^XiX^  +  &c., 

nS 


where 


and 


I)  =  2  +  2ai2a2&c. 
In  this  case  also 

—  _2TDn         — _2TD, 
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and 

nS 

2T  r      Dn  ,  .     D,„  ^   _2Tn_ 


because 


a,Du  + ^12^12+  .  .  .=  |D. 


(7)  We  have  assumed  that  the  quadratic  function 

must  have  its  coefficients  so  chosen  as  that  it  shall  be  positive 
for  all  values  of  the  variables  Xi  .  .  .  x^^.  The  condition  that 
this  may  be  the  case  is  that  the  determinant 

2ai         ^12  .  .  •  i,„ 

h\2         2a2  .  .  . 


D  = 


u^n 


and  all  its  coaxial  minors  shall  be  positive.  Hence  each  of 
the  coefficients  a  is  positive,  and  4a  a^— J^^  is  positive  for 
all  values  of  p  and  q. 

If  S  be  the  energy  of  an  association,  the  above  condition  is 
necessary  for  its  stahility.  So  for  two  associations  near  to  one 
another,  let  the  energy  be  ayt-^  +  &12  ^'Pi«^2  +  •  •  •  +  a/x^''^  +  &c., 
and  let  A  be  the  double  determinant  2  +  2ai,  2^2  •  •  •  2ai^  . .  . 
Then  in  order  that  the  two  associations,  considered  as  a  single 
system,  may  be  stable,  A  and  all  its  coaxial  minors  must  be 
positive.  If  the  expression  for  the  energy  contains  no  terms 
of  the  form  hxx\  where  x  belongs  to  one  and  x'  to  the  other 
association,  A  is  the  product  of  the  two  single  determinants 
2  +  2fli,  2a2 . . .  and  2  ±  2a,',  202'. . . ,  and  if  the  condition  be 
satisfied  for  tbem,  it  is  satisfied  for  A.  But  if  any  terms  of 
the  form  hxx'  make  their  appearance,  they  may  make  A  or 
some  of  its  coaxial  minors  negative,  and  the  two  associations, 
though  separately  stable,  may  be  unstable  together,  and  dis- 
sociation may  ensue. 

Part  II. 

(8)  Now  let  us  suppose  that  S  is  proportional  to  the  kinetic 
energy,  or  to  a  part  of  the  energy,  of  an  association.  Let  the 
number  of  associations,  or,  as  we  will  now  call  them,  systems, 
be  very  great.     Each  has  its  own  S.     And  we  will  effect  a 
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redistribution  of  S  among  them  in  the  following  way.  Con- 
sider any  group  of  N  systems  for  which  the  variables  are 
^iij  a^zb  <^c.,  and  for  which  S  has  the  values  S^  Ss  .  .  .  Sj^.. 

S     S 
Let  these  contribute  respectively   ^,  —,  &c. ;    and  let  the 

contribution  >t    be  represented  by  the  energy  of  a  sunilar 

system  whose  variables  are  — ^,  "%'  ^^'  '  '^^^'^  ^^^  "K    ^^' 

be  represented  in  the  same  way. 

From  that  group  of  N  systems  we  will  form  the  variables 
Xi  .  .  .  x^l  for  one  system  in  the  new  distribution  by  making 

"'= 71 — ' 

"'= 7% ' 

&c.  &c. 

see  j)Ost.  (11). 

Now  let  us  take  at  random  other  groups,  each  of  N  systems, 
and  deal  with  them  in  the  same  way.  And  so  on  until  every 
original  system  has  appeared  N  times  as  a  member  of  a  group 

o 

of  N.     Since  in  case  of  each  group  it  loses  :i;j ,  it  will  finally 

have  parted  with  all  its  energy  S.  When  this  process  has 
been  carried  out,  the  whole  of  S  for  all  the  systems  will  have 
been  redistributed  among  them.  And  owing  to  the  mode  of 
formation  of  x-l  &c.,  the  chance  of  the  variables  x-l  > .  .x^  of 
anv    system   in    the    new    distribution    having   the   values 

_jiS 

Ci .  .  .  Cx-\-dc-^  &c.  is  (Je  '^'^dc^ . . .  dc^^,  and  the  aggregate  energy 
will  not  have  been  altered. 

(9)  If,  then,  for  the  original  systems 

f{x^...x„)=Ge-^^, 

the  law  of  distribution  is  the  same  for  the  new  as  for  the 
original  system.  In  other  words,  it  is  unaffected  by  our 
process  of  redistribution. 

If  for  the  original  systems /(a^i  .  .  .  xj  have  any  other 
form,  we  shall  choose  a^,  ^12?  &c-j  to  satisfy  the  equations 

-2      ^1       D12    . 
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where  D  is  the  determinant  of  gm^^i?  ^T^'^^'  *^^*'  ^^^  ^^^'^ 
in  the  redistributed  system  the  law  will  be 

«8 

as  before,  and  will  remain  unaffected  by  any  further  redistri- 
bution.    In  stationary  motion,  therefore,  F  {ci  .  .  .  cj  has  the 

_«s 
form  Ce  -'T,  \Ndth   a  quadratic   function  for  S,  whether  the 
initial  distribution /(^i  •  •  .  ^„)  has  that  form  or  not. 

This  assumes  that  the  process  of  redistribution  of  the 
original  systems  has  been  carried  out  completely.  If  it  be 
carried  out  only  partially,  as  for  instance  if  only  a  portion  of 
the  original  systems  be  subjected  to  the  process,  the  distribu- 
tion in  the  new  system  will  approximate  more  and  more  to 

the  permanent  form  Ce  ^'^ ,  according  as  the  redistribution 
is  more  complete.  And  by  successive  partial  redistributions 
it  will  ultimately  be  reduced  to  the  permanent  or  stationary 
form. 

(10)  The  processes  which  we  have  supposed  to  take  place 
successively  may,  of  course,  take  place  simultaneously. 
Further,  \ve  may  suppose  the  whole  process  of  redistribution 
to  take  place  at  a  given  rate  per  unit  of  time.  Finally,  our 
results  will  not  be  afiected  if  the  variables  in  any  association 
undergo  any  other  series  of  changes  during  the  same  time, 
provided  these  changes  do  not  on  average  alter  S. 

(11)  By  the  method  of  art.  8  energy  is  conserved  in  the 
final  result,  but  is  not  conserved  in  each  separate  process, 
because  generally  S',  the  energy  which  we  suppose  to  be 
received  by  a  system  in  the  new  distribution,  is  not  equal  to 

^    XT ' ' ^'  *^®  energy  which  the  contributing  systems 

part  with.  That  may  create  a  difficulty  in  the  application  of 
the  method  to  a  physical  system,  even  although,  when  the 
contributing  systems  are  rapidly  oscillating  and  in  different 

phases,  it  may  be  that  S'= ^^^ on  the   average 

of  a  very  short  time. 

(12)  If  our  associations  be  material  systems  fixed  in  space, 
we  may  suppose  the  energy,  S,  of  oscillation  to  be  transmitted 
through  space — i.  e.  aether — in  waves  with  conservation  of 
energy,  so  that  the  energy  of  a  wave  which  passes  per 
unit  area  and  time  throug-h  a  spherical  surface  of  radius  II 


Lmo  of  Distribution  of  Energy. 
described  about  the  centre  of  disturbance  varies  as 
varies  as  ^,  if  N=47rR^  and   the   coordinates  x,  of  which 
that  energy  is  a  quadratic  function,  vary  as  -7-=.     If,  now,  we 

may  further  assume  that  any  number  of  such  waves  may 
coexist,  so  that  the  disturbance  x  at  any  point  at  any  instant 
is  the  algebraic  sum  of  the  disturbances  due  to  all  the  weaves 
which  are  passing  the  point  at  that  instant,  the  redistribution 
of  S  will  go  on  in  the  physical  system  in  exactly  the  same 
way  as  in  our  analytical  system — and  with  the  same  result, 

that  the  distribution  denoted  by  Ce  2t  will  be  permanent. 
The  disturbances  x^ . . .  .r  ^  in  any  system  will  be  respectively 

-  ,—  times  the  sums  of  the  values  of  the  corresponding 
disturbances  in  systems  distant  E,  from  the  one  in  question, 

T> 

as  they  were  t  seconds  ago,  —  being  the  velocity  of  wave- 
motion.  The  potential  energy,  ;^,  of  the  internal  forces  of  a 
system  we  suppose  not  to  be  capable  of  transmission  in  that 
form.  But  if  the  law  of  distribution  be  6~*(x+^^,  we  know 
that  this  distribution  will  not  be  aifected  by  the  internal 
forces  ;  neither  will  it  be  affected,  on  the  above  hypothesis,  by 
the  transmission  of  S.     It  will  therefore  be  permanent. 

But  if  we  are  not  allowed  to  assume  the  coexistence  of 
waves  in  the  sense  above  stated,  the  law  cannot  be  permanent, 
except  in  the  known  case  of  binary  encounters. 

Part  III. 

(13)  Our  investigation  hitherto  has  been  based  on  the 
assumption  that  the  N  associations  are  independent  of  one 
another  ;  that  is,  that  the  chance  of  the  variables  Xi...XnVQ.  one 
association  having  assigned  values  is  independent  of  the 
values  of  .r/  .  ..x^  the  variables  in  another  association,  or,  if 
/  [x)  be  the  chance  of  any  one  of  the  first  set  having  assigned 

dfix') 
value,  •\'^    =  0   for  each  x'.      The    condition   of    complete 

independence  is  that  the  expression  for  the  energy  contains 
no  term  of  the  form  hxx' ,  where  x  and  x'  belong  to  different 
associations.  This  condition  may  not  be  satisfied  if  our 
associations  are  material  systems  very  near  to  one  another. 

It  is  necessary  to  replace  the  stringent  condition  by  one 
which  can  be  satisfied  more  easily,  as  follows  : — In  the  first 
place  it  will  be  shown  that   our  method  is  applicable   oven 
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when  the  associations  are  not  all  independent  of  each  other, 
provided  we  can  choose  in  many  ways  a  group  of  them  con- 
taining a  great  number  which  are  independent  of  each  other. 
Let  there  be  N^/  systems,  where  N  is  very  large  and  q  a 
positive  integer  to  which  we  may  assign  any  value.  Let 
them  be  called  Aj,  A2 .  .  .  A^g.  If  it  be  not  true  that  every 
one  of  the  Ny  syste  11s  is  independent  of  every  other,  never- 
theless it  may  be  true,  and  we  will  assume  that  it  is  true,  that 
the  N  systems  A^,  Ai+j,  Ai+25 ,  &c.  are  independent  of  each 
other.  And,  similarly,  the  N  systems  A2,  A2+2,  Ac.  may  be 
independent  of  each  Other,  and  so  on  for  other  groups.  On 
this  assumj)tion  that  A,,  A1+5,  &c.  are  mutually  independent, 
we  may  apply  our  method  to  them.  And  let  Fi  (ci  . . .  c,,) 
dcx . .  .  dcn  be  the  chance  that  the  sum  of  the  .ri's  in  these  N 

systems,  each   divided  by   VN,   shall  be   Ci. .  .Ci  +  dc'i,   &c. 

_«s 
Then  F{ci  . . .  c„)  =^C€  ^t.     Also  let  F2(^i  .  .  c„)  be  the  corre- 
sponding chance  for  the  group  A2,  A2+5,  &c.     All  the  systems 
being  supposed  similar  in  character,  evidently 

Fi(ci . .  .  0  =  ^2(^1 Cn)  =  &C. 

But  the  result  for  any  one  of  the  groups  of  N  systems  cannot 
differ  from  that  for  the  whole  Ny'  systems.  Whence  it  follows 
that  F(ci  .  . .  Cn)  for  the  'Nq  systems 

_jiS 

■=Ce     2T. 

We  are  therefore  at  liberty  to  apply  our  method  to  the  'Nq 
systems,  provided  that,  although  they  are  not  all  independent 
of  each  other,  yet  we  can  divide  them  into  groups,  each  of  N 
systems,  the  members  of  which  are  independent  of  one  another. 

(14)   Again,   in  order  that  the   N  systems   Aj,  Ai+j,  &c. 

may  be  independent  of  each  other,  it  will  be  sufficient  if  we 

make   every    variable,  as    x,   in   Ai   independent  of  every 

df(.v) 
variable   ./   in   Ai+j,   &c.,    that  is     •     /  must  be  zero  or 

negligible. 

Let  us  therefore  consider  a  series  of  single  magnitudes 
Xi,  A'2,  &c.  which  may  be  the  variables  in  many  systems  of  n, 
and  let  the  chance  of  their  sinniltaneously  having  assigned 
values  be 

rl-ff    1    \ 

and  let  it  be  required  to  find  the  rondition  that    '  J /    shall 


vanish.     In  order  to  find 
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•  -—  we  inteorate  accordins;  to 


dxr 


each  of  the  other  variables  between  the  limits  ±  co  .     The 
result  will  be  proportional  to  e-(^'r+B^i.r,)^  where  A  does  not 

concern  ns,  and    •  ;        a  B,  or  the  condition  that --^r-^^  shall 

A, 
vanish  is  that  B  =  0.     Also  B=  -7 — —,  where  A  is  the  deter- 

minant  of  r  rows  S  +  2ai  ^a^. .  . .  and  Aj^.^,  a  coaxial  minor. 

(15)  We  have,  then,  to  find  a  relation  between  the  coefficients 
ai,  bi2,  &c.,  which  will  make  Aj^.  vanish  compared  with  A,,,^,^ 
without  making-  all  the  coefficients  h  vanish  which  connect 
the  variables  in  any  one  of  the  original  associations  with  those 
in  any  other.  That  can  be  done  in  many  ways.  It  will  be 
sufiicient  to  give  one  example.  Let  us  suppose  all  the  as 
equal  to  each  other,  and  all  the  5's  of  the  form  bpf^  equal 
to  one  another,  and  all  other  ?>'s  zero. 

Further,  let  bi2  =  h2z=-  &c.  =2a6. 

Then  the  determinant  assumes  the  form 


A  = 


2a  b  .  . 
b  2a  b  . 
.  b  2a  b 
.      .     b  2a 


and  if /^  be  its  value  for  r  rows,  the  law  of  formation  is 

Since  every/  is  to  be  positive, /._,  >/.. 
increases  the  ratio  -^-^  becomes  constant. 
value  be  \.     Then  equation  A  gives 


....  (A) 
Ultimately  as  r 
Let  its  constant 


or 


X=i± 


\/ 1-4.6' 


of  which  the  positive  sign  will  be  taken.     This  result  shows 

that  if/ ,  or  A,  be  always  positive,  6'^  cannot  be  greater  than  ^, 

r+1 
or  6  greater  than  ^.  Also  if  ^=^,  we  easily  find  A=  —37-  {2a)'', 


2'- 


and  therefore 


r-1 


{2ay- 
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Again,  in  this  case 


h  2a  I>      . 

.      b  2a     b 

.       .  b  2a 

.      .  .     b 


Therefore 


=  (2a)'-'^'-'=^^(2a)'-. 

Arrri         r-V 


and  vanishes  as  r  increases  indefinitely. 

Pakt  IV. 
Boltzmann's  Minimum  Function. 
(16)  We  have   seen  that,  the   law   of  distribution  being 

^^S 

Let  us  consider  a  varied  system  in  which  with  these  same 

"  .      .,      ,       .        _^   

values  of  «i^  a-'i.r2,  &c.  the  law  of  distribution  is  Ce  2T  1  +  q, 

where  1  +  q'  is  any  positive  function  of  .rj,  ^2?  &c.,  and  g  must 

satisfy  the  following  conditions,  naniely  : — 

(1)  In  order  that  the  number  of  systems  may  be  the  same 

in  the  varied  as  in  the  normal  state, 

rr  ns  ff  rs 

I      .  .  .  e~2T  d.vi  ,  .  .  (7a'„=         •  •  •  e~2T  l+gd.Vi  .  .  .  rf^„ 

^^'  \\   .  .  .qe'^dxi  .  .  .dx„=:0. 

(2)  In  order  that  the  values  of  x^^,  Xix^,  &c.,  may  not  be 
altered. 


S- 


e    2T  x^  dxi 

&c. 
and  therefore  also 


€    2T  1  +  q.i'j^  dxi  .  . .  dx 


da, 


■■-I 


«8 


e    ^^l  +  (/S(/^i  .  .  .  c?a?„. 


Law  of  Distribution  of  Energy.  157 

These  conditions  being  satisfied  the  system  will,  on  free 
interchange  of  energy,  pass  out  of  the  varied  state  into  the 
normal  state.     And  it  can  be  now  shown  that  the  function  B 

=  jj  .  .  .f{x^  .  .  .  ^J{log/(^i  .  .  .  x^~\)dx^  ...dx^ 

diminishes  in  the  process. 

For  let  Bo  be  the  value  of  B  in  the  normal  state,  when 

_J!S 

f(xx  ...  .rj  =  Ce  2Tj  B  its  value  when 

nS 


Then  B-Bo  = 

CJJ   ..  .e  ^■^l  +  q{\ogG-^^^l+\ogl  +  g)dx^.  .  .dx^ 


e    2a' (log  C-  ^-\)dx^.  .  .  dx,^ 

dx„ 


because 


=  C        ...e    -^n  +  qlogl  +  qdxi 

=  C  I  I    .   .   .  6  "2T  {l^giogl  +  g—q}  dXi.  .  .  dx„ 

C        .  .  .  e'^iqdxi  .  .  .  dx^=0. 


Now  since  1  +  9*  is  positive,  1  +  ^ log  1+q  —q  is  necessarily 
positive,  unless '^  =  0,  and  is  then  zero  ;  B  —  Bq  is  therefore 
positive.     And  given  T  and  the  coefficients  cci,  bi2,  &c.,  B  has 

_nS 

its  least  possible  value  when  q  =  0,  or  f(xi  .  .  .  xJ  =  Ge   2T. 
And  this  least  possible  or  minimum  value  differs  by  a  con- 

slant  from  log  C  or  log  |  (^^Y        1 1 . 

Further;  -r-  (B — Bq)  =  log  (1  +  5),  and  therefore  B — Bq  dimin- 
ishes as  q  approaches  zero. 

The  Second  Laio  of  Thermodynamics. 

(17)   In  stationary  motion  the  minimum  function  has  the 

value  /  n  -/i  a/D 

■^  ~  (  yr  )  '»■  P^^^  ^  constant. 

^^^^    (27r)2 

It  is  a  function  of  T  and  the  parameters  ai,  613,  &c.,  or  any 
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parameters  Vi,  v„,  &c.,  on  which  cii^bi^,  &c.,  depend.  The 
second  law  may  from  one  point  of  view  be  regarded  as  the 
law  of  the  variation  of  B  when  T  and  the  parameters  vary 
very  slowly,  so  that  stationary  motion  is  always  attained.  On 
this  assumption  the  pr_oofs  of  the  second  law  depend. 

We  have  seen  that  !S  =  T  and  is  independent  of  the  para- 
meters, or  -=-8=0  for  each  v.     But  V"  is  not  generally  zero. 
dv  ttv 

It  may,  therefore,  be  the  case  that  work  has  to  be  done  on 
variation  of  any  parameter  v.     This  work  will  be  denoted  by 

—  —  ^v.     It  will  include  the  work  done  against  all  external 

dv 
forces.     The  energy  imparted  during  any  small  variation  of 
T  and  the  parameters   will  be  denoted  by  ^Q.     Then  the 

second  law  requires  that  -pp-  shall  be  a  complete  differential. 

(18)  It  will  be  sufficient  to  prove  the  law  for  any  para- 
meter V  on  which  ai,  h^^,  &c.  depend.  So  far  as  this  proof  is 
concerned,  there  may  be  many  such. 

We  have  in  this  case 

nS     7^2 

=  bT-ca.  f . . .  rS  |i|>^,»+  !|?^,^,+ . . .  jrf^, . . .  d^^ 

n  Crfy   D         dv    D  J 

n  2\dv  D dai       dv  D dbi^       '  ' ' S 
^TldB 
=  ^^-^%Dd^' 

^  =  'd\ogT-h\og-D. 

Now  in  this  case, 

.-.     iblogD  =  ^BB  +  ^logT; 
i  n 
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XI.   On  the  Relative  Strengths  or  "  Avidities"  of  Weak 
Acids.    By  JoHX  Shields,  D.Sc.,  Fh.D* 

WHEN  tbe  sodium  salt  of  an  acid  A  is  mixed  with  the 
equivalent  quantity  of  another  acid  B,  the  base  will 
in  general  be  distributed  between  the  two  acids,  and  the  ratio 
of  distribution  will  depend  on  the  relative  strengths  of  the 
competing  acids  A  and  B. 

If  f  represent  that  fraction  of  the  neutral  sodium  salt 
which  is  decomposed  on  the  addition  of  the  acid  B,  then  1— ? 
will  represent  the  quantity  of  the  original  salt  which  remains 
undecomposed. 

By  applying  Guldberg  and  Waage's  law^  after  equilibrium 
has  taken  place,  we  get 

or 


where  c  and  Ci  denote  the  velocities  of  the  opposed  reactions. 
The  ratio  of  distribution  of  the  base  between  the  two  acids 
is  therefore  proportional  to  the  square  root  of  the  ratio  of  the 
coefficients  of  velocity,  _ 

This  ratio  of  distribution  gives  us  the  measure  of  the 
relative  strengths  or,  as  Julius  Thomsen  has  called  it,  the 
"  avidities  "  of  the  acids  for  any  given  dilution. 

As  regards  the  measurement  of  the  ratio  of  distribution, 
Thomsen  employed  a  calorimetric  method  ;  but  Ostwald, 
Gladstone,  Jellet,  Wiedemann,  and  Lowenthal  and  Lenssen 
employed  various  other  methods,  which,  however,  are  not 
particularly  well  adapted  for  measuring  the  relative  strengths 
of  very  weak  acids.  In  the  present  paper  I  propose  to  show 
how  the  avidities  of  the  weakest  acids  may  be  determined 
from  the  rate  at  which  their  salt-solutions  are  hydrolyzed. 
At  this  stage  it  will  be  convenient  to  point  out  that  water  is 
here  regarded  as  a  weak  acid,  and  potash  and  soda  as  the  same 
base  since  they  are  equally  strong  (c/.  Reicher,  Annalen, 
ccxxviii.  p.  257). 

Arrhenius  {Zeitsch.  f.  pkysihal.  Chem.  v.  p.  13,  1890) 
has  shown  that  when  two  weak  acids  compete  for  the  same 
base,  the  ratio  of  distribution  is  very  nearly  proportional  to 

*  Communicated  by  the  Author. 
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the   square  roots  of   the   electrolytic   dissociation-constants. 
But  the  dissociation-constant  is  arrived  at  from  the  equation 

...2 


(1 — m)v 

in  which  m  is  the  degree  of  electrolytic  dissociation  or  the 
ratio  of  the  molecular  conductivity  at  any  given  dilution,  v,  to 
that  at  infinite  dilution.  Now,  when  m  is  very  small,  the 
above  equation  becomes 

V 

or,  when  the  dilution  for  different  acids  is  the  same, 

nii^  ~~  ki ' 

».  e.  the  electrolytic  dissociation  ratios  are  as  the  square 
roots  of  the  dissociation-constants,  or  directly  as  the  ratios  of 
distribution. 

According  to  Guldberg  and  Waage's  law  (as  enunciated  by 
Julius  Thomsen),  the  ratios  of  distribution  are  as  the  square 
roots  of  the  velocity-constants.  If  we  call  K  the  velocity- 
constant  in  the  hydrolysis  of  aqueous  salt-solutions,  then  VK 
becomes  the  measure  of  the  dissociation  ratio,  or  the  relative 
strengths  of  the  two  weak  acids  are  as    \^K  :  \^  K^^. 

To  apply  this  method  to  a  few  specific  cases,  we  may 
obtain  the  necessary  data  in  my  former  paper  on  hydrolysis 
in  aqueous  solutions  of  salts  of  strong  bases  with  weak 
acids  (Phil.  Mag.  [5]  xxxv.  p.  305,  1893).  It  was  there 
pointed  out  that  when  potassium  cyanide,  for  example,  is 
dissolved  in  water  it  is  partially  decomposed  into  free  acid 
and  free  base,  and  the  following  equilibrium  takes  place  : 

KOH  +  HCN-7-^  KCN  +  HOH, 
from  which  we  get  the  equation 

KOHx  HCN=K(KCN  x  HOH), 
where  K=  —  of  the  more  general  equation, 

c,(K0HxHCN)=C2(KCNxH0H), 

in  which  Ci  and  c^  are  the  velocity-coefficients  in  opposite 
directions  (Guldberg  and  Waage,  Journ.  f.  pt\  Chem.  [2] 
six.  p.  69,1879). 

In  the  present  case,  however,  we  desire  to  stud}^  the  for- 
mation of  the  salts  or  the  ratio  of  distribution  of  the  base 
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between  two  acids,  so  we  may  write 

,1  (KOH  X  HCX)  =  KCN  x  llOH. 

Instead  of  the  K  of  the  tbnner  pa[jer  we  must  therefore 
use  its  reoiprooal  ^. 

In  Table  I.  the  strengths  of  the  acids  in  tenth-normal 
solution  have  been  compared  ;  that  of  hyd rocyanic  acid  being 
jirbitrarily  taken  as  unity.  The  values  of  K  are  taken  from 
the  paj)er  on  hydrolysis  {loc.  cit.). 

Strictly  speaking  only  the  monobasic  acids  are  comparable  ; 
but  in  onler  to  form  some  conce})tion  of  the  order  of  magni- 
tude of  the  relative  strengths  of  carbonic  and  biboric  acids, 
the  characteristic  constants  have  been  halved  aud  the  calcula- 
tion proceeded  with  in  the  ordinary  way. 

Table  I. 


1 

Name  of  acid. 
1 

K. 

x/l 

VI 

28-8 

Hydrocyanic  acid 

Acetic  acid 

Carbolic  acid 

Carbonic  acid    

Biboric  acid  

1204X10-^ 
668x10-^'^ 
925x10-^ 

1954  xlU~^ 
5UxlU-^ 

28-8 
3809-1 
10-4 
lUl 
G3-2 

1 

134 
U3ii 
0-35 
2-2 

The  great  difference  between  acetic  acid  and  the  others  is 
very  remarkable.  A  still  better  idea  of  the  relative  strengths 
of  these  weak  acids  is  obtained  when  they  are  compared  with 
some  of  the  stronger  acids.  Hydrochloric  acid  togeth(T 
with  the  three  chlorinated  acetic  acids  seem  specially  well 
adapted  for  this  purpose,  as  they  supply  different  grades  of 
strength.  The  values  attached  to  these  acids  are  taken  from 
Ostwald's  tables,  and  are  calculated  from  the  velocity  of 
catalysis  of  methyl  acetate  by  half-normal  solutions  of  the 
acids. 

Table  II.  contains  a  list  of  the  acids  arranged  in  their 
relative  order  of  strength. 

Phil.  Mag.  S.  .5.  Vol.  37.  No.  224.  Jan.  1«94.  M 
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Table  II. 


Hydrochloric  acid    

100 

23 
4-3 
0-35 
00057 
00026 
0-0(l094 
0-00091 

Trichloracetic  acid    

Acetic  acid     

Biboric  acid  

Hydrocyanic  acid 

Carbolic  acid    

The  numbers  attached  to  each  acid  cannot  of  course  be 
considerd  final.  As  regards  carbolic  and  carbonic  acid, 
for  example,  it  is  impossible  to  say  which  of  the  two  is  the 
stronger,  all  that  we  may  snfely  infer  is,  that  they  are  about 
e(pially  strong. 

From  the  above  table  it  also  follows  that  hydrochloric  acid 
is  about  one  hundred  thousand  times  stronger  than  carbolic 
acid  in  tenth-normal  solution  ;  or,  what  amounts  to  the  same 
thing,  the  electrolytic  dissociation  ratio  is  one  hundred 
thousand  times  greater  in  the  former  case  than  in  the  latter. 

In  other  tables  of  the  avidities  of  acids  the  values  for  the 
weakest  acids  are  usually  represented  by  blanks,  but  the 
method  which  has  just  been  described  enables  us  to  arrange 
them  in  proper  order  and  to  assign  definite  values  to  them. 

This  seems  all  the  more  necessary  as  a  great  deal  of  mis- 
conception still  prevails  as  to  the  relative  strengths  of  the 
acids  and  the  conditions  under  which  a  comparison  is 
possible. 

University  College,  London. 
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ON  THE  FREEZING-POINTS  OF  SODIUM-CHLORIDE  SOLUTIONS. 
BY  S.  U.  PICKERING,  F.R.S. 

IN  a  recent  communication  to  the  Phil.  Mag.  (xxxvi.  p.  484) 
Mr.  Harry  Jones  has  made  sundry  very  incorrect  statements 
as  regards  a  coutroversy  respecting  the  regularity  or  other^vise  of 
the  freezing-points  of  weak  sodium-chloride  solutions.  I  should 
not  have  troubled  to  correct  them  had  INIr.  Jones  inserted  any 
reference  to  the  communication  which  has  apparently  closed  this 
controversy  (Ber.  d.  deutsch.  cliem.  Gesell.  xxvi.  p.  1977),  and  which 
must  liave  been  in  his  hands  before  he  corrected  the  proofs  of  his 
paper  for  this  Journal. 

In  the  Bericlite  (xxv.  p.  1314)  I  published  a  series  of  determina- 
tions with  this  salt  which  I  considered  indicated  the  presence  of 
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changes  of  curvature  at  certain  points.  Mr.  Jones  subsequently 
published  (Ber.  xxvi.  p.  o51)soine  still  more  accurate  determinations, 
which  he  considered  entii-ely  disproved  the  existence  of  these  breaks. 
I  proved,  however  {Ber.  xxvi.  p.  1'221),  that,  so  far  from  this  being 
the  case,  JNlr.  Jones's  results  showed  the  very  same  breaks  as  mine 
did,  but  iu  a  still  more  satisfactory  manner.  I  proved  that 
parabolas  deduced  mathematically  from  his  values  so  as  to  allow  the 
existence  of  these  breaks  agreed  most  perfectly  with  the  known 
experimental  error  as  determined  by  two  independent  methods, 
whereas,  when  represented  by  a  single  parabola  A\ithout  breaks,  the 
error  was  10,000  times  too  large.  Mr.  Jones  found  it  convenient 
to  ignore  the  results  of  this  investigation  in  his  answer  (Ber.  xxvi. 
p.  1(335),  wliich  may  be  summarized  in  his  own  words  in  the  Phil. 
Mag.  "  I  have  carefully  examined  his  [Pickering's]  results  .  .  .  and 
have  shown  that  the  'breaks 'are  caused  only  by  the  experimental 
erroi'^  in  his  results.  Mr.  Pickering  has  applied  his  method  of 
curve-drawing  to  my  results  from  sodium  chloride,  which  differ 
from  his  to  the  extent  of  more  than  50  per  cent.,  and  with  it 
claims  to  have  found  the  same  '  breaks '  as  in  his  own  results. 
He  has  thus  shown  the  true  value  of  his  method,  which  seems  to 
be  largely  independent  of  the  experimental  data.  I  have  since 
shown  that  his  ciu've  contains  the  following  fundamental  errors  : — 
I.  At  least  some  of  the  points  in  his  ciu've  are  wrong.  II.  The 
choice  of  points  through  which  he  has  drawn  the  curve  is  purely 
arbiti'ary." 

It  is  true  that  I  did  examine  Mv.  Jones's  results  by  drawing  curves 
through  them,  but,  as  I  never  published  the  results,  I  fail  to  see  how 
he  can  pretend  to  know  anything  about  them,  unless  it  is  from  a 
rough  woodcut  on  p.  1222  of  the  Berichte.  His  answer,  which 
does  not,  and  evidently  could  not,  apply  to  the  mathematical 
investigation,  appears  to  me  to  be  calculated  simply  to  shirk  the 
results  of  this  investigation,  which  are  too  conclusive  to  be  with- 
stood. His  statement  that  my  results  differ  from  his  by  at  least 
50  per  cent,  may  be  characterized  by  your  readers  as  they  think 
fit.  The  sole  foundation  for  it  is  that  in  the  one  extreme  experi- 
ment, and  in  that  only,  there  is  such  a  difference,  and  that  there  it 
amounts  to  but  O-OO^""  C,  an  error  of  which  many  of  Mr.  Jones's 
duplicate  results  are  by  no  means  innocent. 

Mr.  Jones's  "  careful  examination  "  of  my  results  consisted  of 
displaying  some  of  them  in  a  woodcut  in  a  manner  which  \^'ould 
inevitably  fail  to  reveal  anything  as  to  their  true  nature,  and  his 
"proof"  of  the  regularity  of  his  own  results  consists  of  a  similar 
plotting.  I  can  only  repeat  in  Enghsh  what  I  have  already  told 
him  in  German  (Ber.  xxvi.  p.  1070),  that  so  long  as  he  offers  no 
evidence  to  invalidate  that  which  1  have  brought  forward  in  favour 
of  the  irregularity  of  these  results,  and  so  long  as  he  declines  to 
give  the  smallest  proof  whatever  to  support  his  statement  that  they 
form  a  regidar  curve,  I  must  decline  to  discuss  the  matter  any 
further. 

I  am  tempted,  ho\\ever,  to  say  a  word  as  to  Mr.  Jones's  recent 
results,  although  it  is  impossible  to  attempt  a  criticism  of  tliein  till  the 
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experimental  values,  iustead  f)f  the  present  "smoothed"  values, are 
published.  The  most  reiiuirkable  part  of  the  conclusions  which  he 
draws  from  tliem  is  tliat  non-electrolytes  iu  very  weak  solutions 
give  an  abnormally  large  depression  similar  to  that  given  by 
electrolytes,  but  wliich  according  to  the  dissociation  theory  should 
be  shown  by  electrolytes  only.  It  is  still  more  remarkable,  how- 
ever (especially  when  we  remember  that  these  results  emanate 
from  I'rof.  Ostwald's  laboratory),  that  Mr.  Jones  should  have  pub- 
lished them  without  any  reference  to  tbe  fact  that  my  own  results 
(although  they  diifer  somewhat  from  his  in  individual  cases)  had 
established  the  existence  of  this  same  phenomenon,  not  only  as 
regai'ds  aqueous  solutions,  but  still  more  conspicuously  as  regards 
benzene  solutions  {Ber.  xxiv.  pp.  14G9,  3329;  xxv.  pp.  1854,  2011, 
2.318,  3434). 

Mr.  Jones  suggests  a  possible  explanation  of  this  excess  in  the 
case  of  non-electrolytes,  without  noticing,  however,  that  it  must 
apply  equally  to  electrolytes  also,  and  thus  upset  the  very  conclusions 
which  he  has  drawn  from  the  rest  of  his  work,  namely,  that  the  excess 
is  due  to  dissociation  and  agrees  accurately  with  the  electric  con- 
ductivity. Perhaps  I  may  help  him  a  little  out  of  his  difficulty  by 
suggesting  that,  alter  all,  part  of  this  25  per  cent,  excess  may  be 
due  to  experimental  error.  When  a  student  whose  work  is 
hitherto  unknown  publishes  results  which  claim  an  accuracy  ten 
times  greater  than  any  previously  attained,  it  is  but  reasonable  to 
expect  fuller  details  than  those  gi\en  by  Mr.  Jones.  A  mercurial 
thermometer  reading  with  certainty  to  the  ten  thousandth  of  a 
degree  is  an  instrument  unknown  in  England,  and  any  systematic 
investigation  of  its  capabilities  would  add  confidence  to  our  esti- 
mate of  the  results  obtained.  Independent  of  errors  due  directly 
to  the  thermometer,  I  should  like  to  ask  if  Mr.  Jones  has  satisfied 
himself  that  he  gets  the  same  value  for  the  freezing-point  of  water 
(on  which  all  his  conclusions  depend)  whatever  method  he  uses  for 
determining  it.  In  his  apparatus  the  sides  and  bottom  of  the  vessel 
are  being  constantly  cooled  by  the  surrounding  medium,  the  top 
is  being  constantly  heated  by  partial  contact  with  the  air,  and  the 
contents  are  being  heated  by  the  friction  of  the  stirrer.  When 
freezing  begins,  the  liquid  can  only  be  kept  at  the  same  temperature 
as  the  ice  if  this  latter  is  disseminated  throughout  it  in  con- 
siderable quantity  and  in  minute  particles ;  but,  according  to  my 
experience,  this  is  almost  impossible  when  dealing  with  a  large 
bulk  of  pure  water,  even  when  violently  stirred :  the  ice  forms 
and  agglomerates  on  the  sides  of  the  vessel,  leaving  the  liquid  in 
the  middle  to  become  superheated  and  give  too  high  a  reading  for 
the  freezing-point.  A  similar  phenomenon  occurs  to  a  less  extent 
with  very  weak  solutions,  and  gradually  becomes  negligible  as  the 
strength  increases,  and  as  the  ice  which  separates  forms  in  smaller 
crystals  which  do  not  agglomerate  so  easily.  An  error  due  to 
this  cause  would  account  for  the  very  high  values  obtained  by 
]Mr.  Jones  for  weak  solutions. 
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XIII.    The  Phases  and  Conditions  of  Chemical  Change, 
By  V.  H.  Veley,  M.A* 

"  Was  nun  die  Beobachter  einer  scientifischen  Metliode 
betrilit,  so  haben  sie  bier  die  Wahl  entweder  doguiatiscb  oder 
skeptiscb,  in  alien  Fallen  aber  docb  die  Verbindlicbkeit  sys- 
teniatisch  zu  vei'fahren." — Kant,  Kritik  dcr  reuwn  Vernunft, 

Introductoi't/. 

THE  iuvestigutions  on  the  subject  of  chemical  change 
published  iu  the  course  of  the  past  ten  or  twelve  years 
have  more  than  ever  rendered  it  difficult  to  give  a  satisfactory 
answer  to  the  questions  :  first,  what  is  chemical  change  ? 
and,  secondly,  what  is  the  cause  of  its  commencement?  It  is 
pretty  plain,  however,  that  in  the  long  run  these  two  problems 
resolve  themselves  into  the  first.  Recently  there  have  arisen 
two  schools  of  thought,  which,  though  widely  opposed  in 
matters  of  detail,  yet  agree  in  the  general  principle  that 
chemical  and  electric  phenomena  are  more  exclusively  related 
to  one  another  than  to  any  other  form  of  energy.  On  the 
one  hand,  there  are  writers  who  hold  that  chemical  change  is 
the  reverse  of  electrolysis  ;  and,  on  the  other,  there  are  those 
who  consider  that  chemical  change  is  conditioned  by  the 
separation  or  dissociation  of  compounds  into  oppositely  elec- 
trified  ions.     Both   schools  have   set   forth   answers  to  the 
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problems  of  the  commencement  of  chemical  change,  and  espe- 
cially \vitli  regard  to  the  function  and  necessity  of  an  inter- 
mediate or  third  substance  to  promote  reaction  between  two 
other  substances. 

But  generally  there  seems  to  be  a  tendency  among  writers 
on  chemical  as  on  other  forms  of  philosophy  to  accept  the 
hypotheses  of  their  predecessors  as  matters  of  acquired  know- 
ledge without  due  examination  of  their  validity,  and  to  su|)er- 
impose  upon  them  other  hypotheses  which  their  successors  in 
their  turn  accept  as  facts.  In  chemical  philosophy,  as  in  that 
of  pure  reason,  there  are  writers  of  a  dogmatic  type  who  set 
forth  with  a  most  unqualified  assurance  hypotheses  neither 
wholly  in  accordance  with  facts  nor  strictly  logical  in  their 
demonstration.  But  others  of  an  agnostic  type  are  content 
to  conceal  their  ignorance  under  such  commonly  accepted 
terms  as  "catalysis,"  "fermentation/'  "nascent  action,"  and 
the  like,  which  are  regarded  as  all  sufficient  explanations  of 
phenomena  not  understood  ;  such  terms  are  of  course  con- 
venient, but  do  not  render  any  material  assistance.  Again, 
it  is  to  be  feared  that  chemists  too  often  content  themselves 
with  a  study  of  the  ultimate  products  of  a  reaction  and  omit 
the  intei'mediatoly  formed  substances,  which,  though  in  some 
cases  they  may  be  transitory,  yet  are  the  more  important.  It  is 
as  if  the  morphologist  were  to  consider  an  oi'ganism  as  a  whole, 
and  to  ignore  the  structure  and  function  of  individual  cells, 
whether  somatic  or  reproductive.  In  the  present  communi- 
cation it  is  proposed  to  discuss  the  couditions  and  phases  of 
chemical  change,  and  to  deal  with  the  several  hypotheses 
concerning  its  nature. 

The  Phases  of  Chemical  Change. 

From  our  earliest  and  everyday  experience  it  is  learnt 
that  chemical  changes  start  slowly  at  first,  are  accelerated  up 
to  a  maximum  and  for  some  time  constant  stage,  and  thence, 
unless  reversible,  proceed  with  a  velocity  diminishing  accord- 
ing to  the  proportion  of  the  reacting  masses.  To  adopt  the 
phraseology  of  the  biologist,  the  changes  are  at  first  anabolic 
and  then  katabolic.  There  are  thus  a  series  of  phases  or 
periods  wliich  pass  into  one  another  more  or  less  continuously; 
and  though  in  some  cases,  especially  of  detonations  and  cer- 
tain explosions,  all  these  periods  have  not  as  yet  been  clearly 
defined  owing  to  the  ra})idity  of  their  succession,  it  is,  how- 
ever, reasonable  to  suppose  that  with  improved  methods  of 
observation,  whether  of  chrouography  or  photography,  these 
changes  will  be  found  to  follow  the  same  course. 
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Tlie  periods  may  bo  defined  as  follows  : — (i.)  of  Coininenee* 
ment;  (ii.)  of  inertness*  or  lleluctanoe  followed  by  Accele- 
ration ;  (iii.)  of  Constancy  ;  (iv.)  of  Diminution  of  Velocity  f. 
The  first  three  periods  will  be  considered  seriatim  more  fully. 

(i.)   Fenod  of  Commencement. 

Writers  on  the  kinetic  theory  of  gases  have  supposed  that 
the  velocity  of  movement  of  translation  of  gaseous  molecules 
is,  from  the  nature  and  degree  of  violence  of  their  mutual 
impacts,  an  average  of  velocities  of  widely  different  values  ; 
their  kinetic  energy  is  therefore  expressible  by  the  factor 
\mu?,  wherein  xi  is  the  average  of  velocities  Vj,  Vj, . . .  V„. 
It  is  supposed  that  certain  molecules  W'ill  be  moving  with  a 
velocity  which  would  thereby  render  them  more  liable  to 
atomic  disruption  when  they  meet  molecules  of  a  different 
kind  of  matter,  so  that  the  free  constituent  atoms  which 
would  otherwise  pair  with  atoms  of  a  like  kind  pair  with 
atoms  of  an  unlike  kind. 

Clausius  further  assumes  that  an  E.M.F.  (and  probably 
changes  induced  by  light  are  to  be  included  under  the  same 
category)  tends  to  give  a  "set"  or  direction  to  the  atomic 
constituents,  causing  those  of  an  electro-positive  nature  to 
pass  in  one,  and  those  of  an  electro-negative  nature  to  pass 
in  another  way.  The  same  course  of  reasoning  will  apply  to 
solutions,  except  that  the  problem  is  rendered  more  com- 
plicated by  the  internal  viscosity  of  the  liquid  and  the  thereby 
diminished  probability  of  molecular  encounter.  The  theory 
of  the  free  and  paired  atoms  has  been  developed  on  mathe- 
matical lines  by  J.  J.  Thomson  %  \  and  the  results  calculated 
from  the  equations  set  forth  are  in  agreement  with  those 
obtained  in  experiments  on  the  dissociation  of  iodine  (Crafts 
and  Meier),  of  the  compound  of  methyl  oxide  and  hydro- 
chloric acid  (Friedel),  and  on  the  dissociation  of  phosphoric 
chloride  (Wurtz). 

In  the  })articular  case  of  hydrogen  and  chlorine  (discussed 
more  fully  below),  let  us  postulate  the  condition  that  certain 
molecules  of  each  gas  not  only  are  moving  faster,  but  also  by 
the  agency  of  light  have  a  tendency  to  move  in  one  direction 

*  It  seems  preferable  to  use  the  term  "Inertness"'  or  "lleluctance " 
rather  than  "  Inertia,"  as  the  cause  is  cliemical  rather  than  dynamical,  and 
the  implied  analogy  would  therefore  be  misleading. 

t  Hell  and  Urech  {Ber.  deut.  chem.  Ges.  xiii.  p.  531)  divide  the  course 
of  chemical  change  into  the  three  last  periods,  while  Pringsheim  (Wied. 
Ayin.  xxxii.  p.  400)  gives  the  first  three,  but  the  method  of  observation 
adopted  precluded  any  observations  of  the  fourth  period. 

X  Phil.  Mag.  [5]  xviii.  pp.  233-268. 
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rather  than  in  any  other ;  these  molecules  collide,  the  hy- 
drogen and  chlorine  atoms  change  partners  to  produce  hydro- 
chloric acid.  If  it  be  furtlier  supposed  that  the  external 
temperature  remains  the  same,  and  that  the  walls  of  the  vessel 
are  absolutely  non-conducting,  then  the  heat  evolved  by  the 
combination  of  the  hydrogen  and  chlorine  would  increase  the 
velocity  of  translation  of  the  remaining  molecules,  and  thereby 
increase  their  tendency  to  combine,  if  the  external  cause  of 
the  "  set '^  continued.  There  would  thus  be  an  acceleration 
of  the  combination  up  to  the  point  at  which  there  would  be 
so  many  particles  of  hydrochloric  acid  not  only  in  the  way 
but  also  with  an  increasing  velocity  of  translation.  The 
phenomena  of  acceleration  discussed  in  the  succeeding  section 
might  be  accounted  for  by  dynamical  considerations;  but, 
as  will  be  seen,  this  is  not  the  conclusion  of  the  whole  matter. 

However  this  may  be,  it  is  clear  that  when  once  a  direction 
has  been  given  to  the  molecules  or  their  constituents  whereby 
a  chemical  change  is  produced,  they  will  continue  to  move  in 
the  same  direction,  and  the  change,  other  external  causes  not 
intervening,  will  proceed  to  its  ultimate  limit.  The  phe- 
nomenon may  be  of  the  same  kind  as,  or  at  least  analogous  to, 
that  observed  by  Faraday,  viz,,  that  when  once  an  electric  spark 
has  passed  through  a  gas  the  passage  of  another  innnediately 
afterwards  is  much  facilitated,  a  fact  confirmed  by  the  expe- 
riments of  Hittorf  and  Schuster*. 

The  theory  of  Glausius  in  a  more  or  less  modified  form  has 
been  almost  universally  adopted  by  chemists  and  physicists 
alike.  Armstrong  j,  however,  practically  rejects  it  on  the 
somewhat  slender  grounds  that  it  affords  no  explanation  of 
the  phenomena  of  electric  conduction  of  certain  silver  salts  in 
the  solid  state,  and  of  the  variations  in  conductivity  of  mix- 
tures of  sulphuric  acid  and  water. 

(ii.)  Period  of  Inertness  followed  by  Acceleration. 

These  phenomena  were  first  noticed  by  Draper  in  the  par- 
ticular case  of  the  reaction  of  hydrogen  and  clilorine  gases 
under  the  influence  of  sunlight,  and  traced  by  him  to  an 
allotropic  modification  of  the  latter  element  |.  Similar  obser- 
vations were  made  by  Bunsen  and  Eoscoe  in  their  investi- 
gations on  the  same  subject,  and  the  phenomenon  was  desig- 
nated by  them  "  Photochemical  Induction " '  § ;  a  term  which  has 

Thomsou  ou  tlie  electrolysis 


*  Cf,  also  the  recent  experiments  of  J.  J.  T 
of  steam  (Proc.  Roy.  Soc.  liii.  pp.  00-110). 


t  Proc.  Eoy.  Soc.  xl.  p.  271.  %  PliU.  Mag.  [3]  xxvii.  p.  828. 

§  Phil.  Trans.  1857,  p.  381. 
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been  haniled  down  through  a  series  of  manuals  on  Chemistry, 
the  writers  of  whirh  seem  to  consider  that  the  phenomenon  is 
necessarily  conditioned  by  the  agency  of  light.  Bunsen  and 
Eoseoe  make  a  mental  presentation  of  resistance  to  be  over- 
come before  chemical  change  can  commence.  It  is  to  be 
supposed,  though  the  writers  do  not  state  it  in  so  many 
words,  that  the  term  "  induction  "  is  based  upon  an  analogy 
of  magnetic  and  electric  phenomena,  called  by  the  same  term, 
which  last  just  so  long  as  the  predetermining  cause,  namely 
the  vicinity  of  an  electrified  or  magnetized  body. 

The  analog}'  is,  however,  incomplete  in  that  though  there 
are  chemical  changes  which  last  as  long  as  the  external  cause 
or  condition,  be  it  E.M.F.,  light,  or  heat,  yet  there  are  others 
which,  when  once  commenced,  will  proceed,  so  far  as  can  be 
judged,  without  the  external  agency.  As  the  phenomenon  is 
not  necessarily  dependent  upon  sunlight  *,  and  as  probably  it 
is  not  entirely  of  a  dynamical  character,  I  have  preferred  to 
adopt  the  term  '•'  Inertness  "  or  "  Reluctance.^' 

Bunsen  and  Eoseoe  further  showed  that  when  a  mixture 
of  hydrogen  and  chlorine  gases,  in  which  chemical  change 
has  set  in  under  the  influence  of  light,  is  darkened  and  then 
again  exposed,  the  phenomena  of  inertness  and  initial  accelera- 
tion are  repeated ;  this  observation,  which  has  an  important 
bearing  on  the  course  of  chemical  change,  seems  to  have  been 
quite  overlooked  by  winters  upon  the  subject.  Pringsheim 
{cf.  supra),  repeatiixg  Bunsen  and  Roscoe's  experiments, 
traces  the  above  phenomena  to  the  purely  chemical  cause  of 
an  intermediate  reaction,  basing  the  explanation  on  the  fact 
that  a  mixture  of  hydrogen  and  chlorine  gases  was  less  sus- 
ceptible to  actinic  rays  when  dry  than  when  moist  (an  obser- 
vation contirmed  by  Dixon  f).  Pringsheim  considered  the 
reactions  to  be  as  follows  : — 

(i.)     Ho  +  OI2  +  H2O  =  CI2O  +  2H2, 
(ii.)   Cl20  +  2H2=2HC1  +  HA 

without,  however,  bringing  forward  any  experimental  evidence 
in  support  of  the  view,  and,  indeed,  it  is  not  probable  that 
the  anhydride  CI2O  would  exist,  as  such,  in  the  presence  of 
water.  But  the  investigations  of  Pedler  |  supply  the  necessary 
data,  in  that  he  has  shown  that  chlorine  in  the  presence  of 

*  Bunsen  and  Roscoe  themselves  also  illustrate  their  results  by  others 
obtained  in  the  study  of  the  bromination  of  tartaric  acid,  a  chemical 
change  probably  not  wholly  conditioned  by  actinic  rays. 

t  PhiL  Trans.  (1893)  [A],  p.  144  (Bakerian  Lecture). 

%  Joum.  Chem.  Soc.  1890,  pp.  699-625. 
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water  and  under  the  influence  of  sunlight,  the  two  conditions 
required,  oive  liyjwcldorous  acid  as  one  of  the  initial  products 
of  the  reaction  :  the  changes  can  therefore  be  written  : — 

(i.)     V\  +  2Jl,0  =  2T[C\0  +  'B.,. 

(ii.)    2HC10  +  2H.  =  2HC1  +  2H20. 

The  above  results  afford  a  sufficient  answer  to  the  somewhat 
sceptical  remark  of  Ostwald : — "  Ueber  die  Natur  derZwischen- 
Substanz  lioss  sicli  nicht  bestimmtes  ermitteln  "■^. 

As  regards  this  phase  of  the  reactions  of  hydrogen  with 
chlorine,  Armstrong  (Proc.  Cliem.  Soc.  1893)  writes  : — "  That 
no  such  irregularity  is  observed  on  heating  iodine  with 
hydrogen  is  not  surprising,  as  hydrogen  iodide  would  be 
formed  from  the  very  first,  and  the  electrolyte  ])resent  would 
exert  a  minimum  resistance  at  once."  But  it  is  surprising 
that  the  reactions  of  hydrogen  with  chlorine  and  iodine  re- 
spectively should  ever  be  compared  at  all ;  the  only  factors 
common  to  the  two  are  the  element  hydrogen  and  the  some- 
what similar  behaviour  of  the  two  resulting  haloid  acids. 
For  the  reaction  between  hydrogen  and  chlorine  is  conditioned, 
as  everybody  now  admits,  by  the  ]iresence  of  water  and  by 
taking  place  at  ordinary  temperatures  under  the  influence  of 
sunlight^  and  under  these  conditions  it  is  probably  not  re- 
versible;  further  it  is  exothermic  (  +  22,000  cals.),  and  some 
hydrochloric  acid  is  formed  after  the  lapse  of  about  2-4 
minutes  (Bunsen  and  Roscoe,  Pringsheim) .  On  the  other  hand, 
there  is  no  experimental  evidence  at  present  to  show  that  tbe 
reaction  between  hydrogen  and  iodine  is  conditioned  by  the 
presence  of  water  ;  it  is  unaffected  by  sunlight,  as  Lemoine  t 
has  shown  that  at  ordinary  temperatures  and  after  one  month's 
exposure  to  summer  sun  no  appreciable  combination  takes 
place,  though  under  the  same  conditions  80  per  cent,  of 
hydriodic  acid  is  decomposed  ;  further,  the  reaction  is  re- 
versible and  endothermic  ( —  800  cals.) .  Lastly,  it  is  practically 
certain  that  hydriodic  acid  is  not  formed  from  the  very  first, 
as  at  a  temperature  of  200°  97*1  per  cent,  of  the  hydrogen 
present  in  a  mixture  of  iodine  and  hydrogen  still  remained 
free  after  an  interval  of  9i  hours  (Lemoine),  which,  to  put  it 
another  way,  would  mean  that  only  "005  jjer  cent,  of  the 
hydrogen  has  entered  into  combination  after  the  lapse  of 
one  minute,  presuming  the  change  to  proceed  uniformly. 

The  phenomena  of  inertness  and  acceleration  were  also  ob- 
served by  Berthelot  and  Pean  de  Saint  Gilles  in  their  studies 

*  Lehrbiich,  p.  1063. 

t  Ann.  Chim,  Phys.  [5]  xii.  p.  207. 
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on  the  rate  of  formation  of  ethereal  ^alts  ;  these  writers  gave*, 
without  a[)parently  bcM'iio-  aware  of  tlie  fact,  the  same  ex- 
phination  as  Bunsen  and  Roseoe. 

Again,  Hell  and  Urech  («/.  supra)  noticed  these  same 
phenomena  in  their  investigations  on  the  bromination  of  the 
acids  of  the  acetic  series  ;  they  very  cogently  ])ointed  out  that 
their  results  woulil  l)e  incomi)rehensible  on  the  hypothesis 
that  the  reaction  consists  in  the  simple  substitution  of  hydrogen 
by  bromine,  for  in  that  case  the  maximum  velocity  should 
be  at  the  conunencement  of  the  reaction,  when  there  is  the 
greatest  mass  of  unaltered  bromine  present.  These  writers 
seem  to  have  been  the  first  to  give  the  probably  true  explana- 
tion of  this  phase  of  chemical  change,  tracing  it  to  the  forma- 
tion of  an  intermediate  compound  (in  the  jnirticular  case  of 
acetic  acid  to  a  body  of  composition  C2H^02Br24HBr)t, 
whereby  a  delay  would  of  necessity  be  occasioned,  and  the 
chemical  change,  though  started,  could  only  proceed  at  first 
slowly. 

It  was  noticed  also  by  Harcourt  in  some  unpublished  in- 
vestigations, and  confirmed  by  later  experiments  of  my  own, 
that  the  evolution  of  gases  from  homogeneous  liquids  as  a 
process  of  chemical  change  J  illustrates  in  a  remarkable  way 
the  same  phenomena.  These  were  especially  observable  in 
the  decomposition  of  potassium  ferrocyauide  with  concen- 
trated sulphuric  acid,  and  in  the  reduction  of  nitric  acid  with 
ferrous  sul|)hate  ;  reactions  in  which  intermediate  substances 
are  undoubtedly  formed,  and,  indeed,  in  the  latter  case  the 
progress  of  the  change  is  rendered  visible.  In  the  course  of 
the  experiments  it  was  noticed  that,  if  a  liquid  from  which  a 
gas  was  being  evolved  was  cooled  and  subsequently  restored 
to  its  former  temperature,  or  if  the  superincumbent  pressure 
was  suddenly  increased  from  a  third  to  one  atmosphere,  then, 
though  the  evolution  of  gas  was  perfectly  uniform  before  the 
temporary  alteration  of  condition,  the  phenomena  of  inert- 
ness and  acceleration  were  repeated  in  a  greater  or  less  degree. 

Simultaneously  Spring  and  van  Aubel§  noticed  that  the 

*  Ann.  de  Chim.  [3]  Ixvi.  pp.  5-1  o^i.  Ou  the  above  point  the  authors 
wiite  as  follows  : — "  Pour  la  concevoir  il  faut  admettre  une  sorte  cfinertie, 
de  resistance  a  vaincre  qui  retarde  la  combination  . , . :  cette  acceleration 
initielle  semble  done  constituer  un  caractere  assez  general  de  ce  genre  de 
reactions." 

t  The  writers  do  not  bring  forward  much  experimental  evidence  in 
favour  of  the  existence  of  this  particular  compound,  but  the  formation  of 
unstable  bromo-addition  products,  such  as  that  of  camphor  for  example, 
is  by  no  means  infrequent  among  carbon  compounds. 

%  Phil.  Trans.  (1888)  [A],  p.  272.  _ 

§  A7m.  Cliim.  Fhys.  >i]  xi,  pp.  505-534. 
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velocity  of  tlie  reaction  between  metallic  zinc  (containing  '6 
per  cent,  of  lead)  and  the  halogen  acid  increases  imtil  it 
reaches  a  niaximnm  ;  these  writers,  however,  apply  again  the 
term  "  induction. "  Precisely  similar  results  were  obtained 
by  myself  in  the  course  of  experiments  on  co])per  with  diluted 
nitric  acid  *;  if  the  conditions  were  such  that  the  reaction 
commenced  at  all,  then  it  started  at  first  slowly.  But  these 
two  latter  examples  will  be  more  especially  discussed  in  the 
sequel. 

Again,  it  is  a  familiar  fact  to  photographers  that  the 
action  of  light  upon  silver  salts  is  less  during  the  first  period 
of  exposure  than  subsequently ;  the  researches  of  H.  B. 
Baker  have  shown  that  the  chemical  changes  involved  are 
extremely  complicated  by  the  formation  of  intermediate 
compounds. 

The  proposition  set  forth  of  the  production  of  intermediate 
compounds  can  for  simplicity  be  resolved  into  two  general 
cases  : — 

(i.)  In  a  chemical  system  compounds  ab  and  cd  unite  to 
form  a  third  compound  aJ>ed,  which  in  its  turn  is  resolved  into 
compounds  ac  and  bd  thus 

(i.)     ab  +  ed  =  abcd. 

(ii.)    ahcd=ac-\-bd. 

(ii.)  A  compound  abed  decomposes  into  compounds  ah  and 
cd,  which  subsequently  react  to  form  ac  and  bd,  thus 

(i.)    abcd  =  ab  +  cd. 

(ii.)  ab  +  cd=ac  +  bd. 
Both  cases  come  under  the  category  of  concomitant  varia- 
tions, and  the  observations  obtained  in  the  course  of  experiments 
are  not  susceptible  of  mathematical  analysis  until  the  several 
amounts  of  reacting  substances  and  products  have  been 
accurately  ascertained.  I  have  dwelt  upon  this  phase  of 
chemical  change  at  some  length,  not  indeed  with  the  view  of 
pointing  out  that  changes  proceed  slowly  at  first,  for  this  is 
patent  to  the  merest  tyro  in  experimental  chemistry  who 
pours  some  dilute  sulphuric  acid  upon  metallic  zinc ;  but 
rather  I  would  wish  to  draw  attention  to  the  great  importance 
of  the  study  of  intermediate  compounds  which  are  either 
generally  overlooked  or  at  best  summarily  dismissed  as  of  no 
concern  f.     It  is  to  my  mind  idle  to  discuss  as  to  what  may 

*  Pi'oc.  Pvoy.  Soc.  xlvi.  p.  217. 

t  The  remark  of  Lord  Raylpigli  (B.  A.  Address  1884)  is  as  pregnant 
as  ever : — "If  I  might  without  presumption  venture  a  word  of  recommenda- 
tion, it  would  be  in  favour  of  a  more  minute  study  of  the  simpler  chemical 
phenomena," 
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be  or  may  not  bo,  or  whether  certain  "composite  electrolytes" 
may  or  may  not  be  formed  ;  for  such  discussions  seem  to 
reduce  the  '^f\iir  field  of  experimental  chemistry  to  the  dry 
and  arid  waste  of  academical  meta[)hysics. 

(iii.)  Period  of  Constancy. 
This  period  has  been  observed  in  most  of  the  cases  dis- 
cussed in  the  previous  section,  and  would  follow  as  a  neces- 
sary consequence  of  two  opposing  factors,  the  one  of  accele- 
ration, and  the  other  of  retardation  due  to  the  diminution  of 
the  masses  of  reacting  substances.  Its  duration  is  therefore 
dependent  upon  the  products  of  these  factors  ;  and  according 
to  experimental  conditions  it  has  been  observed  to  last  either 
for  the  space  of  a  few  minutes  or  for  several  hours. 

Berthelot's  ex]jeriments  have  also  shown  that  the  velocity 
of  propagation  of  explosive  waves  rapidly  increases  until  a 
constant  maximum  is  reached,  the  value  of  which  varies  with 
the  nature  of  the  exploding  gases.  Though  the  researches  of 
Dixon  *  have  conclusively  proved  that  this  maximum  for  the 
same  pair  of  gases  is  dependent  upon  either  the  presence  of 
moisture  or  of  an  excess  of  one  of  the  gases,  or  of  a  third 
gas,  whereby  secondary  reactions  may  ensue,  yet,  so  far  as  I 
am  aware,  the  effects  produced  on  the  earlier  period  of  acce- 
leration have  not  been  made  the  subject  of  any  elaborate 
series  of  experimeuts.  I  have  therefore  omitted  their  dis- 
cussion in  the  preceding  paragra|)li,  though  there  can  be  but 
little  doubt  that  in  these  cases  also  the  formation  of  inter- 
mediate compounds  (carbonic  oxide,  for  example,  as  the  first 
stage  of  the  oxidation  of  carbon)  would  have  a  very  important 
bearing. 

(iv.)  Period  of  Diminishing  Velocity. 
It  is  only  necessary  to  allude  to  the  final  stage,  so  cha- 
racteristic of  all  save  reversible  chemical  changes,  and  which 
has  so  often  been  shown  in  the  many  elaborate  memoirs 
published  in  tlie  hist  thirty  or  forty  years  to  be  a  function  of 
mass,  temperature,  and  other  conditions. 

What  is  Chemical  Change  ? 

In  the  preceding  paragraphs  the  course  of  chemical  change 
has  been  discussed  ;  we  now  pass  on  to  the  more  difficult 
problem  concerning  its  nature. 

Some  sixty  years  ago  Faraday,  impressed,  doubtless,  with 
his  wonderful  experiments  upon  electrolysis,  wrote  f: — "The 

*  Phil  Trans.  1884,  p.  (517,  and  1893  [A],  pp.  97-188. 
t  *  Experimental  Researches.' 
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forces  termed  chemical  affinity  and  electricity  are  one  and 
the  same,"  a  sentence  which  has  become  the  text  of  the  dis- 
courses of  numerous  writers  in  the  ])resent  oeneration.  With 
somewhat  more  reserve  Helmholtz  *  put  forward  the  view 
that  "  the  very  mightiest  among  chemical  forces  are  of  electric 
origin,"  which  is  another  frequently  quoted  text. 

Of  course  everybody  will  grant  that  the  chemical  changes 
in  a  battery  and  electrolytic  cells  are  identical  both  in  kind 
and  quantity  ;  everybody  also  will  allow  that  chemical  change 
and  E.M.F.  are  frequently  interdependent  variables,  and 
lastly  the  ionic  dissociation  theory  has  a  whole  school  of 
followers.  But  it  is  not  as  yet  possil)le  (notwithstanding  a 
certain  array  of  experimental  evidence)  in  our  present  state 
of  knowledge  to  accept  Armstrong's  definition  of  chemical 
change  as  "  reversed  electrolysis  "  f,  or  the  proposition,  not 
wholly  identical  with  it,  that  in  order  that  chemical  change 
may  take  place  the  system  operated  upon  should  comprise  an 
electrolyte.  For,  on  the  one  hand,  there  are  cases  of  chemical 
change  which  do  not  occur  even  in  the  presence  of  an  elec- 
trolyte, and,  on  the  other,  there  are  cases  which  occur  even 
in  the  absence  of  an  electrolyte. 

For  example,  it  will  not  be  denied  that  dilute  hydrochloric, 
sul})liuric,  and  nitric  acids  are  electrolytes  j>ar  excellence  ;  yet 
for  all  that  certain  metals  in  a  state  of  ])urity  will  not  dissolve 
in  them.  But  if,  before  introduction  of  the  metal,  an  electric 
current  be  passed  through  these  several  acids,  whereby 
(possibly)  persulphuric,  nitrous,  and  oxygenated  chlorine 
acids  are  produced,  then  under  these  circumstances  chemical 
reaction  ensues.  Thus  electrolysis  causes  the  formation  of 
some  intermediate  compound  ;  is  it  logical,  therefore,  to  con- 
clude that  electrolysis  is  the  necessary  antecedent  and  con- 
comitant of  its  own  reverse  ? 

Again,  to  take  an  example  from  everyday  life,  the  materials 
of  a  common  match-head  and  box  do  not  apparently  contain 
an  electrolyte,  yet  the  chemical  change  is  violent  enough 
when  one  is  rubbed  against  the  other.  At  present  we  are  with- 
out evidence  to  show  that  no  change  would  take  place  if  this 
everyday  experiment  were  performed  with  absolutely  dry 
materials  (especially  the  potassium  chlorate)  and  in  an  abso- 
lutely dry  atmosphere. 

It  seems  most  rational  to  suppose  that  mechanical  is  con- 
verted into  heat-energy,  which  is  subsequently  degraded  by 
the  combustion  of  the  substances  present. 

*  Jom-n.  Chem.  Soc.  1881,  p.  277. 

t  Proc.  Chem.  Soc,  1885,  p.  40 ;  also  British  Association  Keport,  1885, 
p.  053. 
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Again,  the  electric  conductivity  of  hydrocarbons  is  for  the 
most  part  extremely  small,  yet  in  many  cases  they  readily 
enter  into  chemical  change  at  ordinary  temperature  "without 
the  intervention  of  extraneous  energy.  For  example,  many 
of  them  combine  directly  with  bromine  with  extreme  violence, 
yet  it  could  hardly  be  supposed  that  a  trace  of  hydrobromic 
acid  formed  as  a  by-product  in  the  midst  of  an  insulator  is 
the  determining  cause.  The  reactions  of  the  zinc  and  other 
organo-metallic  compounds  upon  oxygenated  compounds  pre- 
sumably dry  are  also  examples  of  changes  wherein  there  is 
as  yet  no  evidence  to  show  that  they  are  dependent  upon  the 
presence  of  an  electrolyte,  or  that  they  are  of  the  nature  of 
reversed  electrolysis.  Such  examples  might  be  multiplied, 
and  will  readily  occur  to  any  student  of  chemistry. 

Lastly,  is  there  any  e^-idence  to  show  that  chemical 
changes  induced  by  tinely  divided  platinum  are  conditioned 
by  the  presence  of  an  electrolyte  ?  or  any  i)roof  that  moisture, 
or  some  other  '•  tertium  quid  ^'  must  be  i)resent  ?  or  generally, 
has  any  satisfactory  explanation  of  the  nature  of  surfaces 
been  given  ?  "  Catalytic  reactions  are  reactions  which  we 
do  not  understand,''  this  has  become  a  by-word  and  a  re- 
proach among  chemists.  Guesswork  as  to  what  may  be  is 
of  no  avail  ;  we  want  to  know  wdiat  is.  In  any  case  there 
seems  nothing  to  warrant  the  exclusive  selection  of  two  par- 
ticular forms  of  energy,  namely  the  electric  current  and 
chemical  affinity,  and  to  define  absolutely  the  latter  as  the 
reverse  of  the  former.  For  with  equal  reason,  and  with  as 
fair  a  show  of  argument,  heat  and  chemical  energy  might 
likewise  be  defined  as  terms  mutually  reversible.  Piobably 
the  true  position  of  the  case  is  most  exactly  summed  up  bV 
the  quotation  from  Helmholtz's  writings  given  above,  that 
some  of  the  very  mightiest  among  chemical  forces  are  of 
electric  origin. 

What  is  the  cause  of  the  commencement  of  Chemical  Change  'i- 

Of  recent  years  the  reactivity  of  substances  has  been  con- 
sidered to  be  conditioned  by  the  degree  of  ionic  dissociation, 
the  measure  of  which  is  expressed  l)y  the  factor 

Woo   ' 

wherein  -m  and  Urr,  are  the  molecular  conductivities  at  any 
particular  and  at  infinite  dilution.  This  hypothesis  has  been 
so    widely    accepted,    not   only   as   affording   a   convenient 
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explanation  of  the  commencement  of  chemical  change  hut 
also  as  being  snpportcMl  by  ovidonce  derived  from  a  study  of 
other  physical  phenomena  *,  that  it  would  seem  to  savour 
almost  of  ultra-conservatism  f  to  pass  any  criticism  upon  it. 

On  all  sides  it  is  admitted  that  if  the  hypothesis  of  ionic 
dissociation  be  granted  other  phenomena  ^vould  follow  as 
logical  consequences  ;  and  of  these  no  other  explanation  has 
been  given,  though  they  are  not  wholly  otherwise  unintel- 
ligible. But  the  propounders  of  this  theory  seem  at  best  to 
slur  over  the  initial  difficulties,  and  to  postulate  properties  of 
certain  kinds  of  matter  of  which,  ex  hjpothesi,  we  can  have 
no  cognition. 

To  take  \\\e  more  commonly  selected  example  :  it  is  sup- 
posed that  when  potassium  chloiide  is  dissolved  in  excess  of 
water  it  is  more  or  less  dissociated  into  free  potassium  and 
fi'ee  chlorine  atoms,  each  with  enormous  electric  charges,  equal 
and  opposite  in  kind.  It  is  further  assumed  %  that  the  free 
potassium  ions  are  a  kind  of  matter  difiPerent  from  a  lump  of 
potassium,  and  that  the  free  chlorine  ions  are  a  kind  of  matter 
different  from  chlorine  gas  in  a  jar,  somewhat  as  yellow  and 
red  phosphorus  are  different  kinds  of  matter.  Writers  allow 
that  there  is  no  exact  knowledge  of  the  amount  of  these 
electric  charges,  and,  indeed,  if  according  to  the  hypothesis 
these  are  equal  and  opposite  in  kind,  there  seems  to  be  some 
difficulty  in  devising  any  experimental  method  for  their  mea- 
surement. But  they  consider  that  it  is  a  matter  of  acquired 
knowledge  that  the  chemical  and  physical  properties  of  ele- 
mentary substances  are  greatly  altered  and  almost  nullified 
by  electric  charges  imparted  to  them  \^y  the  mere  process  of 
solution  of  their  compounds  in  water.  A  lump  of  potassium 
is  regarded  by  this  school  of  writers  as  made  up  "  of  mole- 

*  For  a  review  of  tlie  position  cf.  Arrlieniiis,  "'  Chemical  Theory  of 
Electrolytes,"  Acad.  Science,  Sweden ;  also  W.  N.  Shaw,  B.  A.  Report, 
1891,  who  gives  the  references  to  the  literatiu'o  upon  the  subject. 

t  One  can  hardly  refrain  from  quoting  the  following  passage  from 
Nernst's  work  Theoretische  Cheinie  (Stuttgart,  1893),  as  an  example 
of  self-satisfactory  dogmatism  almost  unequalled  in  any  scientific  publi- 
cation : — "  Es  ist  liier  natiirlich  uicht  der  Ort,  auf  den  Inhalt  einer  der- 
artigen  unfruchtbaren  Opposition,  die  audi  niclit  ein  einziges  neues 
Moment  zu  Tage  fiirderte,  uud  die  daher  am  besten  einer  schnelleu  Ver- 
gessenheit  anheimfiele,  niiher  ciuzugehen." 

\  Writers  upon  this  subject  seem  almost  to  cousidt-r  that  no  assumption 
is  here  implied  ;  thus  Os<twald  {Leltrlmch  der  aUr/enieinen  Chcmie,  Leipzig, 
1893,  p.  784)  writes  : — "  Die  Aufklilrung  des  scheinbaren  Widerspruches 
liegt  so  viel  darin,  dass  '  freies  Kaliummetall '  und  '  freie  Kaliumionen' 
ganz  verschit'dene  Dinge  sind  ;  sie  sind  nicht  identisch,  sondern  nur 
isomer."    This  last  sentence  would  imply  a  definite  statement  of  fact. 
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cules  *  consisting  of  an  unknown  and  probably  great  number 
of  potassium  atoms,"  even  tliough  the  determination  of  its 
molecular  weight,  alike  by  the  methods  of  vaporization,  the 
depression  of  freezing-points,  and  diminution  of  va])Our- 
pressure,  wouhl  point  to  a  molecular  number  39"  1,  if  that  of 
hydrogen  be  taken  as  2.  Thus  the  only  point  of  differentiation 
is  the  assumed  enormous  electric  charge.  But  even  if  it  be 
granted  that  such  a  charge  would  alter  the  properties  of 
a  kind  of  matter  (of  which,  be  it  remarked,  there  is  no  expe- 
rimental evidence)  precisely  as  yellow  phos[)horus  is  converted 
by  the  process  of  heating  into  red  phosphorus,  yet  the  dif- 
ference between  these  two  last  modifications  is  for  the  most 
part  one  of  degree  and  not  one  of  kind.  But  we  are  asked  to 
believe  that  ionic  potassium  would  not  decompose  water,  and 
that  ionic  chlorine  would  possess  no  odour. 

The  propoundei's  of  this  hypothesis  take  away  attributes 
hitherto  regarded  as  essential  to  the  various  elementary  kinds 
of  matter,  and  substitute  for  them  mere  mental  abstractions. 
As  such  they  might  be  useful  in  the  same  sense  as  circles  and 
triangles,  and  we  might  possibly  deal  with  them  as  implied 
postulates  ;  but  to  predicate  properties  of  kinds  of  matter  of 
which  we  can  have  no  cognition,  and  to  differentiate  them 
from  kinds  of  matter  of  which  we  have  cognition,  is  to  carry 
scientific  imagination  beyond  its  legitimate  bounds.  The 
following  sentences  taken  from  Ostwald's  Lehrbuch  illustrate 
the  relations  given  in  the  text : — (i)  "  Ciilor  is  ein  stark 
riechendes  Gas  ; "  (ii)  "  Das  molekulare  Chlor.  (%,  geht  in 
Chlorionen  liber;"  (iii)  "  Ebenso  muss  in  Gefiisse  B  ein 
Ueberschuss  von  Chlorionen  vorhanden  sein  ...  in  keinem 
Gefasse  nimmt  man  etwas  besonderes  wahr — weder  .  .  .  noch 
Chlorgeruch  in  B." 

Though  the  element  chlorine  when  combined  with  potassium 
in  potassium  chloride  or  with  hydrogen  and  carbon  (in 
chloroform,  for  example)  has  none  of  the  properties  of  ele- 
mentary chlorine  by  itself,  yet  this  would  not  affect  the 
question  ;  for  by  the  ionic  dissociation  theory  the  chlorine  in 

*  It  is  time  to  protest  against  such  a  sentence  as  this  in  a  book  (Xernst, 
cf.  supra)  written  presumably,  as  our  English  phrase  hath  it,  "  for  the  use 
of  schools  and  colleges": — "Wasserstoff  unci  Chlor  sind  uns  beide  bei 
gewohnlicher  Temperatur  nur  als  II^  und  CI,  hekunnt.'''  We  know  the 
properties  of  hydrogen — or  at  least  we  have  a  rational  expectation, 
amounting  almost  to  a  certainty,  that  the  properties  of  a  specimen 
of  hydrogen  collected  to-day  are  the  same  as  those  of  a  specimen  of 
hydrogen  collected  fifty  years  ago ;  but  we  do  not  know  hydrogen  as  Ho. 
All  that  we  can  say  is  this,  that,  adopting  certain  hypotheses  of  the  con- 
stitution of  matter,  we  believe,  or  we  imagine,  or  at  best  we  conventionally 
represent  the  molecule  of  hydrogen  to  be  H^. 
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dissolved  potassium  chloride  is  considered  to  be  free,  or  at 
least  not  combined  Avith  the  potassium.  Williamson  pointed 
out  years  a<;o  that  it  is  not  strictly  accurate  to  speak  either  of 
the  element  ])otassium  or  the  element  chlorine  as  present  in 
potassium  chloride,  and,  indeed,  there  is  a  certain  inconsistency 
in  modern  nomenclature  in  that  one  element  and  not  the  other 
is  put  in  the  adjectival  form. 

It  can  be  ar^iu^d  that  an  asymmetric  carbon  atom  is  like- 
wise a  mental  iibstraction ;  but  specific  attributes  ai'e  not 
predicated  of  such  a  carbon  atom — all  that  is  or  can  be  done 
is  to  ])ut  forward  this  abstraction  as  a  working  hypothesis  to 
explain  the  constitution  of  certain  carbon  compounds.  Mole- 
cules also  are  ideals,  but  we  cannot  predicate  of  them  any 
attributes,  whether  of  sphericity  or  non-sphericity,  of  elasticity 
or  inelasticity  :  as  we  may  apply  the  ideal  geometrical  tri- 
angle for  the  more  real  triangle  of  velocities,  so  likewise  we 
apply  our  ideal  molecules  to  solve  problems  on  the  velocities 
of  congeries  of  them. 

But  certain  writers  incline  to  draw  students  away  from  the 
main  issue  by  a  distinction  between  heat-dissociation  and 
ionic  or  electrolytic  dissociation  (both  terms  being  unfortunate 
enough).  Thus  to  select  a  case,  these  statements  are  made 
equally  as  of  matters  of  fact*: — "  If  sal  ammoniac  is  dissolved 
in  a  large  quantity  of  water  it  is  electrolytically  decomposed 
almost  com})letel3^  in  accordance  with  the  equation 

NH4Cl=NH4  +  (Jl, 

and  if  we  vaporize  it  under  sufficiently  low  pressure,  it 
decomposes  again  in  accordance  with  the  equation 

NH4C1=NH3-|-HC1, 

\h.  in  unelectrified  molecules.  Both  are  quite  dif event  phe- 
no))ieiia,  the  interdependence  between  u'hich,  even  if  j)vohahle,  is 
not  yet  knovni.'^ 

The  former  reaction  is,  however,  quite  theoretical,  and  we 
have  no  manner  of  means  of  identiiying  the  presence  of  the 
hypothetical  radical,  NH4,  or  the  electro-negatively  charged 
elementary  substance  chlorine,  possessing  hypothetical  pro- 

*  The  origiual  is  here  appended  : — "  LiJst  man  Sahniak  iu  viel  "NVass  er 
auf,  so  dissocurt  er  sich  fast  vijllig  in  Siune  der  Gleichuug'  .  .  .  electro- 
Ij'tisch,  und  vergasen  Avir  ilin  imter  hiureichend  kleineni  IJruck,  so  ze  r- 
fallt  er  wiederum  sehr  weit  gehend  in  Sinne  der  Gleichung  .  .  .  iu  uu- 
electiische  Molecule.  Beide  sind  ganz  verschiedene  Vorgdnge,  zwischcn 
denen  em  Zusamvienhaiig,  loenn  cr  auch  wahrscheinlich,  so  dock  nicht 
erhannt  ist'^    Nernst,  cf,  stipy,.. 
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perties  ;  ^vhereas  ^Ye  can  identify,  by  suitable  nioobanical 
means,  in  vaporized  sal  ammoniac  the  real  gases  ammonia  and 
hydrochloric  acid.  Yet,  forsooth,  there  may  be  a  relation 
between  these  t\vo  phenomena,  and  -sve  teach  boys  in  our 
public  schools  that  chemistry  is  an  exact  science  !  But  apart 
from  these  arguments,  which  are  based  upon  the  nature  of 
the  evidence  of  the  phenomena  in  themselves,  without  con- 
siderino"  others  -which  inav  or  mav  not  be  lomcallv  deduced 
from  them,  there  is  further  the  dilennna,  pointed  out  alike  by 
Armstrong  *  and  Pickering  f,  that  those  com])ounds  which  we 
regard  as  most  undecomposal)le  are  precisely  those  which 
electrolytically  most  decompose,  and  this,  too,  as  an  eflFect  of 
solution  in  water,  generally  considered  a  relatively  inert 
material. 

Here,  again,  Prof.  Ostwald  woukl  seek  to  draw  us  into 
a  side-issue  by  the  supposition  that  his  o}H)onents  woukl 
confound  stahility  with  reactivity.  The  stability  of  a  com- 
pound is  generally  represented  as  an  attribute  of  it  with 
reference  to  the  decompositions  produced  by  forces  other 
than  chemical  ;  its  reactivity  is  an  attribute  of  it  with 
reference  to  those  forces  which  we  call  chemical.  Yet  the 
reactivity  of  substances  is  considered  to  be  a  function  of  their 
electrolytic  dissociation,  or  their  instability  when  dissolved  in 
water. 

Again,  the  argument  brought  forward  by  Pickering  \ 
seems  as  yet  to  have  been  unanswered  and  to  be  well-nigh 
imanswerable,  namely,  that  if  we  acknowledge  the  doctrine  of 
electrolytic  dissociation  we  must  deny  the  principle  of  the 
conservation  of  energy,  for  which  there  is  an  abundance 
of  direct  e^-idence.  This  writer  has  pointed  out,  as  one 
example  out  of  many,  that  if  two  molecular  proportions  of 
hydrochloric  acid,  when  dissolved  in  water,  be  entirelv  disso- 
ciated into  their  individual  atoms,  there  must  be  an  absorption 
of  44,000  + A' +//  cals.,  whereas,  as  a  matter  of  fact,  there  is  an 
evolution  of  34,630  cals.,  or  a  creation  of  an  amount  of  energy 
represented  by  (78,(i3()+.f  +  y)  cals.  out  of  nothing  and  from 
nowhere. 

In  fact  many  writers  of  the  present  day  seem  to  deal  with 
electric  and  chemical  forces  or  electrified  and  non-electrified 
atoms  as  two  cards  in  a  kind  of  game  of  blind-hookey,  either  of 
which  may  be  turned  up  at  will. 

But  there  is  the  real  dilennna  of  the  reactivity  of  substances 

*  'Electrician;  August  26th,  1887. 
t  Phil.  Mag.  [5]  xxix.  p.  425. 
X  Cf.  supra. 
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when  moist  *,  as  compared  with  their  inertness  when  dry. 
The  non-combnstibilitv  of  charcoal,  siilpliur,  and  phosphorus 
in  oxygen,  the  non-combination  of  ammonia  with  hydrogen 
chloride,  the  ina})})reciable  change  \A^hen  undiluted  acids  are 
poured  U})on  carbonates,  and  a  host  of  other  examples  might 
be  cited.  Upon  this  point  Ostwald,  on  the  one  hand,  appears 
to  beg  the  whole  question  when  he  writes  that,  "as  ])robably 
there  is  no  absolute  non-conductor,  there  is  the  possibility  in 
all  cases  of  assuming  the  existence  of  at  least  a  few  ions.'' 
On  the  other  hand,  Armstrong  would  assign  to  "  water  special 
pro})ertics  which  enable  it  to  act  directly  ;  moreover — perhaps 
because — in  such  cases  composite  electrolytes  would  result.'" 
On  both  sides,  be  it  noted,  we  are  asked  to  be  content  with 
mere  possibilities,  which  are  even  more  uusatisftictory  in  the 
science  of  chemistry  than  they  are  in  matters  of  real  life. 

As  yet  there  seems  to  be  no  answer  forthcoming  to  the 
question,  Why  does  chemical  change  ever  begin  ? 

The  Reaction  of  Acids  with  Metals. 

The  particular  case  of  these  reactions  I  have  proposed  to 
consider  separately,  partly  on  account  of  its  practical  im- 
portance, partly  also  to  deal  with  another  "  eidolon  '^  of 
chemistry,  nascent  hydrogen,  and  lastly  because  I  have  been 
more  specially  interested  with  the  problem.  In  former  years, 
and  possibly  even  to  this  day,  it  was  customary  to  teach  that 
both  zinc  and  copper,  for  example,  directly  displace  hydro- 
gen from  sulphuric  acid  ;  but  in  the  first  case  the  gas  is 
liberated  as  such,  while  in  the  latter  it  is  nascent  and  reduces 
the  sulphuric  acid  to  sulphur  dioxide.  So  also  the  more 
complicated  results  of  the  reaction  of  metals  with  nitric  acid 
have  been  supposed  to  be  the  successive  products  of  the 
reduction  of  the  acid  by  nascent  hydrogen  of  greater  or  less 
activity. 

As  to  the  latter  problem,  and  more  especially  with  regard 
to  the  metals  silver,  copper,  mercury,  and  bismuth,  it  was 
originally  shown  by  Millon  f  for  the  first  three  metals,  subse- 
quently more  completely  by  Russell  J  for  silver,  and  finally  by 

*  Apart  from  the  Baconian  maxim,  "  Corpora  non  agunt  nisi  soluta," 
the  foiit)wino-  passage  shows  that  the  necessity  of  water  for  chemical 
change  had  been  the  subject  of  observation  even  at  the  commencement  of 
the  present  century : — '"  i'ure  calcareous  earth  (lime)  will  have  no  effect 
on  nim'iatic  gas  when  both  are  perfectly  dry ;  yet  water,  to  which  the 
gas  has  no  chemical  ailiuit}',  will  condense  it :  in  this  state  it  will  readily 
form  an  intimate  union  with  the  lime "  (Higgins,  '  Experiments  and 
Observations  on  the  Atomic  Theory,'  1814). 

t  Comptes  liendus,  xiv.  pp.  904-912. 

t  Journ.  Chem.  Soc.  1874,  pp.  3-12. 
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myself^  for  the  last  three,  that  these  several  metals  do  not 
dissolve  in  nitric  acid,  but  if  the  reduction-product  of  nitr 
acid,  be  it  nitrous  acid  or  nitrogen  peroxide,  is  present,  then 
these  metals  dissolve.  To  put  the  facts  in  a  logical  form  : — 
(i.)  These  metals  do  not  dissolve  in  nitric  acid  ;  (ii.) 
these  metals  do  dissolve  in  nitric  acid  containing  nitrous 
acid  f.  Unfortunately  at  present  there  seems  to  be 
no  means  of  proving  the  third  term,  namely,  that  these 
metals  do  not  dissolve  in  nitrous  acid,  though  it  is  clearly 
demonstrated  that  ihe  amount  of  metal  dissolved  varies 
not  with  the  amount  of  nitric  acid  within  certain  limits,  but 
with  the  amount  of  nitrous  acid.  It  must  therefore  be  con- 
cluded that  the  presence  of  the  nitrous  acid  is  the  cause,  or  a 
necessary  part  of  the  cause,  of  the  phenomenon  of  the  solution; 
and  it  would  follow  that,  whatever  be  the  correct  interpretation 
of  the  chemical  change,  nitric  acid  is  not  the  actual  solvent 
of  the  metal.  Indeed  my  own  experiments  have  shown  that, 
within  limits,  the  presence  of  an  excess  of  nitric  acid  not  only 
does  not  increase,  but  actually  retards  the  solution  of  the  three 
metals  copper,  mercury,  and  bismtith.  But  Armstrong  con- 
ceives that  ''  the  hydrogen  of  the  acid  is  virtually  directly 
displaced  by  the  metal  with  the  assistance,  however,  of  the 
current-energy  derived  from  its  own  oxidation  by  the  nitrous 
compound''  J.  There  are,  therefore,  at  least  two  interpreta- 
tions of  the  problem :  First,  it  is  supposed  that  the  hydrogen 
of  the  acid  is  displaced,  and  this  in  the  nascent  condition,  or 
somehow  or  another,  reduces  the  nitric  to  nitrous  acid,  thus: — ' 

2HNO3  +  M     =    M(N03)2  +  H2, 

HNO3  +  H2  -=  HNO2  +  H2O  ; 
or  2HNO3  +  Hj,  =  N2O4  +  2H2O. 

Secondly,  it  may  be  supposed  that  the  nitrous  acid  or  nitrogen 
peroxide  is  formed  from  the  nitric  acid  per  se,  and  then  the 
metal  can  be  dissolved  thus  : — 

(i.)  HNO3       =  HNO2  +  O, 

(ii.)  2HNO2  +  M  =  M(N02)2  +  2H20  +  2NO; 

*'''         (i.)  2HNO3      =N204  +  H20  +  0, 

(ii.)  M  +  N2O4    =  M(N02)2. 

*  Phil.  Trans.  1891  [A],  pp.  279-317. 

t  I  use  the  term  "  nitrous  acid  "  rather  for  the  sake  of  brevity,  and 
without  wishing  to  exclude  the  possibility  that  the  active  material 
is  really  nitrogen  peroxide. 

X  Armstrong,  Proc.  Ohem.  Soc,  1892  ("On  the  Nature  of  Depolarisers  "/ 
Fhil.  Mag.  S.  5.  Vol.  37.  No.  225.  Feb,  1894,  0 
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The  first  view  is  based  upon  the  analogy  of  the  solution  of 
certain  metals  in  sulphuric  acid,  whereby  hydrogen  is  set  free, 
and  also  upon  the  argument  that  this  same  gas  is  set  free,  when 
metallic  magnesium  is  dissolved  in  nitric  acid ;  but  it  appears 
that,  if  we  accept  this  view,  a  certain  projjerty,  namely  that  of 
reducing  nitric  acid,  is  attributed  to  the  element  hydrogen  when 
in  a  certain  condition  (to  which  also  is  superadded  a  current- 
energy),  which  it  does  not  possess  in  the  state  or  condition  in 
which  we  know  it.  The  general  conception  is  that  the  element 
hydrogen  in  the  former  case  is  "  atomic  "  and  in  the  latter  is 
"  molecular,"  though  it  is  to  be  observed  that  the  relations  of 
atoms  to  molecules  are  in  obscurity.  That  is  to  say,  four  distinct 
hypotheses  are  involved: — (i.)  that  of  nascent  hydrogen  ;  (ii.) 
that  nascent  hydrogen  is  atomic ;  (iii.)  that  nascent  or  atomic 
hydrogen  differs  in  its  attributes  from  hydrogen  as  we  know  it; 
ard  (iv.)  that  hydrogen,  as  we  know  it,  is  molecular.  Further, 
it  does  not  seem  safe  to  a^-pue  from  the  reaction  of  magnesium 
With  nitric  acid  to  those  of  copper  &c.  with  the  same  acid,  for 
at  present  there  is  no  evidence  to  show  that  the  solution  of 
magnesium  in  the  acid  is  dependent  upon  the  presence  of 
nitrous  acid.    If  this  is  shown  not  to  be  the  case,  cadit  gucestio. 

The  often-cited  argument  in  favour  of  the  nascent  hydrogen 
hypothesis,  namely,  that  no  reduction  ensues  when  hydrogen 
gas  is  passed  through  nitric  acid,  appears  to  be  rather  beside 
the  question,  for  on  the  one  hand  the  contact  between  a  gas 
and  a  liquid  is  very  incomplete,  only  the  outer  shell  of  each 
bubble  being  affected,  and  on  the  other  the  stream  of  the  gas 
would  mechanically  blow  off  any  nitrous  acid  (oi*  nitrogen 
peroxide)  which  might  be  formed. 

The  argument  from  the  reactions  supposed  to  take  place  in 
the  Grove's  cell  seems  also  to  be  beside  the  point,  since  there 
must  be  a  certain  amount  of  interdiffusion  between  the  nitric 
and  sulphuric  acids  which  would  complicate  the  chemical 
changes.  But,  on  the  other  hand,  the  following  facts  support 
the  view  that  the  nitrous  acid  or  nitrogen  peroxide  is 
formed  initially  from  the  nitric  acid  p^?'  se  : — First,  the 
more  concentrated  acid  very  rapidly  turns  yellow  from  the 
formation  of  nitrogen  peroxide,  when  exposed  to  the  sun- 
light, but  more  slowly  when  the  acid  is  kept  in  the  dark 
or  diluted.  Further,  my  experience  has  shown  that  even 
the  jolting  of  a  railway  journey  is  sufficient  to  increase  the 
proportion  of  the  nitrous  compound  even  in  the  case  of  acids 
of  about  30  per  cent,  concentration.  Secondly,  the  same 
change  is  very  readily  effected  by  the  presence  of  organic 
matter,  which  it  is  well-nigh  impossible  to  eliminate  from  the 
air  of  laboratories. 
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In  the  course  of  the  investigations  conducted  by  Burcb  and 
myself  on  the  E.M.F.  of  certain  cells  containing  nitric  acid, 
it  was  continually  found  thatif  the  containing  vesssel  was  not 
clean,  if  the  metallic  strips  were  touched  with  the  fingers,  or 
if  the  strips  were  not  thoroughly  cleansed,  the  E.M.F.  of  the 
cell  rose  to  its  maximum  at  once.  It  is  quite  clear,  therefore, 
that  a  trace  of  the  nitrous  compound  could  be  formed  in 
numerous  ways,  and,  when  once  formed,  would  tend  to  increase 
in  the  presence  of  the  metal.  The  recent  investigations  of 
Sabatier  and  Sanderens"^  have  shown  that  finely  divided 
copper  readily  absorbs  nitrogen  peroxide  at  ordinary  tempe- 
ratures to  produce  a  nitro-copper  of  composition  CU2NO2, 
upon  which  water  reacts  with  violence  to  give  a  solution 
of  copper  nitrate  and  nitrite,  nitric-oxide  gas  being  evolved. 

Though  it  is  not  wholly  safe  to  argue  from  the  results  of 
experiments  conducted  under  one  set  of  conditions  to  those 
conducted  under  another,  yet  it  is  remarkable  that  the  pro- 
ducts of  the  reaction  of  copper  with  diluted  nitric  acid  are  in 
the  main  identical  with  those  of  water  with  the  nitro-copper. 
The  conclusion  is  not,  therefore,  wholly  improbable  that  the 
nitrogen  peroxide  present  in  the  nitric  acid  combines  wath 
the  copper  to  form  intermediately  the  nitro-copper,  which  in 
its  turn  is  decomposed  by  the  water  to  re-form  the  nitrous 
compound.  The  researches  of  Freer  and  Higley  t  have 
further  shown  that  in  the  case  of  concentrated  acids  the  main 
product  of  the  reaction  of  metallic  copper  is  nitrogen  peroxide. 

It  is  also  remarkable  that  metallic  lead  dissolves  very  rapidly 
in  the  Hquid  obtained  by  the  addition  of  nitrogen  peroxide  to 
water  J,  even  though  of  a  less  degree  of  acidity  than  other 
mixtures  of  nitric  acid  and  the  nitrous  compound,  though 
here  again  it  is  not  wholly  safe  to  argue  from  the  results 
obtained  in  the  case  of  one  metal  to  those  of  another.  At 
present  I  am  engaged  upon  this  point  for  metals  other  than 
lead.  If,  then,  the  formation  of  nitrogen  peroxide  be  accom- 
plished, then  not  only  w^ill  nitric  oxide  result,  but  also  the 
more  deoxidized  products  such  as  nitrous  oxide  and  nitrogen 
will  be  produced  from  subsidiary  reactions  between  the  nitric 
acid  and  the  metallic  nitrates.  The  formation,  therefore, 
of  all  the  products  in  the  case  of  the  metals  mercury,  copper, 
silver,  and  bismuth  can  readily  be  explained  without  recourse 
to  the  convenient  hypothesis,  nascent  hydrogen.  But  at 
present  there  is  no  satisfactory  explanation  of  the  formation 
of  ammonia   and   hydroxylamine,  and    this  mainly  for   the 

*  Bull.  Soc.  Chim.  [3]  ix.  pp.  669-671. 
t  Amer.  Chem.  Journ.  1895,  p.  71. 
X  Journ.  Soc.  Chem.  Indust.  1891. 
0  2 
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reason  that  the  reactions  between  nitric  oxide  and  metallic 
nitrates  have  hitherto  received  but  little  attention. 

The  reactions  of  metals  with  sulphuric  acid  have  not  been 
the  subject  of  many  investigations,  partly,  no  doubt,  from 
their  assumed  simplicity.  Even  at  present  there  is  no  exact 
knowledge  as  to  the  nature  of  the  intermediate  substance 
formed  from  the  sulphuric  acid,  which  enables  the  metal  to 
dissolve  and  to  continue  dissolving  ;  probably  it  is  some  pro- 
duct of  electrolysis,  for  it  has  been  shown  that  pure  zinc 
dissolves  in  diluted  sulphuric  acid  through  which  an  electric 
current  has  been  passed,  though  no  reaction  ensued  between 
the  same  samples  of  zinc  and  sulphuric  acid  previous  to  the 
passage  of  the  current.  Yet,  w^hatever  this  substance  may 
be,  if  the  metal  dissolves  in  the  dilute  acid,  there  are  always 
formed  traces,  however  small,  of  products  other  than  hydrogen, 
and  especially  of  hj^drogen  sulphide,  while  cadmium  (which 
in  many  other  respects  resembles  zinc)  gives  such  reduction- 
products  that  the  liquid  turns  milky  with  formation  of 
sulphur. 

The  reaction  of  copper  and  allied  metals  with  concentrated 
sulphuric  acid  is  generally  represented  as  taking  place  in  two 
successive  stages,  namely,  first  the  direct  replacement  of  the 
hydrogen  by  the  metal,  and,  secondly,  the  reduction  of  the 
sulphuric  acid  by  the  nascent  hydrogen,  thus  : — 

(1)  Cu  +  H0SO4  =  CuSO,  +  H3  ; 

(2)  H2SO4  +  H2  =  2H2O  +  SO3. 

But  here,  again,  there  seems  to  be  but  little  necessity  for 
the  hypothesis  of  nascent  hydrogen,  for  the  reaction  only 
ensues  with  more  concentrated  acid,  in  which  there  is  a 
greater  tendency  towards  a  decomposition  of  the  acid  into  the 
trioxide  and  water,  and  the  metallic  copper  may  reduce  the 
former  with  formation  of  cupric  oxide  and  sulphur  dioxide. 
Or,  if  the  solution  of  the  metal,  as  that  of  zinc  in  sulphuric 
acid,  is  dependent  upon  some  product  of  electrolysis,  the 
metal  per  se  may  directly  reduce  this.  Though  neither  of 
these  views  is  as  yet  confirmed  by  experimental  investigation, 
yet  both  appear  to  be  more  probable  than  that  of  nascent 
hydrogen. 

Investigations  upon  the  conditions  of  formation  and  func- 
tion of  these  intermediate  compounds  are  greatly  wanted, 
especially  as  the  chemical  changes  between  metals  and  acids 
resemble  others  discussed  above,  in  that  they  pass  through 
the  same  successive  phases. 

The  University  Museum,  Oxford, 
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XIY.  A    Stud^   of  the   Polarization   upon   a    Thin   Metal 
Partition  in  a  Voltameter. — Part  I.     By  John  Daniel^. 

[Plates  m.  &  IV.] 

Introduction. 

THE  curious  polarization  phenomena  of  very  small  elec- 
trodes in  a  sulphuric-acid  voltameter  bearing  a  strong 
current,  accounts  of  which  appeared  in  the  Annalen  during 
the  winter  of  1892,  suggested  to  Dr.  L.  Arons,  of  the  Uni- 
versity of  Berlin,  to  try  a  very  thin  metal  partition  in  a 
voltameter,  expecting,  as  he  said,  that  there  would  be  a  deve- 
lopment of  heat  at  this  partition,  resulting  in  the  destruction 
of  the  partition.  Dr.  Arons  used  gold-leaf  as  a  partition. 
The  gold-leaf  was  pasted  with  canada  balsam  over  a  hole 
about  15  millim.  in  diameter  bored  in  a  glass  plate,  which 
was  shpped  into  the  groove  of  a  wooden  or  vulcanite  frame 
in  the  middle  of  the  voltameter.  This  did  not  give  a  tight 
partition,  but  sufficed  for  the  observation  that  there  was  not 
even  -^-isible  development  of  gas  on  the  gold-leaf ;  whereas 
platinum  '02  millim.  thick,  substituted  for  the  gold-leaf, 
showed  profuse  development  of  gas  with  the  current-strength 
used,  even  when  punctured  with  a  hole  2  millim.  square.  I 
think  Dr.  Arons  also  tried  the  gold-leaf  partition  in  a  solution 
of  Cu  or  Ag  salt,  and  observed  that  the  metal  was  deposited 
on  the  partition. 

At  the  suggestion  and  under  the  kind  direction  of  Pro- 
fessor  A.  Kundt  and  Dr.  L.  Arons  I  undertook  a  more 
thorough  investigation  of  the  subject.  Several  problems  pre- 
sented themselves  : — 

(1)  By  quantitative  measurement  to  determine  whether 
there  be  a  critical  thickness  below  which  there  will  be  no 
polarization  at  the  partition,  and,  if  so,  to  determine  this 
thickness. 

(2)  To  determine  the  other  critical  thickness  for  which  the 
polarization  is  as  great  as  for  very  thick  plates. 

(3)  The  quantitative  measurement  of  this  polarization  with 
the  same  current-strength  for  plates  of  various  tliicknesses 
between  these  limits. 

(4)  By  varying  the  current-strength  in  these  different  cases, 
to  determine  what  function  the  polarization  is  of  the  current- 
strength. 

(5)  To  learn  how  the  polarization  in  these  cases  varies  with 
the  time  during  which  a  given  current-strength  flows,  readings 

*  Communicated  by  Prof.  0,  J.  Lodge,  D.Sc,  F.E.S. 
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being  made  periodically  until  the  polarization  becomes  con- 
stant, or  nearly  so. 

Tliese  are  the  principal  direct  problems  that  have  been 
attacked.  Nnmerons  minor  observations  have  been  made  and 
will  be  discussed  in  their  place.  The  experiments  have  been 
made  in  a  room  of  fairly  constant  temperature,  and  no  attempt 
has  been  made  to  account  for  slight  variations  of  temperature 
as  affecting  resistance  &c.,  as  the  quantities  to  be  measured 
are  interesting  mainly  as  regai'ds  their  relative  values  ;  but 
especially  because  such  a  slight  correction  would  be  cloaked 
by  such  unavoidable  variations  as  irregular  escape  of  gas  from 
the  electrodes  or  partition,  in  case  of  its  development  there. 

Apparatus. 

The  instruments  employed  as  well  as  the  plan  of  the  experi- 
ments are  very  simple.  As  a  galvanoscope  as  well  as  current- 
measurer,  a  well-damped  ring-galvanometer  was  used.  The 
galvanometer  had  four  coils  of  about  22  ohms  each,  w^hich 
could  be  connected  as  desired.  Deflexions  were  read  with  a 
telescope  on  a  scale  divided  into  millimetres,  fixed  at  a 
distance  of  1'5  metre.  The  instruments  were  supported  by  an 
independent  stone  pier.  As  nearly  as  possible  the  same  de- 
flexion of  the  galvanometer  w'as  always  used,  the  resistance  ■ 
being  so  adjusted  as  to  effect  this;  and  the  "figure  of  merit  ^' 
of  the  galvanometer  for  this  position  was  determined  by  con- 
necting a  Daniell  cell  with  the  galvanometer  in  series  with  a 
known  resistance  of  such  value  as  to  give  the  deflexion  to 
be  used,  and  found  to  be,  by  Ohm's  law, 

'y  =  0*000000265  ampere  per  scale-division. 

For  a  new  position  used  later,  7= '000000224. 

The  connexions  for  the  galvanometer  circuit  are  shown  in 
fig.  1. 

(a)  To  measure  the  strength  of  current  flowing  through 
the  voltameter  at  an}-  time,  we  observe  the  scale-deflexion, 
and  apply  the  following  simple  relations  of  current  and 
resistance,  by  Kirchhoff' s  law  : — 

(1)  I  =  ii+v 

(2)  firi  =  i2r2,  but  i2=yoc,  and  ^2=  1100,  always ; 
.-.    1100  X  0-000000265  x  a  =  i\r^=i2r2. 

Here,  r^  being  i-cnown,  ?|  is  determined,  and  from  (1)  I  is 
found.  The  shunt  resistance,  rj,  was  changed  as  the  main 
resistance,  R,  was  altered  so  as  to  maintain  the  same  deflexion 
of  the  oalyanoraeter. 
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{h)  For  measuring  the  ohmic  resistance  of  the  voltameter, 
Kohh-ausch's  method  with  induction-coil  and  electrodyna- 
mometer  was  used.     The  connexions  lor  this  measurement 

Fif?.  1. 


B  =  battery  of  storage-cells. 

V  =  voltameter,  -with  partition,  a. 
C  =  commutator, 

G  =  galvanometer,  witli  key,  k,  to  close  circuit. 

R  =  aiixiliary  resistance  in  the  main  circuit. 

j-j  =  resistance  to  which  the  galvanometer  circuit  is  shunt. 

p  =  auxiliary  resistance  in  galvanometer  circuit,    =1010  ohms. 

r,  =  total  „  „  „  „  =1100     „ 

1  =  mam  current  in  amperes. 

Zj  and  /o  =  ciurents  in  the  respective  branches, 

V  =  oliniic  resistance  of  the  voltameter. 
r»  =  resistance  of  connexions. 


Fier.  2. 


B  =  battery, 

0  =  commutator. 

1  =  induction-coil. 

E  =  electrodynamometer,  with  key,  k,  in  movable  coil-circuit. 
R  =  P.O.  box. 
V  =  voltameter. 
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are  indicated  in  fig.  2.  A  solid  iron  core  was  used  in  the 
induction-coil  to  avoid  the  great  difference  in  the  direct  and 
inverse  currents  which  exists  when  a  wire  core  is  used,  and 
which  results  in  a  polarization  of  the  voltameter.  The  P.O. 
box  was  used  as  a  Wheatstone  bridge,  of  which  the  voltameter 
was  one  arm,  and  the  movable  coil  of  the  electrodynamometer 
was  connected  across  the  branches  of  the  bridge  in  the  usual 
"  null  method  "  fashion,  the  fixed  coils  being  in  series  with 
the  main  circuit.  Being  thus  used  only  as  a  galvanoscope, 
its  constant  need  not  be  discussed  ;  suffice  it  to  say  that  the 
arrangement  was  sensitive  to  several  decimals,  though  resist- 
ance was  measured  only  to  hundredths  of  an  ohm. 

(c)  The  voltameter  is  simple,  though  its  construction 
involves  the  only  novelty  in  the  apparatus.  The  voltameter 
first  used  was  a  glass  vessel,  18  centim.  long,  G  centim.  wide, 
8  centim.  deep,  with  a  hard  rubber  partition,  sealed-in  with 
sealing-wax,  in  the  middle.  The  opening  in  the  vulcanite  was 
3  centim.  wide,  and  extended  to  within  2  centim.  of  the  bottom. 
This  frame  for  the  partition  was  made  by  sealing  two  pieces 
of  vulcanite  together  with  a  rim  of  the  same  between,  of  the 
same  thickness  as  the  glass  plates  bearing  the  metal  partitions, 
which  were  slipped  down  into  the  groove  thus  formed.  This 
was  convenient,  as  the  plates  could  be  easily  and  quickly 
changed  ;  but  a  quantitative  test  showed  leakage  around  the 
edge  of  the  glass  plate  of  nearly  20  per  cent,  of  the  conduc- 
tivity when  the  plate  was  open,  using  solid  and  bored  glass 
respectively  :  hence  the  results  obtained  with  this  voltameter 
are  only  relative,  not  quantitatively  correct.  This  voltameter 
and  its  results  would  not  be  mentioned  here  but  for  the  fact 
that  I  was  so  careless  as  to  think  that  this  tight-fitting  glass 
would  not  allow  sensible  leakage  under  the  circumstances, 
and  so  made  a  long  series  of  measurements  before  testing 
the  leakage  quantitatively,  and,  too,  with  some  solutions 
which  I  have  not  had  time  to  repeat  with  the 

Voltameter  as  finally  adopted. 

This  consists  of  a  glass  vessel  20  centim.  long,  12  centim. 
wide,  11  centim.  deep.  In  the  middle  is  fixed  by  sealing-wax 
a  plate-glass  partition  3  milhm.  thick,  with  a  hole  in  the  centre 
2  centim.  in  diameter.  A  smaller  glass  plate,  with  hole 
1*5  centim.  in  diameter,  is  sealed  over  this  opening,  the  metal 
partition  being  first  sealed  over  the  hole  in  the  small  glass. 
This  gives  two  water-tight  compartments,  which  also  offer  no 
electrical  communication   except   through  the   metal   under 
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experiment,  which  covers  the  hole  in  the  glass.  The  end 
electrodes  are  of  platinized  ]datinum,  4  by  6  centini.  and 
0"1  millini.  thick.  With  CuSO^  solution,  Cu  electrodes  were 
used.  Very  thin  plates  of  metal,  even  ordinary  gold-leaf, 
were  easily  sealed  over  the  hole  in  the  small  glass  plate  by 
laying  the  foil  on  smooth  paper,  carefully  melting  sealing- 
wax  placed  around  the  hole  in  the  form  of  powder,  and  then 
cautiously  picking  the  thin  metal  up  with  the  melted  wax. 
This  being  safely  accomplished,  sealing  the  small  glass  plate 
over  the  opening  in  the  partition  is  easy.  Each  side  of  the 
voltameter  could  then  be  filled  up  to  the  lower  edge  of  the 
0})ening  at  once  :  then,  by  carefully  pouring  the  solution 
alternately  in  the  two  sides  a  little  at  a  time,  using  a  glass  rod, 
the  vessel  was  filled  above  the  gold-leaf,  which  showed  sur- 
prising strength  in  being  able  to  stand  a  difference  of  level 
of  several  millimetres. 

For  the  voltameter  in  fig.  1  we  have  the  following  rela- 
tions : — 

(A)  The  voltameter  included  in  the  circuit  and  the  partition 
open, 

r-  E-g 

■^'''■^  1 1  ■^'" 

We  are  concerned  only  with  the  change  in  the  auxiliary 
resistance,  and  not  its  absolute  value,  in  order  to  make  the 
current  the  same  when  the  partition  is  changed,  and  hence 
may  simplify  the  case  by  representing  the  sum  in  the  deno- 
minator by  W.     Therefore 


(1)     1=     „^  .  with  partition  open. 


^^^     ^  ~  '  W—      ^  ^^^^  metal  partition,  ^ 


E  — e  _  E  —  e-x 

(A)  .v  =  lir=  polarization  on  partition. 

E 
(3)     1=  YTF-; 5  with  voltameter  cut  out  of  the  circuit. 

.".  from  (1)  and  (3), 

(B)  e=l{iOi—v)=  polarization  on  end  electrodes. 

In  every  case  the  auxiliary  resistance  was  so  adjusted  as  to 
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make  the  current  as  nearly  as  possible  the  same  with  partition 
in  and  partition  out.  This  could  not  he  done  exactly,  but 
was  corrected  by  interpolation.  We  shall  be  mainly  con- 
cerned with  the  polarization  on  the  partition  ;  and  we  see 
from  (A)  that  this  polarization,  expressed  in  volts,  is  the 
simple  product  of  current- strength  in  amperes,  and  the  change 
of  resistance  necessary  to  keep  the  current  the  same  when 
the  partition  is  added  that  it  was  with  partition  open. 

The  same  box  of  resistance  was  used  for  all  purposes — in 
determining  the  "  figure  of  merit "  of  the  galvanometer,  the 
resistance  of  the  voltameter,  and  as  rheostat  to  regulate  the 
main  and  branch  currents  ;  hence  we  are  not  concerned  with 
the  question  as  to  whether  the  units  are  true  ohms,  as  it  does 
not  affect  our  results. 

Solutions  used  as  Electrolytes. 

With  the  old  voltameter  relative  values  have  been  obtained 
for  30  per  cent.  H2SO4,  5  per  cent.  H2SO4,  and  very  dilute 
H2SO4,  such  as  to  give  voltameter  resistances  of  20,  60,  and 
100  ohms,  about.  With  the  new  voltameter,  quantitative 
measurements  have  been  made  with 

30  per  cent.  H2SO4  ;     sp.  gr.  =1'22  ;     v=   I'l  ohms. 
„       „     CUSO4;         „       =1-12;     v  =  U'b    „ 
„       „     NaCl;  „       =1-12;     v=   5-5    „ 

Also  some  observations  with 

3  per  cent.  H2SO4  ;     sp.  gr.  =  1*2  ; 
„       „     KOH;         „        =1-11; 

and  very  dilute  sulphuric  acid. 

As  partitions  in  the  voltameter,  platinum,  gold,  silver,  and 
aluminium  have  been  used,  such  as  are  described  below.  The 
thickness  of  the  thick  plates  was  measured  with  a  micrometer- 
o-auge  ;  that  of  the  thin  plates  was  calculated  from  their  size, 
weight,  and  specific  gravity.  The  plates  marked  S.  &  W. 
were  from  Sy  and  Wagner,  of  Berlin,  and  are  supposed  to  be 
quite  pure.  Those  marked  M.  are  from  Miiller,  of  Dresden, 
and  are,  some  pure,  as  indicated,  others  of  the  qualitj'  of  the 
finest  gold-leaf,  /.  e.  0*925  pure.  It  will  be  convenient  in  the 
Tables  to  refer  to  these  partitions  by  the  numbers,  and  the 
following  description  will  suffice  once  for  all. 
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Platinum. 

Gold. 

uiilliui. 
81 ;  S.  &  W.  ;     pure  ;   =0-1. 
«2;        „      ;      „   ;  =0-002. 
$3;         M.      ;        .,    ;  =0-0001  .')2. 
Jf4;  S.  &W.   ;        „    ;  =00173. 
to;         „       ;       „    ;  =0-00407. 

millim. 
jfO;  S.    &  W.  ;  pure;   =025. 

Jfl;       M.        ;     „     ;  =0-0472. 
'  «2;          „          ;^«^2^;  =00241. 
1  Jf3  ;        „         ;    „    ;  =0-00433. 

Jf4;          „         ;     „     ;  =0-00183. 
'  Jf5;        „        ;    „    ;  =0-000586. 
j  «6;         „         ;    „    ;  =0-000382. 

'  Jf7;         „         ;    „    ;  =0-000087. 

i 

Silver. 

jfl ;  S.  &  W.  ;     pure  ;  =00023. 

Aluminium. 

Jfl  ;  commercLil ;             =0-4. 
jf2;           „           ;             =0-00051. 

The  series  of  gold  plates  is  fairly  complete.  They  were 
beaten  to  order  by  Ferdinand  Miiller  in  Dresden.  Effort 
was  made  to  get  a  similar  series  of  platinum  ;  but  as  platinum- 
foil  for  "  silvering  "  seems  to  have  fallen  into  disuse,  I  was 
unable  to  find  anyone  prepared  to  make  it  for  me.  This  is 
unfortunate,  as  platinum  is  the  only  metal  which  seems  to 
remain  free  from  chemical  action  under  a  strong  and  Ions;- 
continued  electric  current.  However,  as  fl!2  and  ff3  of  the 
platinum  happen  to  fall  below  and  between  the  critical  Hmits 
respectively,  they  serve  as  a  very  important  check  upon  the 
results  obtained  with  the  more  complete  gold  series,  and  show 
that  these  results  are  at  least  qualitatively  correct.  Below  will 
be  found  reasons  for  believing  them  to  be  quantitatively  correct. 
In  the  Tables  which  follow, 

I  =  current,  in  amperes,  passing  through  the  voltameter; 
X  =  polarization,  in  volts,  on  the  metal  partition  ; 
V  =z  ohmic  resistance  of  the  voltameter,  partition  open. 
Table  I.  was  obtained  with  the  old  voltameter. 
The  results  in  Table  II.  were  obtained  with  the  new  volta- 
meter  without    leakage.       The    readings    were    taken    after 
waiting  two  minutes  for  the  current  to  become  steady  when 
a  new  plate  was  inserted,  or  the  resistance  changed  for  a  new 
current-strength  ;  and  in  case  of  the  thicker  plates,  where 
the  time-change  in  the  polarization   was   more   pronounced 
and  continued  longer,  five  to  ten  minutes  was  allowed  between 
readings,  or'  in  each  case  until  the  galvanometer  indicated 
that  the  current  had   become   about  constant.     Later  tests 
given  in  another  table  show  that  this  time-change  of  polari- 
zation, especially  for  thick  plates,  though  at  first  rapid  and 
then  very  slow,  really  continues  some  time. 
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Table  I. 


30  per  cent,  sulphuric  acid  ;  r=l"6  ohms. 


Plate. 


%l  gold. 

Jf7 


I. 

X. 

I. 

a-. 

I. 

X. 

I. 

0-1345 

0-67 
0-78 

00665 

0-33 
0-35 

00443 

0-22 
0-26 

0-0222 

O-oO 

0-23 

017  '      „ 

, 

0-52 

,, 

0-24 

017 

„ 

0-35 

0-16 

012 

. 

' 

> 

GO 

» 

00 

00 

" 

012 
0-14 
0-10 
0-10 
005 
00 


5  per  cent.  H2SO4  ;  u=5*7  ohms. 


ffl  gold. 
«3 

«4 
#0 
#6 
«7 


-078 


1-42 
1-65 
1-19 
0-98 
0-70 
0-04 


0-0513 


0-93 
111 
0-79 
0-67 
0-46 
0-02 


0-031  I  0-56 
0-68 
0-48 
0-41 
0-28 
001 


Very  dilute  H2SO4  ;  u  =  101-7  ohms. 


jfl  gold. 

-0047 

1-67 

0-0029 

1-02 

«3     „ 

1-72 

107 

«4    „ 

1-21 

0-74 

jf5     „ 

1-06 

0-67 

«6    „ 

0-70 

0-42 

#7    „ 

004 

0-03 

Table  II.     (Plate  III.) 
30  per  cent.  H2SO4  ;  ?;  =  1'1  ohms. 

jfO  gold  (-25  millim.),  decreasing  current.     Profuse  gas. 

I  0-175      0093      0-061      0-037      0018      0009      0-004      0002 

X 2-83        2-37        2-03        1-28        067        0-33        0-17        009 

Same,  with  increasing  order  of  current. 
X 2-66        2-34        2-15        1-45        0-71        035        0-16        0-09 

Same,  decreasing  order  again,  without  opening  the  circuit. 
X  2-66        2-39        2-19        142        0-73        038        0-18        Oil 

Same,  after  circuit  was  closed  2-5  hours. 
X  2-66        2-56        2-33        1-53        079        039        0-20        0-12 

Same,  with  increasing  current  again, 
.r 2-38        2-25        215        1-15        055        0-33        0-19        0-12 

)tl  gold.    Very  long  time  between  readings.    Gas. 
X 2-36       2-39       2-29        227        2-18       210        190        1-02 
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t'2  gold.     Long  time  readings.  Gas  developed. 

I  0152      0081       0-053  0032  0016  0008 

X  3-05        2-96        2-98  2-86  279  2-72 

J3  gold.    Gas  developed. 

I  0184      0093      0061  0037  0019  0009      .0004      0002 

X  2-57        2-42        200  1-41  083  037        0-15        007 

.r  2-29        2-28        211  1-41  083  037        015        0-07 

to  gold.     Xo  visible  gas. 

1 015        008        0-53        0-032      0016      0008 

X 1-76        1-02        0-68        0-42        022        0105 

Same,  reversed  order  without  opening  the  circuit. 
X 1-73        0-99        0-65        041        022        0105 

Jf6  gold.    No  visible  gas. 

1 0-1485    0079      0-052      0032      0016      0008 

X 0-71        0-38        0-25        0-15        0-06        003 

Same,  reversed  order. 
X 0-71        0-38        0-25        015        006        003 

J7  gold.     No  gas.     Circuit  closed  2-5  hours. 
I 0-15.     No  polarization. 

#2  aluminium.     No  gas.     No  polarization. 

Jf3  platinum.     No  gas.     No  polarization. 

This  solution,  having  been  used  a  good  deal  with  gold  partitions,  gave  the 
following  values  for  thick  platinum  and  gilded  the  negative  side  of  the 
partition : — 

tl  platinum.      Gas  developed.     Plate  gilded. 

1 0175      0-093      0-061      0037  0-0185      0009      0-004    0002 

X 2-52        2-48        2-42        239  228          217        2-08      198 

Same,  reversed  order  of  current. 

X 2-59        2-52        2-44        2-39  2-28          218        2-09      1-98 

t2  platinum.     No  visible  gas. 

X 0-89        0-53        0-36        026  015          0108      0085    007 

Same,  reversed  order. 

X 0-89        0-53        0-35        0-25  0-15          0108      0086    007 

Jl  silver.     No  gas. 

X 0-87        0-46        0-42        026  0-20          012        009      008 

Same,  reversed  order.     Oxidized  and  very  irregular. 

X 0-53        0-28        0-31        015  015          012        0096    0-08 

jjl  aluminium  too  much  oxidized  and  too  irregular  to  measure. 

Fresh  solution  of  HaSO^  ;  30  per  cent. ;  v=l*l  ohms. 

Jl  platinum.     Circuit  closed  four  hours. 

1 0168      0091      0-062      0036      0018      0009      0004      0-002 

X 2-87        2-72        2-65        2-55        239        2-23        207        1-99 

S2  platinum. 

i 0-176      0-092 

X 1-13        0-58 
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Table  11.  {continued). 
3  per  cent.  H2SO4 ;     w  =  6*3  ohms. 

#1  gold.     Long  time  readings.     Gas  formed.     Gold  oxidized. 

I 0174      0-089      OOG        0-036      0018      0009      0004      0002 

a- 2-78        2-66        2-G5        2-01         2-55        249        238        230 

Jf2  gold.     Long  time  readings.     Gas. 

1 0150      0-091       OOtJl       0037       0-018      0-009      0004      0-002 

a- 2-67        2-59        261         2-56        2-49        243        243        2-28 

Jf7  gold.     Circuit  closed  2-5  hours.    No  gas.    x  too  small  to  measure. 

KOH;  sp.gr.  =  1-11. 

Jf7  gold.    No  gas.    No  polarization. 

NaCl  ;  sp.  gr.  =  l'12;    u  =  5-.5  ohms. 

#4  platinum.     Very  constant  in  very  short  time. 

I 0176      0089      0035 

X 3-71         3-58        3-31 

17  gold.     No  gas.     No  polarization. 

t2  aluminium.     No  gas.    No  polarization. 

NaCl;  sp.  gr.  =  l-09  ;   u=  6-2-4  ohms. 

#2  platinum.     Very  constant. 

I  0-177      0-089      0-036 

X 3-34        300        1-55 

CuSO^  ;  sp.  gr.  =  1*12  ;  ^  =  24*5  ohms.     Cu  electrodes. 

Jfl  platinum.     Very  constant,  and  for  1  =  0-18  gave  a'=2-19. 
97  Au,  J3  Pt,  and  jf2  Al.    No  polarization.     Jl  Ag  dissolved. 

Table  III. — Change  of  .i-  with  time. 
1  =  0-175.     H2SO4,  30  per  cent.;    v=l-l  ohms. 
I      1.        3.        5.       10.      20.      30.      45.       60.       75.     100.    150.    220. 


Time  in 
minutes 

End  electrodes 
X 1-73       ...     1-77     1-78    1-79    180    1-81        ...     1-84    1-84 


Same,  current  rerer.-^ed . 

X 1-44       ...     1-76    1-77    1-78      ...      1-81       1-84 

%  1  platinum.    Slightly  gilded. 
X 1-91     2-08    2-14    2-21     2-24    2-30    2-33     2-35    '2-36 

Same,  current  reversed. 


X . 


2-01    2-13    2-15    2-17       2-35       2-46 
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Table  III.  {continued). 


Time  in 


.        '    I      1.       3.         5.      10.      20.      30.      45.      60.       75.      100.    150.    220. 
minutes.  J 

1 2  platinum.    No  visible  gas. 
X 0-97    1-02      ...     1-07     109    TIO     111 

Same,  current  reversed. 
x 0-96    1-02    1-06      ...       Ill     112    113 

1 0  gold.     Oxidized.     Gas. 
x 214    2-25      ...      2-34     2-45    248       253     ...    2-55 

Same,  current  reversed. 
X 1-94     ...      206    214    217     2-19    225    2-27    2-28 


jf  4  gold.     Gas,  until  the  plate  was  eaten  away  by  oxidation  to  a  thin  film,  the 
oxide  fell  off,  and  polarization  ceased, 
.r 2-37    2-43    2-49    2o5     2-63    266     270    254       ...      2-41    227  000. 

Fresh  solution,  30  per  cent.  H2SO4. 

Time  in    1      1,       3  5       iq       oQ.      30.      45.      60.       75.      100.    150.   220. 

minutes.  J 

$1  platinum. 

.r 217    2-34    243    253    2-68      ...     285      2-92 


Same,  current  reversed. 
X 1-98    210    216    2-30    242     2-53    2-73      2-87 

)(5  platinum. 
X 2-37    2-45    2-53    2-65    274    2-83      290 

Same,  current  reversed. 
X 1-99    2-08    212    2-24       259    263    267      268 

t'i  Pt,  t7  Au,  and  Jf2  Al,  no  polarization,  so  no  time-change. 

Solution,  NaCl ;  sp.  gr.  =  l'Oy  ;     v  =  6"24  ohms. 

Timein    1      j         3         -       ^q       20. 
minutes,  J 

$2  platinum.     Gas. 
X 2-97      ...     3-34    3-34    3  34 

NaCl ;  sp.  gr.  =  l'12  ;     v  =  5*5  ohms. 

^''."^'"^    I      1.        3.        5.       10.      20. 
mmutes.  J 

$4  platinum.     Gas. 
* 3-51    3-56    3-67    371    3-72 
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Sample  pcage  of  my  note-book,  showing  how  the  observa- 
tions were  recorded  and  the  tables  obtained  from  them : — 


#7  gold  in  30  per  cent.  H2SO4. 


Zero 

of 

scale. 

337-5 

Scale- 
read- 
ing. 

Deflex- 
ion, 

a. 

Shunt, 

Auxiliary 
resist- 
ance, 
R. 

Branch 
resist- 
ance, 

Sensi- 
bility for 
1  ohm, 
a. 

Change 
of  resist- 
ance, 
w. 

Polariza- 
tion, 
Iw=x. 
.r. 

940 

336 

939 

603 

1 

28 

1100 

20 

•1 

•014 

338 

981 

336 

981 

644 

2 

55 

„ 

12 

•02 

•016 

338 

974 

337 

973 

636 

3 

85 

„ 

7-5 

0 

0 

338 

976 

337 

977 

639 

5 

143 

,, 

5 

0 

0 

338 

984 

337 

983-5 

646 

10 

287 

„ 

2-5 

•2 

•003 

337 

958-5 

337 

958-5 

621 

20 

597 

" 

1 

1-0 

•008 

The  Jf  7  gold  removed  with  a  glass  rod,  not  opening  circuit. 


Zero 

of 
scale. 

Scale- 
reading. 

Deflex- 
ion, 

a. 

Shunt, 

Auxiliary 
resist- 
ance, 
R. 

Branch 

resist- 
ance, 

^2- 

Current, 
I. 

336 
336 

940-5 
942 

605 

1 

28 

1100 

•1492 

336 
336 

979^3 
981^3 

644-3 

2 

55 

» 

•0795 

336 
336 

972 
972 

636 

3 

85 

)) 

-0524 

336-5 
336 

975 
976 

639 

5 

143 

» 

•0316 

3365 
336 

981-5 
982 

645 

10 

287 

-0161 

336 
336 

956-5 
956-5 

620 

20 

597 

>> 

•0078 

The   two    readings   in  each   case   are  for  decreasing   and 
increasing  current  respectively. 
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Then 

j2=-ya  = -000000224  X  605  =  '0001355, 

?V-i  =  /V-o=-0001355xll00  =  -14907=ii,  since  ri  =  l, 

I  =  /i  +  /2  =  *1492  ampere. 

2 
iy=R— R'=two  scale-divisions  =  ^=  •!. 

(20  =  0-= scale-divisions  for  one  ohm  change  of  R.) 
Iif  =  .f  =  0-014  volt. 

In  this  manner,  from  such  a  table  in  the  note-book,  one 
line  in  Table  11.  -was  obtained.  The  sample-page  of  my 
notes  for  z  7  ookl  was  selected  to  illustrate  the  method  of 
observation  and  reduction,  because  it  also  serves  as  a  fair 
sample  of  mauv  efforts  to  measure  quantitatively  the  polariza- 
tion on  gold-leaf  in  good-conducting  (30  Vo)  H2SO4.  One 
has  only  to  look  at  the  time-variation  of  the  polarization 
on  the  end  electrodes  to  be  able  to  account  for  such  slight 
variations  from  zero  as  occur  here  (see  Table  III.).  Having 
become  satisfied  from  many  such  series  of  observations  that 
there  was  no  measurable  polarization  on  gold-,  aluminium-, 
and  platinum-foil  for  currents  as  strong  as  used,  I  then 
adopted  an  efficient  method  of  testing  them  for  polarization 
in  various  solutions,  viz.,  to  allow  the  strongest  current  to 
flow  through  the  plate  long  enough  to  become  constant,  and 
then,  without  opening  the  circuit,  to  remove  the  metal  parti- 
tion with  a  glass  rod  and  simply  observe  whether  there  was  a 
change  of  deflexion  of  the  galvanometer.  On  this  method  of 
observation  is  based  the  statement  under  the  tables  that  for 
these  thinnest  partitions  there  is  no  polarization  for  the 
currents  used.  The  qualitative  results  of  Table  I.,  with  the 
old  voltameter,  seem  to  indicate  pretty  clearly  a  small  pola- 
rization on  J  7  gold  in  very  dilute  (badly-conducting)  acid. 
A  preliminary  test  in  the  new  voltameter  of  water  containing 
only  a  few  drops  of  acid,  using  gold-leaf  as  partition,  gave 
sufficient  polarization  to  develop  visible  gas. 

From  Table  IV.  (p.  li(8)  it  seems  that  for  a  given  current- 
strength  the  polarization  is  fairly  proportional  to  the  square 
of  the  thickness  of  the  partition  for  plates  near  the  lower 
critical  thickness.  The  last  column  shows  this  ratio  as  worked 
out  for  #  5  and  #  6  gold. 
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Table  IV.     (PI.  IV.  fig.  1.) 

Relation  of  Polarization  to  Thickness  ;   30  per  cent.  H2SO4 ; 

gold  plates. 


Thickness  in  1 
millimetres    }  '" 

#6. 
0-00038 

0-00059. 

#3. 
00043. 

Ratio. 
d'  :  X. 

Gun-eut. 
1=-01 

X  ... 

•04 

•09 

0^40 

441  :  484 

I =-02 

X    ... 

•09 

-26 

0-77 

1274  :  1081 

I =-03 

X    ... 

•13 

•39 

113 

1911  :  1694 

1=04 

X    ... 

•19 

-50 

1-48 

2450  :  2299 

I =-05 

X    ... 

•28 

•76 

202 

3724  :  3388 

I=-10 

X    ... 

•47 

1-23 

2-35 

6027  :  6681 

I=-15 



X    ... 

•71 

1-76 

2-35 

8624  :  8591 

We  may  now  briefly  summarize  the  experimental  observa- 
tions : — 

(1)  The  polarization  on  a  gold-leaf  partition  in  good- 
conducting  H2SO4  is  zerOj  or  too  small  to  detect  with  our 
apparatus,  for  the  range  of  current  used. 

(2)  The  "  critical  thickness  "  in  good-conducting  solutions 
of  H2SO4,  CuSO^,  and  NaCl  is  greater  than  '00009  millim. 
for  gold ;  '00015  millim.  for  platinum  ;  and  '0005  millim. 
for  aluminium,  under  the  above  conditions.  It  is  less  than 
'0004  millim.  for  gold  ;  '002  milHm.  for  Pt  ;  and  '002 
for  Ag. 

(3)  The  "upper  critical  limit"  of  thickness  under  these 
conditions  seems  to  be  about  '001:  millim.,  rather  less  than 
jf3gold. 

(4)  Tables  I.,  II.,  and  III.  all  point  to  the  conclusion  that 
between  the  "  critical  limits  "  of  thickness  the  polarization  for 
a  given  current  increases  with  the  thickness. 

(5)  Table  11.,  showing  relation  of  polarization  to  current, 
expresses  two  interesting  tacts  : — (a)  That  the  polarization  on 
"  tliick  "  plates  is  about  the  same,  in  this  voltameter,  for  all 
currents  between  '2  amp.  and,  say,  '01  amp.,  provided  time 
enough  be  allowed  in  each  case  for  the  current  to  become 
constant :  i.  e.  between  the  u[)per  limit  of  current  at  which 
the  development  of  gas  is  so  profuse  as  by  mechanical  ob- 
struction and  irregular  escape  to  interfere,  and  the  lower 
limit,  at  which  the  formation  of  gas  is  no  faster  than  it  can  be 
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dissipated.  (/»)  Quite  different  is  the  case  for  "thin"  plates, 
where,  withiu  the  limits  of  current  and  thickness  prescribed, 
the  polarization  is  dependent  upon  the  current,  and  gives 
lor  each  thickness  a  ditierent  curve,  or  rather  straight  line, 
tor  they  are  all  straight  lines  converging  to  the  origin,  and 
ditfering  only  in  slojje.  The  current-strength  at  which  the 
polarization  on  very  thin  plates  would  reach  a  maximum  is 
far  above  that  used,  being,  perhaps,  expressed  in  amperes 
instead  ot"  tenths  and  hundredths. 

By  thick  plates  are  defined  those  above  the  ''  upper  critical 
limit ;"  by  thin  plates  those  below  this  limit  of  thickness. 

(6)  Inspection  of  Table  III.,  which  gives  the  time-change 
of  the  polarization,  will  show  a  similar  distinction  between 
"  thick  "  plates  and  '*  thin  "  to  that  noted  in  the  last  paragraph, 
viz.,  that  for  thick  plates  the  change  is  considerable  and  con- 
tinues slowly  for  hours ;  for  thin  plates,  the  change  of 
polarization  with  time  is  both  less  pronounced  and  extends 
over  much  less  time. 

(7)  It  was  noted,  especially  in  the  case  of  CuSO^  as  elec- 
troh'te,  that  there  was  polarization  on  gold-leaf  if  the  gold 
exposed  contact  with  the  solution  some  distance  beyond  the 
edge  of  the  hole  in  the  glass  plate  to  which  it  was  sealed. 
Thus  in  CuSO^,  for  the  stronger  current  used  there  was  a 
symmetrical  deposit  of  Cu,  decreasing  in  thickness  from  the 
outside  toward  the  centre,  and  vanishing  at  a  small  distance 
from  the  edgje  of  the  hole,  this  distance  beino-  less  the  stronger 
the  current.  If  only  one  corner  was  left  exposed,  the  Cu 
was  deposited  there.  This  phenomenon  was  further  tested 
by  bending  a  thick  strip  of  aluminium  4  centim.  long  into 
the  shape  of  a  narrow  U  and  simply  hanging  this  U  in  the 
02)e7i  hole  of  the  glass  partition,  in  CuSO^,  and  closing  the 
circuit  on  the  voltameter  ;  the  two  ends  of  the  metal  strip 
being  thus  in  contact  with  the  CUSO4  on  opposite  sides  of 
the  glass,  two  centim.  from  the  edge  of  the  opening,  there 
was  decided  deposit  of  Cu  on  one  end  and  escape  of  oxygen 
from  the  other  end. 

(8)  In  CUSO4  all  the  plates  except  those  below  the  critical 
thickness  were  destroyed  by  oxidation.  >1  silver  was  destroyed 
in  less  than  one  minute.  Of  course  gold  and  silver  above  the 
critical  thickness  could  not  be  used  in  NaCl  because  of 
chemical  action,  though  the  thinnest  plates  were  quite  un- 
affected. Only  the  :;;  7  gold  was  tested  in  KOH,  as  it  dissolved 
the  sealing-wax. 

(9)  Thick  plates  of  gold  were  strongly  oxidized  in  H2SO4, 
especially  with  strong  currents.  Thin  gold  plates  were 
apparentlv   only  oxidized    under    action    of   strong  or  long 
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continued  currents.  Compare  Tables  II.  and  III.  Silver  was 
even  more  easily  oxidized  than  gold.  Aluminium  was  so 
intensely  oxidized  by  the  current  that  no  satisfactory  measure- 
ments could  be  made  for  this  metal,  though  the  thin  foil  was 
unaffected. 

(10)  With  H2SO4  as  electrolyte,  after  a  thick  plate  of 
pure  gold  had  been  used  as  partition  for  the  time-change  of 
Table  III.,  the  end  kathode  was  found  to  be  gilded.  A  thick 
Pt  plate  being  then  substituted  for  the  gold  in  the  same 
solution  for  the  results  of  #  1  Pt  in  Table  III.^  the  Pt  par- 
tition was  found  on  removal  to  be  gilded.  The  polarization 
for  #  1  Pt  in  this  case  was  somewhat  less  than  for  the  same 
Pt  after  both  it  and  the  end  electrodes  had  been  thoroughly 
cleansed,  the  electrodes  re-platinized,  and  a  fresh  solution 
made. 

(11)  The  polarization  in  CuSO^,  using  Cu  electrodes, 
reached  a  maximum  almost  immediately  and  remained  very 
constant.  The  maximum  polarization  for  thick  Pt  in  CUSO4 
was  hardly  75  per  cent,  of  that  for  the  same  in  H2SO4.  In 
NaCl  the  polarization  became  constant  very  quickl}^  also,  but 
its  value  was  decidedly  greater,  especially  on  thin  plates,  than 
in  H2SO4  ;  though  the  same  distinctive  behaviour  of  thick 
and  thin  plates  maintained. 

(12)  In  H3SO4  of  different  concentrations  the  maximum 
polarization  for  a  partition  was  of  the  same  order  of  magnitude  ; 
but  its  value  for  very  weak  currents  was  decidedly  greater  in 
weak  solutions  than  for  the  same  current  in  stronger  solutions, 
up  to  30  per  cent.  This  shows  itself  especially  with  thin 
plates,  and  also  in  the  shorter  time  required  for  thick  plates 
to  reach  a  maximum  polarization  with  weak  currents.  The 
greater  change  in  temperature  and  the  greater  change  in 
concentration  of  weak  solutions  may  account  for  this.  For 
currents  between  0*1  and  0"2  ampere,  the  polarization  on 
the  end  electrodes  was, 

forHsSO^  .  .  .  1-84 
„  NaCl  ....  1-98 
„   CUSO4       .     .     .     0-00, 

with  Cu  electrodes,  though  if  the  current-density  was  too 
great  or  the  time  long,  the  anode  would  oxidize  and  become 
irregular.  C.  Fromme,  in  a  paper  "  Ueber  das  Maximum  der 
galvanischen  Polarization  von  Platinelektroden  in  Schwefel- 
saure  "  (Annalen  d.  l^lnjsik  u.  Cheinie,  xxxiii.  ])p.  80-126), 
states  that  the  maximum  polarization  varies  both  with  the 
concentration  and  the  relative  size  of  the  electrodes,  the 
extreme  limits  l)eing  given  as  1"45  to  4"31  volts — the  mini- 
mum polarization  coinciding  with   maximum   conductivity. 
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His  method  for  measuring  polarization  was  somewhat  similar 
to  that  used  in  this  work.  As  bearing  upon  ''the  change  of 
polarization  with  time "  I  would  refer  esj)ecially  to  the  in- 
vestigation of  Dr.  E.  Root  upon  this  subject,  discussed  by- 
Prof,  von  Helmholtz,  Wisch.  Abh.  vol.  i.  p.  835.  These  ex- 
periments by  Dr.  Root  seem  to  prove  clearly  that  the 
liberated  ions  penetrate  deeply  into  the  electrode,  even  when 
liberated  upon  but  one  side  of  it,  as  in  this  case.  I  take 
great  pleasure  in  expressing  here  my  thanks  and  deep 
obligation  to  Professor  A.  Kundt  and  Dr.  L.  Arons  for  their 
kind  s}Tnpathy  and  direction  in  this  work. 

Physical  Laboratory,  Univ.  of  Berlin, 
Auerust"l892. 


XV.  A  Potentiometer  for  Alternating  Currents. 
By  James  S^vinburne*. 

Aegument. 
A  direct  pressure  is  balanced  against  an  alternating  pressure  by  means 
of  a  differential  electrometer  with  single-fibre  suspension,  a  null  method 
being  employed.  An  alternating  and  a  direct  cun-ent  are  similarly 
compared  by  means  of  a  differential  dynamometer  with  the  controlling 
spring  removed. 

ONE  of  the  chief  difficulties  in  the  way  of  the  accurate 
measurement  of  alternating  pressures  and  currents 
arises  in  the  calibration  of  the  instruments.  Some  of  the 
alternating-current  instruments,  such  as  those  on  the  electro- 
dynamometer  principle,  give  the  same  reading  whether  a 
direct  or  alternating  current  is  used  ;  and  electrometers  and 
some  forms  of  electromagnetic  instruments  wdth  soft  iron 
cores  are  also  adapted  equally  well  for  direct  and  alternating- 
current  work.  This  is  not  the  case,  however,  with  a  large 
class  of  instruments,  and  the  only  method  at  present  available 
for  calibrating  such  instruments  is  comparing  them  with 
another  instrument  which  has  been  calibrated  by  means  of 
a  direct  current.  Such  a  practice  allows  errors  to  creep 
in.  No  careful  electrician  would  trust  to  direct-current 
instruments  calibrated  second-hand,  and  accuracy  is  just  as 
important  in  alternating-current  work.  In  addition  to  this, 
the  collection  of  cells  and  resistances  which  are  now  included 
under  the  name  "  potentiometer "  is  exceedingly  useful  in 
any  laboratory  where  it  can  be  permanently  set  up,  as  it 
measures  currents  and  pressures  throughout   an    enormous 

*  Communicated  by  the  Physical  Society  :  read  December  8,  1893. 
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range  with  an  accuracy  that  is  quite  unattainable  by  means 
of  any  other  forms  of  voltmeter  or  ampere-meter.  It  is 
therefore  of  the  hi<>;hest  scientific  importance  to  be  able  to 
extend  the  j)otentiometer  method  into  alternating-current 
work,  so  that  comparisons  can  be  made  directly  with  a 
standard  cell. 

In  October  1891*  I  described  two  forms  of  alternating- 
current  so-called  ohmmeter.  These  instruments  measured 
either  a  quantity  R  such  that  E"^/R  was  the  power  when  E 
was  the  effective  or  virtual  pressure,  or  a  quantity  r  such  that 
Cr^was  the  power  when  C  was  the  virtual  or  effective  current. 
Of  course  in  a  circuit  with  capacity  or  self-induction,  R  and  r 
are  not  equal.  One  form  of  alternating  ohmmeter  was  elec- 
trostatic, the  other  electromagnetic.  The  electrostatic  ohm- 
meter can  be  coupled  up  in  such  a  way  as  to  comjiare  two 
pressures,  and  one  of  these  may  be  alternating  and  the  other 
direct.  The  electrostatic  instrument  has  the  advantage  over 
the  electromagnetic  in  requiring  only  one  connexion  to  the 
moving  system,  or  needle,  and  that  connexion  has  not  to  carry 
any  appreciable  current.  The  needle  may  therefore  be  sus- 
pended by  means  of  a  single  silk  fibre,  connexion  being  made 
through  a  hanger  dipping  into  water,  and  this  hanger  may 
end  in  a  vane  to  make  the  instrument  dead-beat.  As  the 
ohmmeter  does  not  need  any  torsional  control,  but  should  be, 
on  the  contrary,  as  free  as  possible,  this  form  of  instrument 
can  be  made  exceedingly  sensitive.  For  potentiometer  work 
it  is  best  not  to  use  the  instrument  for  giving  the  ratio  of  two 
electromotive  forces,  but  to  design  it  as  a  differential  galvano- 
meter which  shows  whether  the  pressures  are  equal  or  not. 

Fig.  1. 


The  disposition  of  the  whole  apparatus  is  shown  diagram- 
matically  in  fig.  1.     In  this  scheme  a  is  a  battery  maintaining 

«  '  Industries;  October  30,  1891. 
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a  current  in  the  resistance  /'  c,  which  is  reonlated  by  an 
adjustable  resistance  so  that  the  standard  cell  e  is  balanced 
when  its  contact  y'  is  touched  down  at  the  mark  corresponding 
to  its  electromotive  force  at  the  temperature  at  which  it 
stands  ;  k  is  an  alternatino-  dynamo,  and  Ji  is  the  alternating 
voltmeter  to  be  calibrated.  The  ditFerential  electrometer  is 
connected  up  as  shown.  The  double  fishtail-shaped  needle 
is  pulled  one  way  by  a  force  varying  as  the  square  of  the 
direct  electromotive  force,  and  the  other  way  by  a  force  vary- 
ing as  the  square  of  the  alternating  pressure.  The  fishtail 
shape  is  necessary  to  ensure  that  the  needle  is  in  stable  equi- 
librium when  the  forces  are  equal.  Fig.  1  is,  of  course,  a 
mere  diagram.  Resistance-coils  for  adjustment  are  left  out, 
and  /'  c  is  shown  as  a  stretched  wire,  whereas  it  is  made  up  of 
resistance-coils.  As  to  sensitiveness,  it  depends  on  the  con- 
struction of  the  electrometer  ;  but,  as  already  explained,  there 
is  no  controlling  force  except  that  due  to  the  suspending  fibre. 
Take  as  an  example  an  instrument  that  will  indicate  one  volt 
when  there  is  no  pressure  on  the  other  side  :  it  will  admit  of 
the  comparison  of  two  pressures  of  approximately  100  volts 
within  one  in  ten  thousand  ;  and  it  will  serve  for  comparing 
2000  volts  within  one  in  four  million.  To  find  the  true  zero 
of  the  instrument  the  four  quadrants  are  connected  together. 
The  key  for  making  this  connexion  is  not  shown. 

One  of  the  great  advantages  of  the  potentiometer  method 
in  direct-current  work  is  the  ease  with  which  large  currents 
can  be  measured  by  the  fall  of  potential  over  very  small 
resistances.  As  the  electrometer  must  be  used  idiostatically 
in  alternating  work  it  is  not  sensitive  to  very  small  pressures; 
and  the  method  given  is,  unfortunately,  useful  only  for 
pressure  measurements.  Accurate  current  measurements  can 
be  taken  by  the  use  of  a  differential  dynamometer.  This 
instrument  has  two  fixed  and  one  moving  coil.  The  direct 
circuit  is  through  one  fixed  and  the  alternating  through  the 
other  fixed  coil,  and  both  circuits  are  led  through  the  moving 
coil.  The  controlling  spring  is  removed.  This  method  is 
somewhat  more  complicated  than  in  the  case  of  pressure,  and 
mercury  contacts  are  necessary.  The  arrangement  is  shown 
in  fig.  2.  The  battery,  a,  supplies  a  direct  current,  which  is 
measured  by  the  fall  of  potential  over  the  low  resistance,  b, 
and  which  passes  in  one  of  the  fixed  coils,  c,  and  the  moving 
coil,  d.  The  alternating-current  circuit  is  led  through  the 
circuit,  /,  whose  current  is  to  be  measured,  and  through  the 
other  fixed  coil,  e,  and  the  moving  coil,  d.  There  is  a  slight 
error  due  to  the  whole  of  the  alternating  circuit  being  in 
shunt  to  the  moving  coil  considered  as  part  of  the  direct- 
current  circuit,  and  vice  versa  ;  but  this  is  very  minute.     If 
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c  and  e  are  wound  close  together  so  that  there  is  no  appre- 
ciable time-lag  in  any  current  induced  in  c  by  e,  the  small 
error  due  to  the  mutual  induction  of  these  coils  cancels  out. 

Fig.  2. 
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Of  course  a  double  dynamometer  might  be  used,  but  then 
four  mercury  connexions  are  needed.  It  is  not  unlikely  that 
a  method  with  no  mercury  contacts  can  be  made  available, 
and  greater  accuracy  could  then  be  attained. 


XVI.  Calculation  of  the  Magnetic  Field  of  a  Current  Tunning  in 
a  Cj/lindiical  Coil.     By  Professor  G.  M.  MiNCHiN,  M.A* 

LET  there  be  a  series  of  very  close  circular  currents  run- 
ning in  the  same  sense  and  lying  on  a  right  cylinder 
of  radius  a  whose  axis  is  00'  (fig.  1),  and  let  it  be  required 
to  find  the  magnetic  potential  of  this  system  at  any  point,  P, 
in  space. 

Replace  each  of  these  circular  currents  by  its  equivalent 
magnetic  shell,  which  we  shall  take  as  a  uniform  circular 
plate  coinciding  with  the  aperture  of  the  circle.  Supposing 
the  currents  to  circulate  in  the  sense  ACB,  the  upper  surface 
of  each  plate  (as  seen  in  the  figure)  will  be  positive  and  the 
lower  negative.  Each  circle  being  touched  all  round  by  the 
one  below  it,  the  negative  surface  of  any  plate  will  coincide 
with  the  positive  of  the  one  next  below  it ;  so  that  we  shall 
be    left  with  a  terminal  positive  plate,  ACB,  and  a  terminal 

*  Communicated  by  the  Physical  Society  :  read  December  8,  1893, 
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negative  plate,  A'C'B',  as  the  approximate   equivalent  of  the 
given  coil  of  wire.     We  shall  now  calculate  the  potential 

Fig.  1. 

•  P 


produced  at  any  point,  P,  by  a  uniform  thin  plate  repre- 
sented by  AQB  (fig.  2),  the  surface-density  of  attracting 
matter  on  this  plate  being  m. 

Fig.  2. 


Of  course  it  is  well  known  that  this  potential  can  be  ex- 
hibited by  a  series  of  Zonal  Harmonics  proceeding  by  powers, 

OP 
positive  or  negative,  of  the   ratio  — ,  where  0  is  the  centre 

of  the  plate  and  a  its  radius,  according  as  P  is  near  0  or 
distant  from  it  ;  but  when  OP  is  not  very  much  greater  or 
very  much  less  than  a,  the  series  is  inconvenient,  owing  to  the 
enormous  number  of  terms  that  have  to  be  taken  to  give  a 
good  approximation. 

Hence  we  shall  not  use  Spherical  Harmonics. 
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Let  PN  be  the  perpendicular  on  the  plate  from  P  ;  let 
AB  be  the  diameter  in  which  it  is  cut  l)y  the  j)lane  through 
the  axis  of  the  plate  and  P  ;  let  Q,  S  be  two  very  close 
points  on  the  circumference,  NQ  making  the  angle  6  with 
NA.  Then  we  shall  suppose  the  plate  broken  up  into  tri- 
angular strips  such  as  QNS,  and  calculate  the  potential  of 
each  strip  at  P. 

Let  L  be  any  point  on  NQ,  let  NL  =  |  ;  then  the  poten- 
tial of  the  element  mPclPdO  at  P  is  — vir-,  or  mdO  ,  , 
^                       LP    '                ^-2_,_p' 

where  PN  =  2!.  If  ]S[Q  =  r  we  find  by  integration  that  the 
potential  produced  by  the  strip  QNS  is 

mde(\^'^^T^-z), (1) 

and  the  potential,  V,  of  the  whole  plate  is 

277iJI{A/?T^-z)dd (2) 

Now  if,  as  in  the  figure,  the  point  N  falls  within  the  plate, 
the  limits  of  d  are  0  and  tt  ;  if  N  falls  on  the  edge  of  the 

plate,  at  B,  the  limits  are  0  and  ^  ;  and  if  it  falls  outside  the 

plate,  the  hmits  are  0  and  0.  Taking  6  as  the  independent 
variable  would,  then,  give  us  three  different  expressions  for  V, 
according  to  the  position  of  N  ;  and  hence  we  must  choose  a 
more  convenient  variable  than  6.  Let  ^  be  the  angle  QOA, 
and  change  the  expression  (2)  into  one  in  which  <f)  is  the 
independent  variable.     We  shall  then  have 

r-  =  cr  +  >r  +  2rt.i'  cos  6  :     tan  6  = ^  ; 

x  +  a  cos  9 

so  that 

■XT-     a       C''\^a^  +  x^  +  z^  +  2axcos6—z.     ,  ,.  , , 

\=zma\     n 5 — ^ r-^- (a+<r  cos<p)arf> ; 

or  if  we  put  D  =  a^  +  ic^  +  2ax  cos  ^, 


'»  ~Jo 


\v 

J" 


"dd. 
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so  that 


(3) 


1  =  -■27t:+\     ,/:-  +  Ticlct>+{a--x')\^    ^"^^^        # 

Again,  if  we  put  ^  =  2(u,  we  have 

D  =  (a  +  .r)^— 4a^  sin^o)  ; 

antl  if  the  distances  PA,  PB  are  denoted  l)y  p,  p',  respectively, 
we  have 

Aax  =  p^-p'% 
so  that 

z^  +  'D  =  p'-{p^-p'^)  sin^ft,. 
Let 

k^=l-P^^-;     k'^  =  P^;     Aoy=  Vl-Z^'sin^o,.     .    (4) 
P"  P 

Then  (3)  becomes 
^  =-2^.  +  2pK  +  ?(a«-.^)K  +  2l'  ^"  .  p 3^^ .  I",    (5) 

r  r  ./o  1_.^ -sm^O) 

where  E  and  K  are  the  complete  elliptic  integrals  of  the 
second  and  first  kinds  with  modulus  k. 

The  integral  in  (5)  is  the  complete  elliptic  integral  of  the 

third  kind  with  modulus  k  and  parameter  — ,   _i_  a2'     ^^^'^ 

parameter  is  numerically  greater  than  the  modulus  ;  and  we 
shall  find  it  convenient  to  convert  the  integral  into  one 
in  which  the  parameter  is  less  than  the  modulus  by  the 
well-known  rule  that  a  function  with  parameter  n  can  be 

converted  into  one  with  parameter  — .     If  the  angles  PBA 

and  PAB  are  denoted  by  6  and  &,  respectively,  we  see  that 

n,   the   parameter   in    (5),   is :¥^i  >    ^^   *^^^   ^^®   ^^^^ 

parameter  will  be  simply  — cos^  6'. 
Now  we  have  the  general  result  that 

„,  t-t/^^     \         1     i        i/  Vatane\      j^,  . 
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where  e  is  the  amplitude  of  each  of  the  two  functions  of  the 

1  +  —  j.     Hence 


n(«)  +  nf-)  =  -^-+K. 

\n  J       -i  Ja 


But  here 

2     ,2 


for  complete  functions  /  6=-  j  we  have 

«  =  {X ^,)sin2  &=  T-^Y.  -I ; 

so  that 

V     cos'^^V       2  2;  a— .'» 
and  (5)  becomes 

^=-7rc  +  2pE  +  2p^.K-2'-!^>(-cos=^',yt).  (7) 
m  ^  a-\-x  p  a  +  .v 

This  expression  holds  without  ambiguity  for  all  positions  of 
the  point  P,  and  it  shows  that  for  all  points 

V 

on  the  axis,  OV,  of  the  plate,      .     -  =  27r{p-z),  .     .     (8) 

Y 

on  the  perpendicular  through  B,      -  =  2pE— tts;,  .     .     (9) 

V 

in  the  plane,  between  0  and  B,  .     -=2pE  +  2/d'K,  ,  (10) 

Y 

in  the  plane,  beyond  B,      .     .     .    —  =  2/3E— 2/3'K;  .  (11) 

so  that  the  points,  occupying  any  of  these  positions,  at  which 
V  has  any  assigned  value  can  be  easily  found.     Thus,  to  find 

the  point  on  OV  at  which  —  has  the  value  C,  we  have  for 
this  point 

C 

C 
Hence  draw  below  AB,  parallel  to  it  and  at  the  distance  rr-, 

ZTT 

a  right  line,  meeting  VO  produced  in  0'  ;  then  the  perpen- 
dicular to  AO'  at  its  middle  jioint  meets  OV  in  the  required 
point. 

Now   every   complete  elliptic  integral  of  the  third  kind 
can    be   expressed   in   terms    of    complete    and   incomplete 


sin  (9' 
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functions  of  the  first  and  second  kinds.  Thus,  for  a 
complete  function  with  the  parameter  —m  it  is  known 
that,  if  we  put  m=—k'^ sin* e, 

Yl{-m,k)  =  K+rj^ (5  +KK:-KE'.-EK'A,  (12) 

A'-*  sine  cose  \_2,  J 

where    A,,    stands    for     \/l— ^'^sin^  e,     and    K^,    Ee     stand 
for  incomplete  functions  of  the  first  and  second  kinds  with 
modulus  k'  and  amplitude  e. 
In  the  present  case, 

m  =  COS^  6'         ^•'  =  "    =  -: 27    , 

.'.  €  =  6,  and 

n(-cos^e',k)=K  +  ^^^^^{l+KK-  KE'.-EKi};  (13) 

SO  that  (7)  becomes 

~  =  2{KE'9  +  EK;-KK',-7r}  +pE  +p'  cos  ^cos  6'.  K.  (14) 

It  is  evident  that  we  may  define  the  position  of  any  point, 
P,  in  the  plane  of  the  figure  by  means  of  the  two  coordinates 
k  and  0.     Thus  we  have 

2a 

^  ~  A,  +  k'  cos  d  ' 

cos  6'  =  As, 

z  =  k!p  sin  0,     p'  =  k'p. 
Hence 

V  ^  a 

4m  ~  A'g  +  ^•' cos  6* 

+  k'cose.KA'e}.  .  (15) 

This,  then,  is  the  expression  for  the  potential  at  any  point 
in  terms  of  the  coordinates  (k,  6)  of  the  point.  In  par- 
ticular, it  gives  the  value  (9)  for  any  point  on  the  per- 
pendicular through  B  to  the  plate,  since   for   such  a  point 

6=^,  and  then  the  coefficient  of  A;' sin  6  within  the  brackets 

TT 

is  equal  to  — --,  by  Legendre's  well-known  relation  between 
the  complete  complementary  functions,  viz., 
KE'  +  EK'-KK'=J, 


{E  +  y(;'sin6'(KEi +EK'0-KKi-7r) 


whatever  the  modulus  k  may  be. 
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From  (14)  we  can  ilerive  uii  expression  for  the  conical 
angle  subtended  at  any  point,  F,  in  space  hy  a  circle,  /.  e.,  for 
tbe  magnetic  potential  duo  to  a  current  coinciding  with  tbe 
circle.  It  is  well  known  tliat  tbis  conical  angle  is  numerically 
equal  to  the  component  of  tbe  attraction,  perpendicular  to  tbe 
plate,  at  P  due  to  a  uniform  circular  plate  coinciding  witb  tbe 
aperture  of  tbe  circle — a  result  wbicb  is  evident  from  tbe 
principb?  tliat  tbe  current  can  be  replaced  by  a  magnetic 
sbell,  or  tbiu  plate,  tbe  upi)er  and  lower  surfaces  of  wbicb 
are,  of  course,  of  oj)posite  signs.  But  tbe  resultant  potential 
of  tbese  two  indefinitely  close  plates  is  tbe  difference  between 
the  value  of  V  in  (14)  and  tbe  value  wbicb  (14)  assumes  when 
z-\-/\z  is  substituted  for  z  ;  that  is,  tbe  magnetic  potential  at 

P  due  to  tbe  current  is ;-  .  A~,  and  tbe  strength  of  the 

dz         '  * 

magnetic  sbell  is  m  .  Az,  which  is  i,  the  current  in  tbe  circle  ; 

so  that  tbe  magnetic  potential  is  i  multiplied   by  minus  the 

differential   coefficient  of  the  right-hand   side   of   (14)    with 

respect  to  z. 

Denote  tbe  function  tt  +  KK'  — KE^—  EK^  by  tbe  symbol 

A^,  and  for  simplicity  in  tbe  differentiation  with  respect  to  c 

{a;  being  constant)  write  (14)  in  the  form 

^  =  -.A,+pE+(a^-..^)^.     .     .     .     (16) 


No^ 


d  kk'  .    a       dk'      k'^  . 

-r  = smt/;     —-  =  —  sin 

az  p  dz        p 

-~-  =k  sinv  ;      -—  =-jy  cos  a  ; 
dz  dz      k  p 


(17) 


and,  regarding  P  as  determined  by  tbe  coordinates   {z,  x) 
instead  of  {k,  6) ,  we  have 


but 


therefore 


d  _dk     d       dd     d 
Tz~Tz'dk'^Tz'dd' 

(^A_K-E  sin  ^  cos  ^ 

dk"      k  A',       ' 

dA_KkJ'sm''e-E 

dd  ~       a;        ' 

dA  1      T-l  A  /  /I 
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and  we   find    -y^    of   the  right-hand  side    of   (16)    equal    to 

—Ag  +  k'K  sin  0 ;  !?o  that  if  fl  is  the  conical  angle  subtended 
at  P  by  the  circle,  or  the  magnetic  potential  per  unit  current 
in  the  circle,  we  have  the  very  simple  expression 

n  =  2Ag-2k'Ksmd (18) 

Again,  supposing  that  the  depth,  00'  (fig.  1),  of  a  coil  con- 
sisting of  a  single  series  of  circular  currents  is  small  com- 
pared with  the  distance  of  the  point  P  from  any  part  of  it, 
the  two  terminal  plates,  ACB,  A'CB'  may  be  considered  as 
close  together,  and  the  potential  of  the  coil  at  P  is  the  value 
of  V  in  (16)  minus  the  value  obtained  by  putting  z  +  h  for  z, 
where  A  =  00'.  Hence  the  potential  in  such  a  case  is  — mhn, 
i.  e.,  at  any  point  in  space  whose  distance  from  every  part  of  a 
coil  is  great  compared  with  the  depth  of  the  coil,  the  potential  is 

2mh{Ag-LJKsmd) (19) 

The  modulus  k  which  appears  in  these  equations,  being 

'9    1  ' 

[1—^1  ,  is  constant  at  all  points  for  which  —  is  constant ; 

i.  e.,  at  all  points  on  any  circle  which  cuts  that  described  on 
AB  as  diameter  orthogonallv.     The  circles  which  cut  this 


I 

?^ 

6         ■     ■      1 

jQQSBSiExsesass^ 

! 

1 

I ! 

a: 


0' 


B' 


latter  orthogonaHy,  having  their  centres  on   AB,  are  most 
readily  drawn  by  joining  A  to  points,  m,  n,p,  . .  .  (fig.  3)  on 
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the  perpendicular  at  B  to  AB,  and  drawing  perpendiculars  at 
m,n,p,  ...  to  Am,  An,  Ap,  . . .  ;  the  points  of  intersection  of 
AB  produced  with  these  perpendiculars  are  the  centres  of  the 
circles.     If  C  is  the  centre  of  the  orthogonal  circle  through 

m,  we  know  that  the  constant,  1  —  ^,  on  this  circle  is  -r-r,, 
'  '  p2'  AC 

i.e.,  cos^>«AB.     Hence  if  7nAB  =  /3,  we  have 

k=cosi3;         A;'  =  sin/3 (20) 

The  field  due  to  the  plate  AB  is  most  readily  mapped  out  by 
describing  a  large  number  of  very  close  circles  of  the  ortho- 
gonal system  for  a  regular  gradation  of  the  values  ?7iAB, 
?(AB,  pAB,  ...  of  /3,  drawing  a  line  BP  in  the  assigned 
direction  9,  and  from  Legendre's  tables  of  Elliptic  Integrals 
taking  out  the  values  of  K,  E,  K^,  E^. 

The  properties  of  the  orthogonal  circles  lead  to  some  simple 
results  with  regard  to  potentials.  Thus,  if  any  line,  AP,  is 
drawn  from  A  cutting  any  circle  of  the  series  in  P  and  P', 
the  lines  joining  P  and  P'  to  B  are  equally  inclined  to  AB, 
i.e.,  z.ABP'  =  7r-6'. 

Now  if  in  A^  we  put  ir  —  d  for  6,  we  have,  in  virtue  of 
Legendre's  relation  between  complete  complementary  inte- 
grals, A^_g  =  7r-Ag,  i.  e., 

A„_,+A,  =  7r (21) 

Hence,  from  (18),  if  fl,  11'  are  the  conical  angles  subtended 
at  P,  P'  respectively  by  the  circle  (or  plate)  AB,  we  have 
the  remarkable  relation 

Il  +  n'  =  27r-4^'Ksin(9 {22) 

Again,  if  V,  V  are  the  potentials  at  P,  P'  due  to  the  plate, 
we  have  from  (15) 

^  +  ^,  =  2m{2E-'rrk',me),   .     .     .     (23) 

a  result  which  enables  us  to  lay  down  the  field  at  all  points 
to  the  right  of  the  perpendicular  B/:>  when  the  field  to  the 
left  of  B/?  is  known. 

Supposing  now  that  instead  of  a  single  wire  of  diameter 
AB  we  have  a  series  of  wires  forming  a  coil  contained  be- 
tween the  diameter  AB  and  the  diameter  ST,  i.  <?.,  the  breadth 
of  the  coil  is  BT  or  AS  ;  then  in  calculating  the  potential  at 
P  we  shall  have  to  find  the  potentials  due  to  a  series  of  cir- 
cular plates,  each  of  surface-density  m,  and  to  add  these 
l)oteutials  together.     But  observe  that  the  potential  at  P  due 
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to  anv  plate,  AB,  of  radius  a  is  of  the  form 

a.<^{k,d), (24) 

where  <^(A'.  6)  is  the  coefficient  of  a  in  (15),  and  <l>{k,  6)  is  a 
function  of  6  and  6\  the  anolos  PAB  and  PBA.  Hence  if 
we  take  a  plate  of  radius  OQ,  and  from  B  draw  B7  parallel  to 
QP  and  meeting  OP  in  q,  the  potential  of  this  plate  at  P  is 
to  the  potential  of  the  plate  AB  at  q  as  OQ  is  to  OA  ;  for,  if 
AR  =  BQ,  the  ano-les  7BA  and  (/AB  are  equal,  respectively, 
to  PQR  and  PRQ.  Hence,  if  r=OQ  and  V^  is  the  potential 
at  q  due  to  the  plate  AB  (of  radius  a),  the  resultant  potential 
at  P  due  to  the  series  of  plates  of  radii  extending  from  OB  to 
OT  is 

„'2'--V,. (25) 

the  points  q  on  OP  ranging  from  t  to  P,  where  Bi  is  parallel 
to  PT. 

Of  course  any  plate  of  the  series  may  be  taken  instead  of 
AB  as  the  reference  plate. 

Thus,  the  resultant  jyotential,  due  to  all  the  plates,  is  calcu- 
lated from  values  of  the  potential  of  any  one  plate  at  a  series  of 
points  ranged  along  the  radius  vector  OP. 

Pass  now  to  the  consideration  of  the  practical  problem  in 
hand,  viz.,  the  potential  at  P  due  to  a  coil  of  depth  00',  /.  e., 
we  have  to  consider  the  whole  of  the  spaces  BTT'B'  and 
ASS' A'  filled  with  wire  traversed  by  a  current  of  strength  i. 
We  have  already  seen  that  we  have  to  subtract  from  the 
potential  at  P  due  to  a  series  of  uniform  attracting  plates, 
each  of  surface-density  m,  ranging  from  the  radius  OB  to  the 
radius  OT,  the  potential  at  P  due  to  the  lower  series,  each  of 
surface-density  ??i,  and  ranging  from  radius  OB'  to  radius  OT'. 
It  merely  remains  to  express  m  in  terms  of  curi-ent-density. 
If  C  is  the  total  quantity  of  current  traversing  (at  right 
angles  to  the  plane  of  the  paper)  a  unit  area  (square  centi- 
metre) of  the  space  BTT'B',  the  quantity  flowing  in  a  filament 
of  depth  dij  and  breadth  dr  is  Cdjjdr.  Now  this  filament  is 
replaced  by  the  magnetic  shell  of  radius  r  and  thickness  dy  ; 
and  since  we  know  that  the  strength  of  the  shell  is  equal  to 
the  current  in  the  filament,  we  have  m  .  dy  =  Cdi/dr, .'.  m  =  Cdr', 
hence  (25)  becomes,  from  (15), 

AG^r.<p{k,d)dr, (26) 

which  is  the  potential  due  to  the  upper  series  of  plates, 
OB,  .  .  .  OT. 

This  quantity  may  be  graphically  represented  and  calcu- 
lated as  follows.     Let  a  verv  close  series  of  curves  representing 
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a  series  of  constant  values  of  the  function  4>{k,d)  for  the 
plate  AB  be  drawn  ;  draw  OP,  and  at  each  point,  T,  Q, 
.  .  .  B,  of  the  breadth  BT  of  the  coil  draw  an  ordinate, 
TA,  Q^, .  .  .  B/  (fig.  4),  equal  to  the  product  of  r  and  the 

Fig.  4. 

P 


value  of  ^(A;,  6)  at  the  corresponding  point,  t^  q, .  .  .V,  of  the 
line  OP  :  these  ordinates  will  form  by  their  extremities  a 
curve,  lig  -  •  •/,  the  area  of  which  multiplied  by  four  times 
the  current-density  in  the  space  occupied  by  the  coil  is  the 
potential  at  P  duo  to  the  upper  series  of  plates,  OBj 
OQ, . . .  OT. 

Now  if  we  take  the  point  Pj  such  that  PPj,  is  equal  and 
parallel  to  00',  the  depth  of  the  coil,  the  potential  at  P  due 
to  the  lower  series  of  plates,  OB',  .  .  .  OT',  is  equal  to  that  at 
Pi  due  to  the  upper  series.  Hence,  if  A  and  A^  are  the  areas 
of  the  curve  Iig  .  .  ./  and  the  corresponding  curve  for  the 
point  Pi,  the  total  potential  at  P  due  to  the  complete  coil  is 

4C(A-A,) (27) 

The  curve  hgf  passes,  of  course,  through  the  point  0  ;  and 
■when  the  line  OP  coincides  with  the  axis,  00',  of  the  coil, 
the  curve  is  an  hyperbola  ;  for,  in  this  case 

,/,    /IS      TT     1— sin^ 

and  r=OPcot6>. 

We  may,  if  we  please,  express  r  in  terms  of  (/;,  ^),and 
draw  the  curve  hgf  by  a  different  rule.     Thus, 

r=OP  A'e  +  k'co^O 

V  (  a;  -  L^  cos  6)  2  +  4)(/2  sins^  ' 

nnd  we  can  make  the  ordinate  of  the  curve  equal  to 
E  -  fJ  sin  e..\  +  k'K  cos  6 .  A^ 


OP 


V(A;-//  cos  ef  +  U'H'm^  B 
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XVII.    On  the  Thermal  Behaviour  of  Liquids. 
By  Prof.  AViLLiAM  Ramsay  and  Prof.  Sydney  Young. 

To  the  Editors  of  the  Philosophical  Magazine. 
Gentlemen, 

DURING  recent  years  several  papers  on  the  thermal  pro- 
perties of  gases  and  li(|uids,  which  contain  what  we 
beheve  to  be  incorrect  conclusions,  have  been  pnblished  ;  and 
in  the  interest  of  accurate  knowledge  we  feel  bound  to  make 
some  comments  on  them,  and  to  point  out  in  what  respects 
they  are  erroneous. 

We  shall  first  consider  certain  observations  on  the  critical 
point. 

Battelli  {Atti  del  E.  Isfitufo  Veneto  di  Scienze,  iv.  serie  vii, 
1892-93  ;  also  a  pamphlet  published  by  Antonelli,  Venice) 
comes  to  the  following  conclusions  reciarding  the  critical 
point: — 

"  1.  The  critical  temperature  is  that  at  which  the  cohesion 
of  the  liquid  particles  is  so  diminished  that  they  no  longer 
remain  together,  but  expand  throughout  the  containing  vessel. 

''  2.  Above  the  critical  temperature  the  liquid  particles  con- 
tinue to  vaporize,  i.  e.  to  separate  into  molecules  of  saturated 
vapour,  as  the  temperature  rises. 

"3.  Retaining  for  the  term  'critical  point'  the  significa- 
tion which  it  has  in  the  isothermal  diagram,  the  determination 
of  the  critical  point  (temperature  ?)  by  means  of  the  optical 
method  is  not  generally  exact ;  because  the  disappearance  of 
the  meniscus  takes  ])lace  at  a  temperature  higher  than  the 
critical  temperature,  and  .striae  {intorhimento)  appear  at  a 
temperature  the  lower,  the  greater  the  amount  of  liquid 
contained  in  the  experimental  tube." 

Again,  in  Wiedemann's  Annalen,  vol.  I.  p.  531,  Galitzine 
states  that  the  critical  temperature,  determined  by  heating 
the  liquid  and  allowing  it  to  cool  until  a  meniscus  is  just 
visible,  is  lower  than  the  true  critical  temperature.  He  also 
makes  the  remarkable  assertion  that  at  temperatures  con- 
siderably higher  than  the  critical  temperature  the  substance 
at  constant  pressure  may  have  different  densities,  varj-ing  as 
much  as  25  per  cent.,  oioing  to  the  formation  of  liquid  com- 
plexes !  A  short  account  of  these  conclusions  is  to  be  found 
in  'Nature,'  November  23,  1893,  and  in  this  Journal,  Dec. 
1893,  p.  552. 

Zambiasi  and  de  Heen  also  state  that  the  temperature  at 
which  mist  and  stripe  appear  when  the  substance  is  cooled  is 
lower  than  the  truf>  critical  temi»erature,  but  in  other  respects 
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the  results  obtained  by  these  two  observers  are  contradictory. 
Zambiasi  found  that  the  temperature  at  which  the  meniscus 
disappears  on  heating  is  identical  with  that  at  which  mist  and 
strife  form  on  cooling;  and  that  both  temperatures  are  lowered 
by  increasing  the  quantity  of  the  liquid  relatively  to  the 
vapour.  De  Heen,  on  the  contrary,  found  that  the  tempera- 
ture at  which  the  meniscus  disappears  is  raised  on  increasing 
the  relative  quantity  of  liquid  ;  wliile  Galitzine  found  the 
temperature  at  which  the  meniscus  disappears  to  be  higher 
than  the  temperature  at  which  it  appears,  but  both  of  them 
practically  independent  of  the  relative  quantity  of  liquid. 

Again,  the  critical  temperatures  of  the  esters  given  by 
de  Heen  differ  enormously  from  those  observed  by  Nadejdine 
and  bv  one  of  us  ;  that  of  methyl  acetate  differs  by  no  less 
than  46° I 

There  can  be  little  doubt  that  in  most,  if  not  in  all  of  such 
experiments,  the  arrangements  employed  to  maintain  constant 
high  temperatures  must  have  been  sadly  defective.  Battelli 
made  use  of  fractions  of  petroleum-oil,  boiling  at  intervals 
of  temperature  of  10°.  This  plan  was  tried  by  one  of  us  as 
long  ago  as  1879,  and  subsequently  rejected  as  entirely 
unsatisfactory.  The  heating  arrangement  employed  by  Galit- 
zine would  be  satisfactory  if  the  sample  of  naphthalene  used 
as  a  jacket  w^ere  pure.  This  method  is  a  modification  of  that 
which  we  have  constantly  employed,  and  frequently  recom- 
mended, during  the  last  ten  years  ;  yet  it  is  stiange  that  while 
Galitzine  refers  to  an  early  paper  by  one  of  us  containing 
conclusions  which  have  been  acknowledged  as  erroneous  in 
subsequent  papers,  he  makes  no  reference  to  our  later  work, 
of  which  he  appears  to  be  ignorant.  Moreover  he  relies  on 
de  Heen's  work,  which  is  very  inaccurate.  Precisely  such 
conclusions  as  appear  in  these  papers  were  given  by  one  of  us 
in  the  paper  referred  to  (Proc.  Roy.  Soc.  1880,  xxx.  p.  323, 
and  xxxi.  p.  194),  in  which  similar  arguments  were  adduced 
in  favour  of  liquid  molecules,  and  of  the  non-identity  of 
the  liquid  and  gaseous  states  at  and  above  the  critical 
point.  The  author  of  that  paper  again  takes  this  opportunity 
to  say  that  he  no  longer  believes  in  the  conclusions  ;  and 
he  would  regret  the  publication  of  that  paper  were  it  not 
for  the  hope  that  it  may  serve  as  a  beacon  to  warn  others, 
beginning  to  experiment  on  the  subject,  from  the  numerous 
rocks  and  shoals  with  which  it  is  beset. 

Since  that  paper  was  published  we  have  been  engaged  on 
many  pieces  of  joint  work,  and  the  critical  constants  of  ether 
and  of  the  alcohols  have  been  determined  with  great  care  ; 
the  constants  for  no  less  than  18  other  liquids  have  also  been 


T/iermal  Behaviour  of  Liquids.  217 

determined  by  one  of  us.     Our  observations  have  led  us  to  the 
t'ollowinij  eoDohisions  : — 

1.  If  temperature  and  volume  be  kept  quite  constant,  striae 
are  never  seen,  but  only  a  blue,  misty  appearance, 

2.  It  is  absolutely  essential  that  the  whole  of  the  sub- 
stiince  should  be  equally  heated,  and  this  result  cannot  be 
attained  if  the  vapour  of  an  impure  liquid  be  employed  as  a 
jacket. 

o.  It  is  equally  essential  that  the  liquid  examined  should 
be  perfect!}'  pure  and  free  from  air  ;  these  {)recautions  are 
especially  important  in  the  determinations  of  volumes  near 
the  critical  point,  since  the  smallest  alteration  in  temperature 
or  pressure  produces  a  great  alteration  in  volume  ;  and  to  this 
fact  the  erroneous  conclusions  referred  to  are  in  all  probability 
to  be  attributed. 

In  certiiin  cases,  as  for  example  with  alcohols  and  acids, 
there  may  be  molecular  complexes  at  the  critical  point  ;  but 
we  have  no  doubt  whatever  that  the  substance  is  physically 
homogeneous,  as  much  so  indeed  as  a  thoroutjh  mixture  of 
oxygen  and  hydrogen  gases  is ;  and  that  the  only  difference  in 
density  in  ditferent  regions  is  that  due  to  the  weight  of  the 
substance  itself  compressing  the  lower  regions  to  a  slightly 
different  density  tban  that  of  the  upper  regions,  just  as  the 
density  of  the  atmosphere  at  the  level  of  the  sea  is  greater 
than  that  on  a  mountain  (see  Gouv.  Compt.  Read.  1892, 
p.  720). 

These  considerations  are  sutiicient,  we  think,  to  explain  the 
erroneous  conclusions  of  the  authors  referred  to. 

It  is  necessary  next  to  draw  attention  to  an  incorrect  ob- 
servation of  Battelli,  i-egarding  the  vapour-pressures  of  liquids 
and  in  particular  of  alcohol  {Memorie  della  Reale  Accademia 
Jelle  Scienze  di  Torino,  serie  ii.  torn.  xliv.  p.  11).  He  there 
states  that  he  notices  with  alcohol  what  he  has  previously 
noticed  with  other  liquids,  that  the  vapour-pressure  at  a  given 
temperature  depends  on  the  relative  volumes  of  liquid  and 
gas,  increasing  as  the  volume  of  liquid  increases  and  gas 
diminishes,  i.  e.  with  decrease  of  volume.  This  observation 
is  absolutely  opposed  to  our  experience,  and  implies  one  of 
two  causes, — either  that  his  sample  of  alcohol  contained  some 
other  liquid,  or  that  it  contained  some  permanent  gas.  His 
data  do  not  allow  us  to  decide  to  which  of  these  causes  his 
results  are  to  be  attributed.  It  is  also  to  be  noted  that  the 
vapour-pressures  which  he  records  are  in  every  case  some- 
what higher  than  those  observed  by  Regnault  and  by  ourselves. 

Such  work  as  that  referred  to  requires  the  utmost  care, 
especially  in  securing  uniform  known  temperatures  ;  and  it 
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is  to  be  regretted  that  observations  should  be  published, 
and  conclusions  drawn  which  are  affected  by  errors  easy  to 
avoid  by  the  use  of  pure  vapours  from  liquids  boiling  under 
constant  known  pressures  as  a  means  of  obtaining  constant 
known  temperatures.  A  little  trouble  taken  at  the  beginning 
of  a  research  in  purifying  the  liquids  employed  as  jackets  is 
well-rewarded  in  the  avoidance  of  erroneous  observations 
during  the  progress  of  the  research  ;  and  inasmuch  as  many 
mathematical  physicists  are  endeavouring  to  find  some  ex- 
pression which  will  better  fit  facts  than  van  der  Waals'  simple 
but  approximate  formula,  it  appears  a  pity  that  untrustworthy 
observations   should   be   offered    as  a  groundwork    for  their 

^"^'>''^'-  William  Ramsay. 

Sydney  Young. 


XVIII.    Thermoelectric  Diagram  for  some  Pure  Metals. 
By  W.  HuEY  Steele,  M.A.,  Melbourne* . 

SINCE  1873,  so  far  as  I  am  aware,  no  work  on  this  subject 
has  been  published.  In  that  year  Professor  Tait,  in  the 
Transactions  of  the  Roj^al  Society  of  Edinburgh,  published 
'•  A  First  Approximation  to  a  Thermoelectric  Diagram, '■'  and 
stated  that  it  was  only  an  approximation  and  that  other  re- 
sults w^ould  follow.  The  results  in  the  paper  above  have  since 
been  accepted  as  the  most  reliable.  In  his  paper  he  gives 
very  little  experimental  detail,  such  as  the  method  of  observa- 
tion, sensitiveness  of  galvanometer,  &c.,  and  the  greater  part 
of  the  paper  is  taken  up  with  the  behaviour  of  the  iron  line. 
In  making  some  thermoelectric  observations  I  had  reason  to 
suspect  that  his  diagram  was  not  quite  right,  and  further 
measurements  showed  that  the  copper  line  was  far  from  its 
right  position.  I  determined  therefore  to  construct  a  diagram 
for  as  many  pure  metals  as  I  was  able  to  obtain. 

Whatever  method  of  observation  is  adopted,  one  essential 
in  thermoelectric  observation  is  an  exceedingly  delicate  gal- 
vanometer, that  one  being  the  best  which  indicates  the  least 
electromotive  force  applied  to  its  terminals,  not  the  one 
indicating  the  least  current.  Of  the  various  sensitive  galvano- 
meters at  my  command,  the  best  was  a  one-coil,  low-resistance 
(about  half  an  ohm),  astatic  instrument  made  by  Elliot 
Bros.      The    needles,    about    45    millim.    in    length,    were 

♦  Comiminirated  bv  the  Author. 
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magnetized  to  saturation  by  flashing  through  a  very  great 
number  of  turns  of"  tine  wire  round  the  needles  as  heavy  a 
current  as  the  wire  would  carry.  They  were  then  sus- 
pended, and  the  stronger  gently  stroked  with  a  weak  magnet 
till  the  desired  sensibility  was  obtained.  The  s^^stem  was 
quite  stable  in  the  earth's  field,  and  the  time  of  swing  was 
about  10  seconds.  The  mirror  was  concave,  with  a  focal 
length  of  8  inches.  A  half-millimetre  scale  ruled  on  glass 
was  placed  about  60  inches  from  the  mirror,  between  it  and 
a  well-lighted  frosted  window.  The  image  of  this  scale  was 
very  sharply  defined  and  permitted  magnification  by  an  eye- 
piece magnifying  10  diameters,  the  lines  still  being  sharp 
and  clear,  and  tenths  of  a  division  could  be  estimated.  An 
electromotive  force  of  ten  absolute  units  produced  a  deflexion 
of  one  scale-division,  and  one  absolute  unit  might  be  detected. 
A  Thomson  galvanometer  of  10,000  ohms  to  be  equally 
sensitive  would  have  to  indicate  10~^^  amperes. 

The  method  of  observation  may  be  learned  from  the  accom- 
panying diagram.     E  is  a  Clark  cell  joined  in  series  with  an 


adjustable  high  resistance  R,  a  knoAvn  low  resistance  r,  and  a 
key  Kj ;  as  a  shunt  on  r  there  is  the  thermal  junction  e,  the 
galvanometer  G,  and  a  key  K^.  A  copper  wire  to,  of  the  same 
resistance  as  the  junction,  is  put  across  its  ends  in  such  a  way 
that  by  means  of  the  three-way  key  K3  either  this  wire  or  the 
junction  may  be  put  into  the  gavanometer  circuit.  In  making 
an  observation  w  is  put  into  the  circuit,  K2  closed,  and  the 
deflexion,  if  any,  observed.  This  comes  from  the  unequally 
heated  junctions  forming  the  circuit  ;  and  so  great  was  the 
sensitiveness  of  the  galvanometer  that  even  when  there  was 
nothing  but  copper  and  brass  in  circuit,  and  it  had  not  been 
interfered  with  for  some  hours  (the  first  thing  in  the  morning 
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for  exjimplo),  a  deflexion  of  a  scale-division  or  two  was  always 
observed  on  closing  Kg.  This  deflexion  generally  increased 
while  observation  was  going  on,  chiefly  from  Peltier  effects 
in  r.  This  deflexion  having  been  mentally  noted,  w  was 
thrown  out  and  ^]»ut  in,  K^  and  K9  closed,  and  R  adjusted  till 
the  deflexion  was  the  same  as  that  observed  previously.  Then 
e/E  is  equal  to  r/(R  +  r  +  E6),  Ej  being  the  internal  resistance 
of  E.  I  used  the  Clark  cell,  as  it  had  been  recommended  by 
Prof.  Threlfall  (Phil.  Mag.  1889,  vol.  xxviii.)  as  a  good  source 
of  small  constant  currents.  I  made  three  according  to  Lord 
Eayleigh's  instructions,  and  on  testing  them  found  that  they 
gave  consistent  results  when  closed  through  resistances  of  not 
less  than  6000,  5000,  and  4000  ohms  respectively.  That  is,  the 
values  of  the  internal  resistance  from  any  two  observations 
with  resistances  higher  than  those  mentioned  were  consistent, 
but  began  to  vary  when  the  cells  were  closed  through  less 
resistances.  But  after  being  closed  through  lower  resistances, 
they  quickly  recovered  on  being  left  on  open  circuit.  The 
resistances  of  the  cells  were  265,  43,  and  50  ohms.  In  my 
observations  I  never  used  more  than  two  thirds  of  the  current 
that  I  might  have  as  determined  above,  and  when  I  wished  to 
have  a  greater  current  (as  was  necessary  in  working  with 
antimony)  I  put  the  three  cells  in  parallel  and  closed  through 
3800  ohms. 

When  copper  was  one  of  the  metals  forming  the  pair  under 
examination,  the  junctions  of  the  copper  with  the  two  ends  of 
the  other  metal,  generally  a  wire,  were  immersed  in  beakers 
of  oil,  the  junction  formed  by  twisting  the  wires  together 
being  M'rapped  round  the  bulbs  of  the  thermometers.  When 
copper  was  not  one  of  the  pair,  then  the  one  junction  was  in 
a  beaker  of  hot  oil  as  before,  and  the  two  junctions  of  copper 
with  the  two  other  metals  were  kept  in  the  same  beaker  of 
oil,  insulation  being  of  course  attended  to.  By  observing  the 
temperatures  of  the  hot  and  cold  junctions  on  each  occasion, 
it  was  not  necessary  to  take  any  precautions  to  keep  the  cold 
junction  at  a  constant  temperature,  as  the  correction  to  be 
applied  was  determined  from  each  set  of  observations. 

I  did  not  go  higher  than  100°  C.  in  observing,  as  I  had 
shown  (Proc.  Roy.  Soc.  Yictoria,  1893)  that  at  high  tempera- 
tures the  ordinary  thermoelectric  formulae  fail,  and  occa- 
sionally I  noticed  irregularities  coming  in  even  at  100°  C. 
In  the  pa])er  (juoted  I  have  described  some  months^  experi- 
ments in  heating  single  conductors,  in  which  I  found  that  at 
the  temperature  of  1000°  C.  an  irregular,  arbitrary  sort  of  an 
electromotive   force   mav    be   obtained.      This   is    sometimes 
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enormously  higli  (as  thermoelectric  forces  go),  as  in  the  case 
of  half  a  dozen  diti'erent  metals  I  observed  '3  volt,  about  the 
same  as  that  given  by  a  junction  of  bismuth  and  antimony  at 
that  temperature,  did  the  ordinary  formulae  hold  so  far.  At 
lower  temperatures  these  irregular  (effects  are  not  so  great, 
being  more  than  proportionately  smaller,  but  still  on  several 
occasions  I  found  them  distinctlv  marked  even  as  low  as 
200°  C. 

In  any  series  of  observations  the  relation  between  the 
observed  values  of  the  temperature  T  and  E.M.F.  e  is  of  the 
form  e=a{T—T^|)  +h{T—T^,y,  where  Tq  is  the  temperature  of 
the  cold  junction  and  a  and  b  are  constants  to  be  determined, 
b  being  positive  or  negative,  according  as  the  lines  of  the  two 
metals  being  examined  intersect  below  or  above  Tq.  In 
each,  a  and  b  were  determined  by  the  method  of  least  squares. 
e  having  been  calculated  again  in  each  case  from  the  values 
of  a  and  b  thus  obtained  and  the  observed  values  of  T,  the 
means  of  the  differences  between  the  values  of  e  thus 
calculated  and  those  observed  are  given  below  in  each  case  as 
the  mean  error  in  absolute  units.  To  compare  the  error  in 
different  cases,  I  have  also  expressed  it  as  the  mean  error  in 
temperature.  It  will  be  noticed  that  frequently  the  dis- 
crepancies between  different  sets  of  observations  on  one  junc- 
tion are  enormously  greater  than  the  mean  error  in  one  set, 
in  spite  of  the  fact  that,  as  far  as  one  could  tell,  they  were 
in  exactly  the  same  condition  in  each  case  and  were  not  even 
touched  between  the  experiments.  In  view  of  the  experi- 
ments referred  to  above  and  these  discrepancies,  one  is  led  to 
the  suspicion  that  the  thermoelectric  constants  are  not  really 
constant,  but  that  they  vary  in  a  given  specimen  in  a  manner 
which,  if  not  arbitrary,  yet  arises  from  changes  in  condition 
which  are  inappreciable.  I  usually  made  three  sets  of  obser- 
vations on  any  pair  of  metals  I  examined,  but  with  copper  and 
lead  I  made  more, — first  to  find  out  if  the  constants  tended  to 
become  more  constant,  or,  if  not,  to  see  if  they  varied  in  any 
regular  manner  ;  and,  secondly,  because  I  had  taken  co})per  as 
a  base-line  for  some  metals  which  lay  close  to  it,  and  it  was 
therefore  necessary  to  determine  its  position  with  more  than 
usual  accuracy.  The  following  are  the  thermoelectric  heights 
observed  ;  the  metal  with  the  higher  line  being  in  each  case 
put  first : — 
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The  column  headed  "  mean  error  "  shows  the  mean  error 
of  each  set  of  observations,  expressed  in  absolute  units  of 
E.M.F.,  and  also  in  fractions  of  a  degree.  The  last  column 
is  the  calculated  E.M.F.  of  a  pair  one  of  whose  junctions  is 
at  0°  C,  the  other  at  100°  C.  The  discrepancies  between  the 
values  determined  from  different  sets  of  observations  are  very 
much  greater  than  the  mean  error  of  a  single  set,  which 
appears  to  indicate,  as  already  mentioned,  that  the  thermo- 
electric "constants"  are  not  absolutely  constant.  In  deter- 
mining these  constants,  it  is  an  open  question  whether  they 
should  be  found  from  a  short  range  of  low  temperatures,  or 
whether  a  long  range  of  temperatures  should  be  observed. 
In  the  former  case  the  most  accurate  observations  can  be 
taken,  and  are  practically  uninfluenced  by  the  irregular  effects 
mentioned  above  ;  but  in  this  case  the  Thomson  effect  comes 
in  as  a  quantity  of  a  much  smaller  order  of  magnitude  than 
the  absolute  height.  If  the  range  of  temperature  be  greater, 
the  Thomson  effect  is  a  much  more  important  quantity,  and 
can  consequently  be  determined  more  accurately.  In  this 
case,  however,  the  accuracy  of  the  observations  is  very 
seriously  interfered  with  by  the  irregularity  of  the  effect 
referred  to  above.  Different  ranges  of  temperature  with 
different  junctions  might  be  advisable,  but  I  considered  that 
a  range  of  85°  or  90°  would  give  sufficiently  accui'ate  results. 
I  wiis  disappointed  in  some  of  them,  e.g.  antimony  and  cad- 
mium, but  in  these  the  mean  result  is  probably  not  very  far 
from  the  truth,  especially  in  calculating  electromotive  forces  ; 
the  error  in  the  constants  considered  apart  from  one  another 
is  of  course  greater.  In  writing  down  the  thermoelectric 
height  of  each  relatively  to  lead,  some  metals  will  have  two 
values  ;  that  is,  in  cases  of  three  metals  where  the  three  pairs 
were  examined  separately,  as  for  instance  in  lead,  copper, 
and  zinc,  the  height  of  the  zinc  line  might  be  taken  as  the 
observed  height  above  lead,  or  the  sum  (or  difference)  of  the 
lead-copper  and  copper-zinc  heights.  In  this  case,  where  the 
zinc  line  lies  between  the  copper  and  the  lead  lines,  the 
former  of  the  two  values  will  be  the  more  accurate,  and  in 
estimating  the  position  I  have  given  the  two  values  weight  in 
the  ratio  of  three  to  one.  In  the  case  of  tin,  which  lies  very 
close  to  lead  compared  with  copper,  I  have  taken  the  directly 
observed  height  as  the  true  one,  as  the  other  is  the  difference 
of  two  large  and  nearly  equal  quantities — a  very  inaccurate 
method  of  observing  the  value.  The  following  table  is  the 
result  of  all  the  observations,  which  is  also  shown  graphically 
on  the  diagram  with  the  exception  of  the  antimony  line  : — 
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Metals  Used. 

Lead. — This  was  very  pure,  and  was  specially  prepared  for 
me  by  the  method  of  IStas,  by  Mr.  N.  T.  M.  Wilsmore, 
M.Sc,  F.C.S.  Lead  acetate  was  dissolved  in  water  and 
digested  for  a  week  with  sheet  lead.  The  solution  was 
filtered  into  hot  dilute  sulphuric  acid,  and  the  precipitated 
sulphate  treated  with  water,  dilute  sulj)huric  acid,  and  again 
with  water  till  perfectly  free  from  acid.  The  sulphate  was 
then  stirred  for  some  days  in  a  beaker  with  solution  of  large 
excess  of  ammonium  sesquicarbonate  and  ammonia,  and  washed 
till  free  from  soluble  ammonium  sulphate.  This  treatment 
was  repeated  till  the  lead  sulphate  was  nearly  all  converted 
into  carbonate.  A  little  of  this  was  converted  into  monoxide 
by  heating  in  a  platinum  dish,  and  the  remainder  nearly  dis- 
solved in  dilute  nitric  acid,  and  the  oxide  added  little  by  little, 
thus  precipitating  any  iron  which  might  be  present.  The 
solution  was  again  filtered  and  added  to  solution  of  excess  of 
pure  ammonium  sesquicarbonate  and  stirred,  thus  forming 
pure  lead  carbonate.  This  was  dried  and  reduced  under 
potassium  cyanide  in  an  unglazed  porcelain  crucible,  the 
contents  of  which  were  poured  into  a  polished  steel  mould. 
The  lead  button  was  washed  with  water,  alcohol,  and  ether, 
and  immediately  placed  in  a  glass  tube  with  a  narrow  tube 
sealed  on  to  the  end.  This  was  alternately  exhausted  and 
filled  with  pure  hydrogen  about  a  dozen  times,  and  finally 
exhausted  with  a  Sprengel  and  hermetically  sealed.  The 
lead  was  again  melted  and  run  into  the  narrow  tube,  a  com- 
pact rod  being  thus  obtained,  which  was  drawn  through 
draw-plates  down  to  a  wire  of  the  desired  size.  All  the 
reagents  used  were  as  pure  as  could  be  obtained,  and  were 
tested  for  impurities,  especially  metallic  impurities,  and  when 
necessary  were  repurified.  Mr.  Wilsmore  considered  that 
the  lead  was  free  from  all  other  metals,  and  from  impurities 
of  all  kinds  except  perhaps  a  trace  of  oxide  formed  during  the 
washing  in  water. 

Silver. — This  was  prepared  by  Mr.  W.  Percy  Wilkinson, 
Government  Analyst,  and  considered  by  him  to  be  "  fairly 
pure.'"  Silver  chloride  was  reduced  with  wood  charcoal  and 
pure  sodium  carbonate.  The  ingot  was  washed  with  boiling 
water  slightly  acidulated  with  hydrochloric  acid,  and  finally 
scrubbed  with  clean  sand.  This  was  re-dissolved  in  pure 
nitric  acid,  largely  diluted,  precipitated  with  dilute  hydro- 
chloric  acid,    washed  with  water,   boiled    with   nitric   acid, 
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washed  with  water,  dried,  digested  with  pure,  hot  hydro- 
chloric acid,  w'ashed  with  boiling  water,  and  dried  at  100°  C. 
The  chloride  was  then  reduced  with  pure  sodium  carbonate 
and  wood  charcoal,  the  ingot  being  treated  as  before.  It  was 
hammered  into  a  rod  with  a  polished  steel  hammer,  on  a 
similar  anvil,  and  drawn  through  steel  and  agate  draw-plates 
and  annealed. 

Antltnonij. — This  was  also  prepared  by  Mr.  Wilkinson, 
being  reduced  by  him  from  pure  antimony  oxide,  and  con- 
sidered by  him  to  be  "  very  pure.^'  I  melted  it  and  cast  it 
into  a  long  rod  in  an  iron  mould,  and  broke  off  the  ends  and 
soldered  them  on  at  right  angles  so  as  to  dip  into  the  oil 
baths,  and  also  soldered  copper  wires  on  to  the  ends  to  form 
the  junction.  (This  was  the  only  case  in  which  I  used  solder; 
in  all  others  I  merely  twisted  the  wires  together.) 

Gold. — This  was  an  exceedingly  pure  specimen  supplied  by 
the  Melbourne  branch  of  the  Itoyal  Mint.  The  percentage 
of  gold  being  99'994  according  to  the  most  delicate  tests  that 
could  be  made  at  the  Mint.  The  Mint  has  also  supplied  the 
Ph3'sical  Laboratory  with  a  specimen  of  purity  99'998,  but  I 
was  content  to  use  the  inferior  of  the  two.  The  wire  was 
drawn  through  three  holes  of  the  draw-plate  after  the  last 
annealing,  and  may  therefore  be  considered  hard-drawn. 

Zinc. — The  zinc  I  used  was  supplied  in  rods  by  Messrs. 
Baird  and  Tatlock  as  pure  redistilled  zinc  for  making  Clark 
cells.  I  could  not  draw  it,  and  fused  several  rods  end  to 
end  and  bent  it  into  the  required  shape. 

Thallium. — This  w-as  given  me  by  Mr.  Wilkinson,  who 
obtained  it  from  Schuchardt  as  pure.  Professor  Masson 
analyzed  it  for  me  and  found  it  contained  97*9  per  cent  of 
thallium,  1*5  per  cent,  lead,  and  traces  of  arsenic  and  copper. 

Cadmium  was  also  Schuchardt's  pure,  given  me  b}^  Mr. 
Wilkinson.  It  was  in  form  of  a  thick  rod,  which  I  hammered 
into  a  finer  one  and  drew  it  through  steel  draw-plates. 

7Y«. — From  same  source  and  treated  in  same  way  as 
cadmium. 

Copper. — "  Pure  Swedish  Copper,"  as  sold  in  the  city  for 
gold-refining  processes.     I  used  it  in  the  hard-drawn  state. 

Aluminium. — Commercial  Neuchatel  aluminium. 
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XIX.    On  Ridge-Lines  and  Lines  connected  with  them. 
By  J.  McCoWAN,  M.A.,  D.Sc,  University  College,  Dundee"^. 

THE  topography  of  mountainous  regions,  districts  of 
upland  and  valley,  was  discussed  b}'  Cayley,  in  1859, 
in  a  paper  "On  Contour  and  Slope  ]iines"t,  J'nd  again  by 
Maxwell,  in  1870,  in  a  paper  "  On  Hills  and  Dales"  J.  So  far 
as  contour-  and  slope-lines  are  immediately  concerned  the  dis- 
cussion may  therefore  be  regarded  as  complete  ;  but  I  desire 
to  define  and  call  attention  to  certain  lines  connected  with 
these  which  I  shall  discuss  in  some  detail  in  the  following 
paper,  and  which  are  especially  characteristic  of  the  general 
configuration  of  a  region  of  mountain  and  valley.  These 
lines  1  have  called  ridge-lines,  but  they  are  not  to  be  con- 
founded with  those  to  which  Cayley  gave  that  name.  The 
word  "ridge "as he  employs  it  seems  in  general  usage  to  have 
given  place  to  the  term  "  watershed,"  used  in  its  stead  by  Max- 
well ;  so  perhaps  I  may  be  permitted  to  transfer  it  to  the 
lines  I  wish  to  discuss,  as  being  specially  descriptive  of  them. 
It  may  be  noted  that  in  general  there  will  be  a  ridge,  as  I 
define  it  very  near  to,  and  in  some  cases  coincident  with,  the 
particular  line  of  slope  to  which  Cayley  gave  the  name. 

§  1.   Contour-Lines  and  Lines  of  Slope. 

Consider  the  configuration  of  a  surface,  of  any  form,  rela- 
tively to  a  plane  fixed  with  respect  to  it.  This  plane  will  be 
called  the  base  and  will  be  regarded  as  horizontal,  so  that 
planes  parallel  and  perpendicular  to  it  may  be  described  as 
norizontal  and  vertical  planes  respectively.  The  surface  may 
be,  for  example,  that  of  any  portion  of  land,  and  the  base  the 
sea-level,  provided  that  the  part  considered  is  not  so  large  as 
to  require  the  curvature  of  the  earth's  surface  to  be  taken 
into  account. 

The  curves  in  which  the  surface  is  intersected  by  horizontal 
planes  are  called  contour-lines,  or  simply  contours.  Lines  on 
the  surface  which  cut  the  contours  orthogonally  are  called 
lines  of  slope  :  the  inclination  at  any  ])oint  of  a  line  of  slope  to 
the  base  is  therefore  equal  to  the  inclination  to  the  base  of  the 
tangent  plane  at  the  same  point  and  is  a  measure  of  the  slope 
there.  Points  at  a  maximum  or  minimum  height  above  the 
base  at  which  horizontal  tangent  planes  touch  the  surface  are 

*  Communicated  by  the  Author.  Read  before  the  Edinbui'gh  Mathe- 
matical Society,  December  8,  1 89.'3. 

t  Phil.  Mag.  '^4]  vol.  xviii. ;  or  '  Collected  Papers,'  vol.  iv. 
X  Phil.  Map.  "4;  vol.  xl.  :  or  '  Collerted  Pap'jis,"  vol.  ii. 
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called  summits  and  immits  respectively  :  all  lines  of  slope  run 
from  summits  to  immits,  and  obviously  cannot  cross  each  other 
at  any  intermediate  point,  though  a  line  may  branch  at  any 
point  where  there  is  a  horizontal  tangent  plane.  At  summits 
and  immits  the  surface  is  synclastic  and  the  contours  are 
reduced  to  points  ;  but  a  horizontal  plane  may  touch  the  sur- 
face at  a  point,  called  a  col,  where  the  surface  is  anticlastic, 
and  where  consequently  tw^o  branches  of  a  contour-line  will  in 
general  intersect,  the  point  of  contact  being  a  double  point  of 
the  curve  of  section.  Other  varieties  of  contact  need  not  be 
specially  noted  here  as  their  occurrence  is  very  exceptional.  In 
the  case  of  a  land  surface  the  summits  are  the  tops  of  the  hills, 
and  the  immits  the  bottoms  of  lakes  or  basins,  while  the  cols 
are  such  points  as  the  heads  of  passes  between  hills  or  places 
where  streams  flow  out  from  lakes.  The  two  lines  of  slope 
from  a  col  to  the  two  adjacent  summits  form  together  what  is 
called  a  watershed,  and  the  line  of  slope  from  a  col  to  an 
immit  is  called  a  watercourse*. 

§  2.  Definition  of  Ridge-Lines. 

The  section  of  a  surface  by  a  plane  parallel  and  very  near 
to  the  tangent  plane  at  any  point,  or,  as  it  is  generally  called, 
the  indicatrix  for  that  point,  is  in  general  a  conic.  The 
directions  of  the  axes  of  this  conic,  depending  only  on  the 
form  of  the  surface  and  not  at  all  on  its  relation  to  the  base, 
are  independent  of  the  directions  of  the  slope-  and  contour- 
lines,  and  therefore  the  surface  in  the  immediate  neighbour- 
hood of  any  point  is  in  general  unsymmetrical  about  the  line 
of  slope  through  the  point.  There  are,  however,  points  on 
the  surface  at  which  the  directions  of  the  principal  axes  of 
the  indicatrix  coincide  with  the  directions  of  the  slope-  and 
contour-lines,  and  the  locus  of  such  points  is  a  line  which  I 
propose  to  call  a  ridge-line.  The  ridge-line,  then,  is  defined 
by  this  property: — A  surface,  in  the  immediate  neighbourhood 
of  any  point  on  a  ridge-line,  is  symmetrical  about  the  line  of 
slope  through  that  point. 

The  topographical  significance  of  the  line  is  to  be  noted. 
The  features  of  a  hilly  country  which  are,  perhaps,  most  cha- 
racteristic are  the  ridges  and  spurs  of  the  hills  and  the  glens 
or  valleys  between  them.  The  general  trend  of  these  features 
is  given  by  the  ridge-lines,  each  ridge-line  being,  so  to  speak, 
the  central  or  axial  line,  the  line  of  (infinitesimal)  symmetry 
of  a  ridge  or  valley — the  valleys  may  be  regarded  as  negative 

*  For  more  detailed  treatment  of  the  matters  of  this  section  reference 
may  be  made  to  the  papers  of  Caylej  and  Maxwell,  he.  cit.  ante. 
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or  inverted  riJfjes.  The  ridoe-linos  rim  down  the  bottoms  of 
the  glen?  or  along  the  tops  of  the  ridges  and  spurs  of  the 
hills,  or  again  down  the  lines  where  the  descent  is  most 
precipitous. 

Many  of  the  most  interesting  properties  of  the  ridge-lines 
may  be  derived  almost  immediately  from  the  definition.  For 
instance,  it  may  be  noted  that  wherever  a  line  of  slope  or 
contour  is  crossed  by  a  ridge-line,  the  lines  of  slope  or  contour 
touch  the  lines  of  curvature  of  the  surface,  for  the  directions 
of  principal  curvature  are  given  by  the  axes  of  the  indicatrix. 
It  is  most  convenient,  however,  to  proceed  at  once  to  the 
equation  to  the  ridge-lines  from  which  all  such  properties 
almost  immediately  follow. 

§  3.    The  Equation  to  the  Ridge-Lines, 

Take  the  base  as  the  plane  ^  =  0,  z  being  measured  verti- 
cally upwards.  Let  ^,  t],  ^  be  the  coordinates  of  a  point  on 
the  surface  near  to  the  point  x,  ;/,  z  also  on  the  surface. 
Suppose,  for  the  present,  the  surftice  to  be  determined  by  the 
equation 

^^=My) (1) 

Then,  employing  the  usual  notation  for  the  partial  differential 
coefficients  of  z,  the  surface  may,  by  Taylor's  Theorem,  be 
represented  in  the  immediate  neighbourhood  of  the  point 
X,  I/,  z  by 

^  =  5+2;|+,y77  +  i(rf+2.v^77  +  f772}-f  &c.     ...       (2) 

The  indicatrix  for  the  point  x,  y,  z,  that  is,  the  section  of  the 
surface  by  the  plane,  parallel  and  very  near  to  the  tangent 
plane, 

r-?'=c+^.i+577, (3) 

will  therefore  be  determined  by 

2i;'  =  re  +  2s^V  +  tv', (4) 

which  is  the  equation  to  the  projection  of  the  indicatrix  on 
the  base.  It  will  be  convenient  in  future  to  use  the  word 
"  projection  "  simply,  whenever  a  projection  on  the  base  is  to 
be  understood. 

At  any  j)oint  on  a  ridge-line  the  line  of  slope  touches  a 
principal  axis  of  the  indicatrix  :  the  projections  of  these  lines 
therefore  touch  also  ;  and  so,  if  </>  be  the  angle  the  projection 
of  that  axis  of  the  indicatrix  which  touches  the  line  of  slope 
makes  with  the  axis  of  x, 

p/cos^  =  5'/sin^ (5) 
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The  directions  of  the  axis  of  the  conic  (4)  are,  however, 
given  by 

(cos^^— sin^^)5  =  cos<^  .  sin  ^  .  (r— f)  ;     .     .     (6) 

and  on  eliminating  ^  by  (5)  this  gives 

{p'-q'>=pq{r-t); (7) 

which  must  hold  at  all  points  on  a  ridge-line,  and  is  therefore 
the  equation  to  its  projection.  Equation  (7)  may  be  regarded 
as  that  of  a  cylinder  whose  intersection  with  the  surface,  given 
by  (1),  is  the  ridge-line.  It  will,  however,  be  convenient  to 
regard  parts  of  the  general  locus  as  separate  ridge-lines  ;  and 
in  general  each  of  the  branches  which  passes  through  a  mul- 
tiple point,  such  as  a  summit  or  immit  (v.  infra),  will  be 
spoken  of  as  a  separate  ridge  or  ridge-line. 

It  may  be  remarked  that  if  the  surface  is  given  by  an 
equation  such  as  (1)  of  the  nih.  degree,  the  equation  (7)  to 
the  projections  of  the  ridge-lines  is  of  degree  3?i— 4. 

It  is  interesting  to  note,  and  the  fact  constitutes  a  not 
unimportant  claim  of  the  ridge-lines  to  attention,  that  whereas 
in  many  cases  lines  of  slope  and  contour-lines  cannot  be  found 
at  all,  being  determined  by  differential  equations  which  are  in 
general  not  integrable  in  finite  terms,  the  ridge-lines  can 
always  be  deduced  directly  from  the  equation  to  the  surface 
by  mere  differentiation, 

§  4.   Tlie  Relation  of  the  Summits,  Immits,  Sfc.  to  the 
Ridge-Lines. 

The  equation  (7)  which  determines  the  ridge-lines  is 
satisfied  by  ^9  =  0,  ^^  =  0,  and  therefore — as  is  also  geometri- 
cally obvious — all  points  at  which  the  tangent  plane  is  hori- 
zontal, that  is  to  say,  all  summits,  immits,  cols,  &c.  lie  on  the 
ridge-lines  :  a  result  in  accordance  with  the  popular  notion 
of  a  ridge,  namely,  a  line  running  along  the  summits  of  a 
range  of  hills. 

At  such  points  equation  (2),  which  gives  the  form  of  the 
adjacent  surface,  reduces,  on  neglecting  terms  of  the  third 
degree,  to 

i;=.  +  L{r^^  +  2s^V  +  tv'};     ....     (8) 

and  therefore  by  (7),  the  projections  of  the  ridge-lines  are 
given  by 

{ir^  +  svy-{sHtvy]s={r^  +  sv){s^  +  tv){r-t), 
which  reduces  to 

(rt-s'^){s{r--v')-{r--t)^Vh    ....      (9) 


and  Lines  connected  loith  them.  231 

the  equation  to  a  pair  of  ortliotronal  straight  lines,  the  pro- 
jections, as  is  obvious  troin  (8)  or  comparison  with  (6),  of 
the  principal  axes  of  the  iudicatrix. 

Thus  in  general  through  every  summit,  immit,  and  col  two 
ridge-lines  pass,  crossing  each  other  orthogonally  and  touching 
the  lines  of  curvature,  and  therefore  also  the  lines  of  slope  ; 
for  at  summits  and  immits  all  the  lines  of  slope  touch  one  of 
the  lines  of  curvature,  except  one,  a  limiting  case,  which 
touches  the  other  line  of  curvature*,  and  at  a  col  there  are 
only  two  slope-lines  coinciding  with  the  lines  of  curvature. 

In  the  foregoing  it  is  supposed  that  the  point,  summit, 
immit,  or  col  is  an  ordinary  point  on  the  surface  ;  but  if 
rt  =  s^,  or  5  =  0  and  r=t,  or  r  =  s  —  t  =  0,  in  which  cases  the 
point  is  a  parabolic  point,  umbilic,  or  point  of  no  curvature 
respectively,  the  equation  (9)  will  vanish  identically,  and 
terms  of  the  third  degree  must  be  retained  in  (8).  The 
equation  corresponding  to  (9)  will  then  be  of  the  third 
degree,  so  that  three  ridge-lines  will  in  general  cross  each 
other  at  such  a  point  ;  but  as  two  of  these  may  be  imaginary, 
there  may  be  in  special  cases  only  one  ridge-hne  through  the 
point — for  instance,  where  the  surface  is  a  conicoid  and  the 
summit  one  of  its  umbilics. 

The  case  in  which  the  summit  or  immit  is  an  umbilic  may 
be  examined.  In  this  case  s  =  0  and  r=t  ;  hence,  retaining 
terms  of  the  third  degree  in  (2) ,  the  surface  near  the  point  is 
given  by 

^=^+M^'+v'}  +  iH'  +  -db^'v  +  ^c^v+dv'};    .    (10) 

and,  by  (7),  this  gives 

{b^  +  cv){e-v')  =  {{a-c)^+{b-d)vUv, 
or 

h^^+{2c-a)^V-{^b-d)^v'-cv'  =  0,      .      .     (11) 

as  the  equation  to  the  projection,  for  points  near  the  summit 
or  immit,  of  the  three  ridge-lines  which  cross  at  the  umbilic. 
This  is  the  same  equation  as  that  which  gives  the  three  lines 
of  curvature  at  the  umbilic,  so  that  the  ridge-lines  and  lines  of 
curvature  there  coincide.  At  an  umbilic  there  is  obviously 
no  special  connexion  between  the  ridge-  and  slope-lines,  for 
the  latter  proceed  in  all  directions  from  such  a  point. 

Other  exceptional  cases  need  only  be  mentioned.  At  par- 
ticular points  on  a  surface  the  iudicatrix  may  have  any  form : 
if  at  any  such  point  the  tangent  plane  is  horizontal,  there  -svill 
obviously    be   as    many    ridge-lines  and  lines    of  curvature 

*  Cayley,  I.  c.  ante. 
R2 
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through  it   as  apses   in  the  indicatrix,  these  Knes  passing 
through  the  apses. 

It  must  be  observed  that  the  points  here  considered,  that  is 
to  say  points  at  which  the  tangent  })lane  is  horizontal,  are 
not  the  only  multiple  points  on  the  ridge  locus.  The  geo- 
metrical characteristic  of  the  others  will  be  considered  later. 

§  5.   Properties  of  the  Ridge-Lines. 

It  has  already  (§  2)  been  pointed  out  that  at  points  on  a 
ridge-line  the  lines  of  curvature  touch  the  slope-  and  contour- 
lines  ;  hence  their  projections  touch  also.  The  projections 
of  the  slope-  and  contour-lines  cut  orthogonally  everywhere, 
but  in  general  those  of  the  lines  of  curvature  do  not :  they 
can  only  do  so  when  they  touch  the  lines  of  slope  and  contour. 
Thus,  for  all  points  on  a  ridge-line,  but  nowhere  else,  the  pro- 
jections of  the  lines  of  curvature  cut  orthogonally;  or,  in  other 
words,  the  projection  of  the  ridge-line  is  the  locus  of  the  points 
of  orthogonal  intersection  of  the  projections  of  the  lines  of 
curvature. 

This  is  otherwise  obvious  analytically,  for  the  diflPerential 
equation  to  the  projections  of  the  lines  of  curvature  is 

{ {l  +  q^)s-pqt]dy^  +  {  (1  f />—  [l  +  2y'')t}dxdy 

+  {pqr-{l-\-lJ')s]dx''  =  0,     .     .     (12) 

and  these  cut  orthogonally  wherever  (7)  is  satisfied,  for  it 
makes  the  sum  of  the  coefficients  of  d.v'^  and  dy"^  vanish.  It 
may  also  be  noted  that  (7)  is  obtained  at  once  from  (12)  by 
the  substitution  of  y)  and  q  for  dx  and  d>/,  that  is  by  imposing 
the  condition  that  Hues  of  slope  and  lines  of  curvature  are 
to  touch. 

By  transformation  of  (7)  other  interesting  properties  of  the 
ridge-lines  may  be  made  inmiediately  obvious. 

Thus  it  may  be  written 

c?o"         da 

^^•-^^=^' (1^) 

where 

tanV=/>2-t-^2 ^j^4^ 

By  (14)  <r  is  the  angle  of  slope,  that  is  the  inclination  of  a 
line  of  slope  or  tangent  plane  to  the  base,  and  (13)  shows 
that  at  any  point  on  a  ridge-line  this  does  not  vary  along  a 
contour.  Thus  at  all  points  on  a  ridge-line  the  contour-hnes 
touch  the  lines  of  a  constant  slope  or  isoclinics.  The  same 
tact  may  be  otherwise  expressed  by  saying  that  for  each 
contour-line  the  slope  is  a  minimum  or  maximum  wherever 
it  is  crossed  by  a  ridge-line.     In  this  sense  a  ridge-line  might 
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be  called  a  line  of  minimum  or  maximum  slope,  and  might 
have  been  defined  by  this  property  had  not  the  definition 
chosen  appeared  the  more  fundamental. 
Again,  (7)  may  be  written 

dd         dO     ^  ,,  _. 

pT^  +  irr'^' (15) 

where 

tan  e=-p/q, (16) 

and  0  is  therefore  the  inclination  of  the  projection  of  the  line 
of  slope  to  the  axis  of?/.  Thus  (15)  shows  that  at  points  on 
a  ridge-line  the  projections  of  the  lines  of  slope  have  no  cur- 
vature, or,  in  other  words,  the  projection  of  the  ridge-line 
passes  through  the  points  of  inflexion  of  the  projections  of 
the  lines  of  slope. 

§  6.    The  Ridge-Lines  as  particxdar  members  of  a  Family 

of  Lines. 

The  equations  (13)  and  (15)  suggest  at  once  another  point 
of  view  from  which  the  ridge-fines  may  be  regarded,  namely, 
as  members  of  the  famil}'  of  curves  whose  parameter  y  is 
determined  by  one  of  the  equivalent  equations 

{p'^-q^)s-pq{:r-t)  =  {p'  +  q'Yl^y,     .     .     .    (17) 
rf£='y' (1^) 

§=^' (19) 

where  dC  and  dS  are  elements  of  contour-  and  slope-line 
projections  respectively.  The  parameter  7  is  by  (19)  the 
curvature  of  the  projection  of  the  fine  of  slope  at  any  point, 
or,  by  (18),  it  may  be  interpreted  as  the  rate  at  which  at  any 
point  the  slope -fine  turns  round  the  contour-line  as  an  axis 
per  unit  distance  of  advance  along  the  contour.  In  passing, 
the  interesting  theorem  thus  given  may  be  noted,  namely, 
that  the  rate  of  twist  of  a  slope-line  about  a  contour-line  at 
any  point  on  a  surface  is  equal  to  the  curvature  of  the  pro- 
jection of  the  slope-line  at  the  same  point. 

The  ridge-line  is  the  curve  for  which  the  parameter  7  is 
zero,  a  value  which  obviously  reduces  the  equations  (17),  (18), 
and  (19)  to  the  fonns  (7),  (13),  and  (15)  respectively.  The 
curves  for  the  general  case,  <y= constant,  have  not  much 
special  •  interest,  but  the  consideration  of  7  leads  to  a  simple 
geometrical  characterization  of  those  multiple  points  on  the 
ridge-fines  which  were  left  over  in  §  4. 
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The  conditions  for  ii  multiple  point  on  any  of  the  curves 
iy^=  constant  are 

£=«.  1=0. (^"' 

which  are  also  the  conditions  for  a  maximum  or  minimum 
value  of  7.  Hence  the  points  of  the  surface  for  which  7,  or, 
say  for  clearness,  the  curvature  of  the  projections  of  the 
lines  of  slope  is  a  maximum  or  minimum,  are  multiple  points 
of  the  particular  curves  on  which  they  lie.  In  the  case  of  the 
ridge-line,  7  =  0,  and  for  a  multiple  point  this  must  be  a 
maximum  or  minimum  value  of  7.  Thus,  while  in  general 
the  curvature  of  the  projection  of  a  line  of  slope  changes  from 
positive  to  negative  in  crossing  a  ridge-line,  so  that  the  point 
of  crossing  is  a  point  of  inflexion,  at  a  multiple  point  the 
curvature  will  not  in  general  change  sign,  and  therefore  the 
point  will  not  be  a  point  of  inflexion.  Hence,  finally,  the 
ridge-lines  branch  in  general  at  points  whose  projections  are 
points  of  no  curvature  but  not  points  of  inflexion  on  the  pro- 
jections of  the  lines  of  slope  which  pass  through  them. 

§  7.  Definition  of  Outlines.     Contact  Theorems. 

The  consideration  of  another  class  of  lines  connected  with 
the  surface  leads  to  a  further  interesting  interpretation  of 
equations  (15j  and  (16). 

Imagine  a  cylinder  whose  generating  lines  are  horizontal 
to  envelop  the  surface.  This  cylinder  touches  the  surface 
along  a  line,  the  locus  of  the  points  of  contact  of  the  generators 
and  contours.  This  line  may  be  called  an  outline,  for  it  is 
the  line  which  would  appear  to  bound  the  surface  when  seen 
from  an  infinitely  distant  point  on  one  of  the  generators. 
There  is  of  course  a  whole  family  of  such  lines,  as  the 
generators  of  the  cylindric  envelope  may  have  any  direction 
parallel  to  the  base.  Outlines  corresponding  to  points  a£  a 
finite  distance  and  in  any  direction  might  be  considered, 
but  the  more  restricted  definition  chosen  is  sufficient  for  the 
purpose  at  present  in  view. 

If  ^,  the  inclination  to  the  axis  of  x,  of  the  generators  of 
enveloping  cylinder,  be  taken  as  the  parameter  for  the  out- 
lines, then  (16)  is  the  equation  to  their  projections,  for  it  may 
be  written 

cos^^ +sin^^=0, (21) 

ax  "ij 

which  shows  that  the  generators  touch  the  contours  wherever 
it  is  satisfied.     Thus  it  is  to  be  noted  that,  as  in  the  case  of 
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the  ridge-lines,  the  outlines  may  he  derived  directly  from  the 
equation  to  the  surface  hv  differentiation  only. 

This  interpretation  of  0,  as  an  outline  parameter,  leads  to  a 
corresponding  interpretation  of  (15),  namely — aline  of  slope 
touches  an  outline  wherever  a  ridge-line  crosses  it.  This 
points  to  a  simple  method  of  tracing  the  ridge-lines  on  a 
model  of  any  surfiice  if  the  lines  of  slope  (or  lines  of  curvature) 
are  already  traced  on  it.  It  is  only  necessary  to  view  the 
surface  from  a  point  at  a  considerahle  distance  in  the  base 
plane,  and  then,  turning  the  model  slowly  round,  to  mark  the 
points  where  the  slope-lines  (or  lines  of  curvature)  touch  the 
continuously  changing  outline.  The  ridge-lines  on  a  moun- 
tain could  not  be  traced  in  a  corresponding  fashion,  by  a 
person  moving  round  it  at  a  sufficient  distance,  for  there 
would  be  no  means  of  identifying  either  slope-lines  or  lines 
of  curvature  on  its  surface. 

Two  general  theorems  with  respect  to  the  contact  of  the 
various  lines  considered  have  now  been  proved  : — 

I.  At  every  point  on  a  ridge-line,  the  outline,  line  of  slope, 
and  one  of  the  lines  of  curvature  have  a  common  tangent. 

II.  At  every  point  on  a  ridge-line,  the  isoclinic  or  line  of 
contant  slope,  the  contour-line,  and  the  other  line  of  curvattire 
have  a  common  tangent. 

It  is  an  immediate  inference  from  the  first  of  these  theorems 
that  if  any  line  has  at  once  the  characteristics  of  any  two  of 
the  lines  there  named  it  must  also  have  the  characteristics  of 
the  other  two,  and  it  easily  follows  that  such  can  only  be  the 
case  when  the  line  is  that  of  a  section  of  the  surface  by  a 
vertical  plane.  For  example,  suppose  an  outline  to  be  a  line 
of  slope  :  it  is  therefore  by  I.  a  ridge-line,  and  therefore, 
again  by  I.,  a  line  of  curvature.  Further,  since  it  is  an  out- 
line p/q  is  constant,  therefore,  since  it  is  also  a  line  of  slope, 
dyldx  is  constant  for  the  projection  of  the  latter,  which  is  thus 
a  straight  line,  and  the  line  itself  is  the  section  of  the  surface 
by  a  vertical  plane  through  this. 

Again,  it  follows  in  similar  fashion  from  the  second  of 
these  theorems  that  if  a  line  has  the  characteristics  of  any  two 
of  the  lines  there  named  it  must  have  also  those  of  the  other 
two,  and  in  this  case,  being  a  contour-line,  it  is  a  section  of 
the  surface  by  a  horizontal  plane. 

An  obvious  illustration  of  these  results  is  afforded  by  sur- 
faces having  a  plane  of  symmetry  :  if  the  plane  is  vertical  the 
section  by  it  is  evidently  a  ridge-line,  an  outline,  a  line  of 
slope,  and  a  line  of  curvature  ;  but  if  the  plane  is  horizontal 
the  section  is  a  ridge-line,  a  line  of  constant  slope,  a  contour- 
line,  and  line  of  curvature. 
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§  8.    General  Considerations. 

Certain  general  inferences  from  equation  (7)  deserve  notice. 
If  Y{z)  be  substituted  in  it  for  z,  it  is  only  altered  by  the 
introduction  of  a  factor  (the  cube  of  F'(^)).  Thus  if  two 
surfaces  have  the  same  lines  for  the  projection  of  their  con- 
tours, the  projections  of  their  ridge-lines  will  also  be  the 
same,  except  that  certain  contour-Hnes  (given  by  F'(^)=0) 
may  be  ridge-lines  for  one  of  the  surfaces  only,  ridge-lines 
all  along  which  the  surface  touches  horizontal  tangent  planes. 

Again,  a  surface  may  have  no  definite  ridge-lines,  or,  in 
other  words,  all  points  on  the  surface  may  satisfy  (7)  :  in  fact 
(7)  may  be  regarded  as  the  partial  differential  equation  of 
such  surfaces.  In  the  form  (13)  the  solution  of  this  equation 
is  obvious  :  thus,  surfaces  whose-  slope  at  any  point  depends 
only  on  the  height  of  the  point  above  the  base  have  no  definite 
ridge-lines,  or,  as  it  may  be  perhaps  better  put,  every  line  of 
slope  and  every  contour-line  on  such  a  surface  is  a  ridge-line. 
Surfaces  of  revolution  obviously  belong  to  this  class. 

The  conditions  that  a  point  on  a  surface  may  be  an  umbilic 
are 

for  these  make  dyjdx  indeterminate  in  (12).  These  ratios 
make  (7)  vanish  identically  :  hence  all  the  umbilics  of  any 
surface  lie  on  ridge-lines.  This  is  otherwise  evident  from  the 
consideration  that  in  the  neighbourhood  of  an  umbilic  the 
lines  of  curvature  have  all  directions.  Again,  (7)  is  identically 
satisfied  at  points  where  r  =  s  =  t  =  0  ;  that  is  to  say,  at  points 
where  the  surface  has  no  curvature.  All  such  points  there- 
fore lie  on  the  ridge-lines. 

Again,  it  is  geometrically  obvious — or  may  be  proved  as 
below — that  all  singular  points  at  which  there  is  a  tangent 
cone  lie  on  ridge-lines.  The  three  classes  of  points  here 
shown  to  lie  on  the  ridge-lines  are  peculiar  to  the  surface  : 
they  have  no  relation  to  the  base.  This  leads  to  the  interest- 
ing result  that  while  in  general  the  ridge-lines  on  a  surface 
will  continuously  vary  Avhen  it  is  moved  relatively  to  its  base, 
these  points  will  be  fixed  points  through  which  they  will 
continue  to  pass. 

As  the  equation  to  a  surface  is  in  general  most  simply 
expressed  in  the  form 

j>{x,y,z)  =  c, (23) 

it  is  desirable  befoi'e  concluding  to  give  the  corresponding 
equation  determining  the  ridge-lines.      Still  taking  0  =  0  as 
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the  equation  to  the  hase,  the  ridge-hnos  -will  bo  detorniined 
by  the  intersection  of  the  surface  (23)  and  the  surface  whose 
equation  is 

dd'  dij  d:    \  d,v-        dy-  )        d:    {  d.ir        dy-  J  dx  dij 

+  1'^+  j5^n|^^_#/i_-l=0.    .    (24) 
(  dx'       dif  J    (  dx  dy  dz       dy  dx  dz  J 

The  proof  need  not  he  given  as  it  may  he  very  easily  supplied. 
It  may  be  remarked  that  this  is  satisfied  wherever 

#  =  ^=^=0, (25) 

dx       dy        dz  ^ 

so  that  all  conical  points  lie  on  the  ridge-lines,  a  result  which 
is,  however,  ob-vious  geometrically.  If  (23)  is  rational  and 
integral  and  of  the  degree  n,  (24)  will  be  of  the  degree  4n  — 5, 
and  therefore  the  ridge  locus  will  be  a  curve  of  degree  hi^  —  on. 

XX.   Notices  respecting  New  Boohs. 

A  Treatise  on  the  Mathematical  Theory  of  Elasticitj/  (in  two 
Volumes).  By  A.  E.  H.  Love,  M.A.,  Fellow  and  Lecturer  of 
St.  John's  College,  Cambridge.  Cambridge :  at  the  University 
Press,  1893. 

SOME  apology  Mould  seem  becoming  for  a  delay  of  six  months 
in  noticing  the  first  volume  of  this  important  contribution  to 
our  higher  text-books  in  Mathematical  Physics,  were  it  not  that 
there  is  always  an  advantage  in  considering  at  once  the  complete 
work.  It  speaks  much  for  Mr.  Love's  devotion  to  the  task  he  set 
himself,  that  the  second  volume  has  appeared  so  soon  after  the 
first — when  a  longer  delay  might  well  have  been  excused,  or  even 
expected. 

The  author  informs  us  in  the  preface  to  vol.  i.  how  this  treatise 
originated  in  a  suggestion  of  Mr.  E.  E.  \Yebb  that  they  should 
jointly  prepare  a  ^^•ork  on  Elasticity,  but  Mr.  Webb's  important 
avocations  having  prevented  bis  cooperating,  Mr.  Love  has  bad 
to  take  on  himself  the  whole  of  the  work — and  it  must  have  proved 
no  light  one.  PoUowing  the  excellent  precedent  of  recent  conti- 
nental writei'S  theauthorcommences  with  an  Introductory  Historical 
Sketch  of  pp.  34,  founded,  of  course,  on  the  late  Dr.  Todbunter's 
History  as  edited  and  continued  by  Prof.  K.  Pearson.  Herein 
the  course  of  the  Mathematical  Theories  of  Elasticity  is  briefly 
traced  from  Hooke's  enunciation  of  his  famous  law  '  ut  teusio  sic 
vis'  in  1676  to  those  modern  developments  which  Navier  and 
Cauchy  originated. 

A  good  deal  of  space  in  this,  as  in  other  recent  works  on  special 
branches  of  Mathematical  Physics,  is  taken  up — perhaps  necessarily, 
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to  make  the  treatise  sufficient  in  itself — with  such  subjects  as 
would  be  treated  of  once  for  all  in  a  sj'stematic  work  on  the  Prin- 
ciples of  Natural  Philosophy  like  Thomson  and  Tait's,  to  which 
preliminaries  Mr.  Love's  first  five  chapters  are  devoted. 

In  Chapter  vi.  the  treatment  of  concrete  problems  is  commenced 
with  the  "  Equilibrium  of  Beams,"  in  solving  which  St.  Venaut  and 
Clebsfh  are,  of  course,  mainly  followed.  The  analogy  between 
the  problem  of  the  resistance  of  a  cylindrical  beam  to  flexure  and 
the  hydrodynamic  question  of  the  motion  of  frictionless  liquid  in 
a  rotating  cylindrical  vessel  is  explained.  There  follow  the  "  Tor- 
sion and  Flexure  Problems,"  very  fully  and  clearly  worked  out  in 
the  practicable  cases  suitable  for  a  text-book,  ^^•ith  references  to 
the  sources  for  further  recent  developments.  In  a  note  at  the  end 
of  vol.  i.  are  some  valuable  I'emarks  on  ^olotropy ;  wherein  the 
typogra])hical  slip  of  "  luminated  "  for  "  laminated  "  may  be  jjointed 
out,  into  \\hich  perhaps  the  printer  was  led  by  the  occurrence  of 
"  luminiferous  "  lower  down. 

Chapter  vii.  is  devoted  to  an  exposition  of  "  Curvilinear  Coordi- 
nates," first  introduced  by  Lame  in  the  C.  B.  for  1838.  The 
method  Mr.  Love  adopts  is  one  founded  on  Mr.  Webb's  as  given 
in  bis  very  able  paper  "  Stress  and  Strain  in  Cylindrical  and  Polar 
Coordinates,"  Messenger,  vol.  xi.  Some  examples  in  illustration 
follo\^-. 

"  General  Solutions  "  occupy  Chapters  viii.  and  ix.,  wherein  Betti, 
Cerruti,  and  Boussinesq  are  mainly  followed  ;  the  solid  strained, 
the  dilatation  and  small  motions  in  which  are  sought,  being  of  no 
special  form. 

Chapter  x.  is  occupied  with  the  most  recent  generalization  of 
Lame's  problem  of  the  displacements  of  an  elastic  spherical  shell ; 
viz.  a  gravitating  sphere  subject  to  surface-tractions.  Some  account 
of  the  application  of  these  results  to  the  case  of  the  elastic  tides 
of  the  solid  earth  as  discussed  by  Lord  Kelvin  and  Prof.  Darwin 
conclude  the  chapter. 

Prof.  Lamb's  solution  of  the  problem  of  the  vibrations  of  an 
elastic  sphere  and  spherical  shell  (Proc.  L.  M.  S.  xxiii.,  xxiv.) 
forms  the  subject  of  Chapter  xi.,  as  a  particular  example  of  the 
general  theory  explaiuea  in  Chapter  viii. 

The  subject  of  the  application  of  cvu-vilinear  coordinates  is 
further  illustrated  in  the  concluding  chapter  of  vol.  i. ;  and  the  ap- 
phcation  of  conjugate  functions  to  problems  of  elastic  equilibrium. 
In  the  second  volume  of  Mr.  Love's  treatise  are  considered  "  in 
greater  detail  the  special  problems  that  arise  when  some  linear 
dimensions  of  a  body  are  small  in  comparison  with  others."  The 
bending  of  rods  in  one  plane  ;  of  rods  and  wires,  with  twisting,  in 
three  dimensions  and  the  general  theory  of  the  same,  as  treated 
by  Kirchhofi  in  particular,  form  the  matter  of  Chapters  xiii.,  xiv., 
and  XV. ;  the  theory  of  the  small  vibrations  of  thin  rods  that  of  xvi. 
Chapter  xvii.,  treating  of  Eesilience  to  Impact  and  A'oigt's  and 
Hertz's  theories  of  Impact — the  former  taking  account  of  the 
motions  set  up  in  the  surface-films,  the  latter  of  the  compression 


Notices  respecting  New  Boohs.  239 

therein  as  gradually  subsiding — separates  Chapter  xviii.,  on  the 
general  theory  of  wires  naturally  curved,  from  xiv.  and  xv.,  to 
Avhich  it  would  seem  more  appropriately  a  sequel. 

In  Chapter  xix.  the  elementary  and  then  the  general  theory 
of  thin  plates  is  entered  on ;  to  be  continued  later  in  the  con- 
cluding chapter  (sxiii.),  treating  of  the  important  question  of 
the  stability  of  elastic  rods,  plates,  and  shells — the  intermediate 
Chapters  xxi..  xxii.,  dealing  with  the  general  theory  of  thin  elastic 
shells  and  applications  of  the  same. 

It  M"ill  be  apparent  from  the  foregoing  glance  at  the  contents  of 
this  treatise  how  \\\Ae  a  field  it  covers ;  and  it  may  be  added  that 
where  his  plan  and  limits  compel  tlie  author  to  exclude  further 
developments  ample  references  are  given  to  the  memoirs  wherein 
they  are  to  be  sought.  Frequent  among  these  are  references  to 
Lord  Kelvin's  Mathematical  and  Physical  Papers,  and  to  Lord 
Kayleigh's,  Prof.  Lamb's,  and  Mr.  Basset's  papers  in  the  Proceedings 
of  the  London  Mathematical  Society ;  also  to  Mr.  Chree's  in  the 
Transactions  of  the  Cambridge  Philosophical  Society.  References 
to  the  sections  on  the  subject  of  the  treatise  in  Thomson  and 
Tait's 'Natural  Philosophy '  and  to  Prof  Pearson's  exposition  of 
St.  Tenant's  work  occur  frequently,  it  is  needless  to  say.  Nor  is 
Mr.  Love  himself  only  a  judicious  and  careful  compiler  from  the 
work  of  predecessors  and  contemporaries  ;  his  own  original  con- 
tributions to  the  sum  of  knowledge  gained  for  the  subjects  on  which 
he  writes  being  considerable.  A  "  Note  on  Kirchhoff's  theory  of 
the  Deformation  of  Elastic  Plates "  and  an  elaborate  memoir  of 
52  pages  ("  really  an  attempt  to  construct  a  theory  of  the  vibra- 
tion of  bells")  on  the  same  problem  appeared  in  the  Transactions 
of  the  Cambridge  Philosophical  Society  and  the  Koyal  Society, 
respectively,  for  1888  ;  and  since  that  date  his  papers  have 
appeared  in  the  London  Mathematical  Society's  Proceedings  at 
frequent  intervals ;  while  the  present  treatise  is  marked  by  all  the 
thoroughness,  accuracy,  and  candid  confronting  of  difficulties 
which  have  characterized  those  original  essays.  This  is,  in  short, 
a  learned  and  valuable  addition  to  the  available  text-books  on 
departments  of  the  higher  Applied  Mathematics. 

Annals  of  British  Geohcnj,  1892.  %  J.  F.  Blake,  M.A.,  F.G.S. 
8vo.  Pages  i-xliv  and  1-310,  with  100  Illustrations.  Dulau  & 
Co. :    London,  1893. 

This  is  a  careful  and  useful  digest  of  the  books,  pa])ers,  and  maps, 
published  during  the  year  1892,  that  relate  to  British  Geology  for 
the  most  part,  and  to  some  extent  to  the  Geology  of  the  Colonies 
and  of  foreign  countries. 

It  is  the  third  of  a  series,  the  first  and  second  of  which  have 
been  noticed  in  the  '  Philosophical  Magazine'  of  March  1892  and 
February  1893.  "  In  this  third  volume,"  the  author  remarks, 
"  further  changes  of  method  have  been  introduced  with  a  view  of 
meeting  thp  expressed  wishes  and  suggestions  of  subscribers.     The 
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criticisms  or  other  observations  on  the  papers  are  entirely  sepa- 
rated from  the  abstracts  ;  the  few  notes  that  \\\\\  be  found  amongst 
the  latter  being  designed  only  to  render  the  author's  meaning 
clear,  or  to  point  out  the  bearing  of  the  statements  he  makes,  by 
comparison  with  the  statements  of  others  on  the  same  point  .... 
The  real  criticisms  or  discussions  of  the  subjects  are  collected 
together  in  the  form  of  an  Introductory  Eeview  "  (pp.  i-xliv) ; 
and  this  is  of  considerable  interest  as  an  excellent  resume  of  the 
newest  and  most  important  facts  and  opinions  in  Geology,  so  far  as 
last  year  is  concerned.  Under  General  Geology  in  this  "ReAaew" 
(the  papers  and  books  are  enumerated,  with  their  abstracts,  pp.  1- 
32)  are  included — the  Earth's  density  and  the  condition  of  the 
Earth's  Interior  (pp.  i-ix),  organic  agencies  and  subterranean 
erosion  (p.  ix),  earth-folds  and  the  age  of  folds  (pp.  x  &  xi), 
oceanic  deposits  (p.  xi),  and  some  faults  (p.  xii).  Under  Strati- 
graphical  Geology  (for  papers  &c.,  see  pp.  32-122)  we  have 
remarks  on  the  ArchiBan,  the  Torridian,  the  Cambrian  or  Monian 
in  Shropshire,  Cambrian  in  North  Wales,  and  the  Olenellus-zone 
(pp.  xi-xiv),  Devonian,  Culm-measures,  Permian  and  Trias,  and 
Bunter  pebbles  (pp.  xiv-xvi),  Lias,  Jurassic,  and  Speeton  Clay 
(pp.  xvi-xix),  the  Bagshots,  Glacial  gravels  and  Boukler-clay,  and 
Eubble-drift  (pp.  xix-xxi).  Ice  in  the  English  Channel  and  date 
and  causes  of  the  Glacial  Period  (pp.  xxi-xxiv),  the  boring  at 
Dover,  and  evidences  of  depression  derived  from  borings  (pp.  xxiv- 
xxvii). 

Under  Palaeontology  (papers  &c,,  pp.  127-18-1:) — Human  Imple-. 
ments,  fossil  reptiles,  fossil  fishes,  cephalopoda,  gasteropoda,  insects, 
trilobites,  and  foramiuifera  (pp.  xxvii-xxxii).  Under  Palaeobotany 
(papers  &c.,  pp.  184-195) — the  Devonian  flora,  Stigmaria,  Carboni- 
ferous Equisetum,  and  plant-remains  in  igneous  rocks  (pp.  xxxii- 
xxxiv). 

Under  Mineralogy  and  Petrology  (papei's  &c.,  pp.  195-231) — 
the  sequence  of  plutonic  rocks,  Dartmoor  granite,  quartz  in  basic 
rocks,  age  of  crystalline  schists,  schists  of  the  Lizard,  of  Malvern, 
and  of  Sark  (pp.  xxxiv-xxxix),  rutile  in  clay-slate,  and  quartz- 
knobs  and  quartzite  (pp.  xl-xlii). 

The  papers  and  reports  on  Economics  (minerals,  coals,  building- 
stones,  and  water-supply)  are  enumerated  at  pp.  231-247  ;  maps 
and  sections,  p.  xlii  and  pp.  247-257.  Foreign  geology,  described 
and  illustrated  in  Britain,  is  treated  at  pp.  xlii-xliv ;  and  under 
successive  appi-opriate  headings  at  pp.  250-301. 

The  numerous  illustrations,  comprising  some  diagrams  and 
plans,  some  sections,  and  many  figures  of  fossils,  carefully  repro- 
duced from  photographs,  engravings,  \^-oodcuts,  &c.,  by  permission 
of  Authors  and  Societies,  are  far  more  satisfactory  than  the  plates 
of  well-intended,  but  poor,  outline  figures  in  last  year's  volume. 
The  favourable  chance,  however,  of  borrowing  big  photographs  or 
cuts  has  tempted  the  author  here  and  there  to  lavish  some  extra 
pages  and  even  leaves  on  pretentious  objects. 

Great  labour  and  expense  have  been  spent  on  this  work  by  its 
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enthusiastic  author,  whose  scieutific  acumen,  wide  knowledge,  and 
judicious  treatment  of  the  varied  subjects  ot"  his  compilation  are 
certainly  fm-ther  proved  by  this  volume.  As  yet,  he  informs  us  in 
the  Preface,  the  enterprise  has  not  been  profitable  ;  but  he  hopes 
that  it  will  be  successful  by  the  co-operation  of  more  and  more 
Subscribers ;  and  indeed  we  sincerely  hope  that  this  handy  and 
valuable  Annual  will  be  worthily  supported. 

XXL  Intelligence  and  Miscellaneous  Articles. 

OX  THE  NATURE  OF  THE  REFLEXION  OF  ELECTRICAL  WAVES  AT 
THE  END  OF  A  CONDUCTING  WIRE.  BY  MM.  KR.  BIRKELAND 
AND  E.  SARASIN. 

TX  a  communication  of  April  17,  1893,  one  of  us  attempted, 
-*-  starting  from  the  theory  of  the  motion  of  electromagnetic  energy 
in  space,  to  make  a  hypothesis  on  what  takes  place  in  the  vicinity 
of  the  end  of  a  metal  wive  along  which  electrical  waves  are  passing. 

We  have  examined  the  question  together,  exploring  the  electrical 
Held  about  the  end  of  the  wire,  with  small  resonators  of  10  to  25 
centim.  in  diameter,  and  although  the  point  of  view  explained  in 
the  note  in  question  has  not  been  confirmed  in  all  points  bj'  our 
results,  they  form  none  the  less  an  interesting  experimental  con- 
tribution to  the  remarkable  theories  of  Prof.  Poynting. 

The  electrical  waves  were  furnished  by  a  small  plate-exciter,  the 
sparks  of  Avhicb,  about  3  millim.,  passed  in  oil.  Opposite  one  of 
these  primary  disks  ^^•as  a  similar  one  from  which  proceeded  a 
copper  tube  1  centim.  in  diameter  and  9  metres  in  length.  This 
tube  was  supported  on  thin  wooden  rods  1-5  metre  high. 

The  resonators  were  circular  and  fixed  vertically  with  the  spark 
uppermost ;  they  had  a  double  motion — they  could  be  rotated  about 
a  vertical  axis  passing  through  the  spark,  and  they  could  also  be 
moved  parallel  to  the  conducting  tube. 

We  arranged  so  that  even  in  darkness  we  could  mark  the 
distance  from  the  centre  of  our  resonator  to  the  end  of  the  con- 
ducting wire,  measured  parallel  to  the  wire,  and  also  the  angle 
which  the  plane  of  this  formed  with  the  wire. 

The  observations  were  made  by  means  of  a  telescope  mounted 
horizontally  at  a  distance  of  a  metre  from  the  circle,  which  is 
necessary  owing  to  the  considerable  disturbance  produced  by  the 
body  of  the  observer  on  the  rapid  oscillations. 

Our  researches  were  directed  to  two  points  principally:  we  first 
determined  the  four  first  nodes  in  seven  different  distances  from 
the  wire;  the  plane  of  the  circle  being  always  normal  to  this. 
These  nodes  are  each  determined  by  at  least  ten  measurements  • 
the  numerical  results  thus  obtained  for  the  circle  of  10  centim.  are 
given  in  the  subjoined  table.  The  different  distances  of  the  resonator 
from  the  conducting  unre  are  counted  from  the  axis  of  this  latter 
to  the  nearest  point  of  the  circle.  The  numbers  in  each  column 
give  the  distance  of  each  node  to  the  normal  at  the  end  of  the  wire. 
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Distance  of  the  resona-  \ 
tor    from    the    con 
ducting  wire. 


First  node 
Second  ,, 
Third  „ 
Fourth  ., 
First  loop 
Second  „ 
Third     „ 


cm. 

cm. 

cm. 

cm. 

cm. 

cm. 

cm. 

2. 

10. 

•20. 

30. 

40. 

50. 

60. 

16-0 

15-4 

9-5 

7-7 

1-8 

-9-8 

! 

5(V4 

50-3 

54-2 

51-5 

47-3 

44-8 

37-7 

OG-f) 

95-7 

95-2 

93-5 

90-5 

88-9 

87-5 

]3o'0 

135-8 

135-1 

134-6 

130-8 

129-7 

130-5 

40-4 

40-9 

44-7 

43-8 

45-5 

54-6 

401 

39-4 

41-0 

42-0 

43-2 

441 

49-8 

38-5 

401 

39-9 

41-1 

40-3 

40-8 

43-0  j 

In  fig.  1  we  have  represented  by  small  dots  the  position  of  the 
centre  of  the  resonator  of  10  centiin.  in  the  27  nodes  given 
numerically  above.  The  small  circles  on  the  same  figure  give  the 
positions  of  the  nodes  due  to  a  circle  2o  centim.  in  diameter  in 
four  different  distances  from  the  conducting  tube. 

The  impression  which  directly  results  from  the  distribution  of 
all  these  nodes  is  that,  if  the  first  slioclc  arrives  at  the  resonator 
almost  parallel  to  the  conducting  wire,  the  second  must  arrive 
there  by  a  direct  radiation  proceeding  from  the  neighbourhood  of 
the  end  of  the  wire.  In  fact  all  the  nodes  are  situated  virtually 
as  if  the  energy  producing  the  second  slioclc  in  the  resonator 
ti'avelled  quite  close  to  the  wire  until  it  arrived  at  the  end,  and  thence 
moved  directly  on  the  circle.  It  must,  however,  be  observed  that 
this  mode  of  viewing  the  reflexion  does  not  justify  the  considerable 
recession  of  the  first  node  when  the  resonator  is  close   to  the 

Fig.  1. 


conducting  wire;  a  recession  which,  according  to  the  experiments 
of  Sarasin  and  De  la  Eive,  is  greater  as  the  circle  itself  is  greater. 
We  believe,  however,  we  have  now  well  established  that  this 
recession  is  due  to  the  geometrical  form  of  the  resonator ;  the 
electrical  shocks,  arriving  along  two  rectilinear  conductors,  tend 
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each  to  charge  the  nearest  point  of  the  resonator,  so  that  the  first 
oscillation  is  produced  between  the  diametrically  opposite  parts  oE 
the  circle.  As,  however,  the  electricity  tends  to  oscillate  in  all 
the  amplitude  of  the  circle,  this  takes  then  its  normal  period,  and 
the  nodes  are  arranged  along  the  wire. 

We  have  in  the  second  place  investigated  how  the  plane  of  the 
resonator  must  be  turned  about  its  vertical  axis  in  order  that  the 
total  effect  of  the  two  "  shocks  "  which  excite  the  oscillation  may 
be  as  great  as  possible. 

These  directions  are  indicated  in  fig.  1.  They  have  for  the 
most  part  been  determined  where  the  maxima  should  be  according 
to  the  measurement  of  the  nodes.  Among  other  orientations 
figured  are  two  which  have  been  taken  in  the  nodes  (dotted  lines). 
These  directions  of  maximum  effect  pronounce  strongly,  it  seems 
to  us,  for  a  direct  radiation  from  the  end  of  the  wire. 

Of  the  three  series  of  observations  made  in  the  centre  of  the 
loops  it  follows  that  the  perpendicular  to  the  circle  is  almost  along 
the  bisectrix  of  the  angle  which  the  line  going  directly  to  the  end 
of  the  wire  forms  with  the  parallel  to  the  conducting  wire.  The 
two  observations  made  in  the  nodes  themselves  show  that  to  have 
the  maximum  effect  the  circle  must  be  orientated  so  that  the 
electrical  undulations  coming  from  the  end  of  the  wire  arrive 
perpendicularly  to  its  plane,  and  that  the  action  of  the  second 
shock  is  by  this  fact  annulled. 

The  results  which  we  have  enunciated  enable  us  to  give  a  certain 
development  to  the  conception  of  the  moving  electrical  tube  devised 
by  some  English  men  of  science.  Assume  that  the  electrical  tube 
of  the  direct  ivave,  which  moves  at  each  point  at  right  angles  to  its 

Fig.  2. 


momentary  direction,  is  almost  rectilinear,  and  at  right  angles  to 
the  conducting  wire :  this  will  no  longer  be  the  case  with  the 
reflected  wave. 
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Now  measurements  made  by  one  of  us  of  the  interferences  on 
the  surface  itself  of  the  conducting  wire  show  that  in  this  case 
there  is  no  a2:)preciable  recession  of  the  first  node,  and  that  there- 
fore the  part  of  the  electrical  tube  immediately  near  the  conductor 
turns  about  the  end  of  this  almost  instantly.  But  the  distant 
parts  of  the  tube  cannot  traverse  simultaneously  the  same  angular 
distance  ;  they  remain  behind  and  the  electrical  tube  curves  then 
almost  like  the  tail  of  a  comet  about  the  end  of  the  wire  (tig.  2). 

This  would  be  the  origin  of  this  characteristic  radiation  pro- 
ceeding from  the  end  of  the  conductor,  the  existence  of  which  we 
may  admit.  It  would  follow  from  this  that  as  the  elements  of  the 
tube  continue  to  move  at  right  angles  to  their  direction  for  the 
time  being,  the  energy  escapes  from  the  end  of  the  wire  and  is 
lost  in  the  surrounding  space*. — Comptes Rendus,  Kov.  6,  1893. 


DENSITIES  IN  THE  EARTH  S  CRUST. 
To  the  Editors  of  the  PhUosojphical  Mcujazine  and  Journal. 

GrENTLEMEN, 

Probably  many  of  your  readers  will  have  read  the  Introductory 
Eeview  in  Mr.  Blake's  '  Annals  of  British  Geology '  for  1892, 
and  will,  like  myself,  have  been  surprised  at  the  very  direct  manner 
in  which  he  has  impugned  the  accuracy  of  Mr.  0.  Fisher's 
conclusions  regarding  the  comparative  densities  and  thicknesses  of 
those  parts  of  the  earth's  crust  which  underlie  oceans  and  con- 
tinents respectively. 

Mr.  Blake  undertakes  to  show  that  Mr.  Eisher's  method  "  is 
wholly  fallacious."  After  stating  the  method  referred  to,  he  gives 
three  reasons  from  which  "  it  is  easily  seen  that  this  method 
cannot  lead  to  correct  results."  The  manner  in  which  these 
reasons  are  expressed  does  not  make  it  clear  to  the  ordinary  reader 
that  Mr.  Blake  has  entirely  upset  Mr.  Fisher's  reasoning ;  but  when 
he  narrows  the  issue  to  "  the  definite  point  where  the  fallacy 
comes  in,"  the  non-mathematical  geologist  must  wish  to  know  how 
far  Mr.  Blake's  mathematics  are  correct. 

I  think  that  all  who  are  interested  in  terrestrial  physics 
must  hope  that  Mr.  Fisher  will  either  admit  or  deny  the  value  of 
Mr.  Blake's  criticism,  and  as  he  cannot  reply  in  the  '  Annals  of 
British  Geology,'  perhaps  he  will  favour  your  readers  with  a  note 
on  the  subject,  the  issues  being  of  considerable  importance. 

A.  J.  Jukes-Beowne. 

*  There  should  he  an  appreciable  loss  of  energy  on  reflexion.  We 
hoped  to  complete  our  rtsearch  in  this  direction  by  measm-ements  on  the 
wire  itself  (conf.  Birkehmd,  Wied.  Ann.  vol.  xlvii.  p.  o83).  For  three 
wave-lengths  X,  =  Qin,  X,=  'lu  m,  and  X3=  1"2  in,  we  found  the  re- 
flected wave  respectively  O-G,  0-45,  and  035  of  the  direct  wave.  But 
we  have  devised  another  method  of  directly  measuring  tlie  loss  and  we 
have  not  again  found  these  values,  so  that  we  only  give  them  under 
reserve,  not  having  succeeded  in  explaining  these  contradictoiy  results. 
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XXII.   The  Lxtminositi)  of  Gases. 
Bi/  Arthur  Smithells,  B.Sc* 

Part  I. —  The  Luminosity  of  Flames  free  from  Solid 
Particles  f. 

IN  a  brief  uote  communicated  to  the  Chemical  Society  in 
1892  (Proc.  Chem.  Soc.  no.  105)  I  described  some 
experiments  on  flame-coloration  made  with  my  flame-cone 
separating  apparatus,  and  in  order  to  explain  the  results  ob- 
tained I  adopted  provisionally  the  view  that  fiame-spectra  in 
some  cases  must  be  regarded  as  the  direct  effect  of  chemical 
action. 

Almost  simultaneously  E.  Pringsheim  read  before  the  Akad. 
d.  Wissenschaften,  Berlin,  a  paper  on  "  Kirchhoff's  Law  and 
the  Radiation  of  Gases,'^  which  was  subsequently  printed 
in  Wied.  Ann.  xlv.  p.  428,  1892.  In  this  paper  Pringsheim 
records  an  elaborate  series  of  experiments  on  the  radiation  and 
absorption  of  sodium  vapour,  and  arrives  at  the  conclusion 
that  the  spectrum  of  sodium  salts  in  a  flame  and  of  sodium 
vapour  heated  in  neutral  gases  is  due  directl}^  to  chemical 
action.  In  a  subsequent  paper  J  Pringsheim  has  extended  his 
experiments  to  other  substances  and  has  obtained  similar 
results. 

*  Communicated  by  the  Author. 

t  A  summary  of  this  part  of  the  paper  was  read  before  the  Chemical 
Se.^tion  at  the  i^ottingham  meeting  of  the  British  Association,  Sept.  19, 

X  Wied.  Ann.  xUx.  p.  347  (1893). 
Phil.  Mag.  S.  5.  Vol.  37.  No.  226.  March  1894.  S  .  ^q 
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without  nnfloro;oino;  combustion,  in  order  that  there  may  he 
some  on  tlie  outer  surface  to  maintain  the  comhustion  there 
taking  place  ;  and  oxygen  must  be  jiassing  tlu'ough  from  the 
outside  to  maintain  the  combustion  of  the  liydrogen  on  the 
inner  surface.  If,  then,  we  can  get  a  thermometric  instrument 
small  enough  to  be  wholly  innnersed  in  the  region  of  com- 
bustion, ihe  temperature  indicated  will  not  be  that  of  the  steam 
just  formed  but  the  average  temperature  of  the  hydrogen, 
oxygen,  and  steam  within  the  sheath. 

From  this  I  think  it  is  plain  that  no  thermometric  instru- 
ment can  possibly  indicate  the  temperature  of  the  product  of 
combustion  in  a  ilame  at  the  moment  of  its  formation.  The 
temperature  of  1500°  ascribed  to  the  hottest  part  of  a  Bunsen 
flame  is  therefore  not  the  temperature  of  the  products  of  com- 
bustion, and  experiments  that  show  these  products  to  be  non- 
luminous  at  a  temperature  even  of  3000°  C  afford  no  proof 
that  the  luminosity  of  flame  is  due  to  some  other  cause  than 
the  mere  high  temperature  of  the  products. 

How,  then,  are  we  to  ascertain  the  temjjerature  of  the  pro- 
ducts of  combustion  ?  The  only  remaining  method  is  to 
calculate  it  theoretically.  This  may  be  done  if  we  make  the 
assumption  (which  must  be  considered  as  doubtful  in  view  of 
recent  experiments)  that  the  specific  heat  of  gases  does  not 
alter  greatly  with  increase  of  temperature. 

In  the  production  of  18  grammes  of  steam  from  2  grammes 
of  hydrogen  and  16  grammes  of  oxygen  there  are  evolved 
57,560  calories.  The  specific  heat  of  steam  being  '4805  we 
have  the  rise  of  temperature  : — 

/      /  -      ^57560 
fo  —  f  1  =  ro — AinTr.  —  6655  . 
18  X  -4805 

This  temperature  then  (with  the  proviso  as  to  the  constancy 
of  specific  heat  of  steam)  must  be  the  temperature  of  the 
steam-molecules  formed  in  a  flame  of  hydrogen,  assuming  the 
whole  heat  liberated  during  the  reaction  to  be  stored  in  the 
newly-formed  molecules.  It  is  well  known  that  steam  begins 
to  dissociate  far  below  this  temperature,  but  the  question  of 
dissociation  only  enters  into  our  present  consideration  in  this 
respect,  that  it  forbids  us  to  assume  a  hydrogen-flame  as  con- 
sisting of  molecules  all  in  the  act  of  combining.  Whatever 
the  degree  of  dissociation  there  is  plainly  some  combination 
taking  place,  and  if  the  heat  liberated  is  stored  in  the  molecules 
formed  their  temjierature  must  rise  to  the  theoretical  6600°. 
Even  the  average  thermometric  temperature  of  a  hydrogen- 
flame  is  above  the  temperature  at  which  dissociation  of  steam 
begins,  and  there  must  be  therefore  a  certain  number  of  un- 
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combined  hydrogen  and  oxygen  nioleenles  in  the  flame.  Onr 
theoretical  temjieratiire  of  flame  is  no  more  an  indication  of 
its  averaoe  temperature  than  its  average  temperature  is  a 
measure  of  the  temperature  of  the  steam  which  it  contains. 
A  gas  may  in  fact  exhibit  a  certain  average  temperature  in 
two  ways — it  may  have  been  raised  to  the  average  tempera- 
ture by  external  heating  or  by  internal  chemical  combina- 
tion. In  both  cases  the  velocity  of  the  molecules  shows  the 
same  average,  but  this  average  is  very  diiferently  compounded 
in  the  two  cases.  In  the  first  case  it  can  be  shown  theo- 
retically that  the  number  of  molecules  having  velocities  four 
times  the  average  is  extremely  small.  In  the  second  case 
(flames)  we  have  a  large  number  of  molecules  of  intensely 
high  temperature  and  a  large  number  of  low  temperature. 
The  average  temperature  is  in  this  case  compounded  of  two 
extremes,  and  there  is  every  reason  to  anticipate  a  difference 
of  physical  qualities.  This  difference  we  might  reasonably 
expect  to  manifest  itself  in  the  emission  of  light  by  the  gas 
which  contains  the  intensely-heated  molecules. 

Similar  considerations  apply  to  the  temperature  of  carbonic 
acid  produced  in  flames.  The  theoretical  temperature  for  the 
combustion  of  carbonic  oxide  in  oxygen  is  7180°  C. 

As  neither  steam  nor  carbon  dioxide  has  been  raised  by 
external  heating  to  anything  approaching  the  temperatures  we 
have  indicated  as  accruing  to  them  theoretically  in  the  act  of 
formation,  it  is  still  possible  that  the  luminosity  of  flames  in 
which  they  are  produced  may  be  due  to  high  temperature  in 
the  ordinary  sense  of  the  term.  The  remark  of  Siemens 
(supra)  that  flames  become  smaller  on  increasing  or  heating  the 
air-supply  does  not  affect  the  conclusion  arrived  at,  for  it  is 
not  claimed  that  the  hnninosity  of  the  products  of  combustion 
is  of  appreciable  duration.  Admixture  with  more  air  produces 
a  smaller  region  of  combustion,  for  it  spares  the  combustible 
gas  the  necessity  of  wandering  outwards  to  find  the  necessary 
oxvgen.  There  would  be  in  consequence  a  greater  number  of 
hydrogen  and  oxygen  molecules  uniting  within  a  given  space, 
the  flame  would  be  brighter  but  not  necessarily  larger,  and 
this  is  certainly  the  case. 

It  may  be  stated  further,  in  relation  to  the  luminosity  of 
air,  steam,  and  carbon  dioxide,  that  having  regard  to  their 
extremely  small  optical  absorptive  power  it  is  not  to  be  ex- 
pected that  they  will  show  any  great  emissive  power  even 
when  raised  to  very  high  temperatures.  The  degree  of  lumi- 
nosity shown  by  a  Bunsen  gas-flame,  assuming  the  products 
to  have  the  temperature  calculated  theoretically,  appears  to  be 
just  about  w'hat  we  might  expect  from  a  p7'ion  considerationy. 
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hanging  horizontally  a  narrow  cylinder  with  open  ends  and 
made  of  the  thinnest  platiniun-foil  in  the  hottest  part  of  the 
flame  given  by  a  Biiuson-burncr  with  fully  open  air-holes. 
In  order  to  keep  the  radiation  of  the  hot  metal  from  the  eye 
one  looks  throush  a  narrow  tube  laid  in  the  direction  of  the 
axis  of  the  platinum  cylinder,  and  the  experiment  is  per- 
formed in  a  dark  room.  The  gas  within  the  tube  appears 
dark  to  the  eye  and  different  from  that  of  the  luminous  flame. 
Gases  give  the  same  result  when  in  tubes  made  white-hot  by  a 
coal-fire."  Hittorf  refers  to  the  observations  of  Wedgewood 
{vide  supra)  and  Mellon i  (Pogg.  Ann.  Ixxv.  p.  62,  1848)  on 
the  same  subject. 

In  1882  Werner  von  Siemens,  unaware  of  the  work  just 
referred  to,  made  experiments  with  a  Siemens  regenerative 
gas-furnace  and  found  that  oxygen,  nitrogen,  steam,  and 
carbon  dioxide  possessed  no  luminosity  at  a  temperature 
somewhat  above  1500°  0.  In  confirmation  of  this  conclusion 
he  points  out  that,  when  a  flame  is  made  hotter  by  increasing 
the  air-supply  or  previously  heating  it,  the  visible  flames  be- 
come smaller  although  the  })roducts  of  combustion  must  be 
hotter.  If  the  luminosity  of  flame  were  due  to  the  simple 
glowing  of  the  products  of  combustion,  the  \'isible  flame 
should  increase  and  not  diminish  in  size  under  the  conditions 
just  described.  The  luminous  region  of  flame  is  therefore 
conterminous  with  the  region  of  chemical  action  and  (he 
argues)  is  directly  due  to  it.  He  adds  : — '*  If  we  assume  that 
the  gas  molecules  are  surrounded  by  a  sheath  of  aether  an 
alteration  of  these  sheaths  of  sether  must  take  place  when  two 
or  more  such  molecules  combine.  The  resultant  movement 
of  the  sether  particles  must  be  compensated  by  vibrations 
which  can  form  the  origin  of  the  flow  of  heat  and  light  waves. 
In  quite  a  similar  way  we  can  picture  the  light-effects  which 
appear  when  an  electric  current  is  passed  through  gases." 

The  Internal  Condition  of  Flame. 

The  experiments  of  Hittorf  and  Siemens  may,  I  think,  be 
held  to  establish  two  facts — (i.)  That  air,  carbon  monoxide, 
steam,  and  carbon  dioxide  emit  no  sensible  light  when  at  an 
average  temperature  of  1500°  0.  or  perhaps  3000°  C;  (ii.)  That 
the  luminous  part  of  flame  is  conterminous  with  the  region  of 
chemical  action.  They  do  not  establish,  I  think,  a  third  and 
most  important  conclusion,  namely,  that  the  luminosity  is  due 
directly  to  chemical  action  and  not  to  heat.  Before  such  a 
conclusion  can  be  justified  we  must  be  sure  that  the  products 
of  combustion  in  the  flame  do  not  exceed  1500°  or  3000°  C. 

It  is  assumed  by  Hittorf  and  Siemens,  and  has  also  been 
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assumed  by  Pringsheim  (loc.  cit.),  that  we  are  justified  in 
speaking  of  the  temperature  of  a  flame  as  the  temperature 
indicated  by  thermometric  instruments  when  tliey  are  intro- 
duced into  the  flame.  This  seems  to  me  to  be  funtlamentally 
erroneous.  Such  a  recorded  temperature  is  no  doubt  the 
effective  temperature  of  the  flame,  but  it  is  merely  an  average 
temperature. 

Every  chemical  student  Imows  that  the  thinner  the  platinum 
wire  he  uses  the  hotter  it  becomes  when  introduced  into  a 
Bunsen  flame,  and  it  matters  not  whether  the  measurements 
of  temperature  depend  on  the  fusibility  of  metals  or  salts,  on 
specific  heat,  expansion,  thermoelectric  junctions,  or  electrical 
resistance,  they  are  all  open  to  the  obvious  objection  that  they 
only  give  the  mean  temperature  of  a  considerable  region  of 
the  flame  uncorrected  for  conduction  losses.  "What  are  we  to 
say  of  the  temperature  of  a  candle-flame  which  will  not  melt 
a  small  bead  of  common  salt  but  which  will  melt  a  platinum 
wire  if  pure  and  of  a  certain  fineness  ? 

We  may  best  deal  with  the  matter  by  considering  an  ideal 
flame.  Let  us  suppose  that  we  have  hydrogen  issuing  from 
a  vertical  cylindrical  tube  into  oxygen  gas,  and  let  us  consider 
a  horizontal  slice  of  the  gas  one  molecule  thick  moving  up- 
wards in  the  tube. 

For  the  sake  of  simplicity  we  may  neglect  the  molecular 
motion  of  the  gas,  and  we  will  also  suppose  the  gas  to  inflame 
spontaneously  on  meeting  with  the  requisite  oxygen.  The 
slice  of  gas  as  it  ascends  the  tube  is  retarded  by  friction  at 
the  edges  and  will  issue  with  a  conical  form  from  the  tube. 
Here  it  inflames  and  gives  us  a  small  conical  flame.  This 
flame  would  consist  of  a  conical  sheet  of  hydrogen,  one  mole- 
cule thick,  combining  with  oxvo;en.  If  we  are  to  measure 
the  temperature  at  the  locus  of  combination  we  must  have  a 
thermometric  instrument  small  compared  with  the  thickness 
of  the  sheet  of  combustion.  If  the  instrument  does  not  fulfil 
this  condition,  it  will  protrude  into  the  unburnt  gas  within  the 
cone  and  the  cooling  gases  outside,  and  the  temperature  indi- 
cated will  be  the  average  of  the  whole  region  in  which  it  is 
immersed. 

It  may  be  objected  that  this  is  only  an  ideal  flame,  and  that 
the  conical  sheath  of  flame  actually  obtained  when  hydrogen 
burns  in  oxygen  has  a  very  sensible  thickness.  This  is  no 
doubt  true  ;  but  it  must  be  at  once  pointed  out  that  if  the 
sheath  of  burning  hydrogen  has  a  sensible  thickness,  that  is  to 
say  if  the  hydrogen  is  burning  on  the  outside  surface,  the 
inside  surface,  and  in  the  intervening  thickness  of  the  sheath, 
hydrogen  must  all  the  while  be  passing  through  the  sheath 
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This  unexpected  confirmation  of  the  conclusion  suggested 
by  my  own  experiments  increased  my  belief  in  its  probable 
correctness,  and  further  evidence  in  its  favour  appeared  from 
a  consideration  of  well-known  facts  of  spectrum  analysis. 

Having  been  requested  to  show  the  experiments  at  the  British 
Association  at  Edinburgh  in  1892, 1  brought  the  matter  before 
Section  A,  where  it  roused  an  animated  discussion.  Widely 
different  views  were  expressed.  Professor  von  Helmholtz 
held  the  opinion  that  flame-coloration  and  the  luminosity  of 
gas-flames  not  containing  solid  carbon  must  be  attributed  to 
radiation  consequent  on  chemical  action  ;  on  the  other  hand, 
Sir  G.  G.  Stokes  did  not  consider  that  there  was  any  con- 
clusive evidence  in  favour  of  this  view. 

Object  of  the  Experiments. — The  object  of  what  follows  in 
this  paper  is  to  ascertain  how  far  the  luminous  radiation  from 
gaseous  flames  (including  "  non-luminous  '^  gas-flames  and 
such  flames  coloured  by  metallic  salts)  may  be  ascribed  to 
incandescence,  and  whether  any  other  cause  has  to  be  sought 
for  an  explanation  of  the  phenomena  observed.  By  incan- 
descence is  meant  the  evolution  of  light  as  a  direct  consequence 
of  the  application  of  heat. 

The  currently  accepted  Doctrine. — When  a  small  quantity  of 
common  salt  or  other  salt  of  sodium  is  introduced  into  the 
flame  of  a  Bunsen-burner  a  yellow  flame  is  produced,  which 
is  ordinarily  ascribed  to  the  vapour  of  metallic  sodium  glowing 
in  consequence  of  the  high  temperature  of  its  surroundings. 
The  green-blue  flame  due  to  copper  chloride  under  the  same 
circumstances  is  attributed  to  the  incandescent  vapour  of 
copper  chloride.  With  calcium  chloride  the  red  flame  which 
is  obtained  is  said  to  be  due  to  the  vapour  of  calcium  chloride 
and  of  calcium  oxide.     These  may  be  taken  as  typical  cases. 

The  authority  for  these  views  dates  back,  as  is  well  known, 
from  the  earliest  days  of  spectrum  analysis.  One  or  two 
questions  connected  with  them  which  are  at  once  obvious  to 
the  chemist  are  as  a  rule  passed  over  in  silence.  If  it  be 
asked,  for  instance,  how  does  sodium  vapour  become  free  in 
the  flame,  what  answer  is  to  be  given  ?  The  usual  answer,  I 
believe,  has  been  that  the  salt  is  dissociated,  notwithstanding 
that  we  have  no  other  evidence  of  the  dissociability  of  sodium 
chloride  at  any  attainable  tem[)erature*.  Another  explanation 
that  I  have  seen,  and  that  only  once,  is  given  by  MendeleelF 
in  his  '  Principles  of  Chemistry '  (vol.  i.  p.  563).  He  says  that 
the  NaCl  is  acted  upon  by  st^am  in  the  flame  to  produce  NaHO 

*  Sir  G.  Ct.  Stokes  iufomis  me  that  he  has  never  entertained  this  view, 
but  it  has  certainly  been  widely  expressed. 
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and  that  this  is  subsequently  reduced  by  the  carbonaceous 
matter  of  the  flame.  Again,  it  may  be  asked  how  is  it  that 
copper  chloride,  which  is  known  to  lose  its  chlorine  at  quite 
moderate  tein[)eratures,  can  not  only  be  vaporized  but  be 
made  incandescent  in  a  flame,  and  in  a  flame  too  which  con- 
tains reducino-  gases  ? 

Tlie  solution  of  the  dithculties  here  presented  is  not  so 
obvious  that  it  should  be  withheld,  yet  I  have  been  unable  in 
searching  the  literature  of  spectrum  analysis  to  find  any  dis- 
cussion of  these  fundamental  questions. 

With  regard  to  the  luminosity  of  "  non-luminous  ■"  gas- 
flames  and  the  luminosity  of  gases  in  Geissler-tubes  the 
difficulty  has  been  to  some  extent  grappled  with,  and  us  such 
flames  are  the  media  in  which  colorations  are  obtained  it  will 
be  convenient  to  discuss  them  first. 

Attempts  to  produce  Luminosity  in  Gases  by  External 
Heating. — The  consideration  of  the  luminosity  of  flames  free 
from  solid  matter,  such  as  the  flame  of  hydrogen  or  the 
ordinary  Bunsen  gas-flame,  has  been  held  to  involve  the 
question  as  to  whether  gases  can  be  made  luminous  simply  by 
increasing  their  temperature.  The  luminosity  of  gases  through 
which  the  electric  discharge  is  passed  and  of  those  in  a  flame 
may  be  directly  due,  it  is  alleged,  in  the  first  case  to  the 
electricity,  and  in  the  second  to  the  chemical  processes. 

At  the  end  of  last  century  Wedgewood  (Phil.  Trans.  1792, 
p.  271)  performed  an  experiment  which  proved  that  a  current 
of  air  sufficiently  hot  to  raise  a  strip  of  gold  to  bright  red- 
ness possessed  no  luminosity. 

In  1879  Hittorf  (Wied.  Ann.  vii.  pp.  587,  591,  and  Had. 
xix.  p.  7o,  1883)  found  that  on  passing  an  electric  current 
from  a  battery  consisting  of  160U  elements  through  air  at  a 
pressure  above  15  millim.  the  platinum  electrodes  became 
white-hot,  yet  the  air  in  their  immediate  neighbourhood 
showed  no  luminosity  even  when  the  platinum  was  melting. 
He  found  the  same  to  be  the  case  when  pure  iridium  electrodes 
were  employed.  These  when  melting  communicated  no 
luminosity  to  nitrogen,  hydrogen,  or  carbon  monoxide.  He 
concluded  that  the  luminosity  and  line-spectra  of  gases  could 
only  be  obtained  at  nmch  higher  temperatures  developed  by 
the  momentary  discharge  of  a  condenser.  He  adds  : — "  The 
light  of  ordinary  flames,  which  do  not  contain  solid  particles, 
is  not  determined  by  the  temperature  but  by  chemical  pro- 
cesses and  must  be  regarded  as  phosphorescence.  For  if  these 
gases  acquire  the  temperature  of  the  flame,  without  being 
involved  in  the  chemical  process,  they  radiate  no  light  per- 
ceptible to  the  eye.     One  can  convince   oneself  of  this  by 

S2 
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Incandescent  lodhie  Vapour. 

Having  discussed  the  above  question  with  Sir  G.  G.  Stokes, 
I  tried,  at  his  suggestion,  the  experiment  of  heating  iodine 
vapour.  This,  being  strongly  absorptive  at  ordinary  tempera- 
tures, might  bo  expected  to  emit  visible  radiations  at  com- 
paratively low  temperatures. 

The  experiment  was  made  by  filling  the  bowl  of  a  ''church- 
warden "  tobacco-pipe  with  iodine  and  closing  with  a  lute  of 
plaster  of  Paris.  The  stem  was  laid  along  a  Fletcher  tube- 
furnace  and  strongly  heated.  The  bowl  of  the  pipe,  which 
protruded  from  one  end,  was  heated  with  the  flame  of  a  Bunsen- 
burner.  The  tip  of  the  stem,  which  protruded  about  one  inch 
from  the  other  end,  was  shielded  from  stray  light  and  viewed 
against  a  background  of  black  velvet.  When  the  stem  was 
heated  to  such  temperature  as  could  be  obtained  with  the 
unforced  draught  of  air,  the  issuing  stream  of  iodine  vapour 
was  not  luminous;  but  when  the  furnace  was  fed  with  a  blast 
of  air  and  the  temperature  sufficient  to  soften  the  pipe,  the 
iodine  became  luminous  and  the  vapour  presented  the  appear- 
ance of  a  pointed  yellowish  flame  about  an  inch  in  length. 
A  similar  appearance  was  obtained  when  a  glazed  porcelain 
tube  was  substituted  for  the  pipe-stem,  so  as  to  exclude  all 
possibility  of  furnace-gases  diffusing  into  the  interior.  My 
attention  was  subsequently  drawn  to  the  fact  that  the  effect 
had  been  already  described  by  Salet  (Pogg.  Ann.  cxlvii. 
p.  319)  and  had  been  achieved  in  a  simpler  way. 

The  experiment  may  be  best  performed  as  follows: — A  piece 
of  hard  glass  tube  about  half  inch  diameter  and  five  inches 
long  and  closed  at  one  end  is  suspended  horizontally  by 
platinum  wires  from  the  ring  of  a  retort-stand  and  heated 
along  its  whole  length  by  the  flame  of  a  flat  Bunsen-burner. 
This  should  be  done  in  the  dark,  and  the  burner  removed  as 
soon  as  the  glass  is  seen  to  glow.  The  tube  is  allowed  to 
cool  till  it  has  just  ceased  to  glow,  and  then  a  long  piece 
of  platinum-foil  bent  into  a  trough  and  filled  with  iodine  is 
passed  into  the  tube  and  the  iodine  tipped  out.  The  tube  is 
immediately  filled  with  the  glowing  vapour  of  iodine.  This 
can  be  made  to  glow  still  more  brightly  by  a  reapplication 
of  the  flame.  How  much  of  the  luminosity  is  due  to  the 
iodine  and  how  much  to  the  hot  glass  may  be  seen  at  any 
moment  by  blowing  out  the  iodine  vapour  by  a  puff  of  air. 
The  effect  is  very  marked,  and  there  seems  no  room  to 
doubt  that  the  glowing  is  due  to  hot  iodine  vapour.  The 
lowness  of  the  temperature  seems  to  forbid  the  suggestion 
that  the  glow  may  be  due  to  combination  of  the  iodine  with 
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oxygen  or  to  the  dissociation  and  recombination  of  the  atoms 
of  the  iodine  molecule. 

The  result  of  this  experiment  is  in  conformity  with  the 
views  already  expressed  as  to  the  luminosity  of  flame  and 
enables  ns  to  see  that,  whilst  colourless  gases  like  those  ibrming 
the  products  of  ordinary  combustion  are  not  hkely  to  glow 
at  the  average  temperature  of  a  flame,  they  would  at  some 
higher  temperature  emit  visible  radiations. 

The  chief  conclusions  arrived  at  in  this  part  of  the  paper 
are  : — 

1.  That  in  speaking  of  the  temperatures  of  gases  regard 
must  be  paid  to  the  mode  of  heating. 

2.  That  external  heating  produces  an  average  temperature 
compounded  in  a  different  way  from  the  same  temperature 
as  developed  by  internal  chemical  reaction. 

3.  That  the  experiments  of  Hittorf,  Siemens^  and  others 
showing  that  gases  do  not  glow  at  an  average  temperature 
of  1500°  C.  produced  by  external  heating  are  no  e^^dence  that 
the  same  gases  when  produced  in  flames  of  the  same  average 
temperature  are  not  veritably  incandescent. 

4.  That  if  the  heat  of  chemical  combination  be  supposed 
to  be  stored  in  the  products  of  combustion  in  a  flame,  the 
temperature  of  these  products  must  be  exceedingly  high  and 
probably  high  enough  to  produce  luminosity. 

5.  That  iodine  vapour  can  be  made  incandescent  by  heating 
to  temperatures  below  that  at  which  glass  is  red-hot. 

Paet  II. —  The  Genesis  of  Flame- Spectra. 

I  projjose  now  to  discuss  some  cases  of  flame-coloration  in 
respect  to  the  chemical  reactions  by  which  they  are  accom- 
panied in  the  flame. 

Sodium. — The  characteristic  yellow  flame  of  sodium  with 
the  D  line-spectrum  represents,  as  is  well  known,  the  most 
easily  obtainable  flame-spectrum.  It  is  yielded  by  all  salts 
of  the  metal  in  the  flame  of  coal-gas  or  hydrogen.  It  is 
quenched,  according  to  Mitscherlich  *,  if  hydrochloric  acid 
be  supplied  in  excess  along  with  the  sodium  salt,  which  may 
be  done  by  adding  an  excess  of  ammonium  chloride  to  the 
bead. 

The  yellow  tint  is  also,  according  to  Mitscherlich,  not 
yielded  in  the  flame  of  hydrogen  burning  in  chlorine  when 
these  gases  are  burnt  in  an  oxy-hydrogen  burner.  I  have 
repeated  Mitscherhch's  experiments  with  great  care,  using 

*  Pogg.  Ann,  cxvi.  p.  499 ;  also  cxxi.  p.  469. 
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iron  boat  from  the  hot  part  of  the  tube  filled  with  CO2,  the 
spectrum  does  not  fade  to  the  degree  anticipated  but  acquires 
a  stationary  intensity.  This  is  attributed  to  the  lingering  of 
sodium  vapour,  which  attacks  the  sodium  silicate  with  which 
tlie  interior  of  the  tube  has  become  coated  in  ]irevious  experi- 
ments. A  "reciprocal"  reaction  is  said  to  take  place:  the 
sodium  va[)0ur  attacks  the  silicate,  liberating  other  sodium 
vapour,  a  process  at  first  rapid  but  gradually  attaining  equili- 
brium. After  this  the  process  goes  on  steadily,  sodium  libera- 
ting sodium.  This  seems  tome  to  be  a  very  extraordinary  as- 
sumption, and  more  a  robbing  of  Peter  to  pay  Paul  tlian  the 
picture  of  a  chemical  equilibrium.  We  are  to  suppose  that 
a  film  of  sodium  silicate — ^at  the  most,  liquid — in  contact  with 
sodium  vapour,  and  above  all  in  an  oxidizing  atmosphere  of 
carbon  dioxide,  is  constantly  giving  and  taking  sodium  atoms 
so  as  to  keep  up  the  chemical  action  which  Pringsheim 
demands  for  the  development  of  the  sodium  spectrum.  Such 
a  state  of  things  will  be,  I  imagine,  as  surprising  to  chemists 
as  it  is  novel.  It  is  true  that  dissociation  phenomena  are 
pictured  as  involving  a  constant  in-and-out  movement  of  the 
products  of  dissociation  from  the  compound  undergoing  dis- 
sociation. But  if  sodium  acts  on  sodium  silicate  at  all  it  will 
be  to  liberate  silicon,  and  after  that  is  complete  we  can  only 
assume  the  resulting  sodium  oxide  to  react  with  fresh  sodium 
at  the  temperature  at  which  sodium  oxide  dissociates.  We 
have  no  knowledge  of  the  dissociation  of  sodium  oxide.  If, 
as  I  venture  to  think,  Pringsheim's  explanation  of  this  point 
is  not  to  be  accepted,  there  is  less  difficulty  in  accounting  for 
his  other  observations,  for  the  sudden  reduction  of  the  intensity 
of  the  spectral  effect  in  hydrogen  when  the  boat  is  suddenly 
withdrawn  is  only  im[)ortaut  in  comparison  with  what  occurs 
in  (JO2.  I  do  not  see  any  cause  for  surprise  that  the  intensity 
of  the  spectrum  should  suddenly  diminish  in  hydrogen  when 
the  boat  is  withdrawn  suddenly.  One  would  expect  the 
moving  boat  to  drag  its  small  atmosphere  of  sodium  vapour 
with  it  to  the  cool  part  of  the  tube, — and,  again,  one  would 
not  expect  the  spectrum  to  persist  in  air.  I  can,  therefore, 
see  no  adequate  grounds  for  the  important  conclusion  which 
Pringsheim  draws  from  these  ex])eriments,  namely,  that 
metalhc  sodium  only  gives  its  spectrum  when  undergoing 
chemical  change. 

I  may  summarize  the  views  above  expressed  as  follows  : — 
1.  There  is  no  evidence  for,  but  much  against,  the  suppo- 
sition that  sodium  salts  when  introduced  into  a  flame  are 
dissociated  by  heat  so  as  to  liberate  the  metal. 
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2.  There  is  ^reat  difficulty  in  accounting  for  the  reduction 
of  the  metal  by  ]nirely  chemical  processes. 

3.  Arrhenius's  hypothesis  of  ionic  dissociation  in  flames  is 
a  clK'mically  acceptable  way  of  accounting  for  the  liberation 
of  sodium  \Yhen  its  salts  are  heated  in  flames. 

4.  There  is  no  direct  evidence  and  no  decisive  indirect 
evidence  that  the  sodium  spectrum  is  the  direct  consequence 
of  the  chemical  action  in  which  the  atoms  are  engaged. 

Postscript, 
In  a  recent  number  of  Wiedemann's  Annalen  *  there  is  a 
})aper  by  Paschen  in  which  he  shows  by  bolometric  mea- 
surements that  the  invisible  spectra  of  hot  gases  exhibit 
distinct  maxima  of  intensity — that,  in  short,  gases  do  give 
discontinuous  spectra  on  being  heated,  independently  of 
chemical  action.  On  diese  grounds  and  others,  some  of 
which  are  similar  to  those  explained  in  the  foregoing  paper, 
Paschen  does  not  consider  that  Pringsheiui's  conclusions  can 
be  accepted. 

[To  be  coutiaued.] 


XXIII.  Researches  in  Acoustics. — Xo.  IX.     B^  Alfred  M. 
Mayek,  Fh.n.^ 

COXTENTS. 

1.  The  Law  connecting  the  Pitch  of  a  Sound  with  the  Duration  of  its 

Residual  Sensation. 

2.  The  Smallest  Consonant  Intervals  among  Simple  Tones. 

3.  The  Durations  of  the  Residual  Sonorous  Sensations  as  deduced  from 

the  Smallest  Consonant  Intervals  among  Simple  Tones. 

1.    On  the  Law  connecting  the  Fitch  of  a  Sound  toith  the 
Duration  of  its  Residual  Sensation. 

IN  October  1874  I  published  in  the  American  Journal 
of  Science  Paper  Xo.  6  of  Researches  in  Acoustics, 
which  contained  an  account  of  my  attempts  to  establish  the 
law  connecting  the  pitch  of  a  sound  with  the  duration  of  its 
residual  sensation.  The  law  given  in  that  paper  was  the 
expression  of  the  results  of  the  first  experiments,  extend- 
ing through  several  octavos,  ever  made  on  the  duration  of 
sonorous  sensations. 

Subsequently,  in  April  1875,  I  published  in  the  American 
Journal  of  Science  X  the  results  of  similar  experiments  which 

*  Vol.  oO.  p.  409  (1893). 
t  Communicated  by  the  Author. 

X  The  papers  cited  above  were  published  in  the  Philosophical  Magazine 
of  May  1875,  in  one  paper,  "  Researches  in  Acoustics,  No,  VI." 


256  Professor  Arthur  Smithells  on 

of  sodium  with  traces  of  oxygen  lingering  in  the  nitrogen 
and  the  oxygen  contained  in  the  siliceous  material  of  the 
porcelain  tube.  To  test  this  question  he  produces  a  "  cool  " 
fiame  hy  igniting  a  current  of  air  charged  with  just  enough 
vapour  of  carbon  disulpliide  to  give  a  combustible  mixture. 
The  average  tem})erature  of  the  flame  is  below  150°  C.  In 
this  flame  a  fine  spray  of  a  sodium  salt  gives  no  spectrum ; 
and  he  finds  that  not  until  enough  additional  carbon  di- 
sulpliide is  supplied  to  give  a  much  higher  temperature  does 
the  spectrum  appear.  Com])aring  this  result  with  the  results 
of  the  porcelain-tube  experiments,  Pringsheim  concludes  that 
since  in  the  latter  case  the  sodium  salts  show  no  spectrum  at 
temperatures  which,  in  the  case  of  a  flame,  suffice  for  the 
display  of  the  spectrum,  chemical  action  and  not  heat  alone 
must  be  the  cause  of  this  difference ;  that,  in  short,  flame- 
spectra  of  sodium  salts  are  not  due  to  simple  dissociation  by 
heat,  but  to  chemical  processes  of  reduction. 

By  way  of  confirming  this  conclusion  Pringsheim  then 
describes  the  effect  of  heating  sodium  salts  in  a  hot  porcelain 
tube  in  presence  of  different  gases.  In  air,  nitrogen,  or 
carbon  dioxide  no  spectrum  is  produced,  but  in  hydrogen  the 
D-line  immediately  appears.  This  is  not  quenched  by  the 
addition  of  carbon  dioxide,  but  immediately  disappears  on 
the  introduction  of  air.  The  reduction  of  the  sodium  salts 
and  the  production  of  a  spectrum  he  also  effects  by  iron  and 
carbon.  Finally,  by  an  ingenious  device,  Pringsheim  studies 
the  phenomenon  in  another  way.  The  sodium  salt  is  intro- 
duced into  the  tube  in  a  nickel  or  iron  boat  which  can  be 
suddenly  removed  from  the  hot  part  of  the  tube  by  an  electro- 
magnet. In  the  case  of  the  iron  boat  the  iron  acts  also  as  a 
reducing  agent.  The  point  is  to  see  whether,  havhig  deve- 
loped the  spectrum  with  the  iron  boat  in  the  hot  part  of  the 
tube  (filled  with  hydrogen),  this  spectrum  fades  suddenly  or 
gradually  when  the  boat  is  withdrawn  to  the  cold  part  of 
the  tube.  If  it  fades  gradually  the  conclusion  is  that  the 
liberated  sodium  vapour  is  luminous  per  se,  and  only  ceases 
to  give  a  spectrum  as  it  migrates  to  the  cool  part  of  the 
apparatus.  If  the  spectrum  fades  suddenly  the  conclusion  is 
that  the  spectrum  is  only  evinced  at  the  moment  of  libera- 
tion of  the  sodium  from  its  compound,  and  is  therefore  the 
direct  result  of  chemical  action.  The  latter  Pringsheim  finds 
to  be  the  case. 

Pringsheim  then  summarizes  his  conclusions  as  follows: — 
1.  There  is  no  gaseous  source  of  light  which  satisfies  the 
conditions  of  Kirchhoff^s  law. 
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2.  Glowing  gases  can  be  obtained  of  a  temperature  below 
150°  C.  (cold  flames). 

3.  Sodium  salts  emit  light  in  flames  only  as  a  consequence 
of  chemical  processes. 

4.  Metallic  sodium  heated  in  neutral  gases  emits  light  only 
as  a  consequence  of  chemical  processes. 

5.  The  assumption  that  gases  can  emit  light  by  mere  ele- 
vation of  their  temperature  is  a  hypothesis  demanded  neither 
on  experimental  nor  theoretical  grounds. 

These  conclusions,  which  go  to  the  root  of  spectrum  analysis, 
are,  it  must  be  admitted,  of  the  most  serious  importance.  I 
am  not  satisfied  that  they  are  warrantable,  and  wish  to  direct 
attention  to  the  following  points : — 

(I.)  The  fifth,  and  in  all  probability  the  first,  conclusion 
{supra)  of  Pringsheim  is  contradicted  by  the  experiment  with 
iodine  vapour  which  I  have  already  described  (p.  252). 

(II.)  The  second  conclusion  of  Pringsheim  is  unwarrant- 
able, for  the  reasons  stated  in  the  first  part  of  this  paper.  It 
may  be  that  a  certain  disulphide  air-flame  can  be  obtained 
having  an  average  temperature  below  150°  C.  This  tells  us 
nothing  of  the  temperature  of  the  molecules  of  CO^  and  SOg 
which  are  formed  in  the  flame.  Theory,  on  the  other  hand, 
would  assign  to  them  a  very  high  temperature  if  the  heat 
produced  in  their  birth  is  assumed  to  be  stored  in  them  for 
an  instant.  The  ready  inflammability  of  the  mixture  only 
points  to  the  relatively  great  distance  at  which  the  com- 
bining molecules  of  CS2  may  be  apart,  and  to  the  inter- 
polation of  a  large  number  of  non-burning  molecules  which 
tend  enormously  to  lower  the  average  temperature  of  the  flame. 

(III.)  Pringsheim's  third  and  fourth  conclusions  are  un- 
doubtedly the  most  serious.  Metallic  sodium,  he  says,  heated  in 
neutral  gases  emits  light  only  as  a  consequence  of  chemical  pro- 
cesses. This  conclusion  is  reached  only  by  indirect  evidence. 
In  the  first  place,  I  would  remark  on  the  fact  that  according  to 
Pringsheim  {loc.  cit.  p.  444)  the  admission  of  carbon  dioxide 
to  the  hot  porcelain  tube,  in  which  the  sodium  spectrum  has 
been  developed  by  the  action  of  hydrogen  on  sodium  com- 
pounds, does  not  destroy  the  spectrum,  while  air  does  so 
immediately.  Why  is  this  ?  Hot  sodium  vapour  and  carbon 
dioxide  are  quite  incompatible  ;  surely  (JO2  and  air  ought 
both  to  extinguish  the  spectrum  ;  both  are  powerful  oxi- 
dizing agents  to  sodium.  The  important  experiments  are 
those  with  the  movable  iron  or  nickel  boat,  and  in  these 
another  difficulty  with  CO2  appears.     After  withdrawing  the 
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the  flame  of  hydrogen  in  chlorine  and  of  chlorine  in  hydrogen. 
So  long  as  any  oxygon  remains  in  the  gases  the  flame  shows 
a  distinct  yellow  colour  wlien  a  head  of  a  sodium  salt  is 
introduced  into  it.  As  the  oxygen  is  removed  by  a  current 
of  purified  gas  (chlorine  or  hydrogen),  the  yellow  colour  fades 
until  it  is  imperceptible  to  the  eye.  Viewed  with  the  spec- 
troscope the  D  line  shows  a  corresponding  diminution  of 
intensity,  and,  in  entire  absence  of  oxygen,  is  doubtless  ex- 
tinguished. As  I  have  only  once  succeeded  in  entirely  ob- 
literating it,  I  do  not  wish  to  speak  positively.  The  fact  that 
the  red  line  of  lithium  is  easily  quenched  under  similar  con- 
ditions confirms  the  belief  that  the  same  would  be  the  case 
with  the  more  sensitive  sodium,  if  all  traces  of  oxygen  could 
be  removed. 

It  appears  to  me  that  the  above  facts  present  great 
chemical  anomalies  and  difficulties.  If  we  are  to  make 
the  common  assumjition  that  the  yellow  flame  is  due  to 
sodium  vapour,  the  element  must  be  liberated  either  by  disso- 
ciation by  heat  or  reduction.  Of  dissociation  by  heat  we 
have  no  independent  evidence,  and  it  is  gratuitous  to  suppose 
that  it  should  take  place  in  a  coal-gas  flame  and  not  in  the 
flame  of  hydrogen  burning  in  chlorine.  If  the  process  is 
one  of  reduction,  we  have  to  go  beyond  our  experimental 
knowledge  to  suggest  an  explanation.  Thus  the  liberation 
of  sodium  from  common  salt  in  a  hydrogen-flame  must  be 
due  either  to  the  union  of  hydrogen  with  the  chlorine  to 
form  hydrochloric  acid  and  free  sodium,  or  to  the  action  of 
steam  which  forms  hydrochloric  acid  and  sodium  hydrate  or 
oxide,  the  latter  being  then  reduced  to  the  metal  by  the 
hydrogen.  If  it  is  said  that  hydrogen  may  decompose  salt  in 
the  first  way  at  high  temperature,  it  must  also  be  remarked  that 
hydrochloric  acid  itself  dissociates  at  high  temperatures.  If, 
on  the  other  hand,  the  steam  is  the  active  agent,  it  is  cer- 
tainly taking  a  liberty  to  invoke  its  presence  to  act  on  the 
salt,  and  to  ignore  its  probable  interference  with  any  reduc- 
tion of  the  oxide  or  hydrate  to  be  subsequently  effected  by 
hydrogen. 

If  we  can  explain  the  coloration  of  a  hydrogen-flame  by 
salt,  it  will  of  course  be  easy  to  explain  it  in  the  case  of 
a  coal-gas  flame. 

The  su]i])ression  of  the  colour  in  a  hydrogen-chlorine  flame 
can  only  be  explained  from  the  point  of  view  of  reduction  by 
assuming  that  the  conjoint  action  of  oxygen  and  hydrogen  is 
necessary  for  the  decomposition  of  the  sodium  chloride,  the 
hydrogen  taking  the  chlorine  and  the  oxygen  the  sodium,  the 
sodium  oxide  being  ^hereupon  reduced  by  hydrogen. 

-A 
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The  onlv  altornativo  to  the  ahove  explanations  is,  so  far  as 
I  am  aware,  that  indicated  hy  Arrhoniiis  in  his  experiments 
on  the  ek'otrolvtic  conduction  of  the  heated  vapours  of  salts 
(Wied.  Ann.  xlii.  p.  18,  18i)l). 

i\rrhenius  supposes  that  when  salt  is  supplied  to  a  flame, 
sodium  liydrate  is  formed  hy  the  influence  of  steam  and  that 
the  hydrate  then  undergoes  partial  ionic  dissociation,  the 
liberation  of  sodium  takiuo;  ])lace  without  the  intervention  of 
ordinary  chemical  action.  The  process  is  thus  regarded  as 
analogous  to  the  dissociation  of  electrolytes  in  dilute  aqueous 
sokition.  I  cannot  attempt  to  summarize  the  experimental 
evidence  by  which  Arrhenius  seeks  to  establish  his  interesting 
theory.  If  true,  it  would  certainly  remove  many  difliculties 
which  have  been  met  with  in  attempting  to  account  for 
the  phenomena  of  flame-coloration  on  purely  chemical 
grounds*. 

With  regard  to  Arrhenius's  view^  of  the  matter,  I  will  only 
remark  at  present  that  the  liberated  sodium  must  sooner  or 
later  meet  with  oxygen,  and  burn.  If  the  yellow  light  of  the 
flame  is  due  to  the  vibrations  of  ionic  sodium,  it  w^ould  seem 
Kkely  that  the  light  emitted  during  combustion  of  the  sodium, 
and  due  presumably  to  sodium  oxide,  should  be  different. 
Now  the  light  from  sodium  burning  in  oxygen  gives  a  con- 
tinuous spectriun,  and  it  is  possible  that  the  faint  continuous 
spectrum  which  accompanies  the  line-spectrum  of  sodium  salts 
heated  in  a  flame  may  be  due  to  the  combustion  of  the  sodium, 
whilst  the  line-spectrum  is  due  to  the  mere  vibration  of  the 
sodium  ions. 

The  genesis  of  the  sodium  spectrum  has  recently  been  made 
the  subject  of  experiment  by  Pringsheim  (Wied.  Ann.  xlv. 
p.  428,  1892).  He  shows  first  of  all  that  sodium  carbonate 
and  sodium  chloride,  when  vaporized  in  a  hot  porcelain  tube, 
give  neither  absorption  nor  emission  spectra.  Metallic  sodium 
heated  in  the  tube  filled  with  nitrogen  gives  first  a  coloured 
vapour  showing  a  banded  spectrum,  and  then  a  transparent 
vapour  exhibiting  the  ordinary  sodium  spectrum.  He  then 
raises  the  question  w^hether  this  spectrum  is  dependent  on 
temperature  alone,  or  is  caused  by  the  act  of  chemical  union 

*  In  addition  to  those  already  pointed  out  I  may  adduce  the  follow- 
ing:— "When  a  flame  coloured  by  a  bead  of  sodium  salt  is  viewed  against 
a  bright  background  of  D  light,  it  is  seen  to  be  surrounded  by  a  black 
mantle.  If  this  is  due  tu  absorption  by  free  sodium,  then  the  element 
must  be  able  to  exist  in  an  atmosphere  of  steam  and  carbon  dioxide. 
This  is  utterly  opposed  to  our  ordinary  notions  of  the  chemical  relations 
of  the  substances  in  question,  but  would  present  no  difHculty  from  the 
point  of  view  of  Arrhenius. 
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Madame  Ema  Seller  had  made  at  my  request.  She  made  a 
long  series  of  cxpei'iments  with  the  same  apparatus  I  had 
used.  Her  determinations,  though  agreeing  -with  mine  in 
having  approximately  the  same  variation  of  the  residual 
sensation  with  the  pitch,  yet  differed  considerably  in  the 
absolute  quantities  which  she  found  for  the  durations  of  these 
sensations.  That  the  two  series  of  observations  should  differ 
was  to  be  expected  from  the  known  variation  of  the  sonorous 
sensations  among  different  observers  ;  but  the  principal  cause 
of  the  difference  is  to  be  attributed  to  the  apparatus  (fig.  3) 
used  in  these  experiments.  This  apparatus  generated  sounds 
in  addition  to  the  one  to  be  specially  observed,  so  that  the 
determinations  were  difficult  to  make  except  by  one  whose 
hearing  was  peculiarly  trained  and  naturally  gifted  in  the 
power  of  excluding  other  sound-sensations  from  the  one 
alone  to  be  studied.  In  the  ability  to  analyse  composite 
sounds  Madame  Seller  was  noted  ;  and  I  had  no  doubt  at  the 
time  of  the  publication  of  her  results  that  they  were  more 
worthy  than  mine  to  form  the  basis  of  a  physiological  law. 
This  I  stated  In  my  paper  of  1875,  and  the  experiments 
described  In  the  present  paper,  made  with  improved  methods, 
show  that  the  opinion  then  entertained  was  correct. 

That  there  is  a  physiological  law  which  gives  the  relation 
between  the  pitch  of  a  sound  and  the  duration  of  its  residual 
sensation  is  shown  by  the  numerous  experiments  contained  in 
this  paper.  But  those  published  in  1874  and  1875  sufficed 
to  establish  that  fact  ;  yet  those  experiments  have  never  been 
repeated  by  physiologists. 

I  have  waited  nineteen  years  in  the  hope  that  others  would 
make  similar  experiments,  so  that  the  combination  of  the 
results  of  various  experimenters  would  give  an  expression  of 
the  law  which  might  be  regarded  as  general  and  accepted  as 
expressing  the  average  residual  sensations  of  sounds. 

It  is  true  that  Professor  C.  R.  Cross  and  H.  M.  Goodwin 
published  a  series  of  similar  experiments  in  "  Some  con- 
siderations regarding  Helmholtz's  Theory  of  Consonance" 
(Proc.  Amer.  Acad.,  Boston,  June  1891).  They  obtained 
the  smallest  consonant  Intervals  of  simple  sounds  by  blowing 
sheets  of  air  across  the  mouths  of  resonators.  The  reciprocals 
of  the  differences  of  the  frequency  of  the  vibrations  forming 
the  Intervals  thus  found  are  plotted  in  the  curve  C  C  of 
fig.  1.  I  and  I'  give  their  determinations  of  the  durations 
of  the  residual  sensations  of  UT3  and  of  UT4,  deduced  from 
their  observations  of  the  coalescence  of  these  sounds  when 
interrupted  by  a  perforated  disk  rotating  between  a  resonator 
and  its  corresponding  fork. 
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The  curve  S  shows  Madame  Seller's  determination  of  the 
residual  sonorous  sensations  ;  M  shows  mine.  It  is  evident 
that  the  meandering,  undecided  curve,  C,  cannot  be  the 
expression  of  a  law,  and  that  the  data  I  and  I'  cannot  be 
combined  with  those  contained  in  the  curve  S,  or  in  the 

Fipr.  1. 


13  80  v.i. 


curve  M.  In  a  general  way  the  curve  C  shows  that  the 
smallest  consonant  interval  of  two  tones  contracts  as  the 
pitch  of  the  tones,  forming  the  interval,  rises. 

The  physicists  Mr.  Alexander  J.  Ellis  and  Professor 
J.  A.  Zahm  have  discussed  the  bearing  of  the  law  (as  given 
by  the  experiments  of  1874  and  1875)  on  the  elucidation  of 
many  facts  in  consonance  and  dissonance,  to  which  I  referred 
in  my  paper  of  1874*. 

On  the  Duration  of  the  Residual  Sonorous  Sensation. 

The  duration  of  a  residual  sonorous  sensation  is  really  the 
duration  of  the  entire  period  in  which  a  sensation  of  sound 
is  perceived  after  the  vibrations  outside  of  the  ear,  giving 
rise  to  that  sensation,  have  ceased  to  exist.     While  the  total 

*  See  Elli.'s's  translation,  of  187o,  of  Helmholtz's  Die  Lehre  von  den 
Tonempfindunyen,  pp.  17-3, 701, 795,  and  Ellis's  '•'  Illustrations  of  Just  and 
Tempered  Intonation,"'  Proc.  Musical  Assoc,  of  London,  June  7,  1875 ; 
Zahm,  *  Sound  and  Music,'  Chicago,  1892. 

Phil.  Mag.  S.  5.  Vol.  37.  No.  226.  March  1894.  T 
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duration  of  tlie  after-sensation  produced  by  the  stimulus  of 
light  can  ho  measured,  as  in  the  case  of  an  electric  flash,  the 
determination  of  the  total  duration  of  the  after-sensation  of 
a  sound  appears,  in  the  light  of  our  present  knowledge  and 
with  the  means  of  experiment  at  our  command,  to  be  a 
problem  very  difficult  to  solve. 

The  object  of  this  research  v/as  not  to  determine  the  total 
duration  of  the  after-sensation  of  a  sound,  but  to  measure 
that  duration  in  which  the  after-sensation  of  a  sound  does 
not  perceptibly  diminish  in  intensity. 

Fio:.  2. 


In  fig.  2,  D  and  E  represent  openings  in  a  screen  im- 
pervious to  sound.  The  distance  between  the  openings 
equals  thrice  the  diameter  of  an  opening.  A  tube,  R,  having 
the  same  interior  diameter  as  the  openings,  is  supposed  to 
convey  sound-vibrations  against  the  screen,  while  the  tube 
itself  moves  from  left  to  right  Avith  its  mouth  sliding  along 
the  surface  of  the  screen.  In  the  position  A,  the  sound  is 
just  about  to  traverse  the  opening  D  to  the  ear  on  the 
other  side  of  the  screen.  As  R  progresses  over  the  opening 
D,  the  sound  traverses  the  opening  till  R  has  reached  the 
position  F  B.  Then,  in  the  path  of  the  tube  from  B  to 
C,  no  sound  traverses  the  screen.  ^Vhen  the  edge  B  of  the 
tube  has  reached  the  position  0,  the  sound  is  again  just  on 
the  eve  of  traversing  the  screen  through  the  opening  E.  As 
the  distance  A  to  B  equals  B  to  C,  the  periods  during  which 
the  sound  traverses  the  screen  equal  those  in  which  it  does 
not  do  so.  If  these  alternations  of  sound  and  silence  should 
succeed  one  another  so  rapidly  that  the  sensation  of  the 
sound  is  uniform  in  its  intensity,  it  may  at  first  sight  appear 
that  during  the  time  that  the  tube  takes  to  go  from  B  to  C 
the  after-sensation  of  the  sound  has  not  diminished  in  intensity. 
But  is  B  to  C  to  be  taken  as  the  measure  of  the  duration  of 
uniform  sensation  ?  As  the  tube  R  moves  over  D  a  sound 
with  a  varying  intensity  traverses  the  opening  in  the  screen. 
We  cannot  suppose  that  the  residual  sensation  caused  by  the 
stimulus  of  the  sound  traversing  a  minute  opening  in  the 
screen  equals  that  caused  by  the  sound  which  traverses  the 
screen  when  the  circles  R  and  D  coincide.  In  such  experi- 
ments, however,  we  are  driven  to  take  as  the  duration  of  the 
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undiminisbed  residual  sensation  the  time  that  the  centre  of 
t^etube,  K,  takes  to  go  from  the  centre  of  D  to  the  centre 

01   vj. 

In  this  ilhistration  I  have,  for  simplicity  and  conciseness, 
supposed  the  tube  R  to  move  over  the  openin<Ts  J)  and  E 
In  the  actual  experiments  D  and  E  are  two  of  several  boles 
ma  disk,  arranged  in  a  circle,  and  the  disk  rotates  while  the 
tube  K  IS  fixed.  Another  tube  placed  in  the  prolongation 
of  the  tube  \{,  on  the  other  side  of  the  disk  conveys  the 
interrupted  sound  to  the  ear. 

Evidently   the  manner  in  which  the  tube  convevnno-  the 
sound  to  the  disk  is  open  and  closed  by  the  revolving" disk 
has  to  be  considered  in  researches  made  with  this  apparatus 
1  give   two    cases  .whose  discussion  has  led  me  to  modify-, 

Fig.  3. 


with  marked  efficiency,  the  apparatus,  shown  in  fig.  3,  which 
was  used  in  the  researches  published  in  this  Journal  in  1875. 
In  that  apparatus  the  interruptions  of  sound  were  made 
by  a  perforated  disk  revolving  in  front  of  the  mouth  of  a 
resonator,  while  the  interrupted  sound  was  conveyed  to  the 
ear  by  a  tube  attached  to  the  small  opening  in  Ue  nipple 
of  the  resonator. 

This  mode  of  obtaining  the  interruptions  of  the  sound  is 
objectionable  because  the  resonator  is  not  in  tune  with  the 
fork  except  when  the  former  is  fully  opened,  and  also  because 

T2 
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the  perforated  disk  rotating  across  the  mouth  of  the  resonator 
gives  rise  to  two  secondary  sounds  and  a  resultant  sound, 
fully  described  in  my  paper  of  1875  *.  These  sounds,  from 
their  intensity  in  this  form  of  experiment,  mask  the  proper 
sound  of  the  fork,  making  the  determination  of  the  durations 
of  the  sonorous  sensations  both  difficult  and  uncertain.  Also, 
in  these  experiments  the  action  of  the  interrupted  sound  on 
the  ear  is  distressing,  even  injurious ;  for  the  hearing  of  one 
of  my  ears  was  permanently  impaired  by  the  experiments  I 
made  with  this  a})paratus  nineteen  years  ago. 

In  the  apparatus  presently  to  be  described,  the  fork  vibrates 
in  front  of  the  mouth  of  the  resonator,  and  the  interruptions 
in  the  flow  of  sound  are  caused  by  the  perforated  disk  re- 
volving in  front  of  the  small  opening  in  the  nipple  of  the 
resonator,  as  shown  in  fig.  7. 

Discussion  of  the  Effects  of  the  Relative  Sizes  of  the  Openings 
in  the  Revolving  Disk  and  of  the  Opening  in  the  Tube 
conveying  the  Sound  to  the  Disk. 

First  Case.  Suppose  that  the  opening  of  the  nipple  of  the 
resonator  and  the  openings  in  the  disk  have  the  same  dia- 
meter. In  the  actual  experiments  these  openings  were 
1  centim.  in  diameter.  The  nipple  of  the  resonator  had  a 
tube  of  that  diameter  adapted  to  it. 

Fiff.  4. 


Fig.  4  is  the  graphic  representation  of  the  results  of  com- 
puting the  varying  areas  of  the  opening  of  the  tube  of  the 
resonator,  as  an  opening  in  the  disk  passes  in  front  of  it. 
This  diagram  is  to  be  studied  in  connexion  with  fio;.  2.  The 
entire  length  on  the  axis  of  abscissas  OX  gives  the  space 
A  to  B  of  fig.  2,  divided  into  sixteen  parts.  The  ordinates 
of  the  curve  give  the  relative  areas  of  opening  for  corre- 
sponding positions  on  the  axis  of  abscissas.      The  ordinate 

*  See  a  paper  by  Lord  Rayleigli,  "  Acoustical  Observations,  III. 
Intermittent  Sounds,"  Phil.  Mag.,  April  18S0,  in  which  the  author  gives 
an  explanation,  in  mode  and  in  measure,  of  the  secondary  soimds  and  of 
the  resultant  sound,  observed  by  me  in  these  experiments. 
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marked  8  Y  sliows  tlie  full  area  of  openino-  when  the  circles 
of  the  tube  of  the  resonator  and  of  the  disk  coincide.  It  will 
be  observed  that  the  tube  is  opened  and  closed  slowly,  and  is 
only  instantaneously  fully  opened  at  8. 

Second  Case.  The  openings  in  the  disk  remain  1  centim.  in 
diameter,  but  the  openinp;  in  the  nipple  of  the  resonator  is 
h  centim.  in  diameter.  Fig.  5  shows  the  relations  between 
the  areas  of  opening  of  the  nipple  of  the  resonator  and  the 

Fig.  .5. 
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path  A  to  B  (fig.  0)  of  this  opening,  R,  as  it  is  supposed  to 
move  across  the  opening  D  in  the  disk.  Fig.  5  is  to  be 
studied  in  connexion  with  fig.  6.  Fig.  5  shows  that  the 
opening  and  closing  of  the  nipple  of  the  resonator  take  place 
rapidly,  and  that  the  nipple  remains  fully  opened  from  4  to  8, 
that  is,  during  one-third  the  time  that  the  opening  in  the 
disk  takes  to  traverse  the  opening  in  the  resonator.  The 
advantages  gained  by  this  mode  of  experimenting  are  con- 
siderable. The  periods  of  sound  and  of  silence  are  sharply 
marked,  and,  as  we  shall  now  show,  the  fact  that  the  hole  in  the 
resonator  has  half  the  diameter  of  the  hole  in  the  disk  gives 
us  the  means  of  aijproaehiug  nearer  to  the  measure  of  the 
veritable  time  during  which  we  have  an  after-sensation  of 
uniform  intensity. 

Fijr.  6. 


In  fig.  6  R  represents  the  opening  in  the  nipple  of  the 
resonator,  supposed  to  pass  over  the  opening  D  in  the 
disk.  In  this  case,  as  in  fig.  2,  the  space  A  to  B  in  which 
sound  traverses  the  revolving  disk  is  equal  to  the  space  B  to 
C  in  which  silence  supervenes,  for  the  distance  separating  two 
holes  in  the  disk  equals  twice  the  diameter  of  a  hole,  or  four 
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times  the  diameter  of  tlie  hole  in  the  nipple  of  the  resonator. 
But  in  this  form  of  the  experiment  we  are  again  in  doubt  as 
to  what  space  should  be  taken  as  measuring  the  duration  of 
th(i  uniform  residual  sensation.  Tlie  period  froui  the  full 
opening  of  the  resonator  in  one  position  to  the  full  opening 
in  the  succeeding  one  is  equal  to  the  time  the  disk  takes  to 
go  from  G  to  H,  which  is  equal  to  the  distance  D  to  E 
between  the  centres  of  the  openings  in  the  disk  minus  the 
diameter  of  the  opening  in  the  resonator,  or,  DE  minus 
J  DE.  This  distance,  G  to  H,  evidently  measures  the 
periods  between  maximum  and  maximum  intensities  of 
succeeding  sound-pulses  ;  and  we  have  taken  this  distance, 
in  terms  of  velocity  of  rotation,  as  the  measure  of  the 
period  of  uniform  residual  sound-sensation,  because  we  have 
no  certain  knowledge  of  the  relative  durations  of  the 
residual  sensations  corresponding  to  vibrations  which  pass 
the  disk  with  increasing  intensity,  from  0  to  4,  fig.  5,  and 
with  decreasing  intensity,  from  8  to  12. 

In  our  experiments  we  measured  the  number  of  flashes  of 
sound  entering  the  ear  by  knowing  the  number  of  revolutions 
of  the  disk  per  second,  and  the  number  of  holes  in  the  disk. 
From  this  knowledge  we  compute  the  time  it  took  the  disk  to 
go  over  D  to  E  in  fig.  6,  the  distance  between  centres  of  two 
neighbouring  holes  ;  then  we  reduced  this  time  by  one  sixth, 
which  is  the  ratio  of  the  diameter  of  the  opening  in  the 
nipple  of  the  resonator  to  the  distance  D  to  E,  and  took  this 
reduced  time  as  the  duration  of  the  uniform  residual  sensation. 
The  duration  of  the  sonorous  sensation  determined  in  this 
manner  is  evidently  nearer  the  ti'uth  than  that  obtained  with 
apparatus  in  which  the  hole  in  the  tube  conveying  the  sound 
to  the  disk  and  the  holes  in  the  disk  have  the  same  diameter. 

The  Apparatus  and  Methods  used  to  Afeasure  the  Durations 
of  Residual  Sonorous  Sensations. 

[A.]  I  shall  first  describe  the  apparatus  which  I  found  the 
most  efficient  for  these  measures,  and  then  describe  three 
other  forms  of  apparatus  used. 

In  fig.  7  is  seen  a  jierforated  disk  mounted  on  the  axle  of 
a  rotator.  In  front  of  the  disk  is  the  resonator  with  its 
nipple  close  to  the  surface  of  the  disk.  A  tuning-fork  is 
opposite  the  mouth  of  the  resonator.  On  the  other  side  of 
the  disk,  with  its  axis  in  line  with  the  axis  of  the  nipple  of 
the  resonator,  is  the  tube  which  conveys  the  interrupted 
sounds  to  the  ear.  The  opening  in  this  tube  has  the  same 
diameter  as  the  openings  in  the  revolving  disk.  Behind  the 
line  of  this  tube  is  seen,  on  the  end  of  the  axle,  a  fly-wheel 
of  copper  weighing  a  kilogramme. 
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Tlie  bevelled  face  of  the  (Jrivino;-wlieel  of  the  rotator  has 
three  grooves  cut  in  it,  in  steps.  Corresponding  grooves  are 
cut  in  the  pulley  of  the  axle. 

To  run  a  rotator  of  this  description  smoothly,  without  jars 
or  vibrations,  it  is  necessary  that  the  cord  which  passes  over 
the  driving-wheel  and  pulley  should  be  very  flexible  and 
have  a  circular  section  of  uniform  area  throughout  its  lenoth. 


Fiof. 


I  obtained  such  a  cord  by  soaking  a  cord  of  porpoise  leather 
in  neat's-foot  oil,  and  then  drawing  it  many  times  through 
wire-drawing  plates.  The  ends  of  the  cord  are  connected  by 
a  short  hook-and-eye  coupling.  The  driving-wheel  can  be 
slipped  up  or  down  the  standard  of  the  rotator  to  adjust  the 
tension  of  the  cord. 

The  driving-wheel  is  turned  by  a  handle  of  aluminium  of 
the  form  shown  in  the  figure.  It  is  necessary  to  have  a 
handle  of  small  diameter  in  order  to  turn  the  wheel  with  a 
uniform  velocity.  The  fingers  which  clasped  the  handle  were 
coated  with  plumbago  dust. 
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In  all  the  experiments  the  driving-wheel  of  the  rotator  was 
revolved  either  once  in  a  second  or  twice  in  a  second.  This 
is  accom[)lislied,  after  some  practice,  in  the  following  way  : — 
The  rotator,  on  which  is  mounted  the  disk  and  fly-wheel,  is 
placed  near  a  clock  giving  loud  beats  of  seconds,  and  the 
driving  is  revolved  by  the  guidance  of  the  hand  and  ear. 
The  results  of  the  experiments  showed  that  the  velocities  thus 
given  to  the  disk  were  sufficiently  uniform,  and  the  measures 
of  the  durations  of  sonorous  sensations  sufficiently  concordant 
and  precise  to  obtain  the  data  of  the  physiological  law. 

I  adopted  this  method  of  rotation  in  preference  to  mechan- 
ical means  for  controlling  and  measuring  the  revolutions  of 
the  disks.  To  determine  when  the  interrupted  sounds  have 
blended  requires,  so  to  say,  a  flexible  apparatus  whose  velocity 
is  under  the  immediate  control  of  the  hand  and  ear.  This  is 
important  in  making  the  final  judgement  between  sounds,  one 
of  which  appears  to  have  too  few  interruptions,  the  other  a 
few  more  interruptions  than  are  necessary  to  give  a  continuous 
uniform  sensation.  It  is  evident  that  when  we  can  at  once 
slightly  increase  or  diminish  the  velocity  of  rotation  of  the 
disk,  we  have  the  means  of  making  comparisons  rapidly  suc- 
ceeding one  another.  A  rotator,  driven  as  described,  forms 
more  a  part  of  the  observer  than  one  driven  and  regulated  by 
mechanism. 

As  there  were  three  grooves  in  the  driving-wheel  and  three 
in  the  pulley  on  the  axle,  and  as  the  driving-wheel  was  re- 
volved either  once  or  twice  in  a  second,  eighteen  different 
velocities  could  be  given  to  the  rotating  disk. 

Disks  were  made  having  numbers  of  holes  from  5  to  19,  so 
that,  with  18  velocities  and  the  various  numbers  of  holes  in 
the  disks,  it  was  easy  to  select  a  disk,  driven  with  a  known 
velocity,  which  gave  the  exact  number  of  interrupted  sounds 
per  second  to  blend. 

The  18  ratios  of  velocities  of  the  driving-wheel  and  of  the 
pulley  on  the  axle  of  the  rotator  were  obtained  as  follows  : — 
A  circle  of  cardboard,  divided  into  one  hundred  parts,  was 
clamped  on  the  rotator  in  front  of  a  disk.  The  driving- 
wheel  was  rotated  either  once  or  twice  in  a  second,  so  that  the 
conditions  were  the  same  as  in  the  experiments.  From  10  to 
100  revolutions  of  the  driving-wheel  were  made  before  the 
ratio  was  determined.  The  division  to  which  a  fixed  index 
pointed  on  the  divided  circle  gave  the  fraction  of  a  resolution. 
The  whole  number  of  revolutions  was  given  by  a  simple 
counter  which  moved  ^vith  very  little  friction. 

The  rotating  disks  were  made  of  mahogany,  5  millim.  thick, 
with  disks  of  cardboard  about  2  millim  thick  screwed  to  the 
wooden  disks.     The  circumferences  of  the  holes  in  the  wooden 
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and  cardboard  disks  exactly  coincided.  The  circle  of  holes 
in  the  disks  was  placed  5  centim.  from  its  border.  The 
rotator  and  disks  were  so  carefully  made  that  the  nipple  of 
the  resonator  was  only  -^^^  millim.  from  the  surface  of  the 
revolving  disk.  The  mouth  of  the  tube  conveying  the  inter- 
rupted sounds  to  the  ear  was  about  the  same  distance  from 
the  surface  of  the  other  side  of  the  disk.  The  disks  were 
clamped  on  the  axis  of  the  rotator  between  smaller  flat  disks 
of  brass,  not  shown  in  the  figure. 

The  diameter  of  the  holes  in  the  disk,  and  of  the  interior  of 
the  tube  conveying  the  sounds  to  the  ear,  was  1  centim.  The 
diameter  of  the  opening  in  the  nippies  of  the  resonators  was 
^  centim. 

The  disks  were  made  of  mahogany  which  had  been  in  my 
possession  for  thirty  years.  It  was  well  seasoned  and  had 
nearly  the  thickness  required  for  the  disks.  This  wood  was 
used  because  it  holds  the  form  given  it  better  than  any  wood 
1  have  had  experience  with. 

Sound  passes  through  mahogany  and  other  woods  even 
when  a  centimetre  in  thickness.  Sound  also  passes  through 
cardboard,  but  not  so  readily  as  through  wood.  I  found 
that  by  placing  cardboard  on  wood  I  formed  a  screen  of  hetero- 
geneous materials  which  presented  an  effective  obstriiction  to 
the  passage  of  sound. 

Fig.  8. 


C 


[B.]  In  the  second  form  of  apparatus  I  replaced  the  re- 
sonator by  resonant  tubes  as  shown  in  fig.  8,  where  F  is  the 
fork,  T  the  tube,  w^ith  a  tube  of  larger  diameter.  A,  shding  on 
T,  so  that  the  air  in  the  tube  could  be  adjusted  to  vibrate 
with  the  fork.  On  the  other  side  of  the  disk  D  is  the  tube  T', 
to  which  is  attached  the  tube  of  caoutchouc  which  leads  to  the 
ear.  This  arrangement  is  like  that  used  by  Dr.  R.  Koenig, 
and  described  on  page  140  of  his  Quelques  Experiences 
d'Acoustigue,  Paris,  1882,  and  used  by  him  for  the  obser- 
vation of  the  sounds  produced  by  interruptions  of  continuous 
sounds. 
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Experiments  made  with  this  apparatus  gave  the  same 
results  as  those  made  with  a])paratus  [A] ,  but  the  sounds  given 
are  so  feeble  compared  with  those  coming  from  the  resonator 
(fig.  7),  that  the  ]>eriods  of  sound  and  silence  (or,  rather,  of 
sound  ;ind  much  diminished  sound)  are  not  sharply  separated. 
It  followed  that  the  judgment  of  a  continuous  sensation  on 
the  ear  could  not  be  so  neatly  made  with  the  use  of  the 
resonant  tubes  as  when  the  resonators  were  employed. 

[C]  To  obtain  sharper  demarcation  of  sound  and  silence 
by  having  no  aperture  for  the  lateral  escape  of  sound  between 
the  rotating  disk  and  the  ni})j)le  of  the  resonator  and  be- 
tween the  disk  and  the  tube  conveying  the  sound  to  the 
ear,  I  made  the  following  apparatus  (fig.  U).  I  turned  disks 
of  brass  flat  and  of  uniform  thickness.  These  disks  were 
revolved  on  a  rotator  driven  by  gear  wheels  made  of 
"  fiberoid,"  so  that  the  movement  should  be  noiseless.  The 
number  of  teeth  on  the  wheels  and  holes  in  the  disks  were 
such  that  1  was  enabled  to  make  three  determinations  corre- 
sponding in  the  number  of  interruptions  of  sound  to  those 
already  obtained  with  apparatus  [A]. 

Two  brass  tubes,  T  and  T',  fig.  9,  one  having  an  interior 
diameter  of  g  centim.,  the  other  an  interior  diameter  of 
1  centim.,  slid  accurately  and  with  little  friction  in  two  tubes, 

Fio-.  9. 


A  and  B,  with  flanges  on  their  ends.  These  flanges  were 
pressed  against  the  surfaces  of  the  disk  D  by  two  delicate 
helical  springs  fitting  over  the  tubes  at  S  and  S',  between  the 
flanges  of  A  and  B  and  the  standards  P  and  P'.  The  tubes 
T  and  T'  were  as  close  as  possible  to  the  disk  while  it  rotated. 
The  flanges  A  and  B  were  of  such  diameter  that  no  sound 
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could  issue  between  them  and  the  sarfiices  of  the  rotating 
disk,  because  the  flanges  entirely  covered  the  hole  in  the  disk 
while  this  hole  traversed  the  tubes  T  and  T'.  A  tube  of 
caoutchouc  led  from  the  tube  T'  to  the  ear. 

Although  a  tihn  of  oil  was  between  the  flanges  and  the 
disk,  and  the  disks  were  so  accurately  made  that  the  greatest 
departure  from  uniformity  of  thickness  amounted  to  only 
o^^  millim.,  yet  the  sounds  produced  by  the  sliding  of  the 
disk  between  the  flanges  caused  much  distraction  in  the 
})erce|)tion  of  the  sound  from  the  resonator,  which  was  adapted 
to  the  tube  T,  of  i  centini.  in  diameter.  The  results  obtained 
with  this  apparatus  agreed  with  those  given  by  apparatus  [A] . 

[D.]  I  had  formed  great  hopes  of  having  the  best  apparatus 
for  the  determination  of  the  duration  of  a  residual  sensation  in 

Fi?.  10. 


w 


TL 


the  one  shown  in  fig.  1 0.  A  is  the  lower  drum  of  a  Helmholtz 
double  siren;  D,  the  perforated  disk  of  the  siren,  which  was 
rotated  by  the  dri\'ing-wheel  W.  The  disk  D  was  enclosed  in  a 
cover,  C,  of  the  form  shown  in  fig.  10,  clamped  to  the  drum  of 
the  siren.  The  sound  issued  from  the  box  thus  formed,  and  was 
conveyed  to  the  ear  by  tlie  tube  E,  to  which  was  attached  a  tube 
of  caoutchouc.  The  sound  to  be  ex|)erimented  on  was  conveyed 
from  the  fork,  F,  and  resonator,  R,  through  a  long  tube,  T,  to 
the  drum  of  the  siren.  By  placing  pulleys,  P,  of  various  dia- 
meters on  the  axle  of  the  disk  of  the  siren,  and  by  opening  one 
or  another  of  the  various  circles  of  holes  in  the  drum  A,  I  had 
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the  means  of  obtaining  a  considerable  range  in  the  number  of 
interruptions  of  sounds  per  second. 

The  results  given  by  this  apparatus  were  the  same  as  those 
obtained  with  [A],  but  the  objection  to  its  action  is  the  pro- 
duction of  sounds  by  the  apparatus  itself,  caused  by  the 
rotation  of  the  perforated  disk.  These  sounds  distracted  the 
attention  from  the  phenomenon  of  the  continuous  sensation 
produced  by  the  interruptions  of  the  sound  from  the  fork,  and 
so  masked  it  that  I  consider  this  apparatus  the  least  efficient 
of  those  I  have  described. 

These  experiments  on  the  blending  of  interrupted  sounds 
are  not  pleasant  to  make.  The  ear  soon  becomes  fatigued,  and 
the  perception  of  sound  is  dulled.  After  an  experiment  the 
ear  has  to  be  rested  during  a  considerable  time  before  the 
experiment  can  be  repeated  satisfactorily.  Thus  much  time 
is  consumed,  and  these  experiments  cannot  be  made  in  a  few 
days,  but  weeks  are  required  to  arrive  at  satisfactory  measures  ; 
also,  considerable  time  is  consumed  in  gaining  mastery  over 
the  apparatus.  To  make  these  experiments  less  tedious, 
fatigue  of  the  ear  is  to  be  avoided.  This  is  done  by  not 
allowing  the  interrupted  sounds  to  enter  the  ear  longer  than 
during  two  or  three  seconds  ;  then  a  rest  of  five  to  six  seconds 
is  taken,  while  the  fork  is  kept  in  action  and  the  disk  revolved 
with  the  same  velocity  ;  then  another  three-second  period  of 
sound  is  given  the  ear.  This  is  best  done  by  placing  the 
rubber  tube  in  the  meatus  of  the  ear  and  pinching  the 
tube  between  the  fingers.  By  relieving  the  pressure  more 
or  less  we  can  regulate  the  intensity  of  the  sound  which 
enters  the  ear,  or  we  can  shut  the  sound  off.  The  other  ear  is 
tightly  closed  with  beeswax  softened  with  a  little  turpentine. 

Wilhin  the  limits  of  the  intensities  of  sound  used  in  these 
experiments,  I  found  no  change  in  the  duration  of  the  sen- 
sation with  change  in  the  intensity  of  the  sound.  It  seems 
probable  that  such  connected  changes  exist.  If  they  do  exist, 
then  it  would  appear,  from  the  smoothness  of  the  curve  I  have 
obtained  from  the  experiments,  that  the  relative  mean  inten- 
sities of  the  sounds  used  did  not  vary  sufficiently  to  make 
apparent  any  change  in  the  duration  of  the  after-sensation  with 
change  in  the  intensity  of  the  stimulus. 

Table  of  Results  of  Experiments. —  The  Enipincal  Formula 
ivhich  gives  the  Relation  of  the  Pitch  of  a  Sound  to  the 
Duration  of  its  Residual  Sensation. 

The  results  of  the  experiments  made  with  the  various 
forms  of  apparatus  just  described  are  given  in  the  following 
Table  I. 


Dr.  A.  M.  Mayer's  Researches  in  Acousticft.  273 


QQ 

o 

2 

I— ( 

02 
O 

2 

s 

g 

§ 

s 

d 

H 

O 

d 

H 

d 

tr" 

« 

M 

M 

t-" 

M 

M 

U- 

10 

IC 

o 

in 

o 

Ct 

to 

3 

M 

Ci 

Cl 

CO 

CO 

to 

(— ' 

t— » 

td 

-J 

J^ 

iO 

lO 

o 

s 

00 

to 

Ol 

«^ 

to 

05 

to 

^^ 

c» 

Si 

^^ 

>;^ 

00 

to 

*- 

o 

a-. 

to 

00 

>(^ 

^J 

4^ 

to 

o 

00 

^ 

Ci 

CO 

to 

o 

o 

CO 

o 

OC 

00 

CO 

to 

OS 

gu 

^ 

HI- 

55  " 

^  - 

00 

21.- 

•^1 

to 

a.'  ■- 

« 

(il 

til 

i 

Ol 

*.' 

til 

to 

3 

o 

O 

o 

6 

C 

O 

o 

o 

o 

to 

Co 

B 

OS 

«o 

t— ' 

CO 

CO 

O 

00 

Oi 

^ 

>t^ 

>(>i- 

4i- 

I—" 

c 

. 

o 

6 

6 

C3 

o 

^ 

to 

^ 

4^ 

c^ 

Ci 

-^ 

o 

H^ 

CO 

to 

o 

o 

~a 

CX5 

~1 

to 

CO 

00 

o 

+ 

+ 

+ 

+ 

1 

1 

1 

+ 

: 

o 

o 

o 

o 

^ 

o 

o 

o 

^ 

Q 

o 

o 

Q 

8 

<-> 

(3) 

o 

:^ 

o 

o 

o 

o 

c^ 

^ 

" 

" 

CO 

to 

CO 

00 

- 

o 

. 

o 

^ 

O 

^ 

o 

6 

o 

o 

o 

o 

o 

O 

o 

^ 

o 

o 

o 

lO 

IN-) 

W 

M 

c» 

en 

CO 

<J> 

o 

rn 

00 

Ci 

O 

C^ 

to 

u. 

" 

to 

o 

-J 

o 

o 

to 

o 

o 

. 

. 

^ 

o 

^ 

o 

6 

o 

rS 

o 

o 

o 

o 

o 

to 

CO 

Co 

CO 

IIL 

Oi 

00 

o 

o 

CO 

en 

GO 

rn 

to 

OJ 

o 

ts 

Oi 

to 

CO 

^ 

00 

o 

"4 

rf^ 

1 

+ 

1 

1 

1 

+ 

+ 

o 

^ 

3 

r5 

-3 

o 

3 

o 

o 

^ 

3 

n 

o 

^_. 

o 

^ 

- 

^_, 

o 

o 

o 

o 

o 

o 

o 

r' 

^ 

^ 

s 

o 

o 

s 

^ 

o 

1— ' 

g 

o 

O 

w 

to 

to 

to 

to 

to 

to 

o 

C5 

Oi 

CO 

_t 

H^ 

O 

-a 

CO 

t-i 

CC 

to 

OS 

-a 

s 

274  Dr.  A.  M.  Mayer^s  Researches  in  Acoustics. 

Column  A  oives  the  names  of  the  sounds,  and  B  the  numbers 
of  their  vibrations  (v.d.)  per  second  ;  C,  the  number  of  beats 
of  interrupted  sound  received  by  the  ear  in  a  second  to  blend 
into  a  continuous  uniform  sensation.  In  column  D  are  the 
durations  of  the  residual  sonorous  sensations,  expressed  in 
vulgar  fractions.  The  numbers  in  column  U  are  obtained, 
as  already  explained,  by  diminishing  the  reciprocals  of  the 
numbers  in  column  C  by  ^.  Under  E  are  the  fractions  in 
cohinm  D  in  decimals.  Under  F  are  the  durations  of  the 
residual  sensations,  computed  by  the  formula 


D 


=  [ 


33,000 


+  18 


1  -0001, 


.N  +  30 

in  M'hich  D  equals  the  duration  of  the  residual  sensation  given 
by  a  sound  of  N  number  of  vibrations  per  second.  Under  G 
are  the  differences  between  the  computed  and  observed  values 
of  the  residual  sensations.  These  differences  are  so  small, 
except  in  the  case  of  SOL3,  that  we  may  adoj)t  the  empirical 

Fig.  11. 
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formula  as  expressing  the  law  which  connects  the  pitch  of  a 
sound  with  the  duration  of  its  residual  sonorous  sensation. 
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This  formula,  however,  only  refers  to  my  own  auditory  sen- 
sation. It  is  a  physiological  law  ;  and  I  imagine  that  the 
durations  of  these  residual  sonorous  sensations  will  var}'  more 
with  difterent  observers  than  do  analogous  visual  sensations. 
It  is  therefore  to  be  wished  that  others  will  repeat  these  expe- 
riments and  obtain  determinations  which,  when  combined,  will 
give  a  law  which  may  be  accepted  as  the  expression  of  the 
average  durations  of  the  residual  sonorous  sensations. 

The  results  in  column  E  are  given  graphically  in  the 
curve  I  of  fig.  11.  The  unit  on  the  axis  of  abscissas  is 
100  v.d.     The  unit  on  the  axis  of  ordinates  is  *01  second. 

The  determination  of  the  duration  of  the  residual  sensation 
of  UTi  [l54  v.d.]  was  very  carefully  made,  and  made  many 
times.  The  experiments  gave  '036 1  second  for  the  duration 
of  this  sound.  The  formula  gives  "0369,  which  is  ^.  greater 
than  the  observed  duration.  The  greatest  difference  existing 
between  the  observed  and  computed  duration  of  the  remaining 
sounds  of  the  table  is  in  the  case  of  SOL3  [381  v.d.],  where 
the  computed  is  3^:3  greater  than  the  observed  duration. 

In  column  L  of  Table  I.  are  given  the  number  of  wave- 
lengths of  the  sounds  which  pass  into  the  ear  throuoh  a  hole 
in  the  rotating  disks  when  these  interrupted  sounds  blend  into 
uniform  sensations.  The  average  number  of  wave-lengths 
which  pass  a  hole  is  about  2|.  As  the  sound  rises  in  pitch, 
more  wave-lengths  pass  the  hole  ;  thus,  while  only  1*38  wave- 
length passes  in  the  case  of  UTi,  three  wave-lengths  pass  in 
the  case  of  UTs. 

An  examination  of  fig.  6  shows  that  sound  passes  to  the 
ear  while  a  hole  in  the  disk  passes  over  three  diameters  of  the 
hole  in  the  nipple  of  the  resonator,  while  the  distance  between 
the  centres  of  neighbouring  holes  in  the  disk  equals  six 
diameters  of  the  hole  in  the  resonator.  Hence,  to  ascertain  the 
number  of  wave-lengths  which  enter  the  ear  during  the 
passage  of  a  hole  in  the  disk  across  the  hole  in  the  resonator, 
we  must  divide  the  number  of  vibrations  per  second  of  the 
sound,  given  in  column  B,  by  twice  the  corresponding 
number  in  column  C. 


2.    On  the  Smallest  Consonant  Intervals  among  Simple 
Tones. 

When  two  simple  tones  which  difi"er  slightly  in  pitch  are 
sounded  simultaneously,  beats  are  produced,  which  become 
more  frequent  as  the  difference  in  pitch  increases,  and  with 
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this  increase  in  the  interval  between  the  tones  the  dissonance 
becomes  harsher,  reaching  a  maximum  dissonance  when  the 
number  of  beats  are  about  ^^  of  the  number  required  to  blendj 
then  becoming  less  dissonant  as  the  interval  increases  till,  at 
last,  the  two  tones  blend  into  a  consonance.  These  are  the 
phenomena  observed  from  SOLj  \^i^Q  v.d.]  to  the  highest 
tones  used  in  nmsic. 

Having  the  law  which  gives  the  number  of  beats  (produced 
by  the  interrupted  sounds  of  tones  of  various  pitch),  which 
blend,  one  might  naturally  infer  that  the  smallest  consonant 
interval  could  be  computed  by  that  law.  Given  the  pitch  of 
a  tone,  we  compute  by  the  law  the  number  of  interruptional 
beats  of  this  tone  which  blend^  and  adding  this  number  to  the 
frequency  of  the  given  tone  we  should  apparently  have  the 
pitch  of  the  upper  tone  which  makes  with  the  lower  the 
smallest  consonant  interval  *.  This,  however,  is  not  so. 
Take,  for  example,  UT3  [25G  v.d.].  The  number  of  inter- 
ruptional beats  of  this  sound  which  blend  is  ^'2,  and  256  +  62 
=  318,  which,  according  to  the  law,  should  make  a  consonant 
interval  with  UT3.  But  experiment  shows  that  a  tone  of 
256  +  58  =  314  v.d.  forms  the  nearest  consonant  interval 
with  UT3. 

To  render  less  tedious  the  comprehension  of  the  results  of 
many  experiments  on  the  smallest  consonant  intervals  among 
simple  tones,  I  shall  at  once  give  a  table  (Table  II.)  of  the 
results  of  these  experiments,  and  then  give  the  account  of  the 
experiments  that  furnished  the  data  of  the  table. 

In  column  A  are  given  the  lowest  tones  of  the  consonant 
intervals  which  were  experimented  on.  In  column  B  are  the 
number  of  vibrations  to  be  added  to  the  tones  of  column  A  to 
form  the  higher  note  of  the  smallest  consonant  interval,  as 
deduced  from  the  experiments  on  the  duration  of  the  residual 
sensations  of  interrupted  sounds.  In  column  C  the  numbers 
of  vibrations  by  which  the  tones  in  column  A  have  really  to 
be  increased  to  form  the  higher  notes  of  the  smallest  consonant 
intervals.  In  column  D  are  the  numbers  of  vibrations  to  be 
added  to  those  of  column  A  to  tbrm  the  smallest  consonant 
intervals  as  computed  by  the  formula 

N:N  + 


^^^^^%23V00Ol' 


.N  +  23 


*  Rigorously,  we  should  take  in  the  computation  the  number  of  beats 
which  blend  corresponding  to  a  sound  of  a  pitch  which  is  the  mean  of  the 
pitch  of  the  lower  and  upper  sounds  of  the  interval. 
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in  which  N  equals  the  number  of  vibrations  of  the  lower  tone 
of  the  interval,  and 

N  + 


=  the  number  of  vibrations  of  the  higher  tone  of  the  interval. 
In  column  E  are  given  the  differences  between  the  com- 
puted values  [D]  and  the  observed  values  [C] .  The  formula 
gives  quite  closely  the  true  values  from  SOL2  [192  v.d.]  to 
Mlg  [2560  v.d.].  In  column  F  are  given  the  smallest  con- 
sonant intervals  as  determined  experimentally  from  SOLi 
[96  v.d.]  to  the  tone  of  2806  v.d.,  expressed  in  semitones  of 
the  equal-tempered  scale. 

In  fig.  11  these  intervals,  computed  from  the  numbers  in 
column  C,  are  expressed  graphically  by  the  curve  N.C.I. 
The  units  of  ordinates  (on  the  left  of  figure)  are  semitones, 
and  the  units  of  abscissas  are  100  vibrations.  This  curve 
shows  in  a  striking  manner  the  contraction  of  the  smallest 
consonant  interval  as  we  ascend  the  musical  scale  ;  while 
SOLi  [96  v.d.]  requires  a  sound  separated  from  it  by  6j^ 
semitones  to  give  the  smallest  consonant  interval,  SOLg  of 
3072  v.d.  forms  a  consonant  interval  with  a  higher  sound 
separated  from  it  by  only  1^  semitones. 

The  curve  AV,  of  fig.  11,  which  has  the  same  units  of 
abscissas  as  curve  N.C.I.,  and  the  units  of  whose  ordinates,  in 
number  of  vibrations,  are  on  the  right  of  the  diagram,  shows 
graphically  the  number  of  vibrations  to  be  added  to  the  tones, 
on  the  axis  of  abscissas,  to  obtain  the  smallest  consonant 
intervals. 

The  experiments  which  form  the  basis  of  the  statements 
given  in  Table  il.,  I  shall  now  describe. 

Having  but  few  forks  below  UT3  in  pitch,  and  those  not 
numerous  enough  to  determine  with  accuracy  the  consonant 
intervals,  I  requested  my  friend  Dr.  Rudolph  Koenig,  of 
Paris,  to  determine  for  me  the  smallest  consonant  intervals 
among  sounds  below  UT3  in  pitch.  The  numbers  in  the  table 
referring  to  tores  SOL_i,  UTi,  SOLj,  UTj,  and  SOLg,  ex- 
periments nos.  1,  2,  3,  4,  and  5  of  Table  II. ,  were  furnished 
by  Dr.  Koeuig's  experiments.  The  account  of  these  experi- 
ments, which  Dr.  Koenig  so  obligingly  made  for  me,  I  give 
in  his  own  words  : — 
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Dr.  Koenig^s  Exjyei'iments. 

"  Paris,  le  21  Mars  1893. 

"  .  .  .  Je  veux  mainteuant  repondre  a  vos  questions  couceriiant 
la  consonanoo  des  intervalles  tonnes  de  notes  graves  et  pas 
trop  fortes,  et  faire  d^lbord  cette  remarque  g^nerale,  que  la 
peroeptibilite  des  roulements  et  raucites  produits  par  des 
battements,  qui  depend  avant  tout  de  I'iuteusit^  relative  des 
ileux  notes  primaires,  parait  etre  presque  enti^rement  inde- 
jtendant  de  leur  iutensite  absolue,  quaud  elles  sont  graves, 
raudis  que  le  role  de  I'intensite  absolue  augmente  avec  leur 
liauteur.  En  etfet,  les  resultats  des  observations  faites  avec 
des  diapasons  relativement  faibles,  et  sans  resonateurs,  sont 
pour  les  octaves  graves  presque  absoluinent  identiques  avec 
les  resultats  donnes  par  les  gros  diapasons  et  resonateurs  du 
grand  tonometre,  et  publies  dans  le  tableau,  page  113,  des 
Quelques  Experiences  cV Acoastique,  tandis  que  pour  les 
intervalles  avec  les  notes  fondameutales  UTg  et  SOLj,  les 
differences  des  resultats  dcvient  deja  sensible.  Je  pourrais 
aussi  resumer  ces  faits  en  disant  que  I'influence  de  I'intensite 
absolue  des  deux  sons  primaires  sur  la  perceptibility  de  batte- 
ments, qui  est  absolument  nulle  pour  les  battements  lents, 
augment  pour  les  roulements  et  raucites  avec  les  nombres  des 
battements  qui  les  produit,  car,  pour  example,  les  8  batte* 
nients  de  UTi  :  REj  sont  aussi  distinctement  entendus  avec 
des  notes  UT^  et  REx  tres  faibles,  qu'avec  des  notes  les 
plus  fortes,  taudis  que  le  roulement  des  32  battements  de 
UTi  :  SOLj,  se  fait  beaucoup  plus  sentir  quand  les  deux  notes 
sont  fortes,  que  quand  elles  n'ont  qu\ine  faible  intensite. 
"  Voici  mainteuant  la  liste  de  mes  observations  : — 

"  [1]   Intervcdles  avec  la  note  fondamentale  SOL_j  =  48  v.d. 

"  Les  diapasons  employes,  du  module  de  Finterrupteur 
universel,  Cat.  No.  253,  ont  des  branches  d'environ  9  millim. 
d'epaisseur  sur  15  millim.  de  largeur. 

"  On  ne  trouve  dans  toute  I'octave  pas  un  seul  intervalle 
sans  battements  fortement  perceptibles,  soit  separ^ment  soit 
comme  roulement.  Le  roulement  parait  le  plus  faible  vers 
la  sixte,  SOL.^  :  Mlj. 

"  [2]  Intervalles  avec  la  note  fondamentale  UTi  =  64  v.d. 

"  Les  diapasons  employes,  du  modele.  Cat.  No.  234,  ont  des 
branches  d'environ  10  millim.  sur  17  millim. 

"  Tout  se  passe  dans  I'octave  entiere  comme  avec  les  gros 
diapasons  avec  resonateurs,  seulement  le  roulement  confus 
pres  de  la  quinte  est  faible  et  disparait  presque  devant  les 
bittements  secondaires,  mais  il  reparait  au-dessus  de  ISOL1  + 
4  v.d.  et  devient  plus  fort  en  passant  au  roulement  simple  des 

U2 
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battements  supdrieurs.  A  la  quinte  exacte,  UTi  :  SOLi,  oh. 
les  battements  secondaires  manquent,  on  entend  tr^s  bien  le 
roulonient  des  32  battements,  mais  plus  faible  qu'avec  des 
gros  diapasons  et  resonateurs. 

"  Les  mcmes  experiences  rep^tees  avec  des  diapasons  k 
branches  de  19  millim.  sur  15  millim.  donnent  le  meme  resultat. 

"  En  sorame,  ici  aussi  11  n'y  a  pas  d'intervalle  consonant  dans 
toute  Poctave. 

"  J'ai  encore  particuli^rement  examine  I'intervalle  UT, :  MIj, 
mais  on  y  entend  le  roulement  des  16  battements  meme  encore 
quand  les  sons  primaires  sont  devenus  deja  si  faibles  qu'on  ne 
les  perQoit  presque  plus. 

"  [3]  Intervalles  avec  la  note  fondamentale  SOLj  =  96  v.d. 

"  Diapasons  employes  a  branches  de  10  millim.  sur  17  millim. 

"  SOLi  :  LAi,  10*6  battements  separement  entendus. 
„     :  SIj,    24              „         roulement  simple  fort. 
„     :  124  v.d.,  28        „                 „         plus  faible. 
„     :  UTs,  32              „                 „         tr^s  faible. 
„      :  134  v.d.,   faible  raucite. 

.  13s  i     ^^^^"6tre  regarde  comme  consonant,  mais  a 

"  SOLi  :  140  v.d.  les  battements  secondaires  deviennent  deja 
sensibles  et  augmentent  vite  en  intensite.  Quand  ils 
disparaissent  a  la  quinte  exacte, 

"  SOLi  :  RE2,  celle-ci  fait  entendre  une  raucite  a  peine  per- 
ceptible. Au-dessus  de  RE2  les  battements  secondaires 
reparaissent  pour  disparaitre  vers  148  v.d. 

"  SOLi :  150  v.d.  II  y  a  encore  un  peu  de  raucite  mais  on 
pouvait  a  la  rigueur  regarder  les  intervalles  d'ici  a 

"  8OL1  :  166  v.d.  comme  consonants.     Au-dessus  de  166  v.d. 
le   roulement  des  battements  superieurs  commence,  et 
augmente  en  intensite,  et  a  partir  de  180  v.d.  les  batte- 
ments superieurs  sont  separement  perceptibles. 
"  En  resum6,  il  y  a  entre  la  quarte  et  la  quinte  une  petite 

etendue,  et  au-dessous  et  au-dessus  de  la  sixte  une  plus  grande, 

ou  se  trouvent  des  intervalles  consonants. 

"  [4]  Intervalles  avec  la  note  fondamentale  UT2=128  v.d. 

"  Diapasons  employes  pour  UTg  jusqu'a  UT3,  avec  branches 
de  10  milhm.  sur  17  millim.,  pour  la  note  fondamentale  UTj 
avec  branches  de  1\  millim.  sur  14  milKm. 

"  Tout  se  passe  a  peu  pres  conune  avec  les  gros  diapasons 
et  rc^sonateurs  (Cat.  No.  197),  seulement  le  roulement  de 
UT2  .  MI2  n'est  plus  qu'un  simple  raucite,  qui  dimiuue  vite 
pour  disparaitre  a  166  v.d. 
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"  UTo  :  FAj  est  consonant,  et  la  consonance  persiste  jusqu'a 
188  v.d.  oil  les  Inittenients  secondaires  commencent  a  la 
troubler  jusqu'a  la  quinte,  UTo  :  SOLo,  qui  est  consonant. 
Quand  ils  ont  trouble  la  consonance  des  intervalles  au-dessus 
de  la  quinte  jusque  vers  UTo  :  197  v.d.  les  intervalles  sont  de 
nouveau  consonants  et  le  restent  jusque  vers  UT2 :  222  v.d. 
oil  alors  Ic  roulement  des  battements  superieurs  commence. 

"  En  resume,  les  intervalles  d'un  pen  au-dessous  de  la 
quarte  jusqu'a  pr^s  de  la  quinte,  la  quinte,  et  les  intervalles 
d'un  pen  au-dessus  de  la  quinte  jusque  au-dessus  de  la  sixte 
sont  consonants. 

"  Avec  des  diapasons  dii  modele  de  Cat.  No.  38  a,  aux 
branches  de  15  millim.  sur  20  millim.,  months  sur  caisses,  le 
roulement  des  32  battements  de  UTo  :  ML  est  fort ;  UTg  : 
SOL2  est  consonant,  mais  comme  MI2 :  SOL2  donne  le  raeme 
nombre,  32,  de  battements  que  UT2  :  MI2,  en  faisant  sonner 
ensemble  UT2,  ML,  SOL2,  les  32  battements  de  UT2 :  Mlg  et 
de  MI2  :  SOL2  se  renforcent  et  produisent  un  roulement 
formidable. 

'^  [5]  Intervalle  avec  la  note  fondamentale  SOL2=192  v.d. 

''  Diapasons  employes  avec  branches  de  10  millim.  sur  17 
millim. 
"  SOL2 :  LA,.     Roulement  simple  assez  fort. 

„     :  244  v.d.     Raucite  prononc^. 

,,     :  SI2.     Raucite  faible. 

"  La  consonance  commence  encore  avant  SOL2 :  UT3. 

"  II  resulte  de  I'eusemble  de  ces  observations,  que  pour  les 
intervalles  des  notes  tr^s  graves  les  faits  ne  s'accordent  pas  du 
tout  avec  votre  loi,  mais  aussi  que  pour  les  intervalles  des 
notes  de  plus  en  plus  aigiies,  I'accord  entre  les  faits  et  la  loi 
devient  toujour  meilleur  et  finit  par  etre  presque  parfait  quand 
la  note  fondamentale  atteint  SOLg." 

I  experimented  on  the  hearing  of  twelve  persons  with  all 
the  forks  at  my  command  among  which  I  could  obtain  con- 
sonant intervals.  It  is  true  that  the  number  of  intervals  thus 
furnished,  by  80  forks,  did  not  amount  to  many.  Many  such 
intervals  can  only  be  obtained  in  the  laboratory  of  Dr.  Koenig, 
where  is  his  "  grand  tonometre  "  giving  the  frequency  of  all 
sounds  from  16  to  21845  complete  \abration3  per  second. 
However,  I  secured,  between  UT3  and  SOLg,  enough  intervals 
among  the  forks  to  establish  the  law^  and  the  facts  given  in 
Table  II. 

All  the  persons  experimented  on,  except  myself  and  one 
other  observer,  were  accomplished  musicians,  several  of  them 
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violinists  of  more  thnn  exceptional  ability.  Three  were 
graduates  of  the  Conservatory  of  Music  of  Leipzig. 

These  experiments  were  all  made  in  the  same  manner,  viz. 
by  taking  the  fork  giving  the  lower  tone  and  sounding  it  suc- 
cessively with  others  which  gave  more  and  more  beats  per 
second,  till  these  boats  blended  into  a  continuous  smooth 
sensation,  forming  the  smallest  consonant  interval.  As  musi- 
cians rather  avoid  than  dwell  on  dissonant  intervals,  I  educated 
each  one  in  the  special  subject  of  the  roughness  of  the  sen- 
sation given  by  beats  by  making  the  beats  more  and  more 
frequent  till  near  consonance,  then  giving  an  interval  which 
is  admitted  by  every  one  to  be  consonant.  In  this  way  their 
hearing  was  trained  in  what  I  wished  them  to  discern,  viz. 
that  separation  in  the  pitch  of  two  forks  which  just  gives  a 
consonant  interval. 

The  variation  among  the  decisions  of  these  different  observers 
never  equalled  two  vibrations  ;  generally  they  agreed  exactly. 
The  agreement  among  observers  in  the  judgment  of  a 
consonant  interval  is  remarkable.  I  give  the  mean  of  these 
experiments.  The  number  of  the  paragraphs  refer  to  the 
number  of  the  experiment  given  in  Table  II.  : — 

[6]   UTg :  Ml3  =  256  :  320  gave  a  consonant  interval.     I 
narrowed  the  interval  by  lowering  the  pitch  of  MI3  from  320 
to  315,  314,  313-5,  and  313. 
UT3  :  315  consonant. 
„     :  314  just  consonant. 
„     :  313"5  slightly  rough. 
„     :  313  decidedly  rough. 
These  experiments  show  that  256  :  256  + 58  =  smallest  con- 
sonant interval. 

[7 ]  MI3  :  SOL3  =  320  :  384  is  decidedly  rough.     Separated 

the  interval  ])v  lowering  the  MI3  fork  from  320  to  316;  then 

MI3 :  S0L3  =  316  :  384  =  316  :  316  +  68  =  smallest  consonant 

interval. 
[8]   LA3 :  UT4  =  439  :  517-4  decidedly  harsh.     Separated 
interval  by  lowering  LA3  of  439  v.d.  to  432  v.d.  ;  then 
LA3 :  UTi=432  :  517-4  =  432  :  432 +  85-4  =  smallest  conso- 
nant interval. 
[9]  RE,  :FA4  =  576  :  682-65  slightly  rough.      Increased 
the  interval  by  lowering  RE4  of  576  v.d.  to  575  v.d.;  then 
RE,  :  FA4=575   :  682-65  =  575  :  575  +  107-65  =  smallest 

consonant  interA-al. 
[10]  SOL,  :  fork  of  896   v.d.  =  768  :  896   slightly  rough. 
Increased  the  interval  by  lowering  SOL,  of  768  v.d.  to  766-2; 
then 
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SOL4  :  896  =  766-2  :  896  =  766-2  :  766-2 +  129-8  =  smallest 

consonant  interval. 
[11]  LA5:  815=1706-6:1920  consonant.     Narrowed  the 
interval  by  lowering  SI5  of  1920  to  1917  ;  then 

LAg:  815  =  1706-6:1917  =  1706-6: 1706-6 +  210-4=smallest 

consonant  interval. 
[12]  REfi  :Ml6=  2304  :  2560  consonant.      Narrowed  the 
interval  bv  lowering  Mlg  of  2560  v.d.  to  2549  ;  then 

REg  :  Ml6  =  2304  :  2549  =  2304  :  2304  +  245=  smallest 

consonant  interval. 
[13]  MI« :  Fork  No.  lls  =  2 560:  2816  =  2560:  2560 +  256 
is  jnst  perceptibly  rough, 

[14]  Fork  li  :  SOL6=2816  :  3072  shghtly  dissonant. 
Increased  interval  by  lowering  Fork  11  of  2816  v.d.  to  2806; 
then 

Fork  11 :  S0L6= 2806 :  3072=  2806  :  2806  +  266=smallest 
consonant  interval. 

In  the  experiments  just  described  the  intervals  of  the  tones 
that  gave  consonance  were  made  by  simple  tones  of  small  in- 
tensity and  without  the  slightest  trace  of  the  upper  partial 
tones  of  the  forks,  and  the  two  forks  were  vibrated  so  that 
they  gave,  as  near  as  I  could  judge,  the  same  intensity  of 
sound.  The  results  given  only  refer  to  intervals  so  formed. 
To  obtain  them  the  forks  were  gently  vibrated  by  strokes  of 
rubber  hammers  that  varied  in  hardness  with  the  pitch  of  the 
forks.  The  lower  the  pitch  of  the  fork,  the  softer  should  be 
the  hammer.  A  hammer  of  hard  rubber  striking  low-pitched 
forks  will  develop  the  upper  partial  tones  of  the  forks,  and  so 
vitiate  the  experiments  that  a  really  consonant  interval  might 
be  judged  as  dissonant. 

The  results  of  all  the  experiments  may  be  summed  up  as 
follows  :— From  SOLg  of  192  v.d.  to  Mlg  of  2560  v.d.  the 
smallest  consonant  intervals  are  closely  given  by  the  formula 

N:  N  + 


(1?5|,  23)0001 

For  sounds  below  SOLg  the  interval  as  computed  by  the 
formula  is  too  small  to  agree  with  the  true  interval.  For 
sounds  above  Mlg  (2560  v.d.)  the  intervals  computed  by  the 
formula,  like  those  below  SOLg,  are  ioo  small.  That  the  ex- 
perimental determination  of  the  smallest  consonant  intervals 
throughout  four  octaves,  upward  from  SOLg,  or  throughout 
the  tones  given  by  the  violin,  should  agree  so  closely  with  the 
formula  indicates  the  existence  of  a  law  connecting  the  mag- 
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nitude  of  the  smallest  consonant  interval  with  its  position  in 
the  musical  scale. 

Dr.  Koeni*;'  has  shown  that  a  consonant  interval  does  not 
exist  among  simple  sounds  of  jntcli  below  SOLj  [96  v.d.], 
yet  I  have  found  that  the  sound  of  UT,  [64  v.d.],  when 
interrupted  by  a  rotating  perforated  disk,  blends  perfectly, 
to  my  ear,  when  these  interruptions  occur  23*1  times  in  a 
second.  It  may  appear  strange  that  although  28*1  interrup- 
tions per  second  of  the  sound  UTj  blend,  yet  a  consonant 
interval  does  not  exist  throughout  the  octave  of  UTi  till  the 
interval  of  UTi  :  UTg  is  reached  ;  but  the  beats  produced  by 
the  rotating  perforated  disks  are  produced  by  the  interrup- 
tions of  one  tone,  whereas  when  two  simple  tones  are  con- 
joined two  sets  of  beats  are  produced,  inferior  and  superior  : 
thus,  when  UTi  forms  an  interval  with  UTi  +  23  v.d.,  the 
inferior  beats  are  23  per  second  and  the  superior  beats  are 
41  per  second,  and  the  interaction  of  these  inferior  and 
superior  beats  produces  secondary  beats,  which  give  to  the 
interval  a  confused  rumbling  sound  ^.  Of  this  interval  UTj  ; 
UTi  +  23*l,  Dr.  Koenig  wrote  to  me  as  follows: — "Your 
23*1  interruptions  of  UTi  correspond,  in  number,  to  the 
inferior  beats  of  the  interval  of  the  simple  tones  UTi  :  UTj 
+  23"1,  butit  is  just  at  this  magnitude  of  interval  that  the 
superior  beats  begin  to  assert  themselves,  to  produce  with 
what  remains  perceptible  of  the  inferior  beats  the  confused 
rumblino;,  which  evidentlv  would  be  but  a  slight  roughness 
(disappearing  entirely  at  a  further  increase  of  the  interval), 
if  the  superior  beats,  whose  intensity  from  this  point  increases 
with  the  interval,  did  not  exist." 


3.  The  Durations  of  the  Residual  Sonorous  Sensations  as 
deduced  from  the  Smallest  Consonant  Intervals  among 
Simple  Tones. 

If  we  assume  that  two  simple  tones  form  the  smallest 
consonant  interval  because  the  beats  produced  by  these 
conjoined  sounds  have  blended  into  a  smooth  continuous 
sensation,  then  we  may  deduce  the  durations  of  the  residual 
sonorous  sensations  from  the  observed  smallest  consonant 
intervals  in  the  following  manner  : — The  reciprocals  of  the 
numbers  in  column  C  of  Table  II.  are  taken  as  expressing 
the  durations  of  the  sonorous  sensations  given  by  tones  whose 
numbers  of  vibrations  are  the  mean  of  those  of  the  lower  and 
higher  tones  of  the  corresponding  consonant  intervals,  for, 

*  See  Quelques  Expermices  d' Accntsfique,  par  Rudolph  Kcenig  (Paris, 
1882),pp.  89,  107, 113. 
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when  two  sounds  of  different  pitch  blend,  there  is  no  reason 
why  the  duration  of  tlioir  residual  sensation,  as  oiven  by  the 
reciprocal  in  column  (■,  should  refer  to  tlie  lower  sound  more 
than  to  the  higher.  Therefore  we  have  taken  these  recipro- 
cals from  column  C  as  expressing  the  durations  of  sounds 
havino-  the  mean  pitch  of  the  two  associated  sounds  forming 
the  interval.  The  residual  sensations  thus  found  were 
projected  in  a  curve,  drawn  to  a  large  scale.  From  this 
curve  were  obtained  the  durations  of  the  residual  sonorous 
sensations  of  the  tones  of  the  musical  scale.  These  durations 
are  given  in  column  H  of  Table  I. 

In  column  I  of  Table  I.  are  given  these  durations  as 
computed  by  the  formula 

D=(^  +  2l)-0001. 

In  column  K  are  given  the  diflferences  between  the  dura- 
tions computed  by  the  formula  and  the  durations  given  in 
column  H.  The  differences  show  that  the  formula  expresses 
closely  the  durations  of  the  residual  sensations  thus  deduced 
from  the  determinations  of  the  smallest  consonant  intervals, 
except  in  the  case  of  UTo  ;  for  which  tone  the  computed 
number  of  \-ibrations  to  be  added  to  it  to  form  the  higher 
tone  of  its  smallest  consonant  interval,  as  shown  in  Table  II. , 
is  5'2  -s-ibrations  less  than  the  number  really  required. 

In  fig.  11  these  durations,  as  determined  from  the  smallest 
consonant  intervals,  are  plotted  in  the  curve  F,  so  that  the 
comparison  of  the  durations  of  the  residual  sonorous  sensa- 
tions thus  determined  may  be  readily  compared  with  those 
given  (by  the  curve  I)  of  the  residual  sensations  as  determined 
by  the  blending  of  sounds  interrupted  by  rotating  perforated 
disks. 

The  ordinates  of  the  curves  I  and  F  of  fig.  11  are  obtained 
in  fractions  of  a  second  by  changing  the  numbers  1,  2,  and 
3  on  the  left  of  fig.  11  into  '01,  '02,  and  -03. 

These  two  curves  of  fig.  11  present  the  same  general 
character  of  a  rapid  upward  flexure  at  the  points  corre- 
sponding to  the  pitch  of  about  600  v.d. 

The  durations  of  the  sound-sensations  as  deduced  from  the 
smallest  consonant  intervals  of  the  forks  average  about  ^ 
greater  than  those  given  by  the  beats  of  interrupted  sounds. 
It  may  be  supposed  that  the  durations  of  the  sonorous  sensa- 
tions deduced  from  the  smallest  consonant  intervals  of  simple 
tones  are  greater  than  those  determined  by  sounds  inter- 
rupted by  the  perforated  disks,  because  in  the  resultant 
potions  of  the  vibrations  of  the  tones,  forming  the  smallest 
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consonant  intervals,  the  periods  of  silence,  or  the  periods 
of  great  diminution  of  sound,  are  a  fraction  of  the  periods  of 
sound,  or  of  the  periods  of  maximum  intensity  of  sound. 
To  test  this  opinion  I  combined  the  sinusoids  corresponding 
to  the  two  tones  of  various  smallest  consonant  intervals.  On 
taking  as  the  residual  duration  of  the  sound,  not  the  time 
from  maximum  to  maximum  of  vibration  (as  in  the  deduction 
of  the  durations  from  the  smallest  consonant  intervals),  but 
the  interval  of  time  during  which  much  diminished  intensity 
of  sound  exists,  as  shown  in  the  combined  curves,  I  found 
that  the  durations  of  the  sonorous  sensations  were  thus 
reduced,  on  the  average,  about  ^,  whereas  the  reduction  in 
time  should  l)e  only  ^  to  make  these  durations  agree  with 
those  determined  by  the  rotating  perforated  disks.  The 
explanation  suggested  is  therefore  not  tenable. 

For  the  period  of  much  diminished  intensity  of  sound  I 
took  that  length  (in  time)  of  the  resultant  curve  which  is 
bounded,  at  each  end,  by  an  amplitude  of  vibration  ^  of  the 
maxima  amplitudes  of  the  curve.  We  here  are  in  doubt  as 
to  the  relative  intensities  of  the  sensations  given  by  two 
sound-vibrations  whose  amplitudes  are  2  :  1,  and  whose 
energies  are  as  4  :  1.  We  at  once  face  an  obstacle  which, 
from  our  want  of  knowledge,  is  insurmountable  :  for, 
assuming  that  either  the  law  of  Weber,  or  the  formula  of 
Fechner  deduced  from  it,  correctly  gives  the  relations 
existing  between  the  intensity  of  a  stimulus  and  its  corre- 
sponding sensation,  we  cannot  apply  either  of  these  laws, 
because  we  do  not  know  the  absolute  energies  of  the  sound- 
vibrations  whose  sensations  are  to  be  compared.  Thus,  if  we 
adopt  the  law  of  Weber,  with  the  least  perceptible  diiference  in 
the  sensation  of  two  sounds  equal  to  ^  of  their  energy,  as  given 
by  the  experiments  of  Yolkmann  *,  we  find  that  if  1  and  4 

*  In  the  investigations  on  this  subject  of  which  I  hwe  Imowledge, 
the  experimenters  have  used  either  noises,  or  sounds^of  complex  composi- 
tion mingled  with  noise,  and  the  ways  in  which  they  have  determined 
the  relative  energies  of  sounds,  or  noise-producing  vibrations,  are  open  to 
criticism,  I  do  not  know  of  similar  experiments  made  with  simple 
sounds  or  tones.  I  would  suggest  that  the  problem  of  determining  the 
difference  in  the  energies  of  two  simple  sounds  to  give  a  perceptible 
difference  in  the  sensations  they  cause  may  be  solved  as  follows  : — A  foi-k 
or  rod  is  vibrr.ted  with  a  constant  amplitvde,  and  this  amplitude  is 
accurately  measured  with  a  micrometer-microscope.  A  second  fork,  or 
rod,  placed  alongside  of  the  first  fork  or  rod,  has  a  much  smaller  amplitude 
of  vibration,  which  can  be  varied,  and  is  also  measured  with  a  micro- 
scope. The  second  fork  differs  from  the  first  slightly  in  pitch,  so  that, 
say,  three  beats  per  second  are  given.  The  amplitude  of  the  second,  or 
of  the  first  fork,  is  varied  till  the  perception  of  beats  just  vanishes,  or 
just  appears,  while  the  ear  is  kept  at  a  fixed  distance  fi'om  the  forks, 
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are  tlie  absolute  energies  of  the  sound-vibrations,  we  get  for 
the  ratio  of  their  corresponding  intensities  of  sensations 
1  :  2'G  ;  but  if  the  absolute  energies  of  the  sounds  aro  10  and 
40  (and  their  ratio  is  also  1:4),  \\c  get  for  their  relative 
sensations  1  :  1"48.  Or,  what  is  the  same,  on  the  curve 
expressing  the  law  of  Weber,  or  of  Fechner,  the  ratio  of  the 
sensations  of  two  sounds  as  given  by  their  corresponding 
ordinates  depends  on  the  number  of  units  in  the  abscissas 
forming  the  ratio  of  the  energies  of  these  sounds. 

Professors  Cattell  and  Fullerton,  from  extended  experi- 
ments "  On  the  Perception  of  Small  Differences ''  *,  very 
carefully  made  and  skilfully  reduced,  have  formed  the  opinion 
that  neither  the  law  of  Weber  nor  Fechner's  formula  is 
correct,  and  a  priori  considerations  lead  them  to  'the  opinion 
that  it  is  probable  that  the  sersationisdirectly  as  the  stimulus. 
If  the  sensation  increases  directly  as  the  stimulus,  then  we 
can  obtain  the  relative  sensations  of  two  sounds  whose  relative 
energies  are  known.  Adopting  this  relation,  we  have  1  :  4 
as  the  ratio  of  the  maximum  sensation  in  the  periods  taken 


If  Tre  take  for  the  relative  intensities  of  the  sound-giving  vibrations  the 

ratio  of  the  squares  of  the  amplitudes  of  the  forks,  the  least  perceptible 

difference  in  sensation  corresponding  to  the  differences  in  the  energies 

of  the   sounds  may  be  computed.       As  example,   suppose   the   second 

fork   has  -^  of  the   amplitude   of  vibration  of    the  first.      Then  the 

energy  of  the  maximum  sounds  of  the  beats  will  be  20-|-l^=441,  and 

the  energy  of  the  minimum  sound  of  the  beating  will  be  20— P=361, 

441 
and-^-y=the  ratio  of  the  stimuli  giving  the  least  perceptible  difference 

in  sensation.  Sound -vibrations  of  different  amplitudes  and  of  different 
pitch  will  have  to  be  experimented  with,  and  the  fork  giving  the  greater 
amplitude  of  vibration  should,  in  successive  experiments,  be  lower  in 
pitch,  and  then  higher  in  pitch,  than  the  fork  giving  the  lesser  amplitude 
of  vibration,  for  reasons  set  forth  in  my  research  (1)  "  On  the  Oblitera- 
tion of  the  Sensation  of  one  Sound  by  the  simultaneous  action  on  the 
ear  of  another  more  intense  and  lower  sound;  (2)  On  the  Discovery  of 
the  Fact  that  a  Sound  even  when  intense  cannot  obliterate  the  sensation 
of  another  Sound  lower  than  it  in  pitch "  (Phil.  Ma^'.  Dec.  1876 ; 
'  Nature,'  Aug.  10,  1870).  Such  a  research  will  be  difficult  and  tedious, 
and  will  require  many  precautions  in  arranging  the  experiments. 

Any  one  may  readily  observe  the  phenomena  described  by  sounding  a 
fork  with  long  amplitude  of  vibration,  and,  gradually  bringing  up  to  the 
ear  a  second  fork  with  a  small  amplitude  of  vibration,  giving  with  the  first 
three  beats  per  second.  As  the  latter  fork  gradually  approaches  the  ear 
the  beats  become  stronger,  reaching  a  maximum  of  intensity,  and  then 
diminishing  till,  at  a  certain  distance  of  the  fork  from  the  ear,  they  vanish 
in  the  more  intense  sensation  of  the  more  intense  sound,  toreappearwhen 
the  faintly  vibrating  fork  has  been  brought  closer  to  the  ear. 

*  '  Publications  of  the  Universitv  of  Pennsylvania,'  Philosophical 
Series,  No.  2,  May  1892. 
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for  those  of  much  diminished  sound  to  the  maximum  sensa- 
tion in  tlie  periods  of  much  increased  sound,  as  giv«n  by  the 
measurements  of  the  am])]itudes  of  the  resultant  curves  of 
the  smallest  consonant  intervals. 

In  explanation  of  the  facts  and  laws  given  in  this  paper  I 
have  no  hypothesis  to  offer.  It  appears  to  me  that  the 
present  condition  of  our  knowledge  of  audition  demands 
that  we  should  ascertain  more  facts  relating  to  it  before 
we  frame  hypotheses  on  the  mechanism  and  action  of  the 
apparatus  of  hearing. 

Stevens  Institute  of  Technology, 
Hoboken,  N.J. 


XXIV.    A   Stndy  of  the  Polarization  upon  a    Jliin  Metal 
Partition  in  a  Voltameter. — Part  II.     By  John  Daniel.  * 

IN  this  paper  two  questions  will  be  discussed  :  first,  the 
passage  of  ions  through  a  gold-leaf  partition  in  a  volta- 
meter ;  second,  the  minimum  current-strength  at  which  the 
ions  are  deposited  visibly  upon  the  partition  for  various 
electrolytes.  This  will  be  called  the  "  critical  current."  This 
paper  is  a  continuation  of  the  work  done  last  spring  in  Berlin 
in  the  quantitative  measurement  of  the  polarization  upon 
metal  partitions  ranging  in  thickness  from  "0001  millim.  to 
•02  millim.  for  various  current-strengths  in  a  30-per-cent. 
H2SO4  voltameter.  In  those  experiments  there  was  no 
development  of  gas  nor  polarization  on  a  gold-leaf  partition 
('0001  millim.  thick)  for  the  highest  current  used,  which  was 
four  tenths  to  five  tenths  ampere. 

The  present  apparatus  consists  essentially  of  a  glass  volta- 
meter vessel  with  platinum  electrodes  separated  by  the  metal 
partition  under  investigation,  so  that  there  is  no  path  for  the 
current  except  through  this  partition  ;  an  accurate  current- 
measurer,  and  a  strong,  steady  battery.  The  voltameter  con- 
sists of  an  outer  glass  jar  8  centim.  high,  8  centim.  wide,  and 
8  centim.  long  ;  and  a  glass  jar  8  centim.  high,  5  centim. 
wide,  and  5  centim.  long,  placed  inside  the  first  jar.  A 
platinum  kathode  suspended  by  a  platinum  wire  is  placed 
inside  the  inner  jar,  and  a  similar  electrode  serves  as  anode  in 
the  larger  jar,  though  a  copper  anode  was  sometimes  used 
when  the  electrolyte  was  CuSO^.  A  hole  2  centim.  in 
diameter  was  bored  in  one  side  of  the  smaller  jar.     Glass 

*  Comiuuuicated  by  Prof.  0.  J.  Lodge,  D.Sc,  F.R.S. 
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plates  4  centim.  wide,  6  centim.  long,  and  1  millim.  thick 
were  bored  with  a  hole  1'5  centim.  in  diameter.  Powdered 
sealing-wax  was  placed  around  the  edge  of  this  hole,  melted, 
and  the  gold-leaf  secured  to  the  melted  sealing-wax. 

This  plate  was  then  securely  and  perfectly  (z.  e.  with  no 
possible  chance  for  leakage)  sealed  upon  the  side  of  the  inner 
jar  so  that  the  gold-leaf  was  over  the  hole  almost  centrally. 
The  voltameter  was  then  carefully  filled,  keeping  the  liquid 
inside  and  outside  on  the  same  level  so  as  not  to  break  the 
gold-leaf  partition,  and  was  then  ready  for  use. 

To  measure  the  current,  a  Thomson  No.  VI.  Composite 
Electric  Balance  (No.  106),  and  a  Weston  double-scale 
ammeter  No.  598,  ranging  from  0  to  1'5,  reading  directly  to 
•01  ampere  and  estimated  to  "001,  and  from  0  to  150,  read- 
ing to  amperes  and  estimated  to  '01,  were  used  in  series 
with  the  voltameter.  The  two  instruments  were  found  to 
agree  so  well  that  the  Weston  ammeter  was  used  alone  for 
most  of  this  work  as  it  was  much  more  convenient  to  read. 

The  battery  consisted  of  25  Accumulator  Company 
"  23  M "  type  accumulators,  350  ampere-hours  capacity, 
50  volts  E.M.F.  The  current-strength  was  adjusted  to  any 
desired  value  by  resistance  in  series,  which  could  be  varied 
at  pleasure  between  zero  and  12,000  ohms.  For  sealing-wax, 
pure  rosin  and  bees- wax  (without  colouring-matter),  mixed 
in  such  proportion  as  to  give  a  low  melting-point,  was  used. 
The  gold-leaf  used  was  bought  in  Nashville,  and  is  known  to 
the  trade  as  "  XX."     It  is  about  -0001  milhm  thick. 

Careful  selection  was  made  of  such  parts  of  the  gold-leaf  as 
were  found,  by  holding  up  to  the  light,  to  be  free  from  small 
holes.  It  has  already  been  observed,  in  Part  I.  of  this  paper, 
that  when  CUSO4  was  used  as  the  electrolyte  and  the  current- 
strength  was  over  "3  ampere,  Cu  was  deposited  on  the  rim  of 
the  gold-leaf,  which  was  necessarily  larger  than  the  hole  in 
the  glass  plate.  In  this  work  it  was  found  necessary  to 
remove  this  gold  quite  close  up  to  the  edge  of  the  hole  by 
scraping  it  off',  as  was  first  tried,  or  by  covering  it  carefully 
with  sealing-wax,  which  was  found  both  easier  and  better. 
This  was  accomphshed  by  melting  the  sealing-wax  over  the 
gold  with  a  hot  brass  hammer  of  peculiar  shape  made  for  the 
purpose.  The  wax  could  thus  be  made  to  flow  quite  close 
to  the  edge  of  the  hole.  This  left  only  that  part  of  the  gold 
exposed  which  was  immediately  over  the  hole.  To  neglect 
this  was  in  all  cases  to  reduce  the  critical  current,  the  deposit 
of  the  cation  appearing  first  on  that  part  of  the  gold-leaf 
which  was  nearest  the  anode  and  farthest  from  the  opening. 
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Passage  of  the  Jons  through  the  Gold-leaf  Partition. 

To  test  this,  CuSO^  solution  (17  per  cent.  i.  e.  1  gram 
CUSO4  to  5  cub.  centiin.  H2O)  ^^''is  used  in  the  outside  vessel 
(anode  side  of  the  voltameter),  and  H2SO4  (30  per  cent, 
solution,  sp.  <>r.  1'23)  in  the  inside  vessel  (kathode  side  of" 
the  voltameter).  These  solutions  being  separated  by  the 
gold-leaf  partition,  the  appearance  of  the  ions  upon  the 
electrodes  and  upon  the  partition,  when  the  current  was 
closed,  was  noted.  The  first  method  of  observation  was  to 
close  the  circu't  upon  the  voltameter,  read  the  current- 
strength  by  the  ammeter,  and  at  stated  intervals  weigh  the 
Cu  deposited  on  the  kathode.  This  gave  Table  I,,  where  it 
may  be  seen  that  the  amount  of  Cu  deposited  was  very  small 
at  first,  not  more  than  2  per  cent,  or  3  per  cent,  the  first 
hour,  but  increased  rapidly  with  the  time. 

This  did  not  settle  the  question  as  to  whether  the  current 
caused  the  copper  to  pass  through  the  gold-leaf  partition 
or  not. 

The  second  method  was  to  set  up  two  exactly  similar  volta- 
meters at  the  same  time,  close  the  circuit  on  one  leaving  the 
other  open,  and  at  stated  intervals  weigh  the  Cu  deposited  on 
the  kathode  of  the  voLameter  through  which  the  current  had 
passed,  and  at  the  same  time  make  a  quantitative  analysis  of 
the  solution  on  the  kathode  side  of  both  the  open  and  the  closed 
voltameters.  This  was  done  by  extracting  10  cab.  centim. 
from  each  with  a  pipette,  and  depositing  the  Cu  elect rolytically 
in  two  similar  platinum  crucibles  connected  in  series.  Equi- 
librium was  maintained  in  the  voltameter  b}'  adding  10  cub. 
centim.  of  the  30  per  cent.  HgSO^  solution  to  replace  the  10 
cub.  centim.  thus  removed.  Knowing  the  volume  of  solution 
in  each  voltameter,  these  analyses  were  sufficient  to  determine 
the  total  amount  of  Cu  that  had  passed  through  the  partition 
durino-  the  same  interval  for  each  voltameter.  Table  II. 
gives  the  results. 

Here  it  was  observed  that  imperceptible  differences  in  the 
specimens  of  gold-leaf  were  sufficient  to  cause  enough  differ- 
ence in  the  difl'usion  to  leave  the  question  unsettled.  The 
amount  passing  the  partition  of  the  open  voltameter  was  as 
often  greater  as  it  was  less  than  that  of  the  closed  voltameter. 
It  was  now  evidently  necessary  to  test  one  and  the  same  gold- 
leaf  partition  for  diffusion  with  circuit  open  and  closed  suc- 
cessively.    This  leads  to  the  third  method  shown  in  Table  III. 

It  is  thought  that  this  is  entirely  free  from  objection  or 
serious  error,  and  leads  to  the  conclusion  that  the  current 
does  not  sensibly  affect  the  diffusion  of  CUSO4  and  HjSO^ 
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through  tho  gold-leaf  partition.  This  irethod,  in  detail,  was 
to  set  up  two  similar  voltameters  at  the  same  time,  leaving 
both  open,  and  making  quantitative  analyses  at  stated  in- 
tervals ;  then,  closing  the  current  on  both  in  series,  to  again 
make  quantitative  analyses  of  the  solution  on  the  kathode 
side  and  weigh  the  Cu  on  the  kathodes  :  dually  to  break  the 
circuit  and  again  repeat  the  analyses. 

Curves  plotted  from  these  results  show  no  breal:  nor  change  of 
slope  for  the  intervals  duri  ig  which  the  current  was  passing. 
In  the  foregoing  experiments  there  was  no  deposit  of  Cu  on  the 
gold-leaf  partition  p''ovided  the  current  was  less  than  about 
0"3  of  an  ampere.  The  time-curves  for  the  two  specimens  of 
gold-leaf  aiC  not  identical,  showing  a  different  rate  of  diffusion, 
but  are  quite  similar  in  shape. 

Using  a  Cu  anode  there  was  no  visible  gas  on  the  anode, 
but  the  anode  was  dissolved  by  the  current  in  the  usual 
manner.  Using  a  platinum  kathode  and  a  platinum  anode, 
there  was,  of  course,  an  escape  of  gas  from  the  anode  pro- 
portional to  the  current-strength. 

Gas  always  escaped  from  the  Pt  kathode,  proportionally  but 
less  as  the  amount  of  Cu  deposited  increased.  In  the  case 
where  the  partition  was  removed  and  the  solutions  thoroughly 
mixed  there  was  no  gas,  but  the  full  amount  of  Cu  deposited 
on  the  kathode. 

Thus  it  seems  that  the  passage  of  the  current  in  such  a 
voltameter  is  not  accomplished  by  the  passage  of  the  Cu 
thi'ough  the  gold-leaf  partition.  Some  of  the  CUSO4  passes 
the  partition  by  diffusion,  and  then  does  its  proporaonal  part 
of  the  conduction  of  the  mixed  solution  of  CUSO4  and  H2SO4, 
which  accounts  for  the  increased  percentage  of  Cu  deposited 
on  the  kathode  as  the  interval  from  the  time  the  voltameter 
was  filled  increases. 

In  the  tmie-curves  which  may  be  constructed  from  Table  III. 
(PI.  IV.  fig.  2)  it  will  be  noticed  that  the  amount  of  Cu  at  the 
end  of  the  first  interval  seems  too  small,  causing  a  similar  bend 
in  both  curves.  This  is  doubtless  due  to  the  fact  that  the 
current  was  not  continued  long  enough  to  deposit  all  the  Cu 
in  the  10  cub.  cent,  sample.  The  amount  of  CUSO4  present 
being  very  small,  it  would  be  deposited  very  slowly  ;  and  tho 
circuit  should  have  remained  closea  several  hours  instead  of 
less  than  an  hour,  as  was  the  case.  A  similar  bend  occurs  in 
Ijoth  curves,  because  the  specimens  were  analysed  in  series 
and  the  same  defect  applies  to  both  alike.  If  the  current 
was  increased  beyond  about  0*3  ampere,  with  CUSO4  and 
H3SO,  as  the  solutions,  separated  by  a  gold-leaf  partition, 
there  was  development  of  gas  and  Cu  on  the  partition.     This 
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brings  us  to  the  second  problem,  i.  e. : — The  minimum 
current-strength  at  which  the  ions  are  deposited  visibly  on  the 
gold-leaf  partition  for  various  electrolytes. 

Critical  Current-Density  for  Gold-leaf, 

This  part  of  the  investigation  consists  simply  in  closing  the 
circuit  on  the  voltameter  with  a  high  auxiliary  resistance, 
gradually  and  slowly  increasing  the  current  by  decreasing 
the  resistance,  and  observing  at  what  current-strength  bubbles 
of  gas  or  deposit  of  metal  hegin  to  appear  upon  the  partition. 
Table  IV.  shows  these  values  for  various  solutions  used  as 
electrolytes,  with  a  gold-leaf  partition.  Table  V.  gives  the 
results  in  30  per  cent.  H2SO4  for  aluminium-leaf,  platinum- 
leaf,  and  gold-leaf  respectively. 

Table  V.  shows  the  same  for  a  gold-leaf  partition  in  H2SO4 
of  various  concentrations  from  100  per  cent.  (?)  to  0*5  per  cent. 

Unfortunately,  the  importance  of  the  concentration  of  the 
solution  in  affecting  the  value  of  the  "critical  currenf  was 
not  noted  until  after  several  of  the  solutions  had  been  tested 
and  thrown  away  without  measuring  their  concentration  or 
specific  gravity,  which  is  therefore  not  given  for  those  cases. 
The  specific  gravity  of  those  solutions  for  which  it  is  given 
was  determined  by  a  very  sensitive  and  accurate  set  of  hydro- 
meters reading  directly  to  O'OOl.  Table  V.  gives  the  case  of 
30  per  cent.  H2SO4  with  Pt  partitions  of  various  thicknesses  ; 
also  of  a  "  thick  "  Pt  partition  perforated  with  1,  2,  3,  and  4 
holes  successively,  each  0*5  millim.  in  diameter.  This  is 
important  as  showing  that  the  very  small  holes  which  may 
have  existed  in  the  carefully  selected  gold  leaves  used  as 
partitions  could  not  have  had  much,  if  even  a  sensible, 
influence  on  the  value  of  the  critical  curreut. 

Table  VI.  shows  the  interesting  case  of  a  0'02  millim. 
palladium  partition  in  30  per  cent.  H2SO4. 

The  values  given  in  the  Tables  are  in  most  cases  the  mean 
of  several  determinations  which  differed  but  slightly. 

The  importance  of  having  the  edges  of  the  partition  covered 
well  up  to  the  edge  of  the  hole  in  the  glass  was  emphasized 
in  this  work  on  account  of  the  fact  that  the  anode  was  usually 
placed  on  one  side,  and  sometimes  even  at  the  back  of  the 
inner  vessel,  instead  of  in  front,  in  order  not  to  obscure  a  free 
inspection  of  the  partition,  and  to  avoid  the  disturbance  of 
the  gas  escaping  from  the  anode,  as  this  was  considerable 
with  the  strongest  currents  used,  /.  e.  ten  to  twelve  amperes. 
Thus  one  edge  of  the  exposed  partition  being  nearer  to  the 
anode  than  the  opening,  the  deposit  would  always  begin  first 
on  the  nearest  edge. 
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Inspection  of  the  Tables  will  show  that  in  30  per  cent. 
H2SO4  the  gold-loaf  partition  will  ])ass  about  ten  amperes 
before  gases  are  developed  upon  it.  Platinum-leaf  and 
aluminium-leaf  showed  sensibly  the  same  "  critical  current/'' 
rather  less  for  the  aluminium,  which  was,  however,  thicker 
though  not  so  free  from  holes. 

A  solution  of  Cdlg  showed  regular  deposit  of  both  Cd  and 
I  upon  the  partition  for  the  weakest  current  to  O'OOl  ampere. 
This  case  was  peculiar  in  having  both  ions  solids  and  indicated 
as  a  consequence  that  neither  would  pass  through  the  gold- 
leaf  partition. 

Using  9  per  cent.  AgNOa  solution,  AggOj  was  deposited 
on  the  anode,  but  this  came  about  by  secondary  action  at 
the  anode ;  and  though  we  have  in  this  case  also  two  solids 
deposited  on  the  electrodes  as  the  result  of  the  electrolysis, 
one  of  them  is  not  primarily  a  solid,  and  the  critical  current 
is  of  the  order  of  maguitude  of  that  for  other  metallic  salts. 
A  similar  case  was  found  in  that  of  MnS04  solution,  where 
MnOo  was  deposited  on  the  anode. 

A  solution  of  lead  acetate  gave  Pb02  on  the  anode,  but 
showed  a  very  low  "  critical  current." 

An  interesting  fact  is  the  dependence  of  the  "  critical  cur- 
rent ''  upon  the  concentration  of  the  electrolyte,  as  shown  in 
Table  V.,  indicating  that  the  "  critical  current "  is  propor- 
tional to  the  conductivity  of  the  electrolyte.  I  have  made 
some  experiments  to  determine  whether  variation  of  the  tem- 
perature has  the  same  effect  upon  the  "  critical  current "  as 
upon  the  conductivity,  though  the  results  are  as  yet  hardly 
sufficient  to  justify  a  conclusion.  I  have  been  entirely  unable 
anywhere  to  get  a  series  of  platinum  partitions  of  thicknesses 
suitable  to  repeat  the  quantitative  measurements  of  polariza- 
tion which  were  made  in  Berlin  for  the  gold  plates.  Table  \i. 
for  0*02  millim.  palladium  is  interesting.  Either  gold,  pla- 
tinum, or  aluminium  as  thick  as  this  behaves  like  a  very  thick 
plate,  i.  e.  shows  gas  at  once  in  amount  corresponding  to  the 
current-strength.  When  first  set  up,  the  0*02  millim.  pal- 
ladium partition  showed  a  "critical  current ^^  of  0*08  ampere. 
After  considerable  use  the  "critical  current ^^  has  gradually, 
though  not  slowly,  increased  to  0*3  in  30  per  cent.  HgSO^. 
This  seems  to  be  quite  distinct  from  the  well-known  ])roperty 
of  palladium  of  occluding  gases,  especially  H  ;  for  this  plate 
will  pass  0*2  ampere  or  more  for  hours  without  showing  gas, 
and  develops  gas  at  once  for  a  little  stronger  current.  The 
gas  on  the  partition  of  palladium  will  cease  to  escape  if  the 
current  be  again  reduced  below  the  "  critical  "  value.  Cur- 
rents of  several  amperes  have  several  times  been  passed 
PMl.  Mag.  S.  5.  Vol.  37.  No. '226.  March  1894.        X 
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thronp;li  this  ])artition,  doveloping  profuse  gas,  and  it  was 
tlion^lit  prol)al)lo  that  tlie  palladium  was  being  dissolved  by 
the  30  ])er  cent.  H2SO4  under  the  action  of  the  current. 
Accordintrly  a  test  of  the  solution  was  made  for  palladium 
by  adding  ammonia  till  alkaline,  and  then  adding  ammonium 
sulphide,  which  gave  no  indication  of  the  presence  of  pal- 
ladium. 

It  has  been  observed  that  Pt  is  perfectly  constant,  showing 
the  same  **  critical  current"  as  often  as  tested.  Gold  is 
oxidized  the  first  time  the  "  critical  current"  is  attained,  and 
its  value  decreases  on  repeating  the  test  (with  the  same 
specimen). 

Efforts  were  made  to  test  the  critical  currents  for  four 
thicknesses  of  gold  from  0*0004  to  0*0018  millim.,  in  am- 
monium nitrate,  hoping  that  this  would  not  oxidize  the  gold  ; 
but  the  partitions  were  oxidized  by  currents  strong  enough  to 
develop  gas. 

Table  I. 

A  17  per  cent,  solution  of  (.uSO^  with  a  Cu  anode,  sepa- 
rated by  a  gold-leaf  partition  from  a  30  per  cent,  solution 
of  H2SO4  with  Pt  kathode. 


Time,  in 
minutes. 

Current,  in 
amperes. 

Cu  deposited  on 
kathode,  in  grms. 

Ratio  of  Cu  to 
current. 

30 

0-175 

0003 

3  per  cent. 

1 

Allowed   this  voltameter  to  stand  from  Saturday  till  Monday,  and 
then  made  the  following  determinations  in  rapid  succession: — 

33 
40 
40 
45 

0-205 
0-206 
0-127 
0  054 

0-0765 
00920 
00700 
00380 

38  per  cent. 

57 

70 

80 

1       Set  up   two   new   voltameters,  #1  and  Jf2,  and   connected   them   in 
series.     The   gold-leaf  partition  in   $2  broke  before  the  current  was 
closed.     Then  the  following  values  were  found  : — 

30 

Then  afte 

30 
32 

Jfl.                Jf2,, 

0132      1     0-002             0-0766 

r  standing  some  hours, 

0-147          0027             0-085 
0152          0-0453           0  095 

#1.                f2. 
2-6  p.  c.        99  p.  c. 

31     ,,           90    „ 

47-6,,         100    „ 

Fresh  solutions.      Partition  of  Jfl  is  single  gold-leaf ;  of  $2  is  double 
gold-leaf.     Then  :— 

65 

0035 

00022           0-0026 

5  p. c.         57  p.  c. 
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Table  II. 

To  test  ditfusioii  of  17  per  cent.  CUSO4  and  30  per  cent. 
H2SO4,  with  current  passing  in  voltameter  #1  and  no  cur- 
rent passing  in  $2. 


Time, 


Current,  in 
amperes. 


Cu  on 
kathode. 


92 

87 


Jfl. 


%±        U.        Jf2 


•0505  I 
•053    ! 


00 
00 


■0058 
■0143 


00 
00 


Percentage 
of  Cu  to 
current. 


Cu  in  10  c.c. 
solution. 


»1.-       82. 


«1. 


6-4 

15-8 


00 
00 


Jf2. 


•002     ^0023 
■004    ^005 


Total  Cu 

passed  the 

gold. 


1«.    i     #2. 


Fresh  solutions  and 

single  g 

uld-leaf  partitions. 

45 

65 

IShrs. 

•15         00     ^0022 

broke      00      

00    

00 
00 
00 

\-l        00      -0043 

00       

00       

•0040 

■006 

•0256 

■055 

■0308  -0300 
•0643     0650 


■048 
•076 
•3172 


Fresh  solutions  and  gold-leaf  partitions. 


55 

•077 

60 

•077 

60 

•079 

00 
00 
00 


•0022 
•0090 
•0142 


00 
00 
00 


63 
200 
30-8 


00 
00 
00 


•0014  •  ^0033  i  •OlO  i  ^041 
•0035  '•0065  !  -034  -085 
•0038    ^0084  1  ^0797  I  •1148 


Began  the  above  at  12''  55'"  30' :  closed  at  3''  SO""  30*. 


Table  III. 


Third  and  best  Method. 
Fresh  Solutions  and  Gold-leaf  Partilions, 


Time, 

in 

min. 

Current,  in 
amperes. 

Cu  on 
kathode. 

Percentage 
of  Cu  to 
current. 

Cu  in  10  c.c. 

solution 
(in  grains). 

Total  Ou 

passed  the 

gold. 

«1. 

«2. 

CI. 

#2. 

t\. 

«2. 

«1. 

«2. 

»1. 

»2. 

60 
60 

00 
00 

00 
00 

00 
00 

00 
00 

00 
00 

0^0 
00 

■0019 
■0055 

■0006 
■0024 

■0228 
•0679 

•0075 
•0306 

Then  the  circuit  was  closed. 

45 
45 

•10    1      10 
•10   i     •lO 

■0154     0060 
■0205  i  0100 

35        13-7     -0074     0036 
47        22-8     0080     0038 

•1116    -0340 
•1467     0701 

Again  leavin 

I  the  circuit  op 

en,  the  following  was  obtainec 

:— 

60 
16hrs. 

1 

00        00 
00        00 

00        00 
00        00 

0  0      0-0    •oogo    0018 

00        00     -0310     0187 

■1667  '  0864 
•5387    -3200 

X2 
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Table  IV. 

Showing  the  minimum  current  at  which  the  gases  developed 
visibly  upon  a  gold-leaf  partition  in  various  electrolytes. 
The  electrodes  were  platinum.  The  values  given  are  usually 
the  mean  of  several  determinations. 


Electrolyte. 

Sp.  gr. 

Current. 

Current- 
density. 

CuSOj    

17  p.  c. 

9  p.  c. 

5  p.  c. 

110 

Saturated. 

I'lO 

103 
1-10 
1135 
1-06 
1-09 
Saturated. 

017 
0-40 
The  feeblest 
0018 
0-19 
015 
0  32 
0-30 
013 
0-18 
0-31 
017 
0-65 
2-80 
300 
1-10 
0-70 
075 
0-75 

010 

0'23     AgaO.^  formed  on  anode, 
current.     Less  than  "001. 
001     PbOo  on  anode. 
Oil 

0-08     MnO.,  on  anode. 
018 
017 
007 
010 
0-18 
010 
037 
1-60 
1-75 
0-63 
0-40 
0-43 
0-43 

AgNO,   

CdL  

Lead  acetate  ... 
ZnS04     

MnSOj  

FeS04     

SnSO^     

NiSO^    

Sul.  Am.  &  Fe 
Sul.  Am.  &  Ni 
HgSO.   

Am.  nitrate   ... 

n              >) 

Am.  acetate   ... 

Na  acetate 
Na  benzoato  ... 

A  96  per  cent,  solution  of  acetic  acid  was  found  to  have  too 
high  a  resistance  to  give  a  sensible  current  with  50  volts 
E.M.F.  Benzoic  acid  dissolved  in  the  same  was  also  an 
insulator. 


Table  V. 

The  Critical  Current  in  30  per  cent.  H2SO4  for  Almninium- 
leaf,  Platinum-leaf,  and  Gold-leaf: — 


Partition. 

Critical  current. 

Current-density. 

Al  

8-0 
100 
10-0 

4-57 
5-71 
5-71 

Pt  

Au 

Tliln  Metal  Partition  in  a  Voltameter. 
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Table  V.  [contimied) . 

Influence    of  concentration   upon   the  value    of  the  Critical 
Current,  using  a  Gold-leaf  partition : — 


HjSO^ . 


Electrolyte.     '•  Concentration. 


100  percent.? 
55 
43 
30 
22 
15 

4 

0-5 


Current. 


0-55 
4-5 
80 
100 
8-0 
60 
1-8 
0-23 


Current-density. 


0-31 
2-57 
457 
5-71 
4-57 
3-43 
103 
013 


Using  a  30  per  cent,  solution  of  HgSO^,  Pt  partitions  were 
used  and  gave  the  following  values  for  the  Critical 
Current : — 


Pt  partition. 

Current. 

Current-density. 

000333 

00050 

002 

0090 

0002 

Weakest  current. 

0051 
00011 

To  test  the  influence  of  very  small  holes  in  the  specimens 
used  as  partitions,  the  0*02  millim.  Pt  partition  was  punc- 
tured successively  with  1,  2,  o,  and  4  holes,  each  0*5  millim. 
in  diameter.  This  gave  the  following  values  for  its  Critical 
Current  : — 


Partition. 

Current. 

Current-density. 

One  hole 

007 
013 
0-20 
0-27 

004 
007 
0115 
0-154 

Two  boles    

Three,,    

Four    „    
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Table  VI. 

Showing  the  increasing   Critical   Current  of  0*02   millini. 
Palladium  in  a  30  per  cent,  solution  of  HgSO^. 


Date. 

Current. 

Current-density. 

Jan.  3]    

0-08 
010 
015 
0-17 
0-25 
0-26 
0-27 
0-27 

0045 

0-057 

OOSfi     After  much  use. 

010 

014 

015 

0154 

0154 

Feb.    4    

„      8    

„     17   

„     18   

A  new  specimen  of  the  same  palladium  is  being  tested  and 
is  showing  the  same  phenomenon  of  increase  of  the  critical 
current.  This  last  specimen  was  carefully  selected  and  has 
no  holes.  Its  critical  current  at  first  was  O'OIG  ;  after  some 
use  it  is  now  0*04:3. 

I  have  begun  to  use  a  solution  of  sodium  acetate  with  the 
hope  that  it  will  not  oxidize  the  gold.  I  can  already  say  that 
it  is  at  least  very  much  less  active  than  sulphuric  acid  ;  it  also 
shows  a  decided  temperature  coejficient  for  the  critical  current. 
This  part  of  the  investigation  will  be  resumed  when  oppor- 
tunity offers. 

Vanderbilt  University,  Nashville,  Tennessee, 
February  22,  1893. 


JVote  added  April  15,  1893. 

More  satisfactory  specimens  of  palladium  have  not  yet  been 
obtained,  so  the  matter  is  left  for  the  present  with  the  seem- 
ingly anomalous  results  recorded  above  as  I  find  in  my 
note-book. 

As  regards  the  temperature  coefficient  of  the  "  critical 
current-density,"  I  requested  Mr.  R.  W.  Clawson,  a  student 
in  the  laboratory,  to  make  some  measurements  which  are 
tabulated  below. 

It  may  be  well  to  state  that  the  method  of  observation,  that 
of  observing  the  first  appearance  of  visible  gas,  is  not  very 
sensitive,  because  this  development  of  gas  on  thin  partitions 
is  not  quite  sudden  and  sharply  defined,  but  begins  gradually, 
especially  with  very  thin  partitions.     The  probable  error  of 
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a  reading  is,  however,  not  more  than  5  per  cent.,  I  think. 
Only  "  XX  "  gold-leaf  has  been  used  in  a  solution  of  sodium 
acetate.  The  method  was  to  set  up  the  voltameter  with  gold- 
leaf  partition,  close  the  circuit,  and  run  the  current  up  till 
the  "  critical  current-density "  was  reached.  Current  and 
temperature  were  recorded,  the  current  slightly  reduced  and 
allowed  to  pass  till  the  temperature  had  risen,  say  5  degrees, 
when  the  current  was  again  increased  to  the  "  critical " 
value  for  this  new  temperature.  The  limit  was  reached  at 
about  -15  degrees  C,  when  the  sealing-wax  softened.  Since 
both  ''  critical  current-density"  and  conductivity  of  the  electro- 
lyte increase  with  temperature,  eifort  was  made  to  learn 
whether  both  these  quantities  have  the  same  temperature  co- 
efficient by  raising  the  current  just  to  the  critical  value,  and 
without  altering  the  outside  resistance  to  observe  if  the 
increasing  current,  due  to  increasing  conductivity  of  the 
electrolyte,  just  sufficed  to  maintain  an  incipient  escape  of 
gas  at  the  partition.  In  every  case  the  gas  soon  ceased  to 
escape  on  being  left  alone  after  adjusting  the  current  to  a 
given  temperature,  requiring  ahvays  some  reduction  of  the 
outside  resistance  to  regain  the  critical  current  for  the  higher 
temperature.  A  quantitative  correction  for  the  temperature 
coefficient  of  the  outside  metallic  resistance  in  the  circuit 
would  probably  account  for  the  discrepancy. 


Table  VII. 
Temperature  Coefficient  of  Critical  Current. 

Sodium  Acetate  ;    sp.  gr.  =  l*06.     Gold-leaf  partition. 

Temperature 22°     24°     26°     29°     30°    33°     35° 

Current '65      70     -76      -80      -85       92      -96 

Temperature 24°     27° 

Current "53      "64 

New  partition. 

Temperature 24°     26° 

Current 54      -60 

New  partition. 

Temperature 22°     23°     24° 

Current 53      "57      '59 

New  partition. 

Temperature 24°     33°     41°     45° 

Current -77     MS    133    148 

New  partition. 

Temperature 15°     17°     19°    20°    23°     26°    30°    33°      37°      40" 

Current -30     -37       45     -50      -65      -74     -83      -96      192      1-15 


300  Prof.  Mhichin  on  the  Coefficient  of  Self-induction 

Table  VII.  {continued). 

New  solution  Sodium  Acettite  ;    sp.  gr.  =  l-13. 

TempeiMture 23°     27° 

Current "70      "SO 

New  partition. 

Temperature 23°     28° 

Current '80      I'O 

New  partition. 

Temperature 24°     30°     35°     38° 

Current -95     1-05    1-20    1-29 

New  partition. 

Temperature 14°     19°     24°     29°     34°     39°     44° 

Current '57      "(w      "78      -8.3      -93      -98     1-05 

New  partilion. 

Temperature 30°     36°     41°     46° 

Current -87      -91      "99      11 

New  partition. 

Temperature 25°     30°     35°     40° 

Current -71      -76      -86      '94 

Same  partition. 

Temperature 25°     30°     35°     40°     45° 

Current 60      -65     -BO      '74       82 

New  specimen. 

Temperature 25°     30°     35°     40°     45° 

Current '72      -85      "92      '98     I'Oo 

Same  gold-leaf,  repeated. 

Temperature 25°     30°     35°     40°     45° 

Current "72      "85      -92      -98    1-05 

The  means  of  all  tlie  above   results  plotted   give  almost  a 
straight  line  (Plate  IV.  fig.  3). 


XXV.  Calculation  of  the  Coefficient  of  Self-induction  of  a 
Circular  Current  of  given  Aperture  and  Cross-Section.  By 
Professor  G.  M.  Minchin,  M.A.* 

LET  ACB  (fig.  1)  rej)resent  a  circular  wire  in  which  a 
current  of  strength  /  is  circulating  ;  let  0  be  its  centre 
and  OV  its  axis  (perpendicular  to  its  plane)  ;  let  P  be  any 
point  in  space  and  through  P  describe  a  circle,  PQ,  parallel 
to  the  plane  of  the  curient,  its  centre  being  V  on  the  axis. 
It  is  required  to  calculate  the  normal  flux  of  magnetic  force 
passmg  through  the  circle  PQ.  If  VP  =  a',  and  the  vector 
potential  of  the  current  at  P  is  G  (this  latter  being,  of  course, 

*  Communicated  by  the  Physical  Society  :  read  December  8,  1893, 
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perpendicular  to  VP  and  parallel  to  the  plane  of  the  current), 
the  component,  Z,  of  the  nKi<:uetic  force  at  P  parallel  to  OV 
is  given  by  the  expression 


„ <^/G       Gr 

ax       X 


(1) 


(See    mv    paper    on    the    "  Magnetic    Field    of    a    Circular 
Current/'  Phil.  Mag.  April  1893).     This  can  be  written 


X       dx 


(2) 


The  function  Qc  .x  is  the  same  as  Stokes's  current  function 
which  exists  for  fluid  motion  which  is  symmetrical  about  an 
axis.     (See  Basset's  '  Hydrodynamics/  vol.  i.  p.  12.) 

Fig.  1. 


Al- Ff- 


Fig.  2. 

Taking  a  circular  strip  of  radius  x  and  breadth  dx  at  P, 
the  flux  of  force  through  the  strip  is  iirZxdx,  i.e., 

dx 


dx. 


Hence,  integrating   this  from  x  =  0  to  .x'  =  VP,  we  find  that 
the  total  normal  flux  through  the  circle  PQ  is  the  value  of 


at  P. 


27rGd? 


(3) 


Let  fig.  2  represent  the  cross-sections  of  the  wire  at  A  and 
B  in  fig.  1  made  by  a  plane  through  the  axis  OV,  the  radius 
of  each  being  c,  while  the  radius,  CD,  of  the  central  filament 
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of  the  wire  is  a  (as  in  my  paper  on  the  "  Magnetic  Field  close 
to  tlie  Surface  of  a  Wire  conveying  an  Electrical  Current," 
Phil.  Mag.  August  18'J3). 

Then  we  shall  calculate  the  total  normal  flux  of  force  through 
any  surface  lohich  is  intersected  once  in  the  positive  direction  hy 
every  tube  of  force  emanating  from  the  given  current. 

This  quantity,  divided  by  the  current-strength,  is  the  co- 
efficient of  self-induction  of  the  current.  Taking  the  general 
case,  viz.,  that  in  which  the  current-density  at  every  point  in 
the  cross-section  of  the  wire  varies  inversely  as  the  distance 
of  this  point  from  the  axis  OV — we  have  found  (Phil.  Mag. 
bid.  p.  218)  that  at  any  point,  P,  close  to  the  wire 

G(d'  =  ^ai  S-  — I  — —  cos  (i>  FL  — 1  — -r^l 

1     Tt  r6c^        vr\       m"^       loc^ 

-cos2^{l'|!+|^-..'-^^}]}.(4) 

where  W2  =  PD,  <i  =  ^  PDA,  L  =  log.  —  . 

The  surface  through  which  we  shall  take  the  flux  of  force 
is  that  v.diich  is  represented  in  section  by  BJEOFKA,  i.e.,  a 
surface  consisting  of  the  upper  half  portion  of  the  anchor- 
ring  formed  by  the  wire  and  of  its  central  aperture  (which 
latter  is  a  circle  whose  diameter  is  FE).  Obviously  tliis 
surface  is  intersected  by  all  the  tubes  of  force.  Any  surface 
starting  from  B  and  going  round  to  A,  i.  e.,  any  surface 
having  the  circle  of  diameter  AB  for  bounding  edge,  would 
do  equally  well,  so  far  as  the  above  condition  is  concerned  ; 
but  the  calculation  is  simpler  for  the  first. 

The  flux  through  the  aperture  FE  is,  then,  the  value  of 
27rG..r  at  E,  which  is  obtained  by  putting  ?h  =  c,  0  =  0  in  the 
above. 

Thus  the  flux  through  the  aperture  is 

8.a,-(I^_i_£.(L-|)-^4j2L  +  19)}.   .  (5) 

To  calculate  the  normal  flux  through  the  upper  half  of  the 
anchor-ring,  we  must  take  the  value  of  the  magnetic  potential, 
fl,  at  any  point  close  to  the  ring.  This  is  the  resultant  conical 
angle  subtended  by  the  circuit  at  the  point,  multiplied  by  i; 
and  it  is  therefore  (Phil.  Mag.  ibid.  p.  213)  given  by  the 
equation 
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Now  the  normal  force  at  any  point  on  the  anehor-rhig  is  the 

value  of r—  with  m  —  c  ;  it  is  therefore 

am 

If  P  is  any  point  on  the  anchor-ring,  the  distance  of  P 
from  OY  is  a  — ccos<^,  and  the  area  of  a  narrow  circular  strip 
of  the  ring  parallel  to  the  plane  of  the  aperture  of  the  ring  is 
27r (a  —  e  cos  <^)  .cd^  ;  and  this  multiplied  by  (7)  is  the  normal 
flux  of  force  through  the  strip.  Integrating  the  product  from 
^  =  0  to  ^  =  7r,  we  get  the  flux  through  the  whole  of  the 
upper  half  of  the  ring.     The  result  is  simply 

^l^~4J        {a-ccos(f))f^'m(f:d(}i, 

the  second  term  in  (7)  being  neglected  because  it  gives  a 
term  of  the  third  order.     Thus  this  part  of  the  flux  is 

^^^■{^-l) (8) 

Adding  this  to  (5),  we  have  the  whole  flux  sought,  divided 
by  i,  equal  to 

7r[4«(L-2)  +  2c(L-5)-^(2L  +  19)},     .     (9) 

where  L  =  loge  — .  This,  then,  is  the  Coefficient  of  Self- 
induction.  If  in  this  expression  a  and  c  are  taken  in  centi- 
metres, the  result  is  the  coefficient  measured  in  absolute  units; 
and  if  this  is  divided  by  10'',  we  have  the  coefficient  of  self- 
induction  in  secohms. 

Thus,  for  example,  a  circular  current  running  in  a  wire  the 
diameter  of  whose  cross-section  is  2  niillim.,  while  the  diameter 
of  its  central  filament  is  2  centim.,  has  a  coefficient  of  self- 

59'207 
induction  of  about  59*207  absolute  units,  or  n—  secohms  ; 

and  if  the  dimensions  of  the  cross-section  were  neglected,  this 
number  would  be  58*866. 

Clerk  Maxwell  (Elec.  and  Mag.  vol.  ii.  art.  704)  gives  the 
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coefficient  of  self-induction  as  47ra(L  — 2),  which  agrees  with 
(9)  in  the  principal  term. 

In  the  same  way  we  may  find  the  coefficient  for  a  super- 
ficial current  in  the  wire.  For  (Phil.  Mag.  ibid.)  if  q  is  the 
total  quantity  of  the  superficial  current,  we  have  the  value  of 
GfX  at  E  equal  to 

while  from  the  value  of  the  potential  we  find  the  normal  flux 
of  force  through  the  upper  half  of  the  anchor-ring  equal  to 

27r^c(2L  +  l). 

Hence  the  Coefficient  of  Self-induction  is 

7r|4a(L-2)-h2c(L-H|)  +  y;^(4L+ll)|,     .   (10) 

which  is  somewhat  greater  than  the  value  (9)  for  a  steady 
current. 


XXVI.  Note  on  the  Thermodynamics  of  the  Sun. 
By  M.  P.  Rudski,  Odessa*. 

IT  has  been  advanced  by  Helmholtzf  that  the  contraction 
of  the  sun  may  be  the  principal  source  of  the  energy  of 
that  celestial  body.  He  seems  to  believe  that  the  temperature 
of  a  radiating  and  contracting  sun  may  be  rising.  On  the 
other  hand,  Lord  Kelvin  %  esteems  such  a  behaviour  highly 
improbable. 

A.  Ritter§  states  a  theorem,  that  the  temperature  of  a 
gaseous  celestial  body  when  emitting  heat  must  be  rising. 
But  this  theorem  is  based  on  the  supposition  that  the  body  is 
in  an  adiabatic  state,  contrary  to  the  other  supposition  that  it 
is  losing  heat.  Mr.  Lane  ||  has  obtained  similar  results,  but 
the  method  he  has  arrived  at  is  unknown  to  me. 

My  purpose  is  to  illustrate  the  assertion  of  Lord  Kelvin, 
and  to  define  in  a  certain  manner  the  meaning  of  the  word 
contraction  in  the  special  case  which  we  are  considering. 

Consider,  first,  a  small  body,  such  as  we  are  obser^dng  on 

*  Communicated  by  the  Author. 

t  PopuUire  Vortriic/e,  B.  i.  pp,  45  &  76. 

X  Nat.  Phil,  part  ii.  (2ud  edit.)  p.  490. 

§  Anioendunqen  der  mech.  Wdniieth.  auf  hosmolog.  Probleme.  Ha- 
nover, 1879,  p.  20. 

II  Hucrgins,  Address,  Report  Brit.  Assoc.  1891,  p.  18.  Mr.  Huggins 
does  not  quote  the  book  or  journal. 
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the  snrfiice  of  the  earth — rigid,  fluid,  or  gaseous.  Suppose  it 
uninfluenced  by  external  forces,  take  the  temperature  and 
the  vohimes  as  independent  parameters  but  suf)pose  them  to  be 
functions  of  the  time.     We  write  the  known  equation 

dt~-dv'dt^-dT'dt'      '    '    •    •    ^^ 

wheie  Q,  as  usual,  denotes  the  heat  received  from  without, 
„      V  „  „  volume, 

„      T  „  „  temperature  of  the  body, 

„      t  „  „  time. 

From  (I.)  we  deduce 


dq_-dQ  dv 
dT  _  dt  Br  ' dt 
dt~  BQ 

BT 


(11.) 


Daily  experience  tells  us  that  the  right  member  of  (II.)  has 

always  the  sign  oi  ~,  i.  e.  -rr  has  the  sign  ot  —r-- 

There  is  no  doubt  that  mutual  gravitation  performs  work 
on  the  smallest  body  when  it  is  changing  its  volume,  hence 
we  can  admit  only  two  cases : — 

(1)  The  law  that  -y-  has  the  sign  of  -j-  is  quite  general 
and  applicable  to  the  celestial  bodies. 

(2)  The  law  that  —r-  has  the  same  sign  as  ^-   holds  only 
^  '  dt  '^  dt  ^ 

for  small  bodies,  because  the  work  of  gravitation  is  so  small 
that  the  heat  generated  by  these  forces  may  be  neglected. 

The  first  case  suggests  no  discussion.  For  the  second  take 
the  converted  heat  into  account.     Instead  of  (I.)  we  have  now 

dt^  dt~\-dv^  ■bvJdt^Vdl^-dTJdt'    '   ^^^^•'' 

V   denotes  the  potential   of  gravitation.       [The   mechanical 
equivalent  of  heat  is  supposed  equal  to  unity.]     But 

BT      ^' 
since  the  potential  of  gravitation  does  not  depend  on  tempe- 
rature, and  we  see  that  if 

d^_yL   dv 

dt        hv'dt' ^^-^ 

then  the  equation  (III.)  is  reduced  to  (I.),  and  we  have  again 
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dQ_^dv 
dT_  dt  'dv  '  dt 
Tt~  BQ         ' 

and  the  law  that  -j-  has  the  sign  of  -j-  again  holds  good. 

Consider,  now,  the  meaning  of  the  condition  (IV.).  Evi- 
dently the  meaning  is  that  the  potential  of  gravitation  should 
he  a  continuous  explicit  function  of  volume  alone.  To  every 
infinitesimal  variation  of  volume  corresponds  an  infinitesimal 
variation  of  the  potential.  This  condition  is  realized  when 
the  body  passes  in  a  continuous  manner  from  one  configuration 
of  mechanically  stable  equilibrium  to  another.  It  is  evident 
that,  when  speaking  of  the  contraction  of  a  celestial  body,  we 
mean  a  ^'  grosso  modo  "  continuous  passing  from  one  configura- 
tion of  stable  equilibrium  to  another.  Hence,  resuming  our 
reasoning,  we  may  say  that  the  temperature  of  a  celestial 
body,  uninfluenced  by  external  forces  and  radiating  heat, 
must  be  sinking.  But  a  rain  of  meteorites  (as  Lord  Kelvin 
has  suggested)  may  bring  quanta  of  energy  sufficient  to 
compensate  the  loss  of  heat  by  radiation,  because  the  sun  and 
a  meteorite  falling  upon  it  constitute  a  mechanically  unstable 
system,  and  the  condition  (IV.)  is  not  fulfilled. 

XXVII.   Changes  of  Temperature  caused  hy  Contact  of  Liquids 
u'Ifh  Poicdered  Silica  S;c.     By  Dr.  G.  GoRE,  F.R.S* 

IT  is  already  known  that  the  physical  properties  of  the' 
surface-layer  of  molecules  of  a  solid  or  liquid  substance 
are  in  some  respects  different  from  those  of  the  molecules 
which  constitute  the  inner  portion  of  the  mass,  and  that  those 
of  a  very  thin  film  of  liquid  are  not  exactly  like  those  of  a 
large  bulk.  It  is  further  known  that  solid  substances  have 
the  power  of  condensing  extremely  thin  films  of  liquids, 
vapours,  and  atmospheric  air  U})on  their  surfaces  and  in  their 
pores,  and  that  the  physical  properties  of  the  liquids  and 
vapours  are  thereby  modified. 

According  to  Riicker,  the  specific  electric  conductivity  of 
a  film  of  soap-solntion  increases  as  the  thickness  decreases 
('  Nature,'  June  1  and  October  26,  1893,  pp.  116,  625).  The 
superficial  film  of  a  liquid  is  usually  very  much  more  viscous 
than  the  interior  (Daniell,  '  Text-book  of  Physics,'  p.  258). 
According  to  Overbeck,  distilled  water  ofters  more,  and 
alcohol  less,  resistance  to  the  vibrations  of  a  pendulum  at  its 
surface  than  in  the  interior  of  its  mass  ('  Nature,'  Feb.  24, 
*  Communicated  by  the  Author. 
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1881,  pp.  397,  398).     Pockels  states  that  the  surface  of  water 
has  greater  solvent  power  than  the  mass,  and  that  a  thin  disk 
of  camphor  partly  immersed  in  a  vertical  position  in  water 
having  the   cleanest  possible   surface  is  cut  through  in  the 
course  of  a  few  hours  {ibid.  March  12,  1891,  p.  4:39).       We 
know  that   plates    of  metal    purtly  immersed   in   a   vertical 
position  in  corrosive  liquids  are  frequently  cut  through  at  the 
air-contact  line  :  this  is  often  the  case  with  anodes  in  electro- 
lysis; and  I  have  observed,  whilst  electrolytically  depositing 
pure  grey  antimony  from  its  solution,  the  deposit  spread  from 
the  cathode  over  the  surface  of  the  liquid  as  if  the  surface 
conducted    better    than    the    interior    of   the   liquid.     Mens- 
brugghe,  speaking  of  the  cause  of  surface-tension  and  evapo- 
ration of  liquids,  concluded  that  the  molecules  of  the  surface- 
layer  of  a  liquid  are  farther  apart  than  those  of  the  mass 
{ibid.  March  2,   1893,  p.  428)  ;    he  also  observed  that  the 
boiling-point  of  carbon  bisid[)hide  contained  in  the  pores  of 
finely-divided  carbon  was  higher  than  that  of  a  mass  of  the 
free  liquid  (Phil.  Mag.  July  1877,  p.  43).    I  have  shown  that 
when  the  molecules  of  a  solid  or  liquid  conducting  substance 
are   separated    farther   apart  by    solution    or    dilution,   they 
acquire  greater  electromotive  force   due  to  increased  mole- 
cular   volume     ("  A    Relation    of    Electromotive    Force    to 
Equivalent  Volume  and  Molecidar  Velocity  of  Substances," 
Proc.    Birm.    Phil.     Soc.     1892,    vol.    vi'ii.     pp.    63-138). 
J.  J.  Thomson  states  that,   with    saline    solutions,  in    some 
cases  the  surface-film  of  the    liquid    contains   more    and    in 
other  cases  less  salt  per  unit  of  volume  than  the  interior  ; 
and   that  permanganate    of  potassium  is  removed   from  its 
aqueous  solution  by  trickling  through  pure  silica  ('  Applica- 
tions of  Dynamics  to  Physics,''  pp.  191,192).      It  has  long 
been  known  that  vinegar  is  to  a  certain  extent  separated  from 
water  by  pure  qu;irtz  sand,  and  that  when  potato-brandy  is 
filtered  through  that  substance,  water  passes  through   lirst, 
•  then  alcohol,  and  finally  alcohol  plus  fusel-oil,  as  unaltered 
liquid  (Gmelin's  'Handbook  of  Chemistry,''   vol.  i.  p.  114). 
Further,  in  a  recent  research  on  the  "  Decomposition  of  Liquids 
by  Contact  with  Powdered  Silica,"  I  have  found  that  on  agi- 
tating various  aqueous  solutions  of  acids,  alkalies,  and   salts 
with  finely  ])recipitated  pure  sifica  and  allowing  the  powder  to 
subside,  the  latter  substance  in  many  cases  abstracts  a  larger 
proportion  of  the  dissolved  compound  than  it  does  of  the 
water,  and  in  a  number  of  cases  less  (see  Proc.  Birm.  Phil. 
Soc.    1894,    vol.  ix.    part   1,  pp.    1-24),    and    that   in   some 
instances  it  abstracts  more  than  80  per  cent,  of  the  dissolved 
substance. 

It  is  generally  recognized  by  physicists  and  chemists  that 
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the  surfaces  of  mutual  contact  of  two  different  substances  (or 
of  two  masses  of  the  same  substance  in  different  physical  or 
molecular  states)  are  usually  localities  of  change  and  trans- 
ference of  energy.  Two  such  substances  can  rarely  be  brought 
into  mutual  contact  without  such  change  occurring,  and  the 
changes  which  occur  are  more  or  less  different  in  every  differ- 
ent case.  In  multitudes  of  cases  the  changes  are  of  a  chemical 
character,  in  otliers  they  are  physical.  Volta  showed  that  the 
mere  contact  of  two  different  metals  rendered  them  electro- 
polar.  Many  years  ago  Pouillet  {Annates  de  C/iemie,  1822, 
vol.  XX.  pp.  141-162),  also  Regnault  (Gmelin^s  'Handbook 
of  Chemistry,' vol.  i.  p.  300),  and  recently  Meissner  ('Nature,' 
Nov.  4,  1886,  p.  24),  found  that  when  finely  divided  dry  solid 
substances,  such  as  silica,  metals,  emery,  carbon,  &c.  were 
wetted  by  liquids,  such  as  water,  benzol,  or  alcohol,  which 
have  no  dissolving  or  corrosive  action  upon  them,  heat  is 
evolved.  Pouillet  employed  many  oxidizable  substances. 
Daniell  states  that  when  a  liquid  heyins  to  flow  through  a  dry 
tube,  heat  is  evolved  ('Text-book  of  Physics,'  p,  284). 

In  the  present  research  I  have  endeavoured  to  extend  our 
knowledge  of  the  thermal  phenomena  of  this  subject.  The 
following  is  a  sectional  sketch  and  a  description  of  the  appa- 
ratus and  method  of  experimenting. 
A  is  a  glass  vessel  usually  containing 
50  centim.  of  the  liquid  and  the  bulb 
of  a  sensitive  thermometer,  and  is 
supported  in  a  wire  ring  having  three 
slender  legs.  B  is  a  wide  glass  tube 
containing  100  grains  of  finely  pre- 
cipitated pure  and  dry  silica  or  other 
fine  powder.  C  is  a  narrow  glass 
tube  open  at  both  ends,  and  loosely 
enclosing  the  stem  of  the  thermo- 
meter ;  it  is  supported  firmly  at  its 
upper  end  by  the  clip  D,  and  has 
fixed  securely  upon  its  lower  end  a 
conical  and  very  smooth  piece  of 
cork  which  accurately  fits  the  outer 
tube. 

Both  the  glass  vessels  A  and  B 
are  thickly  coated  with  cotton  wool. 

The  thermometer  is  capable  of  di- 
stinctly indicating  a  one-hundredth 
of  a  Centigrade  degree  change  of 
temperature,  and  its  bulb  is  sup- 
ported a  quarter  of  an  inch  above 
the  bottom  by  a  small  piece  of  cork. 
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The  apparatus  is  placed  in  a  situation  in  which  the  tempera- 
ture remains  sufficiently  uniform,  and  is  entirely  surrounded 
by  a  movable  screen  of  cardljoard. 

In  making  an  experiment,  the  powder  and  liquid  were 
placed  near  each  other  in  a  covered  glass  vessel  in  a  sheltered 
situation  during  a  period  of  sixteen  hours,  in  order  to  acquire 
the  same  temperature.  The  liquid  was  then  poured  into  A, 
and  the  powder  into  B,  the  cup  A  placed  in  position  beneath 
with  the  thermometer  immersed  in  the  liquid,  and  the  entire 
arrangement  allowed  to  stand  a  sutficient  period  of  time, 
usually  about  half  an  hour,  for  the  solid  and  liquid  to  regain 
the  same  temperature.  The  outer  tube  B  was  then  raised  so 
as  to  allow  the  whole  of  the  powder  to  fall  slowly  in  a  thin 
annular  stream  into  the  liquid.  The  powder  entirely  sur- 
rounded and  covered  the  bulb  to  a  height  of  one  fourth  of  an 
inch  above  its  upper  end.  If  the  bulb  was  not  sufficiently 
covered  by  it,  the  changes  of  temperature  were  less  owing  to 
the  liquid  above  being  less  heated  than  the  powder.  The 
liquid  was  not  stirred  in  any  instance.  The  act  of  pouring 
the  liquid  into  A  caused  a  rise  of  temperature  of  about  "03°  C, 
but  that  of  pouring  the  silica  into  B  had  no  apparent  effect. 
The  maximum  rise  by  contact  of  the  powder  and  liquid 
usually  occurred  in  about  three  minutes.  The  powders  em- 
ployed were  almost  wholly  different  from  those  used  by 
M.  Pouillet,  and  were  such  as  would  not  oxidize,  and  had  no 
recognized  chemical  action  upon  the  liquid  :  it  is  important 
also  to  use  powders  which  do  not  agglomerate  or  change  by 
use. 

Experiments. 
Silica  xoith  various  Liquids. 

In  all  the  following  experiments  with  silica,  except  those 
otherwise  indicated,  the  weight  of  silica  employed  was  100 
grains,  the  volume  of  solution  was  50  centim.,  and  the  pro- 
portion of  dissolved  anhydrous  substance  was  10  per  cent,  by 
weight  of  the  water. 

The  silica  was  thoroughly  purified  and  ignited  previous  to 
each  experiment,  and  was  kept  in  a  covered  glass  vessel 
during  the  cooling  until  it  was  used.  The  proportion  of 
cyanogen  in  the  cyanide  agreed  with  that  of  100  per  cent. 
KCy;  but  by  evaporating  a  solution  of  it  to  dryness  with  an 
excess  of  sulphuric  acid,  the  weight  of  sulphate  obtained 
indicated  a  mixture  of  l'i"45  per  cent.  NaCy  and  85'55  KCy. 

The  following  Table  shows  the  results  of  the  experiments 
with  silica. 
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Table  I. 


Experi- 
ment. 


1. 

2. 

3. 

4. 

5. 

0. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 
U. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23! 
24. 
25. 
26. 
27. 
28. 
29. 


Cent. 
Degree, 

Na.,00,  -04 

NiSO,"  -10 

NaHCO,     -12 

SrCl^  ..; -12 

BaCl^ '13 

MnS04    -14 

Na.,S04   -15 

MgSOj    -15 

KCIO3  (5-0  per  cent.)  "15 

CaCl,  -18 

AmNOj  -18 

Tartaric  Acid "18 

HIO3  -19 

ZnCl.  -20 

OrO^'  -21 

K.SOj -22 

C6SO4 -23 

AmBr '24 

NaBr  "24 

Am.SO^  -24 

CuSOi -25 

Citric  Acid -25 

KI   -26 

KNO3 -26 

HBr -26 

LiCI -28 

SrCl,  (5-0  per  cent.)  ...  '28 

CoCi;  -29 

KIO3  (5-0  per  cent.)...  '29 


Experi- 
ment. 


30. 
31. 
32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 
43. 
44. 
45. 
40. 
47. 
48. 
49. 
50. 
51. 
52. 
53. 
54. 
55. 
66. 
57. 
58. 


Cent. 
Degree 

AmCl -30 

Na.,HP04  (50  per  cent.)    '30 

KliSO,   -30 

SrCL,  (20-0  per  cent.)    ...  "30 

HA -30 

NaCl    -32 

FeCl^  -33 

HNO3 -34 

K,Cd3 -36 

KBr -37 

Acetic  Acid "37 

FeSO, -38 

KBr  (Note  "A")   "38 

MnCl^ -39 

ZnSO, -41 

MgCl., -41 

CdCi; -41 

H^SO, -42 

H.,PO, -44 

KHCO3   -44 

H.PgO^  -47 

HCl -48 

KCy  (125  per  cent.) -60 

KCy(2-5      „     „     ) -67 

KCy  (5-0      „     „     ) -70 

NaCy  -72 

CdSO, -78 

KCv -82 

AmHO    1-40 


Note  "A,"  exp.  42. — In  this  case  the  silica  Avas  exposed  in  an  uncovered 
vessel  to  the  air  during  sixteen  hours,  but  this  had  only  a  minute  influence 
upon  the  amount  of  rise  of  temperature  (compare  with  No,  39). 

Remarks. — In  every  one  of  the  instances  of  Table  I.  a  rise 
of  temperature  occurred;  as,  however,  water  alone  gave  a 
rise  and  was  used  as  the  solvent  in  all  cases,  this  circumstance 
may  explain  that  uniformity  of  result.  Whilst  many  of  the 
solutions  gave  larger  rises  than  water,  quite  as  many  gave 
smaller  ones  ;  and  we  may  regard  all  those  which  gave 
smaller  ones  as  containing  substances  which  ahsouied  heat 
and  diminished  the  rise,  whilst  those  which  gave  larger  ones 
evolved  heat  and  added  to  the  amount  of  rise  produced  by 
water  alone.  Probably  by  further  research  some  substances 
may  be  found  which  will  more  than  neutralize  the  temperature- 
effect  of  the  water  and  give  negative  numbers. 

The  series  of  results  obtained  with  ^^otassium  cyanide  in 
exps.  52,  53,  54,  and  57  show  that  the  magnitude  of  rise  of 
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temperature  increased  with  the  strength  of  the  sohition  ;  but 
those  produced  by  strontium  chloride  in  exps.  4,  27,  and  33 
do  not  appear  to  aftord  consistent  results :  whether  this  was 
due  to  ditierences  of  molecular  constitution  of  the  dissolved 
substance  I  have  not  investigated. 

Injiuence  of  Size  of  the  particles  of  Silica. 

Exp.  59. — With  50  centim.  of  the  10-per-cent.  solution  of 
potassium  cyanide  and  100  grains  of  coarse  quartz  sand,  the 
particles  of  which  averaged  about  one  sixteenth  of  an  inch  in 
diameter,  the  rise  o\  temperature  was  only  '03  0.  degree, 
whilst  that  produced  by  the  same  w  eight  of  the  precipitated 
silica  was  'd>'2  0.  degree  (see  exp.  57),  or  27*3  times  as  much. 
These  results  indicate  a  method  of  ascertainiuo;  the  average 
magnitude  of  the  particles  of  insoluble  powders. 

Alumina  loith  various  Liquids. 

In  each  of  the  following  cases,  200  grains  of  alumina  and 
50  centim.  of  10-per-cent.  solutions  of  the  substances  were 
employed.  The  alumina  was  precipitated  from  a  solution  of 
alum  by  means  of  ammonia,  then  thoroughly  washed,  and 
finally  heated  to  redness,  and  was  very  pure. 

Table  II. 


Exp. 

Cent. 
Degrees. 

¥TTC03  -50 

Am  SO4 -54 

Exp. 

Cent. 
Degrees. 

NaBr 1-70 

AmCl 1-76 

CdSOj    V86 

60. 
61. 
62. 
63. 
64. 
6.5. 
66. 
67. 
68. 
69. 
70. 

71. 
72. 
73. 

7*. 
75. 
76. 
77. 
78. 
79. 
80. 
81. 

SrCia  -59 

Na.,C03  "74 

KCy    107 

H,0    116 

CdCla 1-88 

Na,SO,  2-06 

AmSesquicarb 2'25 

MgSO^    2-34 

KCl    1-34 

ZnSO^            ....      1-55 

K^COg    2-49 

MgCl,     1-64 

CuSOi 2-40 

KBr    2-45 

NaCI  2-58 

AmHO  1-64 

KNO3 1-66 

In  every  instance  with  alumina  a  rise  of  temperature  oc- 
curred :  the  probable  explanation  of  this,  however,  is  similar 
to  that  with  silica. 

Remarks. — Although  a  10-per-cent.  solution  of  common 
salt  produced  so  large  a  rise  of  temperature  by  contact  with 
alumina,  it  only  lost  1*1  per  cent,  of  dissolved  substance  (see 
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"  Decomposition  of  Liquids  by  Contact  with  Powdered  Silica," 
Proc.  Birm.  Phil.  Soc.  1894,  vol.  ix.  pp.  1-24)  ;  and  it  was 
not  rendered  allialine  to  test-paper. 

Various  Powders  with  Water  and  Ammonia. 
Table  III.— With  Water. 


Exp. 

Grains.  0.  Deg. 

Exp. 

Grains. 

C.  Deg. 

82. 
83. 
84. 
85. 
8G. 
87. 

BaSO^    

SrCOa     

CaC03    

PbO   

300 
200 
100 
400 
50 
200 

•00 
•05 
•05 
•08 
■10 
•10 

88. 
89. 
90. 
91. 
92. 

MgCOg 1     100 

Fe,0,     150 

SnO; 200 

MnO.,    300 

AUOg". 1     200    ■ 

•11 
•12 
•18 
•47 
M6 

CrO, 

BaCOj   

Table  IV. — With  10  per  cent.  Aqueous  Ammonia. 


Exp. 

Grains. 

C.Deg. 

•06   1 
•08 
•10 
•.5 
•17   \ 
•18    1 

Exp. 

Grains. 

C.Deg. 

93. 
94. 
95. 
96. 
97. 
98. 

CaCOg    

Sr003    

BaCOg  

BaSO,    

MgCOg  

FeA     

100 
200 
200 
300 
100 
150 

99. 
100. 
101. 
102. 
103. 

SuO., 200 

Or.Og 50 

Pbb   '     400 

MuO.,     1     300 

MnOg 1     200 

•22 
•52 
•53 
•90 
1^64 

The  volume  of  liquid  in  each  case  was  50  centim.  Washing 
the  barium  sulphate  with  a  10-per-cent.  solution  of  ammonia, 
then  with  water,  and  finally  heating  to  redness,  hardened  it. 
In  the  above  experiment  (No.  96)  it  was  not  w^ashed  with 
ammonia. 

General  Remarks  and  Conclusions. 

It  is  evident,  that  as  in  all  cases  the  formation  of  a  liquid 
film  upon  the  surfaces  of  the  solid  particles  must  have  been 
attended  by  the  destrucaon  of  an  air-film,  and  the  latter 
action  was  probably  accompanied  by  absorption  of  heat 
(different  in  amount  with  different  powders),  the  observed 
rise  of  temperature  did  not  represent  the  whole  of  the  heat 
evolved  by  contact  of  the  liquid  and  solid.  Consequently  it 
is  possible  tha^  in  those  cases  in  which  little  or  no  rise  of 
temperature  was  observed,  the  amount  of  heat  absorbed  by 
the  liberated  air  may  have  been  equal  to  that  evolved  by  the 
uniting  hquid. 
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In  all  the  experiments  the  formation  of  a  liquid  film  evolved 
a  larger  amount  of  heat  than  that  absorbed  by  the  air-film 
■which  it  displaced. 

The  further  tact  must  not  be  overlooked,  that  in  all  these 
experiments  there  existed  a  minute  source  of  error  which 
could  not  be  avoided,  viz.,  that  although  each  powder  em- 
ployed appeared  to  be  perfectly  wetted  in  ten  or  twenty 
seconds,  it  was  not  so,  but  continued  to  evolve  a  very  small 
quantity  of  minute  bubbles  of  air  after  that  period.  With 
peroxide  of  iron  this  action  ceased  in  about  half  an  hour,  and 
with  silica  and  alumina  it  continued  during  several  days  ;  but 
even  in  the  latter  cases  it  was  probably  not  sufficient  to  affect 
the  general  result  to  an  extent  of  a  one-hundredth  part. 

As  all  the  observations  of  maximum  rise  of  temperature 
were  compelled  to  be  taken  at  the  moment  they  occurred, 
viz.,  in  about  three  minutes  after  mixing,  any  amount  of  heat 
evolved  after  that  period  could  not  be  included.  Even  when 
a  separate  portion  of  the  powder  was  thoroughly  shaken  with 
some  of  the  liquid  in  a  bottle,  the  bubbles  similarly  appeared, 
but  with  coarse  white  sand  they  did  not  occur.  Another 
circumstance  (which  has  already  been  mentioned)  is  that  the 
temperature  of  the  immersed  powder  was  higher  than  that  of 
the  liquid  above  it. 

The  general  results  confirm  the  conclusion  arrived  at  by 
previous  investigators  (Pouillet  and  Meissner),  that  in  all 
known  cases  the  contact  of  a  liquid  with  an  insoluble  powder 
evolves  heat.  From  the  present  ones,  however,  in  which 
organic  and  oxidizable  substances  were  avoided  and  only 
water  and  aqueous  solutions  were  employed,  it  appears  prob- 
able that  (subject  to  the  foregoing  considerations),  whilst 
many  dissolved  substances  evolve  heat  and  add  to  that  pro- 
duced by  the  water,  a  large  number  absorb  heat  and  subtract 
from  that  effect  :  with  silica  nearly  half  the  number  of  solu- 
tions evolved  less  than  water  alone. 

In  all  aqueous  solutions  the  change  of  temperature  appears 
to  be  attributable  to  several  causes,  viz.  : — 1st,  the  union  of 
the  water  \\'ith  the  powder  ;  2nd,  that  of  the  dissolved  sub- 
stance with  the  powder  ;  and  3rd,  the  separation  of  the  film 
of  air  ;  and  the  rise  of  temperature  is  reasonably  explained 
by  the  general  view  that  a  degree  of  mechanical  union  takes 
place  of  the  powder  with  the  water  or  with  the  dissolved 
substance,  the  powder  abstracting  from  the  liquid,  either  some 
of  the  water  or  of  the  dissolved  substance  or  of  both  (see 
"  Decomposition  of  Liquids  l)y  Contact  with  Powdered  Silica," 
Proc.  Birm.  Phil.  Soc.  1894,  vol.  ix.  pp.  1-24). 

If  we  compare  the  order  of  magnitude  of  rise  of  tempera- 
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tnre  with  that  of  amount  of  dissolved  substance  abstracted  by 
the  powder  (Ibid.),  we  find  that  the  two  do  not  nsnally  va'y 
together.  Tliis  is  a  result  which  might  be  expected  if  the 
amount  of  change  of  temperature  depends  upon  all  the  con- 
ditions above  suggested,  and  especially  as  it  further  depends 
in  many  cases  upon  heat  absorbed  by  contact  of  the  powder 
with  the  dissolved  substance. 

The  fact  that  the  portion  of  dissolved  subst^ance  wnich 
unites  with  the  ]iowder  is  entirely  removable  by  washing  with 
water  proves  the  reversibility  of  the  action,  and  that  the 
phenomena  are  essentially  the  same  as  those  of  chemical  un^'ou 
and  separation  in  reversible  cases  (ibid.).  The  substitut'on 
also  of  a  film  of  water  or  solution  for  one  of  air  in  contact 
with  the  powder  must  obey  the  same  general  laws  as  that  of 
substitution  in  recognized  chemical  actions.  And  we  may 
further  reasonably  infer  that  whilst  the  union  of  the  water  or 
of  the  dissolved  substance  \Alth  the  powder  is  usually  attended 
by  evolution  of  heat,  the  separation  of  the  film  of  air  from 
the  powder  is  frequently  accompanied  by  absorption  of  heat. 
As  the  action  is  purely  a  surface  one,  and  the  amount  of 
rise  of  temperature  increases  with  that  of  immersed  solid 
surface^  it  is  essentially  the  same  whether  the  amoant  of  sur- 
face is  obtained  by  means  of  large  particles  or  small  ones. 

As  the  union  of  the  water  or  the  dissolved  substance  with 
the  powder  is  attended  by  loss  of  molecular  energy,  the  action 
must  be  due  to  both  of  the  touching  substances,  and  must 
obey  the  law  of  equality  of  action  and  reaction,  a  portion  of 
the  molecular  motion  of  each  substance  being  neutralized  and 
changed  into  heat,  and  the  molecules  of  the  liquid  which  have 
loso  motion  must  remain  nearer  to  the  solid^  or,  in  ordinary 
terms,  "  adhering"  to  it.  The  amount  of  heat  set  free  by  the 
''adhesion  "  of  the  liquid  to  the  solid  is  probably  dependent 
both  upon  the  mass  and  the  loss  of  velocity  of  the  "  adhering" 
molecules^  As  nearly  the  whole  of  the  change  of  temperature 
caused  by  the  "  adhesion "  occurred  in  a  few  minutes,  the 
mutual  loss  of  molecular  energy  by  the  two  substances  must 
have  quickly  ceased.  After  the  evolution  of  heat  has  ceased 
there  remain  permanent  changes  of  superficial  molecular  state 
and  a  new  condition  of  balance  between  the  different  sets  of 
molecules  present,  until  by  washing  and  subsequent  heating 
the  powder  is  restored  to  its  original  state. 

The  reversibility  of  the  action,  and  the  new  state  of  mole- 
cular balance  intervening  between  the  evolution  of  heat  by 
wetting  the  powder  and  the  absorption  of  heat  by  drying  it, 
is  analogous  to  cases  of  reversible  chemical  union,  to  the 
sudden  electric  charge  of  two  different  metals  by  mere  con- 
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tact,  the  ensuing  state  of  steady  charge  and  the  suhsequont 
discharge  :  and  may  be  further  compared  with  tlic  effects  of 
approach  and  withdrawal  of  magnets  and  their  armatures, 
and  with  the  commencement  and  cessation  of  electric  currents 
by  magnetoelectric  and  dynamoelectric  induction.  All  these 
five  actions  are  reversible  ones,  attended  by  molecular  change, 
disturl)ance  of  the  a?ther,  and  transference  of  radiant  energy 
at  the  moments  of  commencement  and  termination,  with  a 
new  state  of  molecular  baUmce  but  no  external  dynamical 
effect  during  the  intervening  statical  period,  and  by  an 
undoing  of  the  first  dynamical  effect  by  the  second  one  in 
each  class  of  cases.  They  are  all  evidently  based  upon  similar 
mechanical  principles  of  molecular  motion. 

As  the  quantity  of  heat  evolved  per  given  weight  of 
potassium  cyanide  in  experiments  52,  53,  54,  57  was  laiger 
the  more  dilute  the  solution,  the  amount  of  loss  of  velocity, 
and  the  actual  velocity  of  the  molecules  of  that  salt  were 
greater  the  more  dilute  the  solution.  The  latter  conclusion 
agrees  with  the  observat^'on  that  the  voltaic  electromotive 
force  of  a  dissolved  substance  is  usually  increased  by  dilution 
(see  "  A  General  Eelation  of  Electromotive  Force  to  Equiva- 
lent Volume  and  Molecular  Velocity  of  Substances,"  Proc. 
Birm.  Phil.  Soc.  1892,  vol.  viii.  pp.  63-138). 

In  proportion  as  the  amount  of  heat  evolved  is  greater,  the 
degree  of  "  adhesion  "  is  stronger  and  partakes  more  of  the 
character  of  ordinary  chemical  nnion.  Each  particle  of  the 
po\^der  '' adheres ''  both  to  the  solvent  and  to  the  dissolved 
substance  probably  in  all  cases,  but  in  each  case  apparently 
in  different  proportions  {ibid.  1894,  vol,  ix.  pp.  1-24).  If  the 
powder  "  adheres "  to  a  larger  proportion  of  the  dissolved 
substance  than  it  does  to  that  of  the  solvent,  the- "  adhering  " 
film  of  liquid  is  a  more  concentrated  solution  than  the  re- 
mainder, but  if  it  "  adheres  "  to  a  smaller  one  the  opposite 
effect  occurs  ;  but  in  either  case  chemical  analysis  of  the 
separate  portion  of  liquid  reveals  the  change  and  affords 
data  for  comparison  with  the  alterations  of  temperature,  total 
amount  of  heat,  &c. 

The  easily  formed  anticipation  that  the  amount  of  rise  of 
temperature  produced  by  a  given  weight  of  silica  increased 
with  the  degree  of  smallness  of  the  particles  was  verified  by 
actual  experiment.  Thus  the  rise  produced  by  100  grains 
weight,  consisting  of  1037  particles  of  coarse  sand,  by  im- 
mersion in  50  centim.  of  a  10-per-cent.  solution  of  potassium 
cyanide,  was  only  '03  C,  degree,  whilst  that  produced  by  the 
same  weight  of  the  finest  precipitated  silica,  after  washing 
and  heating  to  redness,  was  '82  C.  degree  [see  Experiments 
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57  and  59),  or  27*3  times  as  much.  If  the  proportion  of  in- 
crease of  temperature  to  that  of  surface  were  known,  the 
average  magnitude  of  the  particle.-j  of  the  finest  insoluhle 
powder  might  perhaps  be  calculated. 

The  evolution  of  heat  by  the  mere  contact  of  solids  and 
liquids  which  do  not  in  the  ordinary  meaning  of  the  term 
"  chemically  unite,"  must  to  a  minute  extent  affect  the  de- 
termination of  the  specific  heats  of  insoluble  powders  by  the 
method  of  mixing  them  with  w'ater.  And  if  contraction  of 
volume  follows  immediately  upon  its  loss  of  heat,  then  the 
specific  gravities  of  insoluble  powders  when  arrived  at  by  the 
process  of  weighing  them,  first  in  air  and  then  in  water,  are 
probably  also  slightly  influenced. 

The  heat  produced  by  the  mere  contact  of  insoluble  solids 
such  as  silica,  alumina,  &c.  with  water  and  aqueous  solutions 
of  salts,  may  account  for  that  produced  by  spring-water,  sea- 
water,  mineral-water,  &c.,  filtering  through  geological  strata, 
and  for  that  developed  in  other  cases  of  underground  tem- 
perature where  ordinary  chemical  action  is  absent. 
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Introductory  Remarks. 

THE  President  of  the  British  Association,  at  the  recent 
meeting  of  that  body  in  Nottingham,  mentioned  in  his 
opening  address  that  the  image  formed  by  the  compound  eye 
of  an  insect  had  been  photographed.  This  suggests  the 
inquiry  how  the  image  is  formed,  and  what  is  the  limit  of  the 
vision  of  wdiich  it  is  the  physical  basis.  The  investigation  of 
this  point  shows  that  insects  cannot  see  very  minute  objects, 
and  the  whole  inquiry  seemed  of  sufficient  interest  to  be  laid 
before  the  lloyal  Dublin  Society,  especially  as  it  suggests 
much  further  study  which  the  author  could  not  attempt,  but 
which  there  are  other  members  of  the  Society  most  competent 
to  undertake. 

*  From  the  '  Scientific  Proceedings '  of  the  Royal  Dublin  Society  of 
the  20th  December,  1893.     Communicated  by  the  Author. 
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Section  I. —  Of  Vision  in  general. 

As  preliminary  to  the  inquiry  it  is  well  to  consider  what 
are  the  causes  that  limit  the  amount  of  detail  that  can  be  seen 
by  the  instrumentality  of  eyes  such  as  our  own,  the  kind  of 
eyes  of  which  we  know  most.  That  tl  ere  is  such  a  limit  to 
human  vision  maybe  easily  seen  by  placing  a  well-illuminated 
ruling  of  parallel  lines  at  different 
distances  from  the  eye  of  a  person  ^^o-  !• 

whose  vision  is  good.  Let  us  suppose 
black  lines  ruled,  as  in  fig.  1,  on  a 
white  surface  at  intervals  of  one 
milHmetre  from  the  middle  of  one 
line  to  the  nr'ddle  of  the  next.  If 
an  observer  with  keen  -vasion  views 
these  from  a  distance  of  eleven  or 
twelve  feet,  he  is  able  barely  to  make 
out  that  they  are  a  ruling  ;  beyond 
that  distance,  they  seem  one  uniform  Millimetric  Ruling, 

grey    surface,    while    from    stations 

nearer  to  them  he  perceives  the  individual  lines  distinctly. 
Now,  at  a  distance  of  eleven  feet  a  millimetre  subtends  an 
angle  of  1'  (one  minute) .  Hence  we  learn  from  observation 
that  in  order  that  two  objects  may  be  seen  as  two,  they  must, 
at  least,  subtend  an  angle  of  about  V  at  the  eye.  If  they 
subtend  a  less  angle  than  this  they  are  seen  as  one  object. 

Now  there  are  three  distinct  causes,  any  one  of  which  is  by 
itself  competent  to  put  a  limit  of  this  kind  to  our  power  of 
distinguishing  minute  objects  ;  and  in  persons  with  the  best 
vision  each  of  these  three  seems  to  put  nearly  the  same  limit 
as  the  other  two.  This  adjustment  between  them  is,  no  doubt, 
the  result  of  development,  since  any  further  improvement  on 
the  lines  of  any  one  of  these  causes  would  be  useless,  unless  it 
were  accompanied  by  a  simultaneous  improvement  in  both 
the  others. 

One  cause  is  the  spacing  of  the  cones  that  occupy  the 
fovea  lutea,  into  the  small  area  of  which  about  7000  are 
packed.  The  fovea  lutea  is  that  spot  in  the  retina  which 
furnishes  us  with  the  exceptionally  distinct  vision  which  we 
have  in  the  middle  of  the  field  of  view.  The  cones  are  here 
without  accompanying  rods,  and  are  at  intervals  of  about  4/i  *, 
measuring  from  the  middle  of  one  to  the  middle  of  the  next. 
This  interval  is  about  half  the  diameter  of  the  red  corpuscles 

*  The  micron  fi  is  the  millionth  part  of  a  metre.  This  is  the  same 
as  the  thousandth  of  a  millimetre,  or  the  l/:^o400th  of  an  inch. 
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of  Imman  blood,  an  object  familiar  to  every  microscope- 
observer.  Again,  the  '  optical  centre  "  *  of  the  eye  lies  a 
centimetre  and  a  half  in  front  of  this  part  of  the  retina  ; 
and  at  this  distance  the  interval  between  adjoining  cones  sub- 
tends an  angle  of  nearly  1'.  Hence,  in  order  that  the  images 
of  two  points  of  light  may  fall  on  the  corresponding  parts 
of  different  cones,  their  distance  asunder  must  subtend  an 
angle  of,  or  exceeding,  1'  at  the  oi)tical  centre  of  the  eyes  ; 
in  other  words,  the  interval  between  the  objects  in  external 
nature  that  are  being  examined  must  subtend  this  angle  at 
the  eye.  Thus  we  fail  to  see  with  the  unassisted  eye  much 
detail  which  is  levealed  to  us  by  the  microscope.  This  happens 
if  at  a  distance  of  ten  inches,  the  distaace  of  most  distinct 
vision,  the  intervals  at  which  these  objects  are  spaced  subterd 
an  angle  of  less  than  V.  Such  objects  may,  however,  be  seen 
with  optical  aid,  provided  it  is  such  that  the  little  interval 
subtends  an  angle  exceeding  1'  at  the  optical  centre  t  of  the 
object-lens  used  in  the  microscope,  a  point  which,  with  the 
higher  po.vers  of  the  instrumenc,  lies  close  to  the  object  on 
the  stage.  But  beyond  this  limits  and  therefore  beyond  the 
reach  of  the  microscope,  there  are  still  worlds  of  events  in 
nature  which  we  can  never  see,  although  we  may  infer  the 
existence  of  some  of  them  in  other  ways. 

We  have  found  that  the  spacing  of  the  cones  in  the  fovea 
lutea  is  competent  to  put  a  limit  to  the  minuteness  of  the 
detail  that  can  be  seen  with  the  naked  eye.  Now,  the  small 
s"ze  of  the  pupil  of  the  eye  also,  and  independently,  determines 
srch  a  limit.  Astronomers  are  familiar  with  the  fact  that 
the  image  of  a  star  (which  is  virtually  the  image  of  a  point 
of  light,  since  no  telescope  is  competent  to  show  the  true  disk 

*  From  each  poiut  of  a  visible  object  a  cone  of  rays,  starting  from  that 
point  as  its  apex,  falls  on  the  pupil.  In  passing  through  the  ej-e  this  cone 
of  rays  is  made  to  converge,  and  finally  becomes  a  cone  of  rays  advancing 
towards  that  point  of  the  retina  where  the  image  is  formed.  The  apex 
of  the  second  cone  is  accordingly  at  this  point.  Most  of  the  rays  of  the 
first  cone  are  bent  in  passing  through  the  cornea  and  optic  lens,  and 
advance  in  a  new  direction  in  the  second  cone.  But  there  is  one  among 
them,  which,  in  the  second  cone,  continues  in  the  same  direction,  or  at 
least  parallel  to  the  direction  which  it  had  in  the  first  cone.  This  ray  is 
called  the  imdeviated  ray.  It  is  easily  seen  that  there  is  one  such  ray  in 
the  light  coming  from  each  poiut  of  the  object.  Now  all  the  uudeviated 
rays  very  nearly  pass  through  a  certain  po"nt  which  is  situated  close 
behind  the  optic  lens,  and  1 A  centimetre  in  front  of  the  middle  of  the 
retina.     This  is  the  point  which  is  called  the  "  optical  centre  "  o"  the  eye. 

t  The  optical  centre  of  the  object-lens  of  a  microscope  is  the  point 
where  the  "undeviated  rays''  cross  (see  last  footnote).  In  compound 
microscopes  this  point  lies  in  or  in  front  of  the  object-lens,  and  with  high 
powers  is  close  to  the  object. 
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of  a  star)  consists  of  a  small  round  central  patch  called  tbe 
spurious  disk,  surrounded  by  coloured  rings  which  very 
rapidly  fall  otf  in  brightness.  This  phenomenon  is  due  to 
the  interference  of  tho  light  coming  from  the  two  halves  of 
the  object-lens,  and  is  susceptible  of  mathematical  treatment. 
It  thus  appears  that  the  angular  radius  of  the  first  dark  ring, 
estimated  from  tho  middle  of  the  object-lens,  is 

where  X  is  the  wave-length  of  the  light,  and  A  the  aperture, 
i.  e.  diameter,  of  the  object-lens.  This  furnishes  a  boundary 
within  which  the  central  spurious  disk  lies,  and  up  to  which 
its  faintest  outlying  portion  barely  extends.  It  also  fixes  the 
minimum  visihile  with  that  aperture,  since  two  points  would 
have  begun  to  be  blurred  into  one  another  if  so  close  that  tho 
micMIe  of  the  spurious  disk  of  each  lay  on  the  first  dark  ring 
of  the  other.  Let  us  then  put  into  this  formula,  ^  =  1'  =  '00029 
in  circular  measure  (this  is  the  limit  already  fixed  b}^  the  rods 
and  cones),  andX="6  of  a  micron  (which  is  the  wave-length 
of  yellow  light).     We  thus  find 

•00029=  (1-22)^ 

whence  A  =2524  microns,  which  is  very  nearly  -^  of  an 
inch.  This,  then,  is  the  diameter  of  the  pupil  of  the  eye 
when  of  such  size  as  to  put  the  same  limit  on  the  visibility  of 
small  objects  as  the  rods  and  cones  do.  !Now,  this  is  about 
the  size  to  which  the  pupil  of  the  eye  shrinks  when  we 
scrutinize  w^ell-illuminated  objects,  and  is  the  smallest  to  which 
it  can  be  allowed  to  shrink  without  interfering  with  the  vision 
of  minute  detail,  by  placing  a  further  restriction  beyond  that 
imposed  by  the  layer  of  rods  and  cones  *. 

Again,  the  eye  viewed  as  an  optical  instrument  is  far  from 
perfect.  Its  chromatic  d(ifect  may  be  detected  by  placing 
the  finger  horizontally  in  front  of  the  eye,  and  looking  just 
over  it  at  the  bar  of  a  window.  In  this  way  the  window-bar 
is  viewed  through  the  upper  half  of  the  pupil^  and  is  then  seen 

*  It  might  bo  thought  that  with  the  more  dilated  pupil  which  we  have 
in  faint  light,  we  could  see  more  detail.  But  the  reverse  is  the  case ; 
for  instance,  tho  two  small  double  stars  e,  and  e,  Lyi'fc  are  more  than  •)' 
asunder,  and  yet,  in  consequence  of  their  faintness,  are  nearly  at  the  limit 
of  what  a  very  good  eye  can  see  distinctly  as  two  objects.  To  eyes  that 
are  fairly  good  they  appear  as  one  object  elongated,  while  persons  may 
have  tolerably  good  sight  and  not  even  see  the  elongation. 
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io  be  bordered  witli  colour.    Finally,  the  spherical  aberration''^ 
of  the  eyes  becomes  conspicuous  when  wo  view  a  considerable 
star  or  planet  with  one  eye.    Instead  of  being  seen  as  a  point, 
it  is  seen  as  a  small  irregular  patch  with  short  tails  from  it, 
and  of  somewhat  different  shape  according  as  it  is  viewed  with 
the  right  or  with  the  left  eye.    Now  this  is  due  to  spherical  aber- 
ration co-operating  with  another  defect  which  it  is  difficult  to 
disentangle  from  spherical  aberration,  and  which  is  caused  by 
the  light  having  to  pass  through  the  other  layers  of  the  retina 
before  reaching  the  rods  and  cones.     These  layers,  however, 
do  little  harm  in  the  fovea  hifea,  as  here   they  are   either 
absent  or  thin,  so  that  the  irregular  image  seen  when  we  look 
directly  at  a  planet  is  chiefly  due  to  pure  spherical  aberration. 
Now  these  defects,  viz.  the  chromatic  and  spherical  aberra- 
tions, including  under  the  latter  that  further  defect  which 
arises  while  the  light  is  crossing  the  retina,  are  dealt  with  in 
nature  in  the  same  way  in  which  a  photographer  deals  with 
them  in  his  photographic  camera,  viz.  by  limiting  the  aperture, 
which  diminishes  the  effect  of  these  imperfections.     We  have 
already  found  that  the  aperture  of  the  pupil  is  contracted 
as  much  as  is  compatible  with  the  other   conditions  to   be 
fulfilled.      Now  it  is  evident  that  a  certain  amount  of  the 
defects  with  which  we  are  at  present  dealing,  especially  when 
rendered  less  operative  by  the  limited  aperture  of  the  pupil, 
may  be  allowed  to  remain  in  the  eye  without  rendering  it 
incapable  of  distinguishing  objects  separated  by  1'  of  angle, 
the  limit  already  fixed  by  the  rods  and  cones ;  and  there  can 
evidently  be  no  tendency  in  evolution  to  effect  any  further 
improvement  of  the  eye  as  an  optical  instrument.     Accord- 
ingly, in  persons  with  the  best  -vdsion,  the  eye  seems  to  have 
been  just  improved  up  to  this  point,  leaving  its  outstanding 
defects  still  very  conspicuous  when  searched  for;    and  it  is 
shortcoming  in  respect  to  these  defects  which  is  chiefly  what 
makes  one  man's  eyesight  less  perfect  than  another's. 

We  shall  next  deal  with  another  preliminary  remark, 
which  it  is  well  to  make,  as  it  will  dispel  the  oft-repeated 
error  that  there  ought  to  be  some  connexion  between  our 
vision  and  the  position  of  the  image  formed  on  the  retina. 
It  is  pertinent  to  point  this  out  when  engaged  in  inquiring 
into  the  vision  of  insects,  for,  as  we  shall  see  presentl}^,  the 

*  If  a  sphere  be  drawn  round  a  point  of  the  image  formed  by  light  of 
one  wiiA-e-ieugth,  to  represent  the  crest  of  one  of  the  luminous  waves 
advancing  towards  that  point,  the  whole  of  the  crest  should  reach  that 
sphere  at  the  same  instant  of  time.  There  are,  however,  usually  little 
deviations  of  some  parts  of  the  crest  of  the  wave  from  this  sphere,  which 
defect  is  called  spherical  aberration. 
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imaoe  formed  by  compound  eyes  is  erect,  while  that  formed 
by  single  eyes,  such  as  ours,  is  inverted.  Neither  position, 
however,  nor  a  sidesvard  position,  nor  any  otlier,  would 
be  incompatible  with  our  seeing  the  objects  of  the  world 
around  us  exactly  as  we  now  do.  For  the  direct  physical 
adjunct  of  a  visual  perception  in  our  mind  of  a  point  of 
the  object,  is  not  any  event  in  the  eye  or  along  the  optic 
nerve  but  in  a  more  deep-seated  part  of  the  brain,  probably 
in  its  occipital  lobes  which  lie  in  the  back  of  the  head,  over 
the  cerebellum.  Now  (spooking  from  the  physical  stand- 
point) the  way  in  which  this  event  in  the  occipital  lobe  is 
usually  evoked  is  by  light  from  the  point  of  the  object  Ijeing 
guided  through  the  eye  to  one  of  the  rods  or  cones,  after 
which  some  event  travels  along  one  of  those  nervelets  with 
attendant  nerve-cells  which  penetrate  the  retinal  layer  from 
the  expansion  of  the  optic  nerve,  and  each  of  which  is  asso- 
ciated with  one  individual  rod  or  cone.  This  is  succeeded 
by  some  event  along  one  fibril  of  the  optic  nerve,  after,  Avhich 
there  seem  to  follow  other  events  within  the  brain,  which 
finally  lead  up  to  that  particular  event  which,  and  w'hich 
alone,  is  the  true  physical  adjunct  of  the  visual  perception  in 
our  mind — our  perception  of  that  point' of  the  object  from 
which  the  light  set  out  to  enter  the  eye.  I,  for  convenience, 
speak  of  this  event  as  situated  in  the  occipital  lobe,  although 
its  location  can  hardly  be  said  to  be  ascertained. 

Now  it  is  evident  that  the  image  on  the  retina  is  only  one 
link  in  this  long  chain  of  physical  causes  and  effects,  and 
that  the  image  might  be  erect  as  it  is  in  the  compound  eyes 
of  insects,  or  inverted  as  in  our  eyes,  or  might  have  any  other 
orientation,  and  that  nevertheless  the  positions  of  the  rod  or 
cone,  nervelet,  fibril  of  optic  nerve,  &c.,  could  be  so  disposed 
as  to  produce  precisely  the  same  final  event  within  the  occipital 
lobe  of  the  brain,  as  now  occurs.  Now  it  is  this  last  alone 
which  is  essential,  the  others  being  only  instrumental  in 
bringing  it  about :  it  alone  is  the  true  physical  adjunct  of 
the  visual  perception  which  becomes  part  of  the  mind. 

Again,  although  the  train  of  causes  and  effects  described 
above  is  the  usual  process  by  which  tiiis  adjunct  of  percep- 
tion is  evoked,  it  is  not  by  any  means  the  only  way  in  whicli 
it  can  be  brought  about,  as  is  conspicuously  manifested  by 
dreams,  and  may  be  detected  by  a  careful  introspective  study 
of  the  memory  of  visual  perceptions.  I  am  of  opinion  that 
in  all  cases,  when  remembering  a  past  scene,  there  is  some  dim, 
usually  a  very  dim,  recurrence  of  the  perception^  or  of  parts 
of  it :  at  all  events,  under  some  circumstances,  this  is  dis- 
tinctly the  case.      When,   unfortunately,  we   He  awake  for 
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several  hours,  especially  under  the  influence  of  tea  or  coffee^ 
until  a  feeling  of  wer.riness  and  an  indisposition  to  any  pro- 
longed train  of  consecutive  thought  have  come  over  us,  I 
have  ob-,erved  that  the  revival  of  visual  perceptions,  when 
thinking  about  past  scenes,  becomes  stronger  rnd  is  easily 
perceived,  and  that  in  some  cases  it  may  become  ahnost  vivid. 
In  extreme  cases  it  even  amounts  to  a  kind  of  dreaming  with 
the  eyes  open — the  dream,  however,  differing  from  ordinary 
dreams  by  being  one  the  progress  of  which  we  can  ourselves 
dii-ect.  It  is  important  to  note  that  these  visions  are  not 
based  on  any  affection  of  the  retina,  and  in  this  respect  differ 
wholly  from  those  spectral  images  which  we  see  after  gazing 
for  some  time  at  objects  whicli  somewhat  dazzle  the  sight. 
These  latter  shift  their  position  wil;h  every  movement  of  our 
eyeballs  ;  the  others  retain  what  we  estimate  to  be  their 
positions  in  space,  notwithstanding  that  the  eyes  be  moved 
about.  Now  this  is  very  significant.  It  shows  that  the  i-rain 
of  physical  causes  which  lead  up  to  that  event  in  the  posterior 
lobe,  which  is  the  adjunct  of  our  perception  of  these  visions, 
did  not  originate  in  the  retina,  but  in  a  part  of  the  brain 
where  it  could  arise  in  conjunction  with  some  of  those  events 
which  are  the  physical  adjuncts  of  our  judgments  about  space. 
Tliis  is  an  important  conclusion  to  have  reached. 

What  is  probably  in  reality  only  a  further  stage  of  these 
waking  dreams  is  sometimes  experienced  in  fever,  when  the 
patient  has  been  for  days  without  sleep.  I  myself  saw  appari- 
tions in  this  way,  after  having  been  three  days  without  sleep, 
those  I  saw  having  a  marvellous  appearance  of  reality,  and 
being  seen  in  the  daylight  when  I  could  at  the  same  time  see 
in  the  ordinary  way  the  objects  about  me  in  the  room,  except 
where  one  of  these  novel  figures  intruded.  In  these  places 
the  connexion  with  the  retina  seems  to  have  been  rendered 
more  or  less  inoperative,  and  a  visual  perception,  otherwise 
produced,  was  substituted  for  the  ordinary  one. 

Another  instructive  and  more  agreeable  w^ay  of  making  the 
observation  is  to  experiment  on  ourselves  when  in  that  stage 
of  drowsiness  in  which  we  seem  to  have  fallen  partially  asleep, 
but  not  so  much  so  but  that  we  can  still  voluntarily  direct 
our  thoughts  to  some  well-remembered  scene,  or,  still  better, 
f  rst  to  one,  and  afterwards  to  another.  If  we  repeatedly 
seize  opportunities  of  making  this  experiment,  we  shall 
gradually  accuiiuilate  instances  of  every  degree  of  vividness, 
from  the  full  distinctness  of  a  dream  in  respect  of  colour, 
brightness,  and  form,  down  to  the  shadowy  dimness  of  what 
we  very  imperfectly  see  in  the  exercise  of  ordinary  memory. 
The  same  important  observation  mav  be  made  here  as  on  a 
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former  occasion.  The  objects  so  seen  do  not  shift  their 
positions  when  we  voluntarily  move  our  eyes  about.  They 
have  tlieir  origin  not  in  the  retina,  but  in  immediate  connexion 
with  the  part  of  our  brain  which  is  directly  related  to  our 
judgments  about  space. 

Another  interesting  observation  is  of  what  happens  when 
we  get  into  what  is  sometimes  called  a  "  brown  study " — 
thinking  intently  upon  some  past  scene  that  engrosses  our 
attention.  On  such  occasions  the  visual  image  befo"e  "  our 
mind's  eye  '^  becon-es  more  vivid  than  usual,  and  in  the  same 
degree  the  image  produced  in  the  ordinary  way  of  the  external 
objects  to.varJs  which  our  eyes  may  chance  at  the  time  to  be 
d'rected  becomes  less  distinct,  and,  in  extreme  cases,  may 
almost  fade  out,  so  that  even  noteworthy  events  may  happen 
in  our  presence  which  we  do  not  see,  or  at  least  wnich  do  not 
impress  us  sufficiently  for  us  to  retain  any  memory  of  them. 

Two  experiences,  one  of  a  friend  and  one  of  myself,  seem 
worth  recording  in  this  connexion  : — 

Some  years  ago  this  friend  and  I  rode — he  on  a  bicycle,  I 
on  a  tricycle — on  an  unusually  dark  night  in  summer  from 
Glendalough  to  Rathdrum.  It  was  drizzling  rain,  we  had  no 
lamp.:.,  and  the  road  was  overshadowed  by  trees  on  both  sides, 
between  which  we  could  just  see  the  sky-line.  I  was  riding 
slowly  and  carefully  some  ten  ov  twenty  yards  in  advance, 
guiding  myself  by  the  sky-line,  when  my  machine  chanced 
to  pass  over  a  piece  of  tin  or  something  else  in  the  road  that 
made  a  great  crash.  Presently  my  companion  came  up, 
calling  to  me  in  great  concern.  He  had  seen  through  the 
gloom  my  machine  upset  and  me  flung  from  it.  The  crash 
had  excited  the  thought  of  the  most  likely  cause  for  it,  and 
the  event  in  his  brain,  which  was  the  physical  adjunct  of  the 
thoughts  thus  passing  through  his  mind,  were  so  associated  with 
that  other  event  in  the  brain,  which  is  the  adjunct  of  visual 
consciousness,  that  the  one  (speaking  from  the  physical  stand- 
point) evoked  the  other,  perhaps  faintly.  This  involved  a 
visual  perception  in  the  mind  faint,  but  sufficient  on  this 
occasion  to  be  seen  with  sufficient  distinctness  when  not  over- 
powered by  objects  seen  in  the  ordinary  way  through  the 
eyes. 

The  experience  I  had  myself  was  one  which  frequently 
occurred  to  me  when  a  lad.  Several  of  us  boys  were  fond  of 
witnessing  sham  fights  in  the  Phoenix  Park,  at  which  some  of 
the  most  conspicuous  objects  were  the  single  horsemen  who 
now  and  then  galloped  at  full  speed,  with  orders,  from  one 
part  of  the  field  to  another.  Almost  always,  after  a  day  spent 
in  viewing  this  spectacle,  as  I  lay  in  bed  at  night   I  saw 
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vividly  what  seemed  to  be  a  tiny  horseman  galloping  violently 
from  right  to  left,  or  from  left  to  right,  as  the  case  might  be. 
All  the  movements  of  the  horse  were  reproduced,  the  dashing 
about  of  the  sabre-tasche,  the  coloured  uniform,  the  move- 
ments of  the  horseman.  It  cannot  have  been  in  the  retina 
that  this  revival  took  place.  It  must  have  been  in  a  much 
more  deep-seated  part  of  the  brain. 

It  would,  I  think,  be  of  very  great  interest  to  ascertain 
from  the  inhabitants  of  a  blind  asylum,  whether  those  who 
have  recently  had  their  retinas  extirpated,  or  rendered  func- 
tionless,  continue  to  dream  of  scenery,  so  long  as  the  memory 
of  visual  perceptions  is  recent.  I  should  expect  they  would, 
as  the  structures  which  they  have  lost  do  not  seem  to  be  con- 
cerned in  either  memory  or  dreaming. 

From  a  review  of  all  the  evidence  it  appears  clear  that  the 
retinal  image  is  only  one  of  the  stepping-stones  in  a  rather 
long  progress  from  the  object  in  nature  to  the  event  in  the 
brain  which  is  the  direct  adjunct  of  visual  perception.  Why, 
then,  it  may  be  asked,  is  an  image  necessary  ?  Why  is  it 
never  absent  ?  Why  is  not  something  quite  different  some- 
times substituted  for  it  ?  The  following  is,  I  think,  a  sufficient 
answer.  There  must  be  some  diference  in  the  events  occurring 
in  the  occipital  lobe  in  order  that  two  points  of  an  object  may 
be  seen  distinct  from  one  another.  To  bring  this  about  either 
a  different  nervelet  must  have  been  acted  upon  in  the  organ 
of  sight,  or  the  same  nervelet  must  have  been  differently 
acted  on.  In  the  case  that  actually  occurs,  it  would  appear 
that  a  different  nervelet  is  acted  upon  when  the  points  of  the 
object  are  sufficiently  separated  to  be  seen  as  two,  and  that  a 
difference  of  action  on  the  same  nervelet  is  reserved  for  ex- 
hibiting to  us  variations  of  brightness  and  colour,  but  not  of 
position.  Now  this  can  manifestly  be  effected  by  distributing 
the  points  of  an  image  of  the  object  over  an  apparatus  such  as 
the  layer  of  rods  and  cones,  consisting  of  closely  packed 
individuals,  each  of  which  is  capable  of  acting  on  its  own 
nervelet  ;  or  through  an  intermediate  apparatus,  w  hich  con- 
sists of  channels  for  transmitting  light  as  numerous  as  the 
rods  and  cones,  each  of  which  conducts  the  light  from  a  spe- 
cific point  of  the  image  to  its  own  rod  or  cone,  which  latter 
may,  in  this  case,  be  situated  at  a  distance  from  the  place 
where  the  image  is  formed.  The  first  of  these  is  the  arrange- 
ment which  we  find  in  our  own  eyes  ;  the  other  seems  to  be 
that  wdiich  wo  find  in  the  compound  eyes  of  insects.  Now  it 
is  doubtful  whether  any  other  machinery  for  bringing  about 
the  result  than  one  or  other  of  these  two  can  be  devised. 
These,  at  all  evenos,  are  the  ways  in  which  nature  attains  the 
end  ;  so  that  neither  man  nor  nature  seems  to  have  found  out 
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any  other.  But  tlie  position  of  the  images,  whether  erect, 
inverted,  or  any  otlier,  is  obviously  immaterial.  It  is  the 
ultimate  effect  within  the  occipital  lobe  of  the  brain  that  is 
alone  essential. 

Section  II. —  Of  Vision  icith  Compound  Eyes. 

After  these  preliminary  remarks  on  vision  in  general,  we 
seem  to  be  in  a  position  to  deal  intelligently  with  the  in- 
quiry— How  is  the  retinal  image  formed  in  insects  ?  and  what 
kind  of  vision  do  they  enjoy  through  the  instrumentality  of 
the  compound  eyes  with  which  they  are  furnished  ?  These 
questions  may  be  most  conveniently  dealt  with  by  describing 
a  rough  model  of  an  insect's  eye.  Imagine  a  hemispherical 
shell  of  some  transparent  material,  e.  g.,  half  of  a  sixteen-inch 
glooe  of  glass,  that  is,  a  globe  of  which  the  diameter  is  six- 
teen inches.  Place  your  eye  at  its  centre,  and  look  through 
it  at  the  objects  of  nature  around  you.  Next,  let  an  accurate 
picture  of  these  objects  be  painted  on  the  outside  of  the  globe, 
so  that  when  you  place  your  eye  at  the  centre  you  still  see 
the  same  scene  as  before.  Now  let  a  network  of  scratches 
be  made  all  over  the  painting,  dividing  it  into  patches,  each 
of  which  is  the  size  of  a  squa'-e  quarter  of  an  inch.  This  is 
about  the  size  of  the  cross  section  of  a  lead-pencil.  There 
will  be  about  6400  of  these  patches  on  the  hemisphere.  Next, 
let  the  paint  of  each  patch  be  removed,  and  a  single  dab  of 
paint  substituted,  of  a  tint  and  brightness  which  is  the  re- 
sultant of  the  part  of  the  picture  which  fell  within  the  patch. 
In  this  way,  a  somewhat  coarse  mosaic  is  substituted  for  the 
more  perfect  picture  of  the  external  world  previously  drawn. 
This  coarse  mosaic  gives  a  rough  imperfect  representation  of 
the  external  world,  and  represents  correctly  the  vision  which 
an  insect  has  of  it.  The  compound  eyes  of  some  insects, 
especially  insects  that  attack  other  insects,  have  more  nume- 
rous facets  than  what  correspond  to  04OO  over  a  hemisphere  ; 
and  in  such  cases  tLe  mosaic  is  less  coarse,  and  the  vision  is 
proportionately  better.  Thus  the  eye  of  a  dragonfly  is  better 
represented  by  substituting  smaller  patches,  each  the  size  of 
a  square  eighth  of  an  inch.  This  increases  the  number  over 
the  hemisphere  to  25, GOO.  But  there  is  a  somewhat  narrow 
limit  to  improvement  in  this  direction,  owing  to  its  necessi- 
tating a  diminution  of  the  aperture  of  the  lenses.  The  way 
that  nature  deals  with  this  difficulty  is  by  increasing  inordi- 
nately the  size  of  the  compound  eye  of  the  insect  out  of  pro- 
portion to  its  other  features.  In  this  way  the  number  of  the 
patches,  one    of  which  is    formed    by   each   facet,    can    be 
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increased  without  diminishing  too  much  the  aperture  of  the 
little  lenses. 

With  a  mosaic  such  as  is  described  above,  the  diameter  of 
each  patch  subtends  about  a  degree  and  eight-tenths  (1°'8)  at 
the  centre  of  the  heniis})here.  Accordingly,  the  interval  be- 
tween two  objects  in  nature  would  need  to  subtend  an  angle 
of  about  a  degree  and  three-quarters  at  the  insect^s  eye,  to  be 
distinguishable  as  two  by  the  insect.  Hence,  if  as  far  off  as 
ten  inches,  the  distance  at  which  we  see  most  distinctly,  they 
would  need  to  be  sejjarated  by  nearly  the  third  of  an  incli  to  be 
seen  by  the  insect  as  more  than  one  object  ;  while,  if  close  to 
the  insect,  only  one-tenth  of  an  inch  off,  the  sepanition  would 
need  to  be  about  the  same  as  that  which  the  human  eye  is 
capable  of  distinguishing  at  a  distance  of  ten  inches.  Thus, 
the  insect  cannot  see  more  detail  upon  its  own  antennae,  close 
as  they  are  to  it,  than  we  can  with  our  naked  eye.  We 
must,  therefore,  dismiss  from  our  thoughts  the  mistaken  im- 
pression that  insects  see  very  minute  objects  far  beyond 
human  vision.  On  the  contrary,  their  vision  is  imperfect 
compared  with  ours.  Still,  it  is  evidently  quite  enough  to 
enable  a  bee  to  be  guided  in  its  search  after  honey  by  the 
markings  upon  a  flower,  or  effectually  to  assist  a  fly  in  its 
wanderings  about  the  room,  or  in  sopping  up  its  food. 

We  have  next  to  consider  how  this  mosaic  is  formed.     For 
this  purpose  let  us  again  turn  to  our  model.     Suppose  6400 
hollow  conical  funnels  to  be  pro- 
vided,  each  one   inch  long.      Let    Fig.  ±-The  Fuunels  of  an 
them  be    slightly    more    than    the  Insect's  Eye  (diagra'iimatic). 
thickness  of  a  lead-pencil  at  their 

larger  end,  and  tapering  from  this  ^""^^^X--         '^ 

down  to  a  diameter  of  a  sixteenth  -^  x'N^I 

of  an   inch   at  their  smaller  end.  /Sc\x\  --     * 

Let  the  insides  of  these  funnels  be         Xy^^r  ' 

blackened  so  as  to  stifle  any  light       /S^^' 

that  falls  on  them.      Fit  a  small      At^^v 

lens    of    one-inch    focus    into   the      /T"^^' 

larger  end  of  each,  and  then  pack      '  '       / 

the  funnels  somewhat  like  the  ceUs  «.  Outer  surface,    h.  Primary 

of  a  honeycomb,   over  the  hemi-  surface. 

sphere  spoken  of  above,  the  larger 

ends  outwards,  and  the  smaller  planted  on  the  middles  of  the 

little  patches  that  were  marked  out  on  the  hemisphere.     The 

little  lenses  will  then  lie  on  an  outer  hemispherical  sheet 

eighteen  inches  in  diameter. 

Let  us  fix  our  attention  upon  one  of  the  little  lenses,  and 
consider  how  it  operates.     The  light  from  distant  objects  in 
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the  external  worUl  would,  it'  not  intertered  with,  tbvm  an 
inverted  image  one  inch  behind  this  lens,  that  is,  at  the  dis- 
tance of  the  glass  hemisphere,  which  we  shall  call  the  primary 
surface  ;  but  it  is  prevented  from  forming  more  than  one 
patch  of  that  image  by  the  blackened  walls  of  the  funnel. 
Accorilingly,  only  one  tiny  patch  of  the  image,  one-sixteenth 
of  an  inch  across,  is  actually  formed.  It  is  formed  by  the 
light  which  })asses  the  whole  way  down  the  funnel  and, 
emern-ino:  at  its  end,  falls  on  the  surface  of  the  primary  hemi- 
sphere.  Here  it  produces  one  little  fragment  oi  the  niverted 
image,  the  rest  of  the  image  which  the  lens  is  competent  to 
form  being  extinguished  by  the  blackened  walls  of  the  funnel. 
In  the  insect's  eye  the  small  portion  of  the  image  that 
emerges  is,  no  doubt,  a  portion  of  a  rather  indistinct  image, 
owing  to  the  ver}-  small  aperture  of  the  lens  ;  but  neither 
this  nor  its  belonging  to  an  inverted  image  is  any  detriment, 
since  all  the  rays  that  go  to  form  the  little  patch  are  trans- 
mitted to  a  single  one  of  the  pieces  of  apparatus  in  the  insect, 
corresponding  to  the  rods  and  cones  in  our  eyes.  They, 
therefore,  can  result  in  only  one  of  the  optic  nervelets  being 
affected,  and  in  some  one  definite  way  ;  in  other  words,  the 
whole  of  the  hglit  forming  one  patch,  or  rather  speck,  of  the 
image  can  produce  only  one  elementary  visual  impression  in 
the  insect^s  mind. 

It  will  be  observed  that  the  image  that  is  formed  resembles 
rather  a  mezzotinto  engraving,  which  consists  of  separate 
specks,  than  a  mosaic  which  consists  of  patches  of  colour 
large  enough  to  touch  one  another ;  and  that  it  differs  from 
the  mezzotinto  in  that  the  specks  are  specks  of  light,  instead 
of  being,  as  in  the  engraving,  specks  of  shade. 

If  we  endeavour  to  make  out  what  provision  is  made  in 
compound  eyes  for  enabling  the  insect  to  accommodate  its 
vision  to  varying  distances  of  the  object,  we  find,  upon  a 
scrutiny  of  the  section  of  such  an  eye,  that  the  arrangement 
appears  to  be  one  which  giv^es  to  an  insect  the  very  singular 
power  of  adjusting  different  parts  of  its  field  of  view  to 
different  distances,  and  operates  in  a  remarkably  simple  way 
which  may  be  illustrated  upon  our  model  if  we  add  somewhat 
to  it.  For  this  purpose  let  a  third  hemisphere  be  provided, 
concentric  with  the  other  two,  but  smaller — suppose  with  a 
diameter  ten  inches  across.  Let  the  funnels  which  have  lieen 
spoken  of,  and  which  lie  between  the  outer  surface  and  the 
primary  surface,  be  made  of  some  extensible  material  like 
indiartibber,  their  outer  ends  being  fastened  to  the  lenses 
and  their  inner  ends  to  threads  of  glass  the  thickness  of 
thin  knitting-needles,  and  extending,  as  in  fig.  3,  from  the 

Z2 


328 


Dr.  G.  J.  Stoney  on  the  Limits  of  Vision 


primary  surface  to  the  inner  surface.  To  make  it  possible  to 
do  tliis,  the  glass  hemis]iliero  which  we  have  used  to  represent 
the  j)rimary  surface  may  now  be  i-emoved ;  it  is  no  lonoer 
required,  since  its  position  is  sufiiciently  indicated  l)y  the 
points  of  junction  of  the   indiarubber  funnels  and  the  glass 


Fig.  3. 

Outer  surface. 

Primary  surface. 

Inner  siu'fiice. 

:^%^ ;■---■--  (?)  Openinjis  for  aecommodatiou 

^^v  -- muscles. 

<^~v-\r- Nuclear  layer. 

■y''-.';^^^^- Layer  of  rods. 

..  Fibrils  of  optic  uerve. 


Section  of  an  Insect's  Eye  (diagrammatic). 

threads.  The  outer  surface  of  our  model,  which  carries  the 
lenses,  should  be  a  stiff  immovable  arch,  but  the  inner  sur- 
face is  to  be  made  of  some  material  which  is  capable  of 
slightly  contracting.  If,  after  constructing  the  model  in  this 
way,  its  inner  surface  is  made  to  shrink  a  little*,  this  will 
pull  the  glass  threads  inwards  and  elongate  all  the  india- 
rubber  cones.  In  this  way  the  narrow  ends  of  the  cones  are 
brought  farthev  from  their  lenses,  into  the  position  where  the 
image  of  a  near  object  would  be  formed.  The  model  now 
represents  the  insect's  eye  when  accommodated  for  the  vision 
of  near  objects. 

In  this  model  the  image  of  the  outer  world  is  formed 
either  at  the  primary  surface  or  at  the  inner  surface,  for  a 
speck  of  light  tailing  on  the  upper  end  of  one  of  the  glass 
threads  will  travel  lengthwise  along  the  thread  and  emerge 
from  its  lower  end,  being  kept  from  escaping  laterally  by 

*  A  diminution  of  the  radius  of  the  inner  surface  of  the  model  to  the 
extent  of  about  one  niilliuietre  would  effect  a  sufficient  range  of  accom- 
modation. The  motion  in  the  insect's  eye  may  need  to  be  more  than  in 
proportion  to  this,  since  the  filaments,  as' well  as  the  funnels  of  its  eye, 
are  probably  extensible,  which  is  not  the  case  in  the  model. 
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total  reflexions.  Now,  it  seems  probable  that  sonietbing  of 
this  kind  actually  o<-curs  in  the  insect's  eye.  In  fact  the 
apparatus  corresponding  to  the  rods  and  cones  of  our  eyes 
seems,  so  far  as  I  can  make  out,  to  be  situated,  not  at  the 
primary  surface  where  the  image  is  first  formed,  nor  even  at 
the  inner  surface  where  the  image  may  be  reproduced  in  the 
way  described  above,  but  in  a  deeper  situation  with  which 
the  inner  surface  communicates  only  through  curved  trans- 
parent threadlets.  Each  of  these  threadlets  seems  to  have  a 
thin  transparent  core,  and  if  this  core  be  of  sufficiently  highly 
refractive  material,  it  would,  although  curved,  be  com[)etert 
to  carry  the  light  forward  by  total  internal  reflexions,  from 
the  lower  end  of  one  of  the  glass  threads  to  one  of  the  pieces 
of  the  apparatus  which  corresponds  to  the  layer  of  rods  and 
cones  in  our  eyes^. 

It  is,  perhaps,  worth  observing  that  an  eminently  useful 
adjustment  which  we  cannot  effect  seems  to  be  possible  in  an 
insect's  eye.  In  fact,  the  inner  surface  of  our  model  might 
be  drawn  inwards  more  at  one  place  than  another  ;  and  I  am 
disposed  to  think  that  muscles,  acting  on  the  inner  surface, 
are  in  the  insect  so  disposed  as  to  make  this  possible  in  its 
eye.  Now  this  would  effect  an  accommodation  to  the  dis- 
tances of  objects  wh.ich  would  differ  in  the  different  parts  of 
the  field  of  \aew  f.  Moreover,  this  result  may  be  brought 
about  in  another  way.  The  lenses  and  the  funnels  posterior 
to  them  vary  in  size  from  one  part  of  the  compound  eye  of  a 
dragonfly  to  another,  being  largest  in  the  position  which  I 
suppose  to  be  about  the  middle  of  the  eye,  and  gradually 
dwindling  to  about  half  this  size  near  the  margin  t-  An 
equable  contraction  of  the  "inner  surface^'  of  such  an  eye 
would  ob^nously  effect  a  different  accommodation  in  different 

*  The  ligbt  is  probably  carried  forward  most  effectually  where,  as 
in  the  drpgonfly,  the  cores  are  less  than  a  micron  in  section,  ?'.  e.  not 
much  more  than  the  wave-lengths  of  the  light  that  has  to  traverse  them. 
Light  would  adapt  itself  to  the  sinuosities  of  such  filaments,  like  sound 
in  a  speaking-tube. 

t  in  the  sectio  is  of  the  eyes  of  dragonflies,  which  I  have  examined, 
the  filaments  from  the  funnels  down  to  the  "  inner  surface  "  are  enclosed 
w'thin  a  sheath  of  fibres  and  are  straight,  bat  immediately  after  passing 
through  the  inner  surface  they  are  eacli  apparently  enclosed  within  a 
tube,  and  grouped  in  bundles,  between  which  are  open  spaces  wliich 
may,  perhaps,  in  the  living  insect  have  been  occupied  by  muscles. 
Muscles,  in  this  .situation,  would  be  competent  to  effect  the  optical  ad- 
justment .spoken  of  in  the  text.     (See  fig.  3.) 

I  The  increased  aperture  of  the  lenses  towards  the  middle  of  a  dragon- 
fly's eye,  and  the  diminished  curvature  of  the  stratum  in  which  they  lie, 
both  conduce  to  make  its  vision  mo.e  perfect  towards  the  middle  of  its 
field  of  view ;  and  as  this  lies  in  the  direction  of  the  insect's  flight,  the 
axTangement  must  be  of  advantage  to  it  in  its  pmsuit  of  prey. 
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parts  of  the  field  of  view.  Accordingly,  in  one  or  other  of 
these  ways,  or  by  a  combination  of  them  both,  the  insect  may 
be  able  to  adjust  one  part  of  its  field  of  view  for  near  objects, 
and  other  ])arts  for  more  distant  ones  ;  e.  g.,  a  fly  may  be  able 
to  view  distant  objects  around  with  the  utmost  distinctness  of 
which  its  eye  is  capable,  at  the  same  time  that  it  is  closely 
scrutinizing  the  details  of  a  lump  of  sugar  and  ap])lying  its 
proboscis  rapidly  to  one  minute  crystal  after  another.  As 
the  adjustment  which  would  enable  it  to  do  this  would  be 
of  service  to  the  insect,  and  as  the  construction  of  its  eye 
admits  of  it,  it  seems  likely  that  it  is  one  for  which  pro- 
vision has  been  actiially  made. 

On  a  review  of  the  whole  subject  we  seem  to  have  a  satis- 
factory general  insight  into  the  process  by  which  vision 
through  compound  eyes  is  carried  on.  Doubtless  much  de- 
tailed information  of  the  minute  anatomy  of  these  interesting- 
structures  has  been  reached  by  microscopic  anatomists  ;  but 
I  am  not  acquainted  with  it,  and  have  been  obliged  to  rely 
on  my  own  imperfect  observations.  It  is,  however,  likely 
that,  notwdthstanding  the  diligence  of  microscopists,  much 
still  remains  to  be  explored  ;  and  this,  I  hope,  may  be  fol- 
lo-sved  up  more  intelligently  if  the  general  optical  process  is 
understood.  It  is  on  this  account  that  I  have  endeavoured 
to  trace  it  out,  and  especially  because  among  my  scientific 
friends  there  are  to  be  found  some  of  the  most  competent 
persons  thoroughly  to  explore  the  whole  of  this  interesting 
subject. 

I  have  hitherto  said  nothing  about  vision  through  the 
isolated  eyes  with  which  insects  are  also  furnished.  They 
cannot,  from  the  minuteness  of  their  lenses,  give  them  nearly 
so  good  vision  of  distant  objects  as  man  enjoys.  And  the 
limit  is  very  possibly  still  more  restricted  by  their  being- 
furnished  with  but  a  moderate  number  of  rods  and  cones. 
It  would  be  of  interest  to  ascertain  by  observation  whether 
this  is  so,  and  to  collect  such  data  as  would  enable  us  to 
estimate  with  tolerable  exactness  how  far  the  imperfection 
goes. 

[Note,  added  Fehruary  21. — It  is  not  obvious  why  the  apparatus  of 
rods  and  cones  in  the  human  eye  is  hiearly  on  as  small  a  scale,  and  as 
closely  packed  over  the  rest  of  the  retina  as  in  the  fovea  liitea,  since  the 
amount  of  detail  we  can  see  in  the  corresponding  pai'ts  of  the  field  of 
view  is  immensely  less.  Possibly  the  line  of  the  embryonic  development 
of  this  layer  may  be  such  that  it  could  not  be  evolved  of  the  requisite 
minuteness  in  one  part,  without  being  made  nearly  as  minuts  over  the 
whole.  The  only  other  possible  explanation  seems  to  be  that  its  being 
minute  serves  some  other  unknown  puiiwse,  as  well  as  removing  one  of 
the  three  obstacles  to  our  vision  of  small  details.] 
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TJieorie  cler  Optischen  Insirumente  nach  Ahhe.      Von  Dr.  Siegfried 

CzAPSKl.     Sonderch'ucl:  aiis  dem   Ilandhnch   der  PJn/sUc  von  A. 

Wiukelmann,  Band  II.  1893.     Breslau,  Ed.  Trewendt ;  Williams 

and  Xorgate. 
'PlIE  subject  of  Geometrical  Optics  might  with  advantage  be  de- 
-*-  lined  so  as  to  include  all  those  parts  of  the  theory  of  light  and 
optical  instruments  which  can  be  treated  by  geometrical  and  formal 
considerations,  without  detailed  discussion  of  dynamical  questions. 
Li  slriciness,  of  course,  the  Theory  of  Light  is  a  branch  of  Dynamics ; 
but  it  is  rather  striking  how  completely  the  subject  divides  itself 
into  two  distinct  regions.  The  practically  important  part  involves 
but  very  slight  recourse  to  dynamical  treatment,  \\  hile  the  specu- 
lative part  is  almost  wholly  concerned  \\  ith  dynamical  questions. 
The  title  of  Geometrical  Optics  to  separate  existence  rests  on 
this  fact ;  but  it  may  fairly  be  urged  that,  in  opposition  to  the 
usual  practice,  the  greater  part  of  the  subject  of  Diffraction  and 
Interference  of  light  should  be  assigned  to  this  branch  of  the 
theory,  on  account  both  of  its  geometrical  character  and  of  its 
importance  for  the  working  of  optical  instruments. 

As  ordinarily  developed,  the  subject  is  a  branch  of  Geometry 
which  is  concerned  with  the  reflexion  and  refraction  of  rays  of  light. 
But  if  it  is  severed  too  much  from  the  practical  applications  that 
gave  it  birth,  there  is  perhaps  no  department  of  mathematics 
that  can  be  made  so  repulsive.  In  matters  of  Pure  Mathematics 
the  natural  mode  of  progress  is  to  adhere  closely  to  the  track  of 
symmetry  and  elegance  ;  and  there  is  no  other  canon  of  merit  that 
is  applicable.  But  in  the  subjects  that  are  cultivated  more  directly 
for  the  sake  of  useful  applications  there  is  no  choice  of  topics 
allowed  ;  and  the  aim  mnst  be  to  develop  methods  of  investigation 
that  will  satisfy  the  demand  for  niathematical  elegance,  and  will 
at  the  same  time  allow  of  an  exact  correlation  between  the  mental 
process  and  the  natural  phenomenon. 

The  book  before  us  is  a  treatise  on  Geometrical  Optics,  compiled 
from  the  point  of  view  of  the  Theory  of  Optical  Instruments.  The 
position  which  Dr.  Czapski  holds,  in  conjunction  with  Professor 
Abbe,  in  relation  to  the  famous  manufacturing  firm  of  Zeiss  at 
Jena,  is  a  guarantee  that  the  more  technical  i  iformation  contained 
in  the  work  is  exact  and  up  to  date.  From  the  aspect  of  theory, 
perhaps  the  most  valuable  feature  of  the  book  is  the  very  copious 
reference  to  the  works  of  original  wriiers ;  for  to  obtain  a  real 
command  of  any  department  of  a  subject  of  wide  practical  ramifi- 
cations, the  consultation  of  text-books,  however  good,  is  but  a  poor 
substitute  for  the  assimilation  of  the  ideas  and  points  of  view  of 
its  original  promoters.  The  treatise  contains  a  very  full  account  of 
the  topics  \\  hich  have  been  indicated  above,  with  the  exception  of 
the  theory  of  Diffraction,  of  which  the  treatment  is  presumably  left 
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to  anollier  department  of  the  general  undertal^ing  of  which  this 
book  foims  a  part.  The  phrase  "nacli  Ah]ie''  which  occurs  in  the 
title  is  a  little  puzzling  to  non-German  readers  :  in  extending  widely 
the  capabilities  of  optical  construction  and  manufacture,  a  very 
high  degree  of  credit  is  due  to  Prof.  Abbe  and  his  collaborators  at 
Jena;  but  yet  it  seems  strange  to  associate  his  name  so  markedly 
with  thetit'e  of  a  theoretical  treatise  whose  contents  would  appear 
for  the  most  part  familiar  to  many  people  who  have  possibly  never 
lieard  of  liis  \Aork,  and  whose  laiowledge  of  Optics  was  acquired 
before  his  time. 

From  the  nature  of  the  book,  as  forming  an  article  in  an 
Encyclopedia  of  Physical  Science,  the  subject  is  broken  up  some- 
what into  separate  headings,  with  a  view  to  facilitate  reference. 
If  ever  the  time  comes  for  a  final  gathering  together  of  the  threads 
of  this  somewhat  discursive  subject  into  a  compact  form,  it  is  to  l)e 
hoped  that  much  attention  will  be  paid  to  the  geometrical  methods 
of  discussion  employed  by  the  earlier  English  writers  such  as 
Eobert  Smith  ancl  Thomas  Young,  which  amalgamate  so  easily 
with  experimental  requirements ;  and  that  the  capabilities  of  the 
Hamiltonian  method  of  Action  as  a  basis  for  the  analytical  part 
of  the  subject  will  be  fully  utilized.  J.  L. 

Anwendung  der  Qualernionen  auf  der  Geometrie.      Von 

Dr.  P.  MOLENBROEK. 

Tnis  is  the  promised  sequel  to  the  Theorie  der  Quaternionen  by  the 
same  author,  which  we  reviewed  in  November  1891.  In  his  pre- 
face Dr.  Molenbroek  replies  to  certain  of  our  comments  at  that 
time.  He  repudiates  the  description  then  given  of  his  novel 
interpretation  of  V— ^  fis  an  operator.  Tet  7m  own  generalized 
description  is  in  these  words :  "  This  definition  shows  that  under 
the  symbol  v'  —  1"  there  are  included  not  only  an  infinite  number 
of  arbitrary  quaternions  but  also  a  similar  number  of  right  quotients 
[that  is,  versors]  whose  indices  ai*e  all  perpendicular  to  a."  And 
thus,  we  still  must  believe,  the  operator  V  —  1  has  the  "  singularly 
felicitous  but  hitherto  unsuspected  power  of  adjusting  its  axis  so 
as  to  be  perpendicular  to  any  vector  to  which  it  may  be  applied  !" 
We  had  hoped  to  find  in  the  present  volume,  which  treats  of 
geometrical  applications,  a  further  development  of  Dr.Moleubroek's 
pet  creations — the  Velctorlcreis,  the  VehtorJcer/el,  and  the  Conisch 
iSjialfender  Quaternion.  Erom  plane  triangles  with  their  "  cii'cles  " 
and  "points,"  to  curvature  and  geodetics,  we  find  many  good 
illustrations  of  the  power  and  elegance  of  quaternions ;  but  of  the 
conically  spreading  quaternion  which  transforms  a  vector  into  a 
conical  sh(>et  like  a  Japanese  mubrella  and  then  as  with  a  fierce 
blast  turns  it  inside  out  or  in  some  other  fashion  de-axializes  the 
original  vector  stem  : — of  this  we  find  no  mention.  Our  disap- 
pointment is,  however,  more  than  balanced  by  the  real  quaternion 
character  of  the  book  as  a  whole.     A  great  many  of  the  examples 
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are  reproduced,  with  very  slight  changes  of  notation,  from  Pro- 
fessor Tait's  well-known  treatise,  and,  we  are  sorry  to  say,  repro- 
duced without  acknowledgment.  In  his  preface  Dr.  ^folenbroek 
refei*s  to  Professor  Tait  only  by  way  of  criticism,  accusing  him  of 
finding  an  integrating  factor  where  none  such  can  be.  The  truth 
is  that  quaternions  give  a  solution  where  ordinary  mathematics 
fail — although  it  would  probably  baffle  even  a  Hamilton  to  give 
a  r/comi1rical  interpretation  cf  Io(j  Uq. 

Occasionally  Dr.  Molenbroek  advances  along  a  path  of  his  own, 
as,  for  example,  in  his  opjiroach  tothe  quaternion  equation  of  quadric 
surfaces.  His  transformation  of  the  ordinary  Cartesian  equation 
(which  is  assumed)  into  quatenn'on  form  may  well  send  a  shiver 
down  the  back  of  a  disciple  of  Hamilton. 

Having  neglected  (as  was  pointed  out  in  our  former  review)  to 
discuss  the  operator  v  iii  'he  TJieorie,  Dr.  Molenbroek  has  to  make 
a  digression  in  the  present  volume  so  as  to  establish  its  elementary 
properties.  In  the  preface  he  gives  as  an  excuse  for  the  former 
neglect  the  statement  that  Tait  devotes  only  one  line  to  v  i"  the 
theoretical  part  of  his  book.  Still,  Tait  has  it ;  and  in  the  3rd 
edition  (1890)  devotes  four  pages  to  it  in  the  chapter  on  Differen- 
tation.  But  even  in  the  very  first  edition  (1867)  of  his  treatise 
(in  which  no  hard-and-fast  line  was  drawn  between  the  theoretical 
part  and  the  applications)  Tait  gives  ample  evidence  of  the  import- 
ance of  V  ;  and  we  still  think  that  a  more  recent  writer,  wise  in 
the  accumulated  experience  of  his  predecessors,  should  have  had 
something  to  say  concerning  the  theory  of  this  remarkable  diifer- 
entiatiug  operator.  Dr.  ^Molenbroek  himself  employs  it  with  effect 
in  his  discussion  of  partial  differential  equations.  It  plays  a 
conspicuous  role  in  the  theory  of  orthogonal  surfaces.  It  is  pre- 
eminently the  force-function  operator.  It  is  the  heart  of  Green's 
theorem,  the  key-note  of  spherical  harmonics.  But  we  now  learn 
on  Dr.  Molenbroek's  authority  that  its  value  in  physical  applications 
is  much  over-rated  {sehr  uhersehatzt).  We  shall  wait  with  interest 
his  promised  demonstration  of  this  statement,  which  will  probably 
be  a  unique  feature  of  a  succeeding  volume.  Meanwhile  it  is 
interesting  to  note  that  the  last  chapter  of  the  present  volume, 
which  discusses  w  ith  considerable  elegance  Hamilton's  theory  of 
rectilinear  rays,  ends  with  the  equation,  S  .  rvr=0. 

It  is  satisfactory  to  find  in  Dr.  Molenbroek  an  enthusiastic 
admirer  of  the  quaternion  and  all  that  it  involves.  Adhering  more 
or  less  closely  to  the  methods  and  notation  of  Hamilton,  he  has 
made  an  honest  endeavour  to  familiarize  Cierraan  reading  students 
with  the  beauty  and  power  of  the  sj'stem.  We  trust  that  his 
efforts  will  be  rew  arded  and  that  in  Leyden,  at  any  rate,  will  grow 
up  a  school  of  Ilamiltonian  workers  who  will  effectively  help  in 
developing  the  infinite  resources  of  quaternions. 
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PhysildliscJies  Prcdtilicm,  mil  hesonderer  BeriicJcsicJitir/iing  der 
2)Ji)/sil-aIiscJi-c?iemisc?ieii  JUethoden.  (Practical  Phj/sics,  ivith 
special  reference  to  pliiisico-chemical  rnethods.)  By  E.  AVlEBE- 
MANN  cmd  H.  EiJEitT.  Second  Edition,  1893.  Vieweg  und 
Sohn,  Brunswick. 

DrniNG  the  past  j^ear  the  subject  of  practical  physics  seems  to 
have  received  an  unusual  amoiuit  of  attention  both  in  Germany 
and  England.  Some  months  ago  we  had  occasion  to  notice 
a  new  \\ork  by  Traube  dealing  with  the  methods  of  practical 
chemical  physics,  and  tlie  present  volume  bears  a  very  similar  title. 
Until  quite  recently  Kohlrausch's  classical  text-book  was  almost 
universally  adopted  in  German  laboratories,  but  alterations  in 
design  of  apparatus,  changes  in  methods  of  teaching,  and  a 
necessity  for  the  measurement  of  constants  the  importance  of 
which  Mas  formerly  unrecognized,  have  combined  to  make  the 
work  appear  antiquated  in  a  modern  laboratory.  The  authors 
have  treated  the  subject  in  a  comprehensive  manner  as  far  as 
description  of  experiments  is  concerned;  each  section  is  introduced 
by  an  epitome  of  the  theory  of  the  experiments  to  be  performed ; 
this  is  follo\\ed  by  accoiaits  of  the  experiments,  apparatus  and 
requisite  manipulation,  and  when  necessary  the  method  of 
calculating  results  is  indicated.  The  data  of  actual  experiments 
are  given  as  examples,  and  these  show  the  degree  of  accuracy 
attainable.  It  Avould  be  an  improvement  if  these  data  were  stated 
in  the  way  in  which  a  student  would  be  expected  to  write  them 
down  in  his  note-book,  the  method  of  entering  results  being  one 
of  the  greatest  difficulties  experienced  by  the  younger  students  in 
a  laboratory.  As  they  stand  the  quantities  are  merely  designated  by 
letters,  of  which  the  meanings  can  only  be  found  by  reference 
to  the  context. 

As  the  work  \Aas  written  more  especially  for  chemical  students, 
the  sections  devoted  to  Electricit}^  and  Magnetism  are  not  so 
complete  as  the  rest  of  the  book;  for  example  the  methods  of 
measuring  induction-coefficients  and  the  capacity  of  a  condenser 
are  omitted.  The  rough  determination  of  the  specific  inductive 
capacity  of  a  dielectric,  and  of  the  resistance  of  a  badly  conducting 
liquid  might,  however,  have  been  included  with  advantage. 

The  lists  of  apparatus  reiiuired  for  each  experiment  form  an 
excellent  feature  of  the  book,  and  will  be  of  great  service  to  the 
laboratory  assistant.  The  illustrations  are  likewise  good,  especially 
those  in  colours,  representing  the  solar  spectrum,  chromatic 
aberration,  and  grating  spectra  respectively.  Indeed,  the  volume 
quite  maintains  the  high  standard  which  physicists  have  previously 
ascribed  to  the  scientific  work  of  its  two  authors. 

James  L.  Howaed. 
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La  Chaliur  (ffeai).  Bij  Piekke  de  Heex,  Professor  of  Experi- 
mental Physus  in  the  University  of  Lie(/e.  Liege:  Nierstrasz, 
1894. 

Ix  the  somewhat  remarkable  preface  to  this  work  the  author 
discusses  the  two  methods  of  studyiug  science  by  mere  experiment 
and  deduction  therefrom,  and  by  assumption  of  a  tlieory  which  is 
afterwards  put  to  the  test  of  crucial  experiment,  respectively.  It 
is  only  by  the  latter  method  that  we  succeed  in  acquiring  a  know- 
ledge of  the  causes  of  things,  which  is  the  true  aim  of  phvsical 
science.  In  the  ordinary  text-books  of  heat  (and  indeed  of  all 
branches  of  physics,  except  perhaps  sound)  tlie  former  method 
has  been  generally  adopted ;  a  miscellaneous  collection  of  facts  is 
given  concerning  expansion,  the  laws  of  gases,  calorimetry,  &c., 
and  these  lead  to  a  higher  analytical  or  mechanical  development  of 
the  subject,  but  no  theory  is  gi\en  to  unite  them  into  a  connected 
system.  Such  a  connecting  link  is  first  met  \\  ith  in  the  kinetic  or 
molecular  theory  of  gases,  by  which  the  behaviour  of  gases  under 
various  conditions  of  temperature  and  pressure  is  completely 
explained.  By  a  suitable  choice  of  temperature  and  pressure, 
however,  a  gas  may  be  changed  to  liquid,  or  a  liquid  to  solid,  so 
that  a  similar  theory  must  apply  to  all  three  states  of  matter. 
But  as  the  molecules  become  crowded  together  the  increasing 
complexity  of  their  motions  defies  all  calculation,  although  Van 
der  Waals  and  others  of  the  same  school,  to  whose  influence  the 
present  work  is  doubtless  due,  have  achieved  a  certain  amount  of 
success  in  the  case  of  liquids  near  their  critical  temperatures. 
Again,  if  we  grant  that  the  properties  of  liquids  and  solids  are 
capable  of  explanation  by  molecular  motion,  it  follows  that  such 
properties  will  be  functions  of  the  molecular  weights  of  the 
substances.  This  conclusion  has  been  verified  in  many  cases  in 
which  a  complete  explanation  is  yet  wanting. 

In  the  volume  before  us  heat  is  regarded  as  a  molecular  motion, 
and  its  chief  phenomena  are  explained  from  this  point  of  view  as 
far  as  is  possible  in  the  present  state  of  knowledge.  The  author 
assumes  a  knowledge  of  elementary  phenomena,  and  occasionally 
borrows  formulae  from  thermodynamics,  so  that  his  work  must  be 
considered  as  an  exposition  of  molecular  physics  rather  than  a 
text-book  of  heat.  AVe  have  found  several  misprints  in  the  book, 
notably  in  connexion  with  names  of  authors,  for  example  Ciaira«t, 
Peluj,  Quinke,  all  of  which  might  be  corrected  in  a  future  edition. 

James  L.  Howard, 
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ON  THE  MAGNETIZATION  OF  SOFT  IRON.       BY  M.  P.  JOUBIN. 

THE  phenomena  of  magnetization  liavo  as  yet  only  been  re- 
presented by  empirical  and  approximaie  expressions  ;  thus,  for 
instance,  the  M'oll-known  formula  of  Frdhlich  which  is  so  frequently 
used  does  not  show  that  the  magnetic  susceptibility  passes  through 
a  maximum,  a  fact  which  is  very  important. 

1.  Let  I  be  the  intensity  of  magnetization,  H  the  field,  K  the 
susceptibility,  defined  by  the  equation  I  =  K1I,  In  order  to  find 
another  relation  between  those  three  magnitudes  wo  may,  with 
I^owland,  trace  a  curve  by  taking  for  coordinates  not  I  and  H, 
but  I  as  ordinate,  and  K  or  47rK  as  abscissae.  To  each  value  of  K 
two  values  of  I  correspond,  and  the  centre  of  each  chord  is  on  a 
right  line  very  slightly  inclined  to  the  axis  of  abscissa),  and  the 
angidar  coefficient  of  which  is  negative.  This  curve  is  exactly  a 
parabola  (except  near  the  axis  of  the  ordinates)  as  Eowland 
has  shown,  who,  however,  represents  it  by  a  sinusoidal  function. 
Thus  it  is  that  the  equation 

1=660-0-078  47rK  ±  14-53  V  2336  -  4irK 

represents  exactly  the  magnetic  condition  of  an  iron  m\  estigated 
by  Bosanquet,  as  shown  in  the  following  table.  This  examj^le  is 
taken  at  random  among  many  others. 

I. 


H. 

47rK. 

Calculated. 

Observe( 

0-2 

629 

12 

10 

0-5 

753 

25 

80 

1 

1448 

115 

115 

2 

2281 

375 

363 

5 

1979 

779 

788 

10 

1301 

1028 

1035 

20 

744-5 

1183 

1183 

50 

323-3 

1287 

1286 

100 

170-5 

1322 

1356 

2.  The  general  asj^ect  of  these  curves  recalls  in  a  striking 
manner  the  curves  which  give  the  densities  of  saturated  fluids 
as  a  function  of  the  temperature  (MM.  Cailletet  and  INIathias). 
To  each  value  of  the  susceptibility  (which  replaces  the  tem- 
perature) correspond  two  values  of  the  intensity  of  magnetization 
(or  superficial  density)  w  Inch  approach  each  other  as  K  is  increased, 
and  merge  into  each  other  at  the  critical  point.    The  maximum 
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intensity  I,„  is  netarly  equal  to  three  times  the  critical  intensity  I^. ; 
in  fact  in  the  preceding  example  Ic=-i78  and  I„,  =  1400,  a  third  of 
which  is  467.  Now  tliis  property  of  ordinary  fluids  may  be 
deduced  from  the  equation  of  Van  der  Waals  ;  we  are  thus  led  to 
inquire  whether  we  may  compare  the  magnetic  properties  to  those 
of  fluids. 

3.  Follo\^-ing  Faraday,  let  us  regard  the  field  as  occupied  by 
tubes  of  force  whose  section  o-  at  each  point  is  inversely  as  the 
field,  o-H  =  l.  In  other  words,  instead  of  representing  the  intensity 
of  the  field  by  the  number  of  lines  of  force  per  unit  surface,  let  us 
define  it  by  the  section  of  unit  tube.  The  coefficient  K  may  then 
be  written  la ;  this  is  the  quantity  of  magnetism  contained  in  the 
section  of  unit  tube,  just  as  the  temperature  is  the  quantity  of 
heat  contained  in  unit  volume  of  a  gas. 

Between  the  superficial  doisity  I  and  the  susceptibility  K  tJiere  is 
the  same  relation  as  between  the  cuhical  densitij  d  and  the  temperature 
T  of  a  fiuid,  a  relation  expressed  by  the  formula  of  Van  der 
Waals.     Given  a  fluid  obeying  this  law, 


If  it  is  gaseous  and  very  far  from  its  point  of  saturation,  it 
virtually  follows  the  law  of  Mariotte,  and  we  may  write  pv=^T^ 
from  which  is  deduced  the  approximate  law  of  its  expansion, 

a  I' 

The  expansion  of  unit  volume  is  proportional  to  the  absolute 
temperature.     This  expression  leads  us  to  Frohlich's  law. 

Assume,  in  fact,  that  we  can  apply  to  magnetic  phenomena  the 

same  equation,  in  which  we  shall  replace  a  by  =-,  T  by  K,  and 
V  by  =r ;  we  shall  have 

Admitting,  in  conformity  with  a  well-known  dmnoustration,  that 
the  pressure  exerted  against  the  external  medium  on  the  surface  is 
proportional  to  I'a,  that  is  to  say  to  KI,  it  will  be  seen  that  to 
write  the  equation  p  =  EKI,  is  to  express  a  law  analogous  to  that 
of  Mariotte.     We  deduce  from  this, 

-L/n         J- 
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from  which 

^H        li      Urn' 

This  is  Frohlich's  foriuvila. 

Now  this  i'orniula  liolds  very  well  with  feebly  magnetic  bodies ; 
we  may  from  this  conclude  that  in  this  case  the  pressure  ^  is 
correctly  ^-alued.  On  the  other  hand,  it  does  not  agree  with 
sti-ongly  magnetic  bodies,  for  which  the  value  of  the  pressure  p  is 
given  by  the  formula  of  Van  der  AVaals.  From  the  known  pro- 
perties of  this  equation,  the  pressure  corresponding  to  two  values 
of  I,  corresponding  to  the  same  susceptibility  K,  is  the  same. 

4.  For  a  fluid,  in  proportion  as  the  temperature  T  decreases  the 
density  of  the  saturated  vapour  decreases  cotemporaneously  with 
the  tension ;  at  the  temperature  at  which  the  density  becomes 
null,  the  tension  is  null  also.  Thus  the  second  part  of  the  equation 
of  Van  der  Waals  vanishes,  and  we  deduce  from  it  the  value  of 
the  density  of  the  liquid  under  the  pressure  null  of  its  saturated 
vapour. 

Applying  the  same  method  to  the  example  mentioned  above,  the 
parabola  cuts  the  axis  of  abscissse  at  the  point  47rK=516  ;  the 
corresponding  value  of  I  given  by  the  equation  of  Van  der  AVaals 
is  1=1260.  The  direct  measurement  on  the  parabola  gives  1256, 
This  is  an  almost  absolute  coincidence. 

5.  From  this  point  the  equation  of  Van  der  Waals  can  no 
longer  represent  the  phenomenon,  for  the  fluid  can  no  longer 
exist  in  the  liquid  state ;  a  change  of  state  takes  place,  and  the 
representative  curve  changes  suddenly.  This  is  also  the  case 
with  magnetism  ;  it  is  from  this  point  that  the  curve  is  no  longer 
parabolic.  There  is  a  change  of  state  cori-espouding  to  the  passage 
from  the  liquid  to  the  solid  state. 

In  fine,  the  phenomena  of  the  magnetization  of  iron  are  ana- 
logous to  those  presented  by  a  saturated  fluid,  and  might  be 
calculated  by  the  same  formulas ;  I  propose  to  try  if  we  can  find 
experimentally  a  reduced  equation  independent  of  the  magnetized 
body. 

Feebly  magnetized  bodies  are  subject  to  laws  analogous  to  those 
of  liquids  at  a;  distance  from  their  point  of  satiu-ation. — Communi- 
cated hy  the  Autlior,  from  the  Comptes  rendus,  Jan.  8,  1894. 


ON    THE    EXPERIMENTAL    INVESTIGATION    OF    THE    KOTATIONAL 
COEFFICIENTS  OF  THERMAL  CONDUCTIVITY.      BY  CH.  SAKET. 

In  the  very  amiable  and  indulgent  notice  which  the  Archives 
de  Geneve  has  published  of  my  Elemens  de  Qrystalloyraiihie 
physique,  M.  Curie  has  proposed  a  method  by  which  the  existence 


Intelligence  and  Miscellaneous  Articles.  339 

or  abseuce  of  rotational  coefficients  of   thermal  conductivity  in 
crystals  may  be  ascertained  in  a  simple  manner. 

I  wish  here  to  point  out  brietly  the  principle  of  an  analogous 
method  which  I  was  led  to  try  some  time  ago,  and  which,  as  I  have 
subsequently  learned,  is  identical  with  the  method  proposed  by 
Boltzmaun  for  the  investigation  of  Hall's  phenomenon. 

If  a  point  sufficiently  distant  from  the  edge  of  a  thin  crystallized 
plate  be  heated,  the  isothermal  cui-ves  obtained  by  Senarmont's 
method  are  ellipses,  whatever  be  the  values  of  the  coefficients  of 
rotation. 

If  instead  of  working  with  a  continuous  plate  the  plate  is  split 
by  a  straight  saw-cut  in  the  direction  of  a  radius  from  the  centre 
of  heating,  the  isothermal  curves  will  be  scarcely  moditied,  and  will 
shorten  on  each  side  of  the  slit  if  the  coefficients  of  rotation  ai*e 
null,  but  will  exhibit  a  break  in  the  same  region  if  the  coefficients 
are  not  null.  In  this  case  the  ^ow  from  the  centre  tends  to 
follow  a  spiral  line  ;  there  should  be  an  accumulation  of  heat  on  one 
of  the  edges  of  the  slit  and  a  failing  off  on  the  other. 

The  experiment  may  be  made  still  more  simply.  Instead  of 
sa\\-ing  the  plate  it  is  sufficient  to  heat  a  point  of  the  rectilinear 
edge.  If  the  coefficients  of  rotation  are  not  zero  the  isothermal 
line  must  undergo  a  spiral  modification,  and  the  distances  at 
which  it  cuts  the  edge  of  the  plate  on  the  right  and  left  of  the 
point  heated  are  not  equal. 

This  method  is  not  very  certain :  it  is  better  to  cut  the  plate  by 
a  saw-cut  in  two  halves,  which  are  then  adjusted  in  a  suitable 
support  in  their  original  position,  leaving  a  slight  interval  bet\veen 
the  two  edges  of  the  slit.  By  heating  a  point  of  this  the  spiral 
deformation  should  be  separately  produced  on  each  piece,  and  the 
isothermal  will  present  discontinuities  in  the  opposite  direction  at 
the  two  points  where  it  meets  the  slit. 

I  have  tried  these  various  methods  on  plates  of  gypsum  ;  in  no 
case  have  I  observed  a  discontinuity  indicating  an  appreciable 
spiroidal  deformation  of  the  isotherms.  I  hope  to  pursue  these 
experiments. 

What  we  have  said  applies  to  tJiin  plates  perpendicular  to  the 
axis  of  rotation.  It  will  be  seen  in  like  manner  that  on  heating 
by  Jannettaz's  method  a  /xjint  in  a  face  cut  in  an  unlimited  crystnl, 
parallel  to  the  axis  of  rotation,  isotherms  should  be  obtained  which 
are  not  symmetrical  in  reference  to  that  diameter  which  is  parallel 
to  this  axis.  The  fact  that  this  deformation  has  not  hitherto  been 
noticed  appears  to  prove  that  the  coefficients  of  rotation  ai-e  always 
zero,  or  at  any  rate  very  small. — Bibliotheaue  Utiiuerselle,  No.  4, 
1893. 
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MECHANICAL  ENERGY  OF  MOLECULES  OF  GASES. 


To  the  Editors  of  the  Philosophical  Magazine. 

Will  you  kindly  allow  me  to  ask,  through  the  medium  of  your 
'  Philosophical  Magazine,'  whether  there  has  ever  been  pubHshed  a 
statement  of  the  Amounts  of  Mechanical  Energy  of  the  Molecules 
of  dilferent  Gases  ?  and  if  so,  where  it  is  to  be  found  ? 

If  there  has  been  no  such  publication,  I  beg  leave  to  say  that  by 
calculating  the  mean  loolecular  velocities  per  second  at  0°  C.  of  a 
considerable  number  of  gases,  simple  and  compound,  from  their 
molecular  weights  and  the  square  roots  of  those  weights  (or  of  the 
specilic  gravities)  in  the  usual  manner,  and  multiplying  the  squares 
of  those  velocities  by  the  molecular  weights,  I  have  observed  that 
the  resulting  products  are  alike  in  amount,  and  therefore  tlie 
quantities  of  mechanical  enenjy  of  the  molecules  of  gases  at  the  same 
temperature  and  pressure  are  equal. 

As  it  is  possible  that  this  general  truth  has  been  already 
observed  and  published  (although  during  extensive  x*eading  on 
cognate  subjects  I  have  not  seen  it),  I  make  the  above  statement 
with  great  diffidence. 

I  remain. 

Tours  truly, 

Birmingham,  Feb.  22,  1894.  Geokge  Goke. 


Gas. 

Sp.  gr., 

or  half 

molecular 

weiglit. 

Square  root 
of  sp.  gr. 

Metres 

per  second 

at  0'  C. 

Square  of 
Molecular 
Velocity. 

Amount  of 

Mechanical 

Energy. 

H  

1-0 

90 

120 

140 

14-0 

160 

190 

22-0 

220 

320 

33-8 

35-5 

36-5 

43-5 

560 

620 

79-5 

80-0 

100-0 

127-0 

129-0 

1500 

100 

300 

3-464 

3-74 

3-74 

4-00 

4-358 

4-69 

4-69 

5-65(5 

5-813 

5-96 

604 

6-.m5 

7-483 

7-874 

8-916 

8-938 

1000 

11-27 

11-357 

12-247 

1842-6 
614-2 
531-92 
492-67 
492-67 
460-65 
422-617 
392-87 
392-87 
325-95 
316-98 
309  16 
30506 
279-39 
246-238 
2.34-01 
201') -66 
20(')15 
184-26 
163-495 
162-24 
150-45 

3397175 

377242 

282939 

242724 

242724 

212198 

178627 

154346 

154346 

106243 

100476 

95580 

93062 

78059 

60634 

54760 

42708 

42498 

33951 

26732 

26322 

22635 

3397175 
3395175 
3395268 
3398136 
3398136 
3395168 
3393913 
3395612 
3395612 
3399789 
3396099 
3393090 
3396763 
3395566 
3395.504 
3395162 
3395286 
3399840 
3395174 
3394964 
3395538 
3395280 

HP  

NO2  

N  

CO 

0  

F 

CO, 

N,0  

S 

CIO,  

CI  

HCl  

C1,0  

Ctf  

p 

Se  

Br  

Hg  

I 

Te  

As  

LONDON,  EDINBUROH,  and  DUBLIN 

PHILOSOPHICAL    MAGAZINE 

AND 

JOURNAL    OF    SCIENCE. 


[FIFTH   SERIES.] 


APRIL  1894. 


XXXI.  On  the  Eledricltij  of  Drops.  By  J.  J.  Thomson, 
M.A.,  D.Sc,  F.R.S.,  Cavendish  Professor  of  Experimental 
Physics,  Camhridge*. 

DROPS  oflfer  many  advantages  for  the  iuvestigatioii  of 
electrical  effects,  especially  of  those  which  involve  the 
contact  of  dissimilar  substances.  Perhaps  the  greatest  of  these 
advantages  is  that  when  the  drops  are  formed  they  present  a 
perfectly  clean  surface  to  the  gas  by  which  they  are  sur- 
rounded ;  so  that  the  conditions  are  much  more  definite  than 
they  can  be  where  the  surfaces  have  been  long  exposed,  and 
have  had  time  to  get  contaminated  by  dirt  or  coated  with  films 
of  gas  of  unknown  composition. 

The  experiments  described  in  this  paper  relate  to  the  elec- 
trical effects  which  occur  when  a  drop  of  liquid  falls  on  to  a 
plate  already  coated  with  a  film  of  the  same  liquid.  It  has 
been  known  for  a  long  time  that  peculiar  electric  effects 
occur  at  the  feet  of  waterfalls  :  at  such  places  the  normal 
distribution  of  the  atmospheric  electric  potential  is  disturbed 
in  such  a  way  as  to  indicate  a  distribution  of  negative  elec- 
tricity in  the  region  at  the  foot  of  the  fall.  These  elfects  cannot 
be  due  to  the  waterfall  acting  like  the  falling  drops  in  Lord 
Kelvin's  water-dropping  electrophorus  ;  for  they  are  found 
to  occur  when  the  waterfalls  are  inside  caves  whose  sides  are 

*  Communicated  by  the  Author. 
Phil  Maj.  S.  5.  Vol.  37.  No.  227.  Ap/d  189-i.      2  A 
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(lri[)piiio-  with  inoisfcuro,  in  which  cases  the  water  would  be 
laUing  inside  an  eqiiipotential  surface. 

The  subject  of  the  electrification  j)roduced  by  falling  drops 
has  been  investigated  by  Lenard,  who  gives  the  results  of  his 
researches  in  a  most  interesting  paper,  entitled  "  Ueber  die 
Electricitiit  der  Wasserfiille  "  (Wiedemann's  Anncden,  xlvi. 
p.  584).  In  this  paper  Lenard  shows  that  when  drops  of 
distilled  water  fall  on  to  a  plate  wetted  by  the  water,  the  drops 
after  striking  the  plate  are  positively  electrified,  while  in  the 
air  around  the  place  where  the  drops  fall  there  is  a  distribu- 
tion of  negative  electricity :  that  no  electrical  separation 
takes  place  until  the  drops  strike  against  the  plate  :  and  that 
the  electrical  effect  with  drops  of  tap-water  is  very  much  less 
than  with  drops  of  distilled  water. 

Lenard  attributes  these  effects  to  the  formation  of  a  double 
coating  of  electricity  over  the  surface  of  the  drop,  the  drop 
itself  being  coated  with  positive  electricity,  while  in  the  air 
close  to  the  surface  of  the  drop  there  is  a  coating  of  negative 
electricity.  When  the  drop  strikes  against  the  plate  some  of 
this  external  coating  gets  knocked  off,  leaving  the  drop  with 
a  preponderating  positive  charge,  the  corresponding  negative 
charge  going  off  into  the  air  near  to  where  the  drop  strikes 
against  the  plate. 

Some  phenomena  I  observed  when  an  electric  discharge 
was  passing  through  an  exhausted  tube  led  me  to  the  con- 
clusion that  bodies  were  covered  with  this  double  coating  of 
electricity,  but  that  its  moment  and  even  its  sign  depended 
very  much  on  the  nature  of  the  gas  surrounding  the  body  on 
which  the  coating  was  situated.  I  was  therefore  led  to  make 
a  series  of  experiments  on  the  phenomena  which  accompany 
the  splashing  of  drops,  especially  on  the  effect  produced  by 
altering  the  gas  through  which  the  drops  fall  and  the  liquid 
of  which  the  drops  are  made. 

The  methods  I  used  are  very  similar  to  those  employed  by 
Lenard;  they  are  represented  in  figs.  1  and  2.  The  arrange- 
ment shown  in  fig.  1  was  used  to  test  the  effect  when  different 
liquids  fell  through  air;  that  in  fig.  2  when  the  drops  fell 
through  oases  other  than  air.  A  is  an  insulated  funnel  from 
which  the  drops  fall :  the  substance  of  which  this  funnel  was 
made  was  not  found  to  produce  any  effect  upon  the  results. 
1  tried  funnels  of  glass,  lead,  brass,  iron,  and  silver  :  the 
mouth  of  this  funnel  dips  below  the  top  of  a  metal  tube 
connected  to  earth.  In  fig.  2  the  top  of  this  tube  is  closed  by 
a  paraffin  stopper  through  which  the  funnel  passes.  The 
drops  fall  on  the  plate  B,  and  after  striking  against  it  fall 
into  the  vessel  C,  which  is  insulated  and  connected  to  the 
liquid  in  the  funnel  and  to  one  pair  of  quadrants   of  the 
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electrometer.  The  object  of  connecting  the  funnel  to  the  vessel 
in  which  the  drops  are  received  is  to  eliminate  the  effect  of 
any  electrification  that  may  be  produced  by  the  flow  of  the 
liquid  through  the  funnel,  or  any  electrical  separation  taking 
place  when  the  drops  fall  from  the  spout  of  the  funnel.  It 
was  found,  however,  by  connecting  the  funnel  by  itself  to  the 
electrometer,  that  any  effect  of  this  kind  was  extremely  small 
compared  with  those  observed  when  both  the  funnel  and 
receiver  w'ere  connected  with  the  electrometer.  To  prevent 
the  electricity  w^hicli  goes  into  the  air  from  charging  the 
receiver,  and  thus  neutralizing  the  opposite  electrification 
given  to  the  receiver  from  the  drops,  different  methods  were 
employed  according  as  the  drops  fell  through  air,  when  the 
experiments  coald  be  made  in  the  open,  or  through  other 
gases,  when  the  apparatus  had  to  be  enclosed  in  an  air-tight 
vessel.  In  the  fii-st  case  the  separation  of  the  two  electricities 
was  effected  by  blowing  a  current  of  air  across  the  plate  on 
which  the  drops  fell ;  the  electrification  in  the  air  was  by  this 
means  Wown  against  a  metal  plate  connected  with  the  earth, 
and  so  discharged.  The  current  of  air  was  produced  by  a  fan 
.  worked  by  a  water-motor.  This  method  could  not  be  used 
when  the  apparatus  had  to  be  closed  up  so  as  to  allow  of  gases 
other  than  air  being  used.  In  this  case  the  electrification  in 
the  air  was  discharged  by  placing  over  the  plate  a  piece  of 
wire  gauze  connected  with  the  earth  :  a  hole  was  cut  through 
the  gauze  to  allow  of  the  drops  falling  through  without  touch- 
ing the  gauze  ;  the  gauze  was  separated  from  the  plate  by  a 
distance  only  just  great  enough  to  allow  the  drops  to  fall 
into  the  receiver  after  rebounding  from  the  plate  without 
striking  against  the  gauze.  Plates  of  various  kinds  were 
tried,  but  I  found,  as  Lenard  observes,  that  the  material  of 
which  the  plate  is  made  exerts  no  influence  provided  it  is 
thoroughly  wetted  by  the  liquid  which  falls  upon  it.  Irregu- 
larities occur  if  the  plate  is  greasy,  when  the  drops,  instead 
of  spreading  over  the  plate,  roll  off  it,  still  retaining  their 
globular  form. 

With  either  of  these  pieces  of  apparatus  the  effect  dis- 
covered by  Lenard,  that  after  striking  against  the  plate  drops  of 
distilled  water  had  a  positive  charge,  could  easily  be  observed. 

The  first  variation  of  the  ex})erimeut  which  I  tried  was  to 
make  the  drops  fall  through  water-vapour  instead  of  air.  For 
this  experiment  water  was  boiled  for  several  hours  in  a  vessel 
like  that  represented  in  fig.  2  until  the  steam  had  completely 
expelled  the  air  :  the  water  used  for  the  drops  had  been  well 
boiled  so  as  to  thoroughly  expel  the  air  from  it.  In  this  case  no 
electrical  separation  whatever  was  observed,  though  when  air 
wa«5  blown  into  the  vessel  the  normal  effect  at  once  reappeared. 
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When  the  vessel  was  filled  with  hydrogen,  the  electrification 
of  the  drops  -was  reversed  :  the  drops,  after  striking  against 
the  plate,  being  negatively  electrified,  while  there  was  a  posi- 
tive charge  distributed  throngh  the  hydrogen.  Lenard  found 
that  the  effect  was  consithM-ably  less  in  hydrogen  than  in  air. 
If  care  is  taken  to  get  rid  of  all  traces  of  air,  the  effect  is  not 
merely  diminished  but  reversed. 

This  and  the  experiment  previously  described  seem  to  indi- 
cate that  the  effect  is  due  to  chemical  action.  This  view  is 
confirmed  by  the  very  large  effects  produced  by  the  addition 
of  small  quantities  of  various  foreign  substances  to  the  water 
forming  the  drops. 

The  results  of  experiments  made  upon  a  considerable  variety 
of  substances  are  given  below.  In  each  case  the  deflexion 
given  is  that  produced  when  100  cubic  centim.  of  the  sub- 
stance fall  through  the  funnel.  The  deflexion  is  marked  + 
when  it  is  in  the  same  direction  as  that  due  to  pure  water 
fallino;  through  air. 

Hydrochloric  Acid. 


Strength  of 

■n„fl„-..;v^„ 

Strength  of             ^ 

fl«v 

Solution. 

, 

Solution.                ■^'^ 

UtJj 

Pure  water 

125  + 

100+ 

•2  c 
to 
•4 

c.  of  HCl  made  up  " 
100  c.  c.  with  HoO  ; 

II          11         1) 

•2  c.  c.  of  nCl  in 
c.  c.  of  H.,0    . 

lo'-t" 

0 
0 

■i         „         ,', 

JJ 

65  + 

•8 

11          11         I) 

2 

■8 

,_ 

45+ 

1-6 

11          >>        i> 

3 

1-fi 

,, 

12  + 

3-2 

i>          1)         >i 

0 

3-2 

J^ 

3+ 

6-4 

II          i>         II 

2 

6-4 

,, 

0 

12-8 

II          i>         i> 

0 

12-8 

,, 

0 

25-0 

11          11         II 

0 

250 

^J 

0 

50-0 

11          II        II 

0 

500 

,, 

0 

In  this  case  any  addition  of  the  substance  diminishes  the 
electrical  effect,  and  only  requires  a  small  quantity  of  HCl  to 
make  the  solution  neutral.  When  the  solution  has  become 
neutral  it  remains  so  in  spite  of  the  addition  of  more  acid. 
AVe  shall  see  that  other  substances,  such  as  zinc  chloride, 
oxalic  acid,  &c.,  show  the  same  peculiarity. 


Strength  of 
Solution. 


Sulphuric  Acid. 
Deflexion. 


Strength  of 
Solution. 


Water 180+ 

•2  c.  c.  of  H,SO,  in  1000  "I  4o_ 

c.  c.  of  H.,0  J 

■7  „  „'  „  „  so- 
lo „  „  „  „  30- 
1-7  „  „  „  I,  35- 
3-0  „  „  „  „  30- 
60      ..        ..        ,.      ..  30- 


1  c.  c.  of  H.,SO,  made  up 
to  100  with  H.,0    ... 

3 
10 
20 


Deflexion. 

}.o- 

5- 
10- 
10- 
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A  small  .amount  of  H2SO4  is  thus  sufficient  to  reverse  the 
effect.     Strong  solutions  are  very  nearly  neutral. 

Acetic  Acid. 


Strength  of 
Solution. 


Deflexion. 


Water 190+ 

•2  e^c.  of  acid  in  ion  j^q 

or  water J 

•8       „         „         „       „  60  + 

6-4       „         „         „       „  35+ 

12-8       „         „         „       „         5- 

25-fi       „         „         „       „  10- 

500       15- 


•2c. c.  of  acid  watered"!    nr\_ 
up  to  100  c.  c J 


•4 

•8 

1-6 

3-2 

«-4 

12-8 


35- 
45- 
55- 

25- 

30  + 

100+ 


In  this  case  the  electric  effect  for  moderately  dilute  solu- 
tions is  opposite  to  that  of  water,  while  strong  solutions  give 
an  effect  of  the  same  kind  as  w-ater. 

Phenol. 

The  phenol  used  was  descrilied  as  "  granulated  phenol." 
The  solution  called  the  standard  solution  below  is  made  by 
taking  '2  cubic  centim.  of  a  saturated  solution  at  15°  C.  and 
mixino-  with  it  100  cubic  centim.  of  water. 


Deflexion. 


Strength  of 
Solution. 

Water 140  + 

•2  c.  c.  of  standard  solu-  "I  t  grv  , 

tioninlOOc.c.ofHoO  f  ^»"+ 

•8      „        „         „     "„     170+ 

3-2      „         „         „       „     210+ 

50-0      „        „        „       „     190+ 


Strength  of 
Solution. 


Deflexion. 


*2  c.  c.  of  saturated  solu- 1  o-n  i 

tion  watered  to  100  c.  c.  (  " 
•4        „        „         „       „     520+ 
•8        „        „        „       „    730+ 
1-6        „        „        „       „    850+ 
3-2        „         „        „       „     920+ 
6-4        .,        „        „       „    870+ 
12-8        „        .,        „       „    270+ 
25-0        „        „        „      „        5- 
i    50-0        „         „        „       „      25- 

The  effects  produced  by  a  small  quantity  of  phenol  are  very 
striking,  increasing  the  deflexion  nearly  sevenfold.  On  the 
other  hand,  a  strong  solution  is  nearly  neutral. 

Hydriodic  Acid. 
The  standard  solution  contained  '2  cubic  centim.  of  HI  in 
100  cubic  centim.  of  water. 

Strength  of  Solution.  Deflexion. 

Water   275+ 

•2  c.  c.  of  standard  solution  in  100  c.  c.  of  water 280+ 


3-2 
6-4 

.2-8 


•2  c.  e.  of  acid  watered  up  to  100  c.  c, 
*4  »>  »i  >i  i> 


180+ 
50+ 
30  + 

0 

3- 
10- 
10- 
10- 
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The  hydriodic  acid  thus  diminislies  the  water  effect :  the 
stronger  solutions  are  nearly  neutral. 

Oxalic  Acid, 

The  standard  solution  contained  1  centigramme  of  acid  in 
100  cubic  centim.  of  water. 


Strength  of 
Solution. 


Deflexion. 
255  + 


280+ 


Water  

•2  c.  c.  of  standard  solu- 
tion in  100  c.  c.  of  water 
3-2        „      „       „       „       190+ 
6-4        „       „       „       „       110+ 
25-0        „       .,      „       „         60+ 
50-0        „       „       „       „         40+ 


Strength  of 
Solution. 

•01  grm.  of  acid  in 

1(X)  c.  c.  of  water 

•02      „       „       „       , 

•04      „       „       „      , 

•16      „       .,       „       , 

1"25  grms.    ,,       ,,      , 

5-0        


Deflexion. 


20+ 

10+ 
0 
0 
0 
0 


Tartaric  and  formic  acid  gave  very  similar  results. 


Zinc  Chlonde. 

Strength  of  Solution.  Deflexion. 

Water   170+ 

•0017  gramme  of  ZnCl,  in  100  c.  c.  of  HjO    150+ 

•0136  „  „    "  „  „        60+ 

•085  „  „  „  , 15+ 

•17  „  „  „  5+ 

1^36  grammes  ,,  ,,  „         0 

10^8  „  „  „  0 

85^0  „  „  „  , 0 

Thus  zinc  chloride  behaves  in  the  same  way  as  hydrochloric 
and  the  other  acids. 


Strength  of 
Solution. 


Water     ciU  + 

■00016  gramme  of  salt  1  ,-  , 

inlOOcc J^^"^ 

•00064      „        „        „     15- 
•00128      „ 
•00256      „ 
•005 


Chromium  Trioxide. 

Strength  of  t\  a     • 

Solution.  Deflexion. 

•01    gramme  of  salt  1  ^a(\_ 

in  100  c.  c.   J 

•04        „  „        „    210— 

•16        „  „        „    225- 

50—  1-25  grm.s.  „        „     270- 

85-  2-5  „  „        „    240- 

110-  50  „  „        „     190- 


Deflexion. 
30+ 


Thus  chromium  trioxide  reverses  the  electrification  on  the 
drop,  producing  a  very  large  negative  electrification  on  the 
drops. 

Effects  similar  to  those  produced  by  chromium  trioxide 
are  also  produced  by  hydrogen  peroxide. 
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Potassium  Iodide. 

Strength  of  Solution.  Deflexion. 

Water   390+ 

•04  erammc  of  KI  in  100  ce.  of  11,0 70- 

•12        „            „            „             „    "     100- 

•32        „             .,            „            „         110- 

A  similar  reversal  to  that  shown  hy  chromium  trioxide. 

Potassium  Pcrmanganalc. 

Strength  of  Solution.  Deflexion. 

Water   > 230+ 

'025  gramme  of  permanganate  in  100  c.  c.  of  11.^0  ...     145  — 

Thus  the  addition  of  potassium  peiman<ianat('  produces  a 
reversal  of  the  electrification. 

Though  the  addition  of  mineral  salts  and  acids  produces  a 
very  decided  effect  on  the  electrification,  this  effect  is  not 
nearly  so  large  as  that  produced  by  very  dilute  solutions  of 
organic  compounds.  We  have  seen  an  instance  of  this  already 
in  the  case  of  phenol,  which  produced  an  enormous  increase 
in  the  electrification  of  the  drops.  An  equally  remarkable 
effect  is  produced  by  methyl  violet,  but  in  this  case  the  elec- 
trification of  the  drop  is  reversed  :  the  merest  trace  of  methyl 
violet  is  sufficient  to  reverse  the  electrification,  and  in  fact  a 
weak  solution  is  much  more  effective  than  a  strong  one,  a 
very  strong  solution  being  almost  neutral.  The  effect  of 
methyl  violet  is  so  great  that  when  a  funnel  has  been  used 
for  this  substance,  many  litres  of  water  have  to  be  run  through 
it  before  distilled  water  when  running  through.it  gives  the 
normal  effect.  The  following  measurements  show  the  large 
effects  produced  by  small  quantities  of  methyl  violet :  the 
standard  solution  mentioned  below  was  distinctly,  though  not 
deeply,  coloured. 

Methyl  Violet. 

Strength  of  Sohition.  Deflexion. 

Water  350+ 

2  drops  of  standard  solution  in  100  c.  c.  of  H2O  ...  450— 

•2c.c.  „            „            „            „            „      ...  370- 

•4    „  „            „            „            „            „      ...  370- 

1-0     „  „            „            „            „            „      ...  280- 

10^0    „  „            „            „            „             „      ...  210- 

40-0    „  „            „            „            „            „     ...  100- 

Rosaniline  also  produces  an  effect  of  the  same  character  as 
methyl  violet,  though  not  quite  to  the  same  extent :  thus,  when 
the  distilled  water  gave  a  deflexion  200  + ,  a  weak  solution 
of    rosaniline    gave   a   deflexion  370—  ;    stronger   solutions 
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produced  much  «maIlor  offocts.  The  effect  of  adding  a  small 
quantity  ot"  rosaniline  to  water  could  be  detected  by  the 
alteration  produced  in  the  deflexion  of  the  electrometer  before 
any  colour  was  appreciable. 

Fluorescene  and  eosine  produce  very  marked  effects,  but  of 
the  oitpositc  kind  to  those  due  to  methyl  violet  and  rosaniline, 
/".  ('.,  instead  of  reversiufr  the  water  effect,  they  increase  it.  Thus 
when  water  gave  a  defle.xion  280 +  ,  a  weak  solution  of  fluores- 
cene gave  a  deflexion  700  +  ;  and  when  water  gave  a  deflexion 
200 +  ,  a  weak  solution  of  eosine  gave  a  deflexion  370 +  . 
As  the  solutions  of  eosine  and  fluorescene  increase  in  strength 
the  electrical  effects  get  smaller,  until  wilh  very  strong 
solutions  a  small  negative  deflexion  is  obtained  in  both  cases. 

When  a  solution  has  liecome  electj-ically  neutral,  /.  e.  when 
the  dro])S  do  not  produce  any  deflexion  of  the  electrometer, 
the  addition  of  other  reagents  seems  to  produce  very  little 
effect.  Thus  to  100  c.  c.  of  a  neutral  eosine  solution  I  added 
12  drops  of  a  rosaniline  solution,  and  the  solution  still  re- 
mained neutral,  though  the  addition  of  the  same  quantity  of 
the  rosaniline  solution  to  100  c.  c.  of  distilled  water  produced 
a  change  in  the  deflexion  of  the  electrometer  of  400  scale- 
divisions. 

The  effect  produced  by  any  reagent  depends  to  a  very  large 
extent  on  the  solvent  in  which  it  is  dissolved.  I  tried  the 
effect  of  dissolving  rosaniline,  methyl  violet^  fluorescene, 
eosine,  and  phenol  in  absolute  alcohol  as  well  as  in  methylated 
spirit  :  the  electrical  effects,  however,  were  small,  in  no  way 
comparable  to  the  enormous  effects  produced  by  these  sub- 
stances when  dissolved  in  water. 


Isomeric  Siihsfances. 

Dr.  Ruhemaun  was  kind  enough  to  supply  me  with  samples 
of  the  three  isomeric  substances  hydroquinone,  pyrocatechin, 
and  resorcin.  The  solutions  of  these  were  of  the  same  strength, 
•5  gramme  of  the  salt  being  dissolved  in  a  litre  of  water.  The 
results  were  as  follows  : — 

Substance.  Deflexion. 

Water    210  + 

Pyroeatechin    205  + 

Eesorcin    205  + 

Hydroquinone 255  + 

Thus  the  hydroquinone  is  the  only  one  of  the  three  which 
produces  any  appreciable  effect  on  the  electricity  produced  by 
the  drops. 
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Efect  of  Temperature  upon  the  Amount  of  Electricity 
produced. 

The  electrification  produced  by  drops  of  distilled  water  in- 
creases as  the  temperature  increases ;  this  is  shown  by  the 
following  measurements  made  at  different  temperatures : — 

Temperature.  Deflexion. 

15°  0 2304- 

75°  0 390+ 

95°C 420+ 

The  effect  of  temperature  upon  a  solution  of  rosaniline  is 
very  remarkable.  At  first  increase  of  temperature  produces 
an  increase  in  the  electrification,  but  on  increasing  the 
temperature  still  further  the  electrification  diminishes  and 
finally  changes  sign.  The  deflexions  due  to  a  rosaniline  solu- 
tion are  given  in  the  following  table  : — 

Temperature.  Deflexion. 

150C 180- 

70°0 260- 

75°0 120- 

90°0 204- 

95°C 40+ 


EJ'ect  of  Altering  the  Gas  surrounding  the  Drops. 

I  have  already  alluded  to  the  reversal  of  the  electrifi- 
cation of  drops  of  distilled  wntev  which  takes  place  when 
hydrogen  is  substituted  for  air.  If  in  place  of  distilled  water 
we  use  dilute  solutions  of  difibrent  substances,  we  find  that  the 
effect  of  substituting  hydrogen  for  air  depends  very  much 
upon  the  nature  of  the  solution.  Solutions  such  as  those  of 
phenol, pyrogallic  acid,  fluorescene,  whose  drops  are  electrified 
in  the  same  way  as  those  of  distilled  water,  are  afiected  by 
hydrogen  in  the  same  way  as  the  drops  of  water  are  affected; 
/.  e.,  the  positive  electrification  which  the  drop  possesses  in  air 
is  in  hydrogen  exchanged  for  a  small  negative  electrification. 
On  the  other  hand,  the  effect  of  substituting  hydrogen  for  air 
in  the  case  of  substances  like  methyl  violet,  rosaniline,  potas- 
sium permanganate,  whose  drops  show  a  negative  electrifica- 
tion in  air,  is  to  increase  this  negative  electrification,  and  the 
deflexion  of  the  electrometer  is  greater  when  the  drops  fall 
through  hydrogen  than  when  they  fall  through  air. 
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Substance. 

Deflexion  when 

drops  fall 

through  air. 

Deflexion  when 

drops  fall 
through  coal- 
gas. 

Deflexion  when 
drops  fall 
through 
hydrogen. 

Water 

Fluorescene  in  water 

Eosine  in  water 

230+ 

110  + 

200  + 

360- 

325- 

70- 

310+ 

40+ 

15- 

95+ 
8  + 
200+ 
360- 
330- 
133- 

25- 
125- 

35+ 
395- 

580- 

10- 
150- 
130- 

70- 

Eosaniline  in  water    

Methyl  Tiolet 

Potas.-iiim  permanganate 
Phenol  in  water 

Absolute  alcohol 

Methyl  violet  in  alcohol... 
Phenol  in  alcohol  

When  cU'ops  fall  through  sulphuretted  hydrogen,  the  de- 
flexion of  the  electrometer  is  very  small  whatever  be  the 
nature  of  the  drop.  I  am  inclined  to  attribute  this  to  the 
absorption  of  the  gas  by  the  water  of  the  solution;  the  drops 
absorb  so  much  gas  that  they  may  be  regarded  as  pretty 
strong  solutions  of  sulphuretted  hydrogen,  and  it  is  consistent 
with  what  we  have  seen  of  the  behaviour  of  solutions  of  salts 
or  acids  that  a  strong  solution  should  l^e  electrically  neutral. 
This  explanation  is  supported  by  the  fact  that,  whereas  to  get 
the  hydrogen  effect  it  is  necessary  to  take  the  greatest  pains 
to  exclude  the  air,  we  can  get  the  effect  produced  by  sul- 
phuretted hydrogen  when  a  good  deal  of  residual  air  remains 
in  the  gas  surrounding  the  drops.  I  also  found  that  when 
water  in  which  sulphuretted  hydrogen  had  been  dissolved  fell 
in  drops  through  air,  no  electrical  effect  was  produced. 

When  solutions  of  rosaniline  and  methyl  violet  fell  through 
chlorine,  the  drops  had  a  slight  positive  charge;  the  same  drops 
when  fallino;  through  air  or  hvdrooen  had  a  neoative  charge  : 
the  solutions  were  quite  bleached  by  the  chlorine.  When 
chlorine  water  falls  through  chlorine,  no  electrification  is 
produced . 

TMscitssion  of  the  Besnits. 
The  preceding  experiments  show  that  the  electritication 
developed  by  the  drop  depends  (1)  on  the  nature  of  the 
gas  surrounding  the  drop  ;  (2)  on  the  nature  of  the  drop 
itself.  On  the  drop  side  of  the  surface  of  separation  of  the 
drop  and  the  gas  there  is  a  coating  of  one  kind  of  electricity 
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close  to  this,  but  in  the  gas  there  is  a  coating  of  the  opposite 
kind  of  olectric'ty.  The  quantity  of  positive  electricity  on 
one  coating  is  equal  to  the  quantity  of  negative  electricity  on 
the  other.  With  an  electro-negative  gas  like  oxygen,  the 
negative  layer  of  this  double  coating  of  electricity  is  in  the 
oxygen  when  the  drop  is  formed  of  distilled  water,  or  of  a 
solution  of  readily  oxidizalile  substances,  such  as  pyrogallic 
acid,  or  phenol,  or  of  dilute  solutions  of  eosine  and  fluorc^cene. 
If  the  oxygen  is  replaced  by  the  electro-positive  gas  hydrogen, 
then  the  positive  layer  of  the  coating  is  in  the  hydrogen,  not 
only  for  the  drops  mentioned  above  but  also  for  all  the  drops 
I  have  tried,  with  the  exception  of  mercury.  This  sub- 
stance I  have  always  found  to  be  positively  electrified 
whether  it  fell  through  air  or  hydrogen.  I  hope,  however, 
to  test  this  point  further  by  trying  still  purer  hydrogen. 
When  the  drops  are  solutions  of  strongly  oxidizing  sub- 
stances, such  as  chromium  trioxide,  hydrogen  peroxide, 
potassium  permanganate,  or  weak  solutions  of  certain  dyes, 
such  as  rosaniline  or  methyl  violet,  the  positive  coating  seems 
always  to  be  in  the  gas,  whether  this  be  oxygen  or  hydrogen; 
the  electrical  effect  is,  however^  greater  in  the  latter  case 
than  in  the  former.  With  chlorine,  however,  the  negative 
coating  seems  always  to  be  in  the  gas.  These  results,  together 
with  the  fact  that  when  water  falls  through  its  own  vapour, 
or  when  chlorine  water  falls  through  chlorine,  no  electrical 
effect  is  produced,  seem  clearly  to  indicate  that  the  electrifi- 
cation owes  its  origin  to  chemical  j)rocesses.  In  fiict  the 
phenomena  point  to  the  conclusion  that  over  the  surface  of 
the  drop  a  substance  is  formed  which  is  in  a  state  intermediate 
between  that  of  complete  chemical  combination  and  complete 
separation  Ijetween  the  gas  and  the  liquid  forming  the  drop  : 
a  state  in  which  the  constituents  have  electrical  charges  of 
the  same  sign  as  in  actual  chemical  compounds,  but  in  which 
the  connexion  between  the  constituents  is  so  loose  that  they 
can  easily  be  shaken  apart.  We  must  regaid  this  state  rather 
as  an  attempt  or  tendency  towards  chemical  combination  than 
the  formation  of  a  definite  stable  chemical  compound,  for  we 
could  not  suppose  that  such  a  compound  would  be  split  up 
when  the  drop  struck  against  a  wet  plate. 

The  greatest  electrical  effect  will  occur  when  there  is  a 
tendency  towards  chemical  combination,  though  not  of  suffi- 
cient intensity  to  result,  in  the  time  taken  by  the  drop  to  fall 
from  the  funnel  to  the  plate,  in  the  formation  of  a  definite 
chemical  compound.  The  influence  of  this  tendency  in  in- 
creasing the  electrical  effect  is  shown  by  the  experiments  on 
weak  solutions  of  the   three   isomeric  substances,   resorcin, 
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pyrocatecliin,  and  hydroqiiinone.  Of  these  the  last  was  the 
only  one  that  increased  the  electrical  effect  of  the  drops 
beyond  that  due  to  the  water  in  which  it  was  dissolved,  and 
hydroquiuone  is  the  only  one  of  the  three  which  has  any 
tendency  to  combine  with  oxygen. 

The  ditlerence  between  the  magnitude  of  the  changes  pro- 
duced in  the  electrical  effects  when  the  same  substances  are 
dissolved  in  water  and  alcohol,  shows  that  the  quasi-chemical 
action  which  produces  the  electrification  is  greatly  influenced, 
if  not  altogether  determined,  by  the  solvent.  Thus  the  small 
eflPect  produced  when  phenol  is  dissolved  in  alcohol  compared 
with  that  produced  when  it  is  dissolved  in  water,  shows  that 
phenol  by  itself  does  not  produce  much  electrical  effect,  but 
that  when  a  small  quantity  of  it  is  dissolved  in  water,  it  is 
put  into  a  state  in  which  it  can  exert  a  chemical  action  which 
is  accompanied  by  a  vigorous  electrical  effect.  The  addition 
of  a  small  quantity  of  a  salt  or  acid  to  the  water  seems  to 
deprive  the  water  of  the  power  of  putting  phenol  into  this 
state.  Thus  I  made  a  weak  solution  of  sodium  chloride  which 
was  electrical  netitral,  and  to  this  added  a  small  quantity  of 
phenol :  the  sohition  remained  electrically  neutral,  the  drops 
giving  rise  to  no  electrification.  The  phenol  in  this  case  pro- 
duced no  effect,  though  the  same  quantity  of  phenol,  when 
added  to  pure  distilled  water,  more  than  doubled  the  electric 
effect  due  to  the  water. 

The  vigorous  electric  action  of  some  organic  substiiuces  is 
very  striking,  especially  the  fact  that  very  dilute  solutions 
produce  much  larger  effects  than  strong  ones  :  in  this  they 
resemble  inorganic  substances,  as  strong  solutions  of  all  the 
substances  I  have  tried  produce  very  little  electrification. 
This  could  be  accounted  for  to  some  extent  by  the  better 
electrical  conductivity  of  the  sirong  solutions,  because  this 
would  make  it  more  difficult  for  tlie  electricity  of  opposite 
sign  to  that  on  the  drop  to  escape  into  the  air,  as  it  would 
more  readily  get  into  the  surrounding  fluid  :  just  as  Lenard 
found  that  the  electrification  was  diminished  when  the  thick- 
ness of  the  layer  of  water  into  which  the  drops  fell  was 
increased.  We  cannot,  however,  attribute  the  whole,  or  even 
the  greater  part  of  the  diminution  due  to  strong  solutions  to 
this  cause,  since  the  diminution  produced  by  increasing  the 
strength  of  the  solution  is  far  greater  than  the  increase  in  its 
conductivity. 

The  conclusion  to  which  I  have  been  led  by  the  study  of 
those  drops  is  that  distilled  water  is  a  substance  which  is  far 
from  being  chemically  saturated  and  inert,  but  that,  on  the 
contrary,  it  can  by  its  chemical  action  set  up  those  chemical 
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olianges  in  the  gas  Ijy  which  it  is  surrounded  or  in  substances 
dissolved  in  it  wliich  give  rise  to  the  electrification.  As, 
however,  the  quantity  of  substance  dissolved  in  the  gas  is 
increased  the  mixture  becomes  more  nearly  chemically  satu- 
rated or  neutral,  and  more  incapable  of  producing  the  requisite 
chemical  change  in  the  surrounding  gas,  or  of  putting  the 
substance  dissolved  in  it  into  a  state  in  which  it  is  chemically 
active.  At  a  certain  stage  the  diminution  in  the  chemical 
activity  of  the  water  produced  by  the  addition  of  more  of  the 
substance,  more  than  counterbalances  the  effect  due  to  the  in- 
crease in  the  number  of  molecules  of  the  substance.  When 
this  stage  is  reached,  any  increase  in  the  strength  of  the 
solution  will  diminish  the  electrical  effect.  We  may  put  this 
reasoning  in  a  mathematical  form  :  Suppose  that  A  is  the 
measure  of  the  electric  effect  due  to  the  action  of  the  dis- 
tilled water  on  the  air,  and  that  when  m  gramme  molecules  of 
a  salt  are  dissolved  in  a  litre  of  water,  the  mixture  becomes 
more  nearly  chemically  neutral,  and  its  power  of  originating 
the  chemical  change  which  produces  the  electrical  double  layer 
is  enfeebled,  so  that  the  electric  effect  is  now  only  equal  to 
Ae"^™,  where  yS  is  some  constant.  Suppose,  too,  that  tlie  dis- 
tilled water  could  put  a  fraction  B  of  the  molecules  of  the  salt 
into  the  condition  in  which  they  are  able  to  produce  the 
chemical  changes  which  lead  to  electrification,  but  that  the 
solution  is  only  capable  of  putting  the  fraction  Be~>""^  into 
this  state.  Suppose,  too,  that  each  molecule  in  this  state 
produces  an  electric  effect  represented  by  C/B.  On  these 
suppositious  the  electric  effect  of  the  drops,  which  is  the  sum 
of  the  effects  of  the  water  and  the  salt,  will  be  proportional  to 

If  we  represent  this  relation  by  a  curve  in  which  the  ordinate 
represents  the  electric  effect,  the  abscissa  the  strength  of  the 
solution,  we  get  the  curves  of  the  type  a,  yS,  y  according  as 
C  is  of  the  same  sign  as  A,  of  the  opposite  sign,  or  zero  (fig.  o). 

These  curves  represent  the  general  behaviour  of  the  sub- 
stances I  have  examined.  Curves  of  the  type  a  represent 
the  behaviour  of  solutions  of  phenol,  cosine,  fluorescene  ; 
curves  of  the  type  /3  that  of  solutions  of  potassium  perman- 
ganate, chromium  trioxide,  hydrogen  peroxide,  rosaniline,  and 
methyl  violet  ;  and  curves  of  the  type  7  that  of  solutions  of 
zinc  chloride,  hydrochloric  and  hydriodic  acids. 

The  measurement  of  the  electrification  developed  by  the 
drops  does  not  enable  us  to  find  the  potential  difference 
between  the  drop  and  the  surrounding  gas  ;  it  only  shows 
that  this  difference  is  finite  and  enables  us  to  determine  its 
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siojn.  Other  considerations  show,  hoAvever,  that  this  differ- 
ence cannot  amount  to  anything  like  a  volt,  for  otherwise  the 
difference  between  the  surface-tension  of  distilled  water  and  a 
weak  electrical  neutral  solution  of,  say,  sodium  chloride  would 

Fig.  3. 


be  far  greater  than  it  is.  Let  V  be  the  difference  of  potential 
between  the  drop  and  the  air,  S  the  area  of  the  surface  of  the 
drop,  t  the  distance  between  the  two  coatings  of  electricity ; 
then  the  two  coatings  may  be  regarded  as  the  charged  plates 
of  the  condenser,  whose  potential  energy  is 

1  SV2. 

2  ATTt  ' 

or,  if  Q  is  the  charge  on  either  coating, 

The  existence  of  this  double  coating  will  thus  diminish  the 
apparent  surface-tension  by 


2'irt-^) 
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which  is  equal  to 

If  V  is  equal  to  1  volt  and  t  to  10~®,  this  is  about  44. 
Thus,  if  we  take  the  cases  of  distilled  water  and  an  electrically 
neutral  solution  of  sodium  chloride,  which  is  an  exceetlingly 
weak  solution;  then,  if  there  were  a  difference  of  })otential  of 
1  volt  between  distilled  water  and  air,  the  apparent  surface- 
tension  of  the  salt-solution  would  exceed  that  of  pure  water 
by  about  44.  The  effect  of  the  electrification  on  the  surface- 
tension  is  proportional  to  the  square  of  the  potential-difference. 
Thus  for  a  potential-difference  of  one  tenth  of  a  volt  the  dif- 
ference between  the  surface-tension  of  distilled  water  and  a 
weak  salt-solution  from  this  cause  would  only  be  about  '44. 
It  is  doubtful  whether  the  measurements  of  surface-tension 
could  be  trusted  to  detect  differences  as  small  as  this;  so  that 
all  we  can  infer  from  the  observations  on  the  surface-tension 
of  solutions  is  that  the  difference  of  potential  between  distilled 
water  and  air  cannot  be  much  greater  than  one  tenth  of  a 
volt. 

There  seems  no  reason  for  limiting  the  possession  of  this 
double  coating  to  liquids.  It  is  possessed  by  liquids  of  the 
most  diverse  characters,  as  is  shown  by  the  electrification 
developed  by  drops  of  water,  mercury,  molten  metals,  tur- 
pentine, &c.  If,  however,  we  suppose  that  solids  possess  such 
a  coating,  it  is  evident  that  the  rubbing  off  of  part  of  one  of 
these  coatings  when  two  solids  are  rubbed  together  would  show 
itself  as  electricity  developed  by  friction.  Indeed  it  seems 
quite  possible  that  a  large  part,  if  not  the  whole,  of  the  elec- 
tricity developed  by  friction  may  be  due  to  this  cause. 

Another  phenomenon  in  which  I  am  inclined  to  think  this 
double  layer  of  electrification  over  the  surface  of  bodies  ]ilays 
an  im.portant  part,  is  the  electrification  of  metals  and  fluor- 
escent liquids  when  exposed  to  the  influence  of  ultra-violet 
light.  These  substances  under  such  circumstances  acquire  a 
charge  of  positive  electricity,  the  negative  electricity  going  to 
the  air.  Now  in  mercury  and  molten  liquids  and  solutions  of 
the  fluorescent  substances  cosine  and  fluoresceue  the  positive 
layer  of  the  double  coating  is  next  the  me^al  or  liquid,  the 
negative  layer  next  the  air.  It  seems  quite  possible  that 
when  there  is  intense  reflexion  of  light  from  the  surface  of 
these  substances,  the  outer  coating  may  get  partially  dissi- 
pated, leaving  the  metal  or  liquid  with  a  positive  charge.  A 
solution  of  rosaniline  also  shows  the  same  effect  when 
exposed  to  ultra-violet  lights  though  the  electrification  of  its 
drops  is  at  low  temperatures  of  the  opposite  sign  to  that  of 
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solutions  of  cosine  or  fluoresccne.  AVo  luivo  seen,  howovor, 
tliat  at  liicrli  temperatures  the  electritication  of  a  solution 
of  rosaniline  changes  its  sign  ;  and  the  state  of  the  outer 
layers  when  exjjosej  to  intense  light  may  very  well  he  more 
analogous  to  that  of  the  liquid  at  a  high  temperature  than  at 
a  low  one. 

Again,  the  formation  of  large  drops  of  water  by  the  impact 
of  smaller  ones  is  analogous  to  the  splashing  of  the  water- 
dro[)S  against  a  wet  surface,  and  is  likely  to  give  rise  to  analo- 
gous electrical  eflects  on  a  smaller  scale.  If  this  is  so,  the 
large  drops  of  rain  which  frequently  accompany  thunderstorms 
may  be  to  some  extent  rather  the  cause  than  the  ettect  of  the 
storm.  1  believe  that  this  has  been  suggested  by  Sir  Gr.  G. 
Stokes. 

The  difference  in  the  behavionr  of  different  gases  with 
reference  to  the  two  electricities  is  very  conspicuous  in  these 
cx[)eriments,  oxygen  and  chlorine  acquiring  a  charge  of 
negative  electricity  when  nnder  the  same  circumstances 
hydrogen  acquires  a  positive  charge.  This  suggests  that  the 
energy  possessed  by  an  atom  of  hydrogen,  for  example,  when 
charged  with  a  unit  of  positive  electricity  is  not  the  same  as 
that  jiossessed  by  the  same  atom  when  charged  with  a  unit  of 
negative  electricity  ;  or,  as  v.  Helmholtz  expresses  it,  the  atoms 
of  various  substances  attract  the  two  electricities  with  different 
intensities.  If  the  atoms  possess  this  property  they  will  tend 
to  acquire  definite  atomic  charges,  and  thus  tend  to  have  a 
definite  valency.  We  can  see  this  if  we  remember  that  the 
likelihood  of  the  formation  of  a  chemical  compound  is  con- 
ditioned by  the  changes  in  the  energy  which  accompany  the 
formation  of  the  compound.  We  shall  for  the  sake  of  clearness 
confine  our  attention  to  the  changes  which  go  on  in  the  poten- 
tial energy.  Any  chemical  change  w'ill  tend  to  go  on  if  it  is 
accompanied  bya  decrease  in  the  potential  energy, and  will  tend 
to  be  reversed  if  it  is  accompanied  by  an  increase  in  that  energy. 
Let  us  consider  the  case  of  an  element  the  potential  energy 
of  whose  atom  is  diminished  by  Q  when  one  unit  of  positive 
electricity  is  communicated  to  it.  If  C  is  the  electric  capacity 
of  the  atom,  then,  when  the  atom  has  a  charge  of  n  units  of 
positive  electricity,  its  electric  potential  energy  is 

Thus  the  charging  of  the  atom  will  result  in  a  diminution  of 
the  potential  energy  until,  supposing  the  unit  of  electricity 
to  be  indivisible,  the  charge  on  the  atom  is  the  integer  just 
less  than  CQ  :  when  the  charge  exceeds  this  an  increase  in 
Phil  Mag.  S.  5.  Vol.  37.  No.  227.  April  189-1.       2  B 
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Ihe  charge  will  bo  accompanied  by  an  increase  in  the  potenti.il 
energy.  Thus  there  will,  on  account  of  the  property  which 
may  be  expressed  as  a  specific  attraction  of  the  atom  for 
electricity,  be  a  tendency  for  the  atom  to  acquire  the  definite 
cliarge  CQ.  If,  liowever,  the  atom  has  a  definite  charge  it 
has  a  definite  valency.  We  must  remember,  however,  that 
when  chemical  changes  are  going  on,  the  charges  gained  by 
one  atom  are  lost  by  another  ;  and  it  is  the  total  change 
in  the  potential  energy  which  determines  whether  the  change 
shall  go  forwards  or  backwards.  Thus  in  some  cases  we  may 
have  an  atom  charged  to  an  extent  which  involved  an  increase 
in  its  potential  energy,  because  the  abnormal  charging  of 
this  atom  may  have  involved  such  a  decrease  in  the  potential 
energy  of  some  other  atom  as  to  more  than  compensate  for  the 
increase  in  that  of  the  atom  under  consideration.  In  this 
case  the  atom  would  not  have  its  normal  valency. 

It  would  appear  that  if  the  atoms  possess  this  specific 
attraction  for  the  two  electricities,  a  large  rotating  body 
ought  to  produce  a  magnetic  field.  For  consider  a  substance 
the  atoms  in  whose  molecules  attract  the  two  electricities 
with  different  intensities,  and  suppose,  for  example,  that 
the  electro-negative  component  is  the  more  energetic  of 
the  two :  then,  in  consequence  of  the  uncompensated  at- 
traction of  this  atom  for  a  negative  charge,  there  will  be 
in  the  neighbourhood  of  the  atom  an  electric  intensity  in 
the  same  direction  as  that  which  would  exist  if  the  atom 
had  a  positive  charge.  This  effect  may  be  inappreciable 
at  finite  distance  from  the  molecule  and  produce  no  ex- 
ternal electrostatic  effects.  When,  however,  the  molecule  is 
set  in  motion,  the  specific  attraction  of  the  molecule  would 
make  the  positive  electric  tubes  move  in  a  different  way  to 
the  negative  ones.  This  differential  motion  of  the  tubes  would 
produce  a  magnetic  field  of  the  same  general  character  as 
that  due  to  a  positive  charge  moving  in  the  direction  of  the 
molecule.  In  the  case  of  a  rotating  sphere  the  maximum 
magnetic  force  at  the  surface  would  be  ])roportional  to  <wa-, 
where  w  is  the  angular  velocity  of  rotation,  and  a  the  radius 
of  the  sphere.  If  we  take  the  eartli^s  magnetic  force  as  an 
index  of  the  superior  limit  of  the  magnetic  force  due  to  a 
rotating  sphere  of  the  size  of  the  earth,  we  find  that  the  mag- 
netic force  due  to  a  sphere  1  foot  in  radius  rotating  100  times 
a  second  would  not  exceed  more  than  about  one  hundred 
niillionth  part  of  the  earth's  magnetic  force. 

1  have  much  pleasure  in  thanking  my  assistant,  Mr.  E. 
Everett,  for  the  assistance  he  has  given  me  in  these  expe- 
riments. 
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Bij  Spencer  Umfheville  Pickering,  F.R.S.* 

IT  is  somewhat  remarkable  that  there  exist  no  modern  or 
exact  determinations  of  the  densities  of  solutions  of  soda 
or  potash.  Berthelot,  it  is  true,  made  series  of  observations 
vdih.  both  substances,  but  his  results  have  no  pretensions  to 
accuracy,  the  values  being  given  to  the  third  decimal  place 
only,  and  api)h-ing  to  temperatures  varying  from  10°  to  15°. 
The  tables  which  are  generally  reproduced  in  text-books,  as 
well  as  in  the  works  of  Schiff  and  of  Gerlach  on  densities, 
are  those  which  Tiinnermann  constructed  as  far  back  as  1827. 
These  tables  are  based  on  half  a  dozen  determinations  at  most, 
and  on  a  theory  which  can  scarcely  bo  accepted  at  the  present 
day  ;  they  are  fairly  voluminous,  and  as  Tiinnermann  calcu- 
lated the  values  for  percentage  strengths  not  expressed  by 
round  numbers,  they  seem  to  have  been  generally  accepted  as 
experimental  instead  of  calculated  values.  They  show  errors 
extending  up  to  a  unit  in  the  second  decimal  place,  and  when 
plotted  out  give  figures  bearing  very  little  resemblance  to 
the  true  ones.  Dalton  also  made  some  determinations 
('Elements,'  ii.  p.  315  t)j  '"^ud  possibly  also  Richter  {Stochio- 
metne,  iii.  p.  332  t)^  but  as  I  have  failed  in  procuring  his 
work  (or  Dalton's  either)  I  am  uncertain  whether  they  were 
original  determinations- or  not.  In  any  case  determinations 
of  such  a  date  could  only  be  roughly  approximate. 

Apart  from  the  desirability  for  practical  purposes  of 
having  accurate  tables  of  the  densities  of  such  familiar  sub- 
stances as  soda  and  potash,  there  were  questions  of  theoretical 
importance  which  induced  me  to  investigate  their  solutions. 
My  work  on  Sulphuric  Acid  (Chem.  Soc.  Trans.  18*J0,  pp.  G-l, 
331)  had  indicated  the  existence  of  numerous  hydrates  in 
solution,  but  beyond  the  indications  afforded  by  the  changes 
of  curvature  themselves  there  was  very  little  independent 
evidence  as  to  the  particular  hydrates  indicated,  one  only 
had  been  known  to  exist  in  the  solid  condition,  and  one  other 
was  subsequently  isolated.  But  in  the  case  of  soda,  my  recent 
work  (Chem.  Soc.  Trans.  1893,  p.  890)  has  shown  that  the 
hydrates  which  can  be  crystallized  from  moderately  strong 

*  Commuiiifrated  by  tlie  Author. 

t  These  releieuces  are  takeu  from  Watts's  *  Dictionary  of  Chemistry,' 
V.  p.  '339. 
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solutions  a?-o  very  niiinei-ons,  and  if  it  is  ostablisliod  that  the 
^)roJ)erti(^s  of  the  solutions  show  changes  of  curvature  at  jjoints 
corres])onding  to  these  isolated  hydrates,  we  shall  have  further 
evidence  of  a  very  strong  character  in  favour  of  the  reality  of 
these  changes,  and  of  the  view  that  they  indicate  the  existence 
of  hydrates  in  solution. 

77ie  Determinations. 

The  soda  used  was  made  from  sodium,  and  the  potash  was 
[luritied  by  crystallization  from  alcohol.  The  lumps  were  first 
washed  in  well-boiled  water  to  remove  any  adhering  carbonate, 
and  were  then  dissolved  to  form  solutions  nearly  saturated 
at  ordinary  tem])eratures,  and  filtered  through  glass-wool. 
These  strong  solutions  were  subsequently  diluted  to  the  required 
strengths  by  the  addition  of  accurately  weighed  quantities 
of  water.  The  solutions  were  made  up  twelve  to  twenty-four 
hours  before  their  densities  were  determined,  specially  stopped 
bottles  of  common  white  glass  being  used  for  holdinfj  them 
during  this  time.  The  same  solution  was  never  used  twice. 
In  spite  of  every  precaution  the  solutions  could  not  be  obtained 
entirely  free  from  carbonate  :  the  presence  of  a  little  car- 
bonate, however,  would  have  no  appreciable  effect  on  the 
relative  accuracy  of  consecutive  observations,  which  is  the 
chief  consideration  in  the  present  work. 

The  strength  of  the  stock  solutions  was  determined  by 
titration,  and  was  probably  correct  to  0*05  per  cent,  of  the  total 
alkali  present.  The  relative  strength  of  the  consecutive 
solutions  is  dependent  only  on  the  balance  error  in  diluting 
them,  and  is  therefore  represented  by  a  much  smaller 
quantity. 

The  density-determinations  were  made  in  a  precisely 
similar  manner  as  in  the  case  of  sulphuric  acid,  the  tempera- 
ture, however,  being  15°  + '01.  The  various  determinations 
of  consecutive  strengths  were  not  always  made  consecutively. 
The  results  with  soda,  for  instance,  were  made  in  five  or  six 
different  series,  each  extendino"  throujihout  the  whole  ranoe  of 
strengths  investigated,  and  any  changes  which  are  noticed 
cannot,  therefore,  be  explained  away  by  the  suggestion  of 
there  being  a  certain  error  affecting  a  certain  day's  work,  and 
not  affecting  that  of  another  day. 
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Elimination  of  the  Results  with  Soda. 
Tlie  results  with  soila  are  given  in  Table  I.  A  considerable 
number  of  the  observations  were  repeated  with  solutions  of 
nearly  the  same  strengths,  and  the  means  deduced  from  these 
duplicates  have  been  used  for  plotting  purposes.  From  this 
cause  the  mean  cxperimentjil  error  is  less  than  it  was  in  the  case 
of  my  determinations  with  sulphuric  acid  (•000011,  see  Phil. 
Mag.  xxxiii.  p.  136).  The  graphic  method — which  is  based 
on  measuring  the  errors  of  every  two  alternate  points  as  com- 
pared with  arcs  of  cii-cles  drawn  through  three  other  alternate 
points  [Ber.  d.  deutseh.  cheni.  Ge.selL  xxiv.  p.  3332,  xxv. 
p.  1100)— gave  -00000734  when  applied  to  the  whole  series 
of  values  ;  but  if  there  are  any  breaks  in  the  figure  it  is 
obvious  that  the  arcs  should  not  be  applied  so  as  to  bridge 
over  a  break,  as  the  errors  in  its  neighbourhood  would  thereby 
be  made  to  appear  larger  than  they  really  are.  When  a|)plied 
so  as  to  avoid  bridging  over  the  breaks  which  the  figure 
appears  to  show,  the  mean  error  was  found  to  be  •00000(J3l  ; 
and,  as  the  following  examination  sufficiently  establishes  the 
reality  of  these  breaks,  this  value  for  the  error  has  been 
accepted.  The  general  character  of  the  results,  however,  it 
must  be  noted,  would  not  be  altered  if  the  higher  estimate 
were  taken. 

The  densities  themselves,  when  plotted  against  percentage 
composition,  form  a  figure  which  shows  that  throughout 
they  increase  with  the  strength  at  a  decreasing  rate.  In 
order  that  a  scale  might  be  adopted  sufficiently  open  to 
give  the  experimental  error  a  visible  magnitude,  the  differ- 
ences between  the  densities  and  a  straight  line  (third  column), 
or  between  the  densities  and  a  simple  parabola  (fourth  column), 
have  been  used  for  the  examination.  The  values  given  by  the 
former  are  prefera])le  for  determining  the  position  of  any 
breaks,  owing  to  the  simpler  character  of  the  figure  formed 
by  them  ;  those  given  by  the  latter  are  preferable  for  the 
estimation  of  the  errors  of  the  drawings,  owing  to  the  more 
open  scale  which  can  be  used  in  plotting  them.  These  latter 
values  are  shown  in  the  diagram,  though  the  scale  which  has 
necessarily  been  adopted  there  is  too  restricted  for  purposes 
other  than  those  of  illustration. 

A  glance  at  this  figure  will  be  sufficient  to  show  that  they 
cannot  be  expressed  by  any  single  bent-lath  curve  ;  and  a 
more  careful  examination  of  them  with  the  lath  indicates  the 
probable  existence  of  as  many  as  eight  changes  of  curvature,  as 
shown  in  the  diagram  (p.  3(i3).  When  the  apparent  errors  of 
the  points  according  to  such  a  drawing  are  measured,  the  results 
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^ivcn  in  column  A  of  Talilo  II.  aro  obtained*.  In  this  caso 
tlic  total  error  is  1*6  times  the  known  experimental  error, 
hut  this  com});iratively  small  excess  above  what  it  should 
be  is,  as  will  ])e  seen,  duo  entirely  to  the  maf^nitude  of  the 
^2  error,  and  mioht  bo  caused  by  even  one  experimental 
point  showing  an  accidentally  large  error.  Very  little  weight 
ought  therefore  to  be  attached  to  it,  and  the  drawing  cannot 
be  regarded  otherwise  than  as  agreeing  very  closely  with 
the  known  experimental  error  ;  indeed,  the  mean  apparent 
error  of  the  ])oints  (^i)  agrees  almost  absolutely  with  the 
ex])erimental  error— •00000627  against  '00000631. 

If  the  breaks  shown  by  this  drawing  have  no  real  existence, 
and  if  it  is  merely  by  some  strange  chance  that  the  drawing 
has  been  made  in  precisely  the  right  number  of  sections  to 
produce  this  remarkable  concordance  between  the  apparent 
error  of  the  points  and  the  known  experimental  error,  we 
ought  to  get  a  similar  concordance  with  any  other  drawing  of 
a  similar  degree  of  complexit}^  independent  of  the  particular 
positions  at  which  the  breaks  are  made  to  come.  But  this  is 
not  so.  The  results  given  in  columns  B  show  that  if  the 
breaks  are  made  to  come  at  points  intermediate  between  those 
in  the  previous  drawing,  the  apparent  error  is  increased  from 
1'6  to  Q'^i  times  the  experimental  error,  every  one  of  the  factors 
which  make  up  the  total  error  being  in  excess  of  what  it 
should  be.  TluM-efore  the  breaks  shown  by  the  A  drawing  must 
be  in  ideality  singular  points  in  the  figure. 

In  the  B  drawing,  it  n)ust  be  noticed,  it  is  necessar}'-  for  the 
sake  of  fair  comparison  to  omit  the  half  sections  which  are  left 
at  each  extremity  of  the  figure,  and  to  deal  only  with  the  re- 
maining eight  sections  which  are  comparable  in  length,  and  in 
the  numl)er  of  experimental  points  on  them,  with  the  nine  sec- 
tions in  the  A  drawing.  It  will  also  be  noticed  that  the  sums 
of  the  +  and  —  errors  are  not  very  equally  balanced  ;  but  in 
this  case,  as  in  some  others  which  have  been  investigated  (see, 
for  instance,  Ber.  xxv.  p.  1593),  a  drawing  which  gave  better 


*  The  situations  of  the  experimental  points  are  indicated  sufficient]  j  here 
by  the  approximate  values  iu  the  columns  headed  ;j.  e^  is  the  mean  apparent 
error  of  the  points,  e^  is  the  error  due  to  the  existence  of  apparent  errors 
of  improbahlo  magnitude,  e^  that  due  to  runs  of  errors  with  the  same 
sig-n ;  E,  the  total  en-or,  =.e^y.e^y.e^,  and  the  relative  error  is  the 
ratio  of  the  total  error  to  the  experimental  error,  e.  The  relative  error,  of 
course,  in  an  acceptable  drawing  should  be  nearly  unity,  as  also  should 
the  e.,  and  Cg  errors,  while  e^  and  E  should  be  nearly  equal  to  the  experi- 
mental error.     For  further  details  see  Phil.  Mag.  xxxiii.  p.  437. 
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equality  liere  increased,  instead  of  diminished,  the  total  error 
by  givino-  highcM-  values  for  the  e<i  and  e^  errors. 

In  columns  C  and  D  are  given  the  results  of  making 
drawings  which  obliterate  every  alternate  one  of  the  true 
breaks.  The  errors  of  such  drawings,  as  will  be  seen,  are  far 
in  excess  of  what  they  should  be,  being  nearly  19  and  33 
times  greater  respectively  than  the  experimental  error,  and 
this,  too,  in  spite  of  the  fact  that  many  of  the  curves  for  the 
various  sections  were  much  more  comjilicated  than  those  used 
in  the  A  drawing,  the  lath  having  had  to  be  pulled  or  twisted 
considerably  so  as  to  get  even  an  approximate  agreement. 
This  remark  applies  also,  though  to  a  less  extent,  to  the  13 
drawing. 

In  three  cases  the  sections  composing  the  A  figure  are 
drawn  so  as  not  quite  to  meet,  namely  at  42,  35,  and  4  per 
cent.  The  densities  nuist,  of  course,  be  a  continuous  function 
of  the  strength,  and  in  every  perfect  drawing  the  sections, 
therefore,  must  meet  ;  but  apparent  discontinuity  might 
be  produced  if  there  were  two  breaks  very  close  together, 
with  an  insufficient  number  of  points  to  show  the  existence 
of  both.  There  is  strong  evidence  from  an  independent 
source,  as  will  be  mentioned  below,  to  show  that  two  such 
breaks  do  actually  exist  in  the  neighbourhood  of  42  per 
cent.,  and  in  the  face  of  such  evidence  it  has  been  considered 
safer  not  to  strain  the  drawing  so  as  to  make  the  sections 
meet  in  cases  where  the  lie  of  the  adjacent  points  seems 
strongly  to  favour  their  not  doing  so. 

In  the  case  of  the  break  at  about  4  per  cent.,  the  first 
section  certainly  seems  ina})plicable  beyond  3  per  cent., 
while  the  second  section,  extending  to  12  per  cent.,  does  not 
seem  to  apply  back  beyond  4  per  cent.  ;  and  in  this  case  the 
intermediate  experimental  point  at  3*5  per  cent,  would  lie  on 
a  short  connecting  curve,  for  the  drawing  of  which  there  are 
not  sufficient  data ;  it  has,  therefore,  been  omitted  entirely 
in  the  examination  of  the  drawing  (column  A,  Table  II.). 

It  remains  to  be  seen  whether  the  breaks  in  the  densities, 
which  thus  seem  to  be  so  well  established,  correspond  or  not 
with  the  composition  of  the  hydrates  of  soda  which  have  been 
isolated  in  the  crystalline  condition.  The  examination  of  the 
freezing-points  of  soda  solutions  (Chem.  Soc.  Trans.  1893, 
p.  890)  showed  that  from  solutions  up  to  20  per  cent,  strength 
water  crystallized,  after  which  various  definite  hydrates  to  the 
number  of  eight  or  nine  separated,  till  a  strength  corresponding 
to  NaOHHaO  was  reached,  beyond  •which  the  investigations 
were  not  extended. 
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„      T     •     T^      -a  •  Mudrates  isolated,  and  Breaks  in  frcczino- 

Breaks  w  Densities.  -^  point  figure. 

A^  n  XT  MTT  )  41-67  p.  c.  Nu()ri  =  XaOH,  3|  11,0  isolated. 

42-6p.c.NaOII     ....  j  ^^^--S  „  =NaOH;  311,(3) 

38:7  „  ...  38-83  „  =NaOH,  3oil..O       „ 

3.r0  „  ....  35-71  „  =NaOH,4H..6         „ 

20-4  „  ....  80-77  „  =NaOH,51I.;0*       „ 

24-05  „  ....  2410  „  =XaOH,  711,0          „ 

200  „  ....  19-80  „  =XaOII,9Ii;0          „? 

12-1  „  ....  12-3  „  =NaOH,  li;ll.,0  break. 

3-4  „  ....           4  „  =XaOII,531i;,0       „ 

The  above  list  oives  tlio  positions  of  the  eight  breaks 
established  by  the  densities,  and  of  these,  it  will  be  seen,  six 
certainly  agree  -with  six  of  the  hydrates  which  have  been 
isolated  in  the  crystalline  condition;  and,  although  the  remain- 
ing two  occur  in  the  region  of  weak  solutions  where  no 
liydrates  were  actually  isolated,  still  the  freezing-points  in 
this  region  show  two  well-marked  breaks  (and  these  were  the 
only  two  shown  here),  and  both  of  these  agree  well  with 
those  in  the  density-figure. 

Such  a  thorough  agreement  between  the  breaks  and  the 
hydrates  isolated  must,  I  think,  settle  definitely  that  these 
breaks  are  really  due  to  the  hydrates  present  in  solution. 

The  first  isolated  hydrate  mentioned  in  the  above  list  is  a 
complex  one,NaOH,3,^H20,  or,  as  I  pointed  out  at  the  time  {loe. 
cit.  p.  894) ,  probably  a  molecular  compound  of  8(NaOH,3H20) 
with  NaOH,  4H2O.  But  the  existence  of  such  a  complex 
necessitates  also  the  existence  of  the  hydrate  NaOH,  3H2O, 
though  it  itself  was  not  actually  isolated,  and  it  is  this  tri- 
hydrate,  and  not  the  complex  of  it  with  the  tetrahydrate, 
which  seems  to  be  shown  by  the  densities.  The  composition 
of  the  trihydrate  and  its  complex  differs  but  little,  and  the 
density-determinations  could  not  possibly  have  shown  a  break 
corresponding  to  each.  It  is  probably  due  to  the  existence  of 
the  undiscovered  break  here  that  the  densities  appear  to  be 
slightly  discontinuous. 

A  similar  explanation  may  hold  good  in  the  case  of  the 
apparent  discontinuity  at  the  tetrahydrate  :  two  hydrates  of 
about  this  composition  were,  as  a  matter  of  fact,  isolated,  and, 
although    the    analytical    numbers    pointed    to   their    being 

*  The  composition  of  this  hydrate,  as  given  by  experiment,  was 
NaOII,  o{^^IL,0,  containing-  80-01  per  cent.  soda.  This  value  agrees 
better  with  the  position  of  the  density-break  than  does  the  peutahydrate 
entered  in  the  table.  The  freezing-points,  however,  Avere  scarcely 
sufficient  to  settle  whether  it  was  a  pentahydrate  or  the  more  complex 
hydrate  mentioned. 
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actniilly  isomeric,  yet  tlioy  may  not  really  be  so,  for  the  com- 
position of  such  hydrates  cannot  l)o  determined  very  exactly. 
It  may  be  remarked  that  the  break  at  the  tetrahydrate  can 
be  more  easily  bridged  over  than  any  of  the  others  :  that  at 
12  per  cent,  is  also  a  comparativel}'^  feebly  marked  break. 

There  was  some  doubt  as  to  whether  the  nonohydrate  was 
really  isolated  or  not :  the  crystallization  of  it,  if  it  occurred, 
took  place  just  at  a  point  where  the  freezing-point  figure 
undergoes  a  great  general  change,  where  the  crystallization 
of  water  ceases  and  that  of  the  hydrates  begins,  and  it  is 
interesting  to  notice  that  this  is  just  the  point  at  which  the 
irregularities  of  the  density-figure  begin  to  be  very  prominent. 
The  values  for  the  densities  minus  (l  +  '0l()5^»)  show  this  fact 
rather  more  clearly  than  those  plotted  in  the  diagram. 

It  might  be  expected  that  at  the  point  where  a  break  occurs, 
and  where  there  must  be  present  a  larger  amount  of  the 
hydrate  of  the  composition  indicated  by  the  break  than  there 
is  in  a  solution  of  any  other  strength,  the  volumes  of  the 
solutions  would  show  a  comparative  minimum,  and  the  densities 
a  comparative  maximum.  But  this  is  not  necessarily  the  case, 
unless  the  formation  of  the  hydrate  is  always  accomj)anied  by 
contraction,  and  the  present  results  show  that  contraction  does 
not  always  occur  :  indeed,  most  of  the  breaks  seem  to  occur 
at  points  where  the  densities  are  at  comparative  minima  (in 
the  diagram  a  relative  increase  in  the  densities  will  be  shown 
by  the  figure  rising  towards  the  top  of  the  page). 

I  have  examined  the  first  differences  of  the  densities  and 
give  the  values  for  them  in  Table  III.,  but  they  do  not  form  a 
figure  nearly  so  suitable  for  examination  as  those  already 
mentioned.  This  is  in  part  due  to  the  smallness  of  the  differ- 
ences between  many  of  the  consecutive  determinations.  All 
that  can  be  said  of  the  nature  of  the  differential  figure  is  that 
it  is  rectilineal  within  the  limits  of  experimental  error  between 
any  two  breaks.  In  this  it  resembles  the  results  with  potash, 
calcium  chloi'ide,  and  calcium  nitrate,  and  confirms  Men- 
deleeff's  statement  as  to  the  general  nature  of  densities  ; 
though  it  must  be  remembered  that  in  the  two  cases  on 
which  this  statement  was  chiefly  founded — su]{)huric  acid  and 
alcohol — the  first  differences  are  conspicuously  rectilineid 
(see  Mendeleeff",  "  ^Solutions,"  and  Chem.  Soc.  Trans.  1887, 
p.  779  ;  Pickering,  Ohem.  ISoc.  Trans.  I8i)0,  p.  7i>,  and  Zeit. 
f.  pJiysikal.  CJiem.  vi.  p.  10).  The  theoretical  considerations 
which  led  Mondeleoft"  to  conclude  that  the  first  differences 
nnist  be  absolutely  rectilineal  arc,  no  doubt,  mistaken  ;  they 
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depended  on  the  supposition  that  never  more  than  two 
hydrates  coexisteil  in  sokition,  whereas  my  results  with  tlio 
freezing-points  of  soda  sohitions  prove  that  at  least  four  or 
five  hydrates  may  coexist  (Chem.  Soc.  Trans.  1893,  p.  897). 

Table  IV.  oives  the  densities  of  soda  solutions  for  every 
round  value  of  percentage  strength,  as  constructed  from  the 
readings  of  a  figure  similar  to  that  in  the  diagram,  the  values 
having  been  ditferentiated  and  the  differences  plotted  out  in 
order  to  detect  any  errors  which  may  have  been  made  in 
taking  the  readings. 

Results  loith  Potash. 

The  results  with  potash  (Table  V.)  are  much  less  interesting 
than  those  with  soda.  They  have  been  plotted  out  in  a  variety 
of  ways,  and  indicate  the  probable  existence  of  four  breaks; 
but  none  of  these  are  by  any  means  well  marked,  and  they 
would  not  repay  the  trouble  of  a  more  critical  examination. 
The  probable  positions  of  these  breaks  are  : — 

43*2  per  cent,  corresponding  to  KOH-|-4*05  HjO. 

35-4:  „  „  „  KOH  +  5G8H2O. 

19-0  „  „  „  KOH  +  13     H2O. 

8-0  „  „  „  K0H  +  3G     H2O. 

The  first  of  these  agrees  with  the  recently  isolated  tetra- 
hydrate  (Chem.  Soc.  Trans.  1893,  p.  298),  and  the  second 
occurs  at  the  point  where  water  ceases  to  crystallize  from 
the  solution  and  the  tetrahydrate  begins  to  do  so — a  so-called 
cryohydric  point  in  fact.  In  many  cases  it  has  been  found 
that  such  a  change  of  crystallization  occurs  at  a  point  corre- 
sponding to  the  composition  of  a  hydrate  existing,  according 
to  independent  evidence,  in  solution. 

It  is  noticeable  that  the  densities  in  the  case  of  potash 
increase  at  an  increasing  rate  with  the  strength,  the  reverse 
being  the  case  with  soda.  The  sixth  column  in  Table  V. 
gives  the  volume  of  unit  weight  of  the  potash  in  solution  cal- 
culated on  the  assumption  that  the  water  present  occupies 
the  same  volume  as  it  would  do  if  it  were  free. 

Table  VI.  contiuns  the  values  for  round  percentage  numbers. 
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Table  I. —  Densities  of  Sodiam-IIyJroxiJe  Solutions 
at  15°  C. 

ji3  =  percent.  NaOH,      s  =  (lensity,      «  =  H-•01l^,397J-•000020143i)^ 
t;=  volume  uf  unit  weight  of  solution. 

Tlio  valiios  marked  by  asterisks  are  the  means  of  tlie  preceding  bracketed 
observations. 


p- 

s. 
1-532153 

s-(l+-0105_p). 

s—a. 

V. 

■652(576 

501 9lU) 

•005095 

--00 1326 

[49-2074 
1  49-1799 

1-522853 

•006175 

-•00 1108  1 
--001144/ 

1522542 

•0061.53 

*49-1937 

1-52-2698 

-006164 

-001126 

•656729 

48-1799 

1-513121 

•007232 

- -000889 

•660S8() 

r  47-2875 
1  47-2845 

1  ■504642 

•(K)8123 

-0006961 
--000(553] 

1-504655 

■008167 

*47-28tiO 

r5()4()49 

•008146 

-  000675 

•6G4607 

r4(V3058 
1 40-2782 

1-495307 

-00909(5 

-•0004551 

1-495074 

•0091.53 

-•000418  J 

*4(5-2920 

1-495191 

•009125 

- -000437 

•66asii 

45-6402 

1-488979 

•009757 

-•000269 

•671601 

45-1580 

1-484368 

•010-209 

--0001.50 

•673C..S7 

44-5399 

1-478446 

•010777 

-OlKtOOO 

•67()3S(5 

43-7205 

1  470565 

•011500 

•000205 

•680011 

42-8516 

1-462191 

■012249 

-000430 

•68390(5 

42-3473 

1-457289 

■012642 

•000.531 

•686206 

f  41-8570 
141-8341 

1  •4.5-2532 

•013033 

•0001)49  1 
•000677  1 

1-452332 

•013074 

*4 1-8456 

1-452432 

•013053 

■000663 

•688501 

41-4823 

1-448880 

•013311) 

•(h:)0729 

•690188 

("41-0084 
140-9571 

1-444227 

•013639 

•000804  1 
•000808  / 

1-443719 

•013669 

*40-9828 

1-443973 

•0136.54 

•00080(5 

■692.534 

40-6385 

1-440603 

■013899 

•000877 

•694 IW 

40-2803 

l-437a')8 

■014125 

•000928 

•6958(11 

140  0388 

1-434665 

•014258 

•000954  1 

1  39  9525 

1-433833 

•014332 

•000978  J 

•*39-9907 

1-434249 

•014347 

•000966 

•697229 

39-4735 

1-429086 

-014614 

■001040 

•699748 

(  39  1299 

1-425650 

•014786 

•001059  1 

\  39-0948 

1-425263 

•014768 

•001025  I 

1  39-0889 

1-425273 

•014840 

•001095  J 

*39-1012 

1-425395 

•014832 

■001060 

•701560 

f  38-7538 

1-421879 

•014964 

•001076  1 

\  38-7087 

1-421467 

•015026 

•001118  I 

1  38-6917 

1-421256 

-014993 

•001079  J 

*38-7181 

1-421534 

-014994 

•001091 

•703465 

38-31 14 

1-417469 

•015199 

•001128 

■7(r.48.", 

38-U139 

1-414.505 

•015349 

•001169 

•7069i-)l 

37-8413 

1-412766 

•015432 

•001174 

■707831 

r  37-5551 
1  37-4096 

1-4(X1844 

-015515 

•0011491 
•0012-22  J 

1-4090.50 

•015619 

*37-5124 

1  -409447 

1   -015567 

•001186 

■709498 

37-1163 

1-405402 

•015741 

■001214 

•711510 
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p- 

s. 

s-{l+-0105p). 

s—a. 

V. 

36-7254 

1-401499 

-015886 

-001224 

•713522 

3lr2208  . 

l-39(>354 

-016036 

•001206 

-716151 

35-8o88 

l-392(>48 

-016131 

-001188 

-718056 

35-2636 

1-386524 

-016256 

-001140 

•721228 

(  34-74-27 

1-381178 

-016380 

-001122  1 

\  34-()(i23 
1  34-6489 

1-380350 

•016396 

•001116  \ 

1-380228 

-016414 

•001132  J 

*34-6S45 

1-380585 

-016398 

•001123 

•724331 

34-0746 

1-374227 

-016444 

•001020 

•727682 

33-3818 

1-367003 

-016494 

•000918 

•731527 

r  330444 
1 32-7805 

1-363487 

-016521 

•000878  1 
-000786  ] 

1-360653 

-016458 

♦32-9125 

1-362070 

-016490 

-000832 

-734177 

/  32-3022 
1 32-2260 

1-355645 

•016472 

-000097  \ 
-000711  J 

1-354870 

-016497 

*32-2641 

1-355258 

-016485 

-000704 

•737867 

131-5845 
131-5723 

1-348052 

-016410 

-000534  1 
-000599  J 

1-347975 

■016466 

*31-5784 

1-348014 

•016441 

■000567 

-741832 

r  31  0552 

1-34-2460 

•016380 

-000435  \ 
-000406 1 

1  310041 

1-341900 

-016357 

*31 -0-297 

1-342180 

-016368 

-000421 

-745056 

30-3376 

1-334827 

-016282 

-000268 

-749161 

29-6801 

1-327797 

-016156 

•000094 

-753127 

f  28-9821 
I  28-8140 

1-3-20336 

-016024 

--0000071 
-000184  J 

1-318458 

-015911 

*28-8981 

1-319397 

-015967 

- -000120 

-757922 

28-1895 

1-311761 

-015771 

-•000330 

-762334 

27-5922 

1-305298 

-015580 

-•000513 

-706109 

f  27-3651 
1  27-3639 

1-302849 

-015515 

-•0005091 
-•000590  J 

1-302816 

-015495 

*27-3645 

1-302833 

•015506 

-•000580 

•767558 

270107 

1-298969 

•015357 

-000713 

•769841 

r  26-8-222 
1 26-8149 

1-296970 

-0153371 
-015278  ■ 

--0007221 
-•000781  / 

1-296834 

*26-8186 

1-296902 

-015307 

-•000752 

•771068 

26-6645 

1-295224 

-015247 

-000803 

-772067 

26-2480 

1-290716 

-015112 

-•000907 

-774764 

25-8480 

1-286357 

-014953 

-•001030 

•777389 

25-5536 

1-283106 

•014793 

-001159 

•779359 

25-3713 

1-28]  116 

•014718 

-001214 

•780570 

25  0994 

1-278158 

-014614 

-•001284 

•782376 

24-7197 

1-273998 

-014441 

-■001405 

•784931 

f  24-2481 

1-268787 

-014182 

-•001594  1 

\  ^4-1745 

1-267962 

•014130 

- -001033  I 

[  24-1572 

1-267849 

-014198 

- -001 502  J 

*24-1933 

1-268199 

•014169 

- -001596 

•788520 

23-6467 

1-262229 

•013939 

- -001732 

•792249 

23-1700 

1-257017 

•013732 

-•001845 

•795534 

f  22-5921 

1-250618 

•013401 

-•002051  ] 

\  22-5538 

1-250281 

•0134(Ki 

-•001976  I 

22-4753 

1-249332 

•013:341 

-•002083  J 

*22-5404 

1-250077 

-013403 

-002037 

•799951 
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p- 

s. 

s-{l  +  -0l05p). 

s  —  a. 

V. 

f  21-8937 
1  21-7603 

1-242939 

•013055 

-•0022271 
-■002264/ 

1-241466 

•012983 

*21-8270 

1-242203 

-013019 

-•002246 

•805021 

21-0501 

1-233609 

-012583 

-•002467 

•810629 

20-5676 

1-228269 

-012309 

-  -002596 

•814154 

200238 

1-222178 

-011926 

- -002782 

•818211 

19-1496 

1-212525 

-011454 

-•002970 

-824725 

17-9519 

1-199230 

•010735 

-003221 

•833869 

f  17-0603 
1  17-0034 

1-189404 

•010271 

--0032991 
-■003348/ 

1-188731 

-010195 

*170319 

1-189068 

-OK  (233 

-•003324 

•840995 

/  160479 
\  160238 

1-178141 

-009638 

-0034531 
-003420 

1-177909 

-009657 

*l()-0359 

1-178025 

-009648 

-•003437 

•848878 

/  15-1867 
1  14-9431 

1-168576 

•009116 

-003537  1 
-•003515/ 

1-165909 

-009007 

»150649 

1-167243 

•009061 

-003526 

-856720 

r  14-0643 
1 140451 

1-156152 

•008477 

-  003558  \ 

1-155971 

-008497 

-003526  J 

*14-0547 

1  156062 

•008488 

-  003542 

•865006 

130003 

1-144364 

-007861 

-003543 

•873848 

12-1267 

1-134670 

-007340 

-003511 

-881313 

11-1000 

1-123272 

-006722 

- -003439 

•890256 

100435 

1-111551 

•006094 

-  003313 

-899644 

90576 

1-100617 

•005512 

-  •tK;)3152 

•908581 

81040 

1-090020 

•004928 

- -002979 

•917414 

7-0833 

1-078655 

•004280 

- -002777 

•927080 

6-0376 

1-067015 

•003620 

- -002523 

•937194 

5-0728 

1-056280 

•003016 

-002243 

•946718 

f  40816 
1  4-0513 

1-045233 

•002376 

--0019391 
-■001928] 

1044894 

•002355 

*4-0C.65 

1-045064 

•002366 

- -001934 

-956879 

f  3-6052 
1  3-5457 

1-039886 

•a)2031 

--0018131 
- -001802  J 

1-039213 

•001983 

*3-5755 

1-039650 

■002007 

- -001808 

•961955 

J  30253 
1  3-0139 

1033393 

-001627 

--0016341 
--001624/ 

1-033272 

•001626 

*30196 

1-033333 

•001627 

- -001629 

•967742 

f  2-6359 
1  2-5139 

1029019 

•001342 

- -0015211 
-001420/ 

1-027712 

•001316 

*2-5749 

1028366 

•001330 

-001471 

•972416 

1-9907 

1021821 

•000919 

-•001269 

•978645 

1-5752 

1-017110 

•000570 

-001174 

•983178 

1-0209 

1010816 

•000097 

-•(M)1018 

•989300 

0-5271 

1-005220 

- -0^315 

-  -CX)0909 

•994807 

0 

-999180 

-•000820 

- -000820 

1000821 
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Table  II. — Examination  of  the  Densities  of  Sodium-HydroxiJe 
Solutions  by  the  Graphic  Method. 

Apparent  errors  of  the  experimental  points  expressed  in 
terms  of  the  density  x  10''.  Mean  experimental  error 
=  6-31. 

A.  Apparent  errors  according  to  a  drawing  showing  breaks  at  3  to  4,  12  1,  200, 

24-05,  29-40,  35-0,  38  77,  and  42G  per  cent. 
13.  Apparent  errors  according  to  a  drawing  showing  breaks  at  TS,  78,  16,  22, 

2G-7,  32-2,  3(5  9,  40-7,  and  40-4  per  cent. 

C.  Apparent  errors  according  to  a  drawing  showing  breaks  at  121,  2405,  35, 

and  42G  per  cent. 

D.  Apparent  errors  according  to  a  drawing  showing  breaks  at  3-5,  200,  29*4, 

and  38-/7  per  cent. 


p- 

A. 

B. 

C. 

D. 

502 

4- 20 

+20 

+37-5 

49-2 

-  7-5 

-  7-5 

+  ^ 

48-2 

-  2-5 

-  2-5 

+  10 

473 

0 

0 

+  5 

46-3 

0 

"b" 

0 

-  2-5 

45-6 

0 

0 

0 

-  10 

45-2 

+  2-5 

+  2-5 

+  2-5 

-12o 

44-5 

0 

—  75 

0 

-27-5 

43-7 

0 

-  5 

0 

-25 

42-9 

+  2-5 

+12-5 

+  2-5 

-  5 

42-3 

0 

+  2-5 

0 

-15 

41-8 

+  2-5 

+  12-5 

+  5 

0 

41-5 

4-  5 

+  17-5 

+  10 

+  7-5 

41-0 

-225 

-12-5 

-15 

-15 

40-6 

0 

0 

+  5 

+  5 

40-3 

-  5 

+  5 

-  2-5 

4-  2-5 

400 

-  5 

+  7-5 

-  5 

+  5 

39-5 

+  17-5 

+27-5 

+  5 

+20 

391 

+  5 

+  5 

-20 

+10 

38  7 

-  2-5 

-12-5 

-27-5 

-15 

38-3 

—  5 

-  5 

-20 

-12-5 

380 

+  2-5 

+  75 

-  5 

-  5 

37-8 

-  5 

0 

+  10 

-12-5 

37-5 

-10 

—  7-5 

-  7-5 

-17-5 

371 

4-  5 

+  5 

+  17-5 

+  5 

36-7 

+  12-5 

+  5 

+20 

+  7-5 

.30-2 

0 

-  2-5 

+  5 

0 

35-9 

0 

-  5 

+  2o 

-  2-5 

35-3 

—  7-5 

-12-5 

-   1-25 

-10 

34-7 

+25 

+30 

+25 

+32-5 

Ul 

—  5 

0 

—  7-5 

+  2-5 

33-4 

+  25 

+  5 

-  7-5 

+  2-5 

32-9 

+  10 

+  12-5 

—  5 

+  7-5 

32-3 

0 

0 

—  75 

+  2-5 

31-6 

+  7-5 

+  ^ 

+  5 

+  1-75 

310 

-15 

-20 

-  15 

—  5 

30-3 

+  7-5 

+  7-5 

+  10 

+  15 

29-7 

0 

+  2-5 

+  7-5 

+  10 

28-9 

0 

-  5 

+  5 

+  5 
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p- 

A. 

B. 

0. 

D. 

28-2 

+  2-5 

-  2-5 

0 

+  5 

27-(') 

+  2-5 

0 

0 

+  5 

27-4 

0 

-  5 

-  2-5 

0 

27-0 

-25 

-17-5 

-20 

-16 

26-8 

-  5 

0 

-   2-5 

0 

26-7 

0 

+  2-5 

0 

0 

2(i-2 

+  17-5 

+  2-5 

+  12-5 

+  15 

25-8 

+27-5 

+  45 

+  25 

+22-5 

25-6 

-10 

-  5 

-15 

-20 

254 

-  7-5 

-  5 

-15 

-20 

251 

+  7-5 

+  15 

+  7-5 

-25 

24-7 

+  7-5 

+  10 

+  7-5 

-10 

24-2 

-10 

-27-5 

-10 

-47-5 

23-G 

0 

-  7-5 

^-  5 

-27-5 

23-2 

+  10 

+  15 

+25 

+  2-5 

22-5 

-  2-5 

+  5 

+20 

+  7-5 

21-8 

-  5 

+  2-5 

+20 

+  7-5 

2M 

0 

+30 

+  17-5 

+  7-5 

20-6 

+  7-5 

+30 

+  7-5 

+  6 

20-0 

-25 

-15 

-36 

-30 

19-1 

+  12-5 

+25 

-20 

+  7-5 

18-0 

-20 

-32-5 

-45 

0 

17-0 

+  17-5 

+  2-5 

-  7-5 

+32-5 

10-0 

+  2-5 

+  6 

-  5 

+22-5 

15-1 

-15 

-10 

-20 

-10 

141 

+  7-5 

+  7-5 

+  5 

-  6 

13-0 

+  2-5 

0 

-  2-5 

-22-5 

12-1 

+  10 

-  2-5 

-  5 

-27-5 

IM 

0 

-  5 

-  7-5 

-22-5 

100 

-  5 

-  7-5 

-12-5 

-  2-5 

91 

+  12-5 

+  5 

0 

+27-5 

8-1 

+  2-5 

-  5 

-  7-5 

+  15 

7-1 

-  5 

+  5 

-10 

0 

GO 

-10 

-  2-5 

-  5 

-12-5 

5-1 

+  5 

+  2-5 

+  2-5 

-  7-5 

4-1 

0 

+  7-5 

0 

-  5 

3-6 

-17-5 

-22-5 

30 

-"2-"5 

-15 

-20 

-"2-"5 

2-6 

0 

+  10 

+  7-5 

0 

20 

+  7-5 

+27-5 

+27-5 

+  7-5 

1-0 

-12-5 

+22-5 

-12-5 

1-0 

0 

+22-5 

0 

0-5 

0 

+  15 

0 

0 

0 

0 

0 

r 
Sum    < 

+290 

+427-5 

+407 

+405 

-230 

-277-5 

-460 

-495 

e,     

6-27 
1-61 
1 
10-1 
1-00 

9-40 
4-14 
1-19 
41-3 
6  65 

10-46 

4-80 

2-33 

116-99 

18-54 

10-98 

5-44 

3-44 

205-52 

32-57 

e 

"-•i     

e.     

•^3     

E    

Eel.  Error... 
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Table  III. — First  Differences  of  the  Densities  of  Sodium- 
Hydroxide  Solutions  at  15°. 


dsjdp. 

P- 

ds  dp. 

P- 

ds'dp. 

P- 

•009433 

49()9 

•010255 

34-97     1 

-0110(52 

2144 

•a»9447 

48(59 

•010424 

34^38     ! 

•0110()7 

20^81 

•000478 

4773 

•010427 

3373     1 

-011201 

20-30 

•009:)15 

46-79 

-010511 

33-15 

-011042 

19-59 

•009r>30 

45-97 

•010506 

32-59 

-011101 

1855 

•OO05(i2 

45-40 

■010564 

31-92 

■011046 

1749 

•009o81 

44-85 

•010632 

31-30 

•011087 

1653 

•009018 

44-13 

■010(524 

30-68 

•011104 

1555 

•009(538 

43-29 

■010692 

3001 

•011068 

14-56 

•009720 

42-60 

■010742 

29-29 

■011095 

13-53 

•009i'.81 

42-10 

■(•10776 

28-54 

■011097 

12-56 

•009777 

41  ^66 

■010821 

27-89 

■011102 

11-61 

•009824 

41-23 

■010826 

27^48 

•011094 

1057 

•009788 

40-81 

•010921 

2719 

•011090 

9-55 

•00981)9 

40-46 

•0107(50 

2(591 

•011112 

8-58 

•a)9734 

40-14 

■010889 

•26^74 

•011135 

7  59 

•0J99S3 

39-73 

•010824 

2646 

•011131 

6  ■56 

•009914 

3929 

•010898 

26  05 

•011127 

5-56 

■010078 

3S-91 

■011043 

2570 

•011146 

4-57 

•009995 

38-51 

■01(J916 

2546 

•011026 

3-81 

■009963 

38-16 

■010879 

25-24 

;      •Ol  13(54 

3-30 

•010075 

3793 

■010950 

24-91 

1      •on  1(59 

2-80 

•010091 

37  (iS 

•011016 

24-46 

•011203 

2-28 

•0100(30 

37-31 

•011922 

•23-92 

•011338 

1-78 

•010128 

36-92 

■010933 

23-41 

•01 1355 

1-30 

•010204 

36-47 

■011023 

22-86 

•011332 

0-77 

•010237 

3604 

•011037 

22-18 

•011459 

0-26 

•010289 

35^56 

1 

Table  IV. — Densities  of  Sodium-Hydroxide  Solutions  at  15*^ 


I 


P.  cent. 
NaOH. 

Density. 

P.  cent. 
NaOH. 

Density. 

1  P.  cent. 
NaOH. 

Density. 

0 

0-999180 

17 

1-188707 

34 

1373453 

1 

1-010611 

18 

1-199783 

'      35 

1-383815 

2 

1-021920 

19 

1-210861 

36 

1-394092 

3 

1-033109 

20 

1-221933 

37 

1-404279 

4 

1044317 

21 

1-233062 

38 

1-414303 

6 

10.55463 

1      22 

1-244119 

39 

1-424353 

6 

1  ■066602 

1      23 

1-255134 

40 

1-434299 

7 

1077733 

24 

1-266092 

41 

1-444161 

8 

1-0888.56 

25 

1-277063 

42 

1-453929 

9 

1-099969 

26 

1-287990 

I      43 

1  ■4(53623 

10 

1-111069 

27 

1-298877 

44 

r473249 

11 

1-122165 

28 

1309708 

i      45 

1  ■4828.50 

12 

1-1332.50 

29 

1-320496 

1      40 

1  •492406 

13 

1-144353 

30 

1-331213 

47 

1  •.501927 

14 

1  1.5.54.50 

31 

1-341879 

48 

1-511412 

15 

1166538 

32 

1-352472 

49 

1^5-20868 

16 

1177619 

33 

1-362991 

50 

1-530282 
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Table  V. — Densities  of  Solutions  of  Potassium  Hydroxide 

at  15°. 

Molecular  Volume  of  one  (^ram  of  Hydroxide 

1  _( 100 -y>) -99918 


P 


Per  cent. 

Sp.  gr., 

Density  (s), 

(s-l)-i^,. 

Vol.  of 

Volume 

KOH 

Water  at 

Water  at 

1  gram. 

of 

ds/dp. 

■P- 

(P)- 

15°  =  1. 

4°  =  1. 

100 

solution. 

hydroxide. 

51-4170 

l-53250ii 

1-531250 

+•017080 

•53 1250 

•3244(59 

•011954 

5096 

>' 

1-532475 

1-531211 

+  -01 7041 

•653078 

•324506  ! 

•011917 

50-00 

505035 

1-521558 

1-520310 

+  •015-275 

-057760 

•321.537  1 

•011788 

49-04 

49-4987 

1-509573 

1  508336 

+ -013349  ! 

-(>(i2984 

•318301 

•011804 

48-16 

48-587() 

1-498825 

l-49759li 

+  •01 1720  ; 

•667737 

•315288 

•011622 

47^29 

47-7228 

1-488609 

1-487388 

+  -0101()0 

•672319 

•312467 

•011645 

46-37 

46-8477 

1-478430 

1-477218 

+ -008741 

■676948 

-309490  j 

•011539 

45-43 

45-9243 

1-467703 

1-466499 

+ -007256 

•681896 

•306370 

•011484 

44-53 

45-8744 

1-467072 

1-4658G8 

+ -007 124 

-682189 

•306247 

-011412 

43-66 

44-9()41 

1-456586 

1-455392 

+•005751 

•687100 

•303106 

■011406 

42-86 

44-0859 

1-446491 

1-445305 

+ -004446 

-(591895 

•300084  1 

-011342 

42-06 

43-2403 

1-436825 

1-435647 

+ -003244 

•69()550 

-297146 

-011201 

41-31 

42-4866 

1-428221 

1-427050 

+ -002184 

■70074(5 

-294540 

•011243 

40-53 

41-6367 

1-418573 

1-417410 

+  -001043 

■705510 

-291565 

•011116 

39-67 

40-9866 

1-411285 

1-410128 

+  -0002(i2 

•7091.57 

•298209 

-011160 

38-86 

40-0774 

1-401056 

1-399901) 

- -00081  ;8 

-714334 

•285989 

-010990 

38-05 

39-2581 

1-391941 

1-390799 

- -001782 

-719011 

•282984 

-011032 

37-22 

38-4(i()0 

1383093 

1-381959 

- -002701 

-723611 

•280175 

-010931 

36-42 

37-6370 

1-373975 

1-372848 

- -003522 

-728412 

-277040 

-010937 

35-60 

36-7947 

1-364675 

1-363556 

- -004391 

•733377 

•273966 

-010809 

34-77 

36-0522 

1-356553 

1-355440 

- -005081 

•737768 

•271176 

•010775 

33-84 

35-1445 

1-346618 

1-345513 

- -005932 

•743211 

•267817 

•010755 

32-65 

34-4019 

1-338584 

l-33748(i 

-■006533 

-747671 

•264962 

-010.084 

30-95 

33-2745 

1-326436 

1-325349 

--0074O5 

■754512 

-260605 

-010461 

29-03 

32-0207 

1-312941 

1-311864 

- -008343 

•7(52274 

-255844 

-01 033(5 

27-17 

29-8776 

1290240 

1-289182 

- -009594 

•775(585 

•247289 

-010224 

25-33 

28-1861 

1-272532 

1-271487 

-•010374 

•786481 

-240374 

-010092 

23-32 

26-1460 

1-251426 

1  -250400 

-•011060 

•799744 

-231767 

-009935 

21-19 

24-5136 

1-234723 

1-233710 

-011426 

•8105(53 

-2-24688 

0(J9892 

19-24 

22-1249 

1-210596 

l-209(i(»4 

--011(545 

•82(5717 

-213913 

-009753 

17-19  1 

20-2729 

1-192183 

1-191-205 

-011524 

-839486 

-205007 

-t»09(592 

15-20 ' 

18-2119 

1-171777 

1-170817 

-•011304 

•854104 

•195208 

-0095(53 

13-13  i 

16-1753 

1-151899 

1-150954 

-•010799 

-868844 

•184899 

-009477 

11-09 

14-2291 

1-133020 

1-132091 

-•010200 

■883321 

•1750.50 

-009417 

9-09 

120227 

1-111904 

1-110992 

-•009235 

-900097 

•163043 

-009292 

6-99 

101657 

1-094292 

1-093394 

-•0082()3 

-914583 

•152.503 

•009252 

5-00 

8-0220 

l-07408(i 

10732(16 

- -007014 

-931809 

•140539 

-009203 

3-39 

5-9494 

1-054815 

l-0:)3949 

- -005545 

•948813 

-12(5655 

•009176 

1-36 

40595 

1-037315 

1036464 

- -004131 

-961818 

•113954 

2-7141 

1-024924 

1-024083 

- -003058 

•976483 

•104122 

0 

1-000000 

0-999180 

-•000820 

1000821 

0 
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Table  VI. — Densities  of  iSolutions  of  Potassium  Hydroxide 

at  15°. 


Per  cent. 
KOH. 

Density. 

Per  cent. 
KOH. 

Density, 

Per  cent. 
KOH. 

Density. 

.52 

1-53822 

1    34 

1-33313 

16 

1-14925 

.51 

1  02(^22 

33 

1-32236 

1    15 

1-13955 

50 

1-51430 

33 

1-31166 

14 

1-12991 

49 

1-50245 

31 

1-30102 

13 

1-12031 

48 

1-490(57 

30 

1-29046 

12 

1-11076 

47 

1  •478915 

29 

1-27997 

11 

1-10127 

46 

1-46733 

'    28 

1 -21 1954 

10 

1-09183 

45 

1-45577 

I        27 

1-25918 

1    9 

1-08240 

44 

1-44429 

26 

1-24888 

8 

1-07302 

4.} 

1-43289 

25 

1-238(56 

7 

1-06371 

42 

1-42150 

24 

1-22849 

6 

1-05443 

41 

1-41025 

23 

1-21838 

6 

1-04517 

40 

1-39906 

22 

1-20834 

4 

1-03593 

39 

1-38793 

21 

119837 

3 

1-02671 

38 

1-37686 

20 

1-18839 

2 

1-01752 

37 

1 -36586 

19 

1-17855 

1 

1-00834 

36 

1-35485 

18 

1-16875 

0 

0-99918 

So 

1-34396 

17 

1-15898 

XXXIII.  "^Densities  in  the  EartJis  Crust." 
By  Rev.  0.  Fisher,  M.A.,  F.G.S.* 

IN  a  letter  which  appears  under  the  above  heading  in  the 
February  number  of  this  Magazine,  Mr.  Jukes-Browne 
expresses  a  wish  that  I  would  either  admit  or  deny  the  value  of 
Professor  Blake^s  criticism  f  upon  my  conclusions  concerning 
the  comparative  densities  and  thicknesses  of  the  layers  of  the 
earth's  crust  beneath  the  oceans  and  continents  respectively. 

I  do  not  feel  much  doubt  about  the  correctness  of  my  work 
upon  this  subject,  because  it  was  under  very  careful  con- 
sideration for  several  weeks,  not  only  by  myself  but  also  by 
]\Ir.  Brill,  whose  mathematical  ability  is  unquestionable  ;  and 
I  think  Mr.  Blake  has  thrown  it  aside  as  unworthy  of  his 
consideration  rather  too  hastily.  If  he  had  more  fully 
mastered  my  results,  he  would  not  have  stated  in  his  first 
paragraph  that  "  the  argument  about  the  underlying  layers 
of  the  crust  seems  to  depend  on  the  greater  density  of  the 
superficial  layer  in  continental  than  in  oceanic  areas  " — which 
is    the    exact   opposite    to    the   conclusion   at  which   I   have 


*  Communicated  by  the  Author, 
t  *  Annals  of  British  Geology,'  189:: 
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arrived  I  *  Mr.  Blake  does  not  appear  to  have  realized  the 
argument  from  cap  sectors,  because  he  writes  of  a  cap  sector 
beneath  the  ocean  "  and  another  cap  sector  beneath  the  land/' 
This  was  not  the  idea  which  I  tried  to  work  out. 

Tlie  subject  will  bo  made  more  intel- 
ligible by  means  of  a  diagram.  The  deli- 
nition  of  a  cap  sector  was  borrowed  from 
the  tifth  voluuie  of  the  'Account  of  the 
Great  Trigonometrical  Survey  of  India/ 
where  approximate  expressions  for  the  ver- 
tical attraction  at  the  apex  A  of  a  sector 
will  be  found.  In  my  work  a  cap  sector 
under  consideration  may  be  supposed  to 
be  partly  in  the  oceanic  area  and  partly 
in  the  land ;  the  object  being  to  de- 
termine what  different  arrangements  in 
regard  to  density  and  thickness  of  the 
layers  in  any  part  of  it  would  have  equal  effects  in  contri- 
buting to  gravity  at  the  point  A,  it  being  known  from 
M.  i'aye's  investigations  j  that,  when  A  is  on  the  ocean, 
gravity  will  be  the  same  for  all  positions  of  A. 

The  exact  expression  for  the  attraction  at  A  for  a  complete 
circular  cap  is  given  in  Pratt's  '  Figure  of  the  Earth,'  4th  ed. 
§  6b  ;  and  to  alter  it  to  the  case  of  a  sector  it  is  only  needful 
to  replace  27r  by  the  sector  angle  a. 

His  expression  is  of  course  obtained  for  the  Newtonian 
law  of  attraction,  and  it  would  be  absurd  for  the  case  of 
nature  to  assume  any  other  |.  Putting  a  for  the  sector  angle 
instead  of  27r,  t  for  the  density  of  the  sector,  t  for  its  thickness, 
and  a  for  the  radius  O  A,  it  can  obviously  be  expanded  in  a 
series  so  that 

vertical  attraction  at  A 

=  «{t«/(^)+t^<^(^)+t^V^(^)-^  &c.}, 

where /(^),  <^(^),  ^iP))  &c.  are  (not  "unknown"  but)  known 
functions  of  0, 

*  '  Physics  of  the  Eai-th's  Crust,'  2nd  edit.,  bottom  of  p.  246.  Also 
Appendix  to  the  same,  p.  7, 

t  Comptes  liendus,  March  22,  1886. 

X  lu  fact  the  ocean  could  not  be  in  equilibrium  unless  the  spherical 
shells  attracted  to  then-  common  centre,  which  could  only  be  iu  the  ca.ses 
of  the  laws  of  the  direct  distance  and  of  the  inverse  square. 
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In  fact,  .,^,      ,       .    0 


4  sin  2 
,  ,^,      1      1  .    (9  5 

24  sin  ^ 

&c.  =  &c. 

This  answers  Mr.  Blake's  objection  that  "  the  definite  point 
where  the  [supposed]  fallacy  comes  in  is  the  assumption  that 
f(6),  (f>(0),  "^{0),  &c.  are  independent/''  They  are  not  inde- 
pendent, but  are  all  functions  of  the  same  variable. 

I  will  now  prove  my  proposition  in  a  slightly  different 
form  from  that  given  in  my  book,  out  of  regard  to  Mr.  Blake's 
remark  that  the  method  is  independent  of  the  law  of  gravi- 
tation. 

If  we  are  at  liberty  to  assume  any  other  law  than  the  New- 
tonian, it  will  be  necessary  to  introduce  a  factor  C  to  make 
the  dimensions  right.  Then  the  vertical  attraction  of  a  cap 
sector,  of  density  t  and  thickness  t,  may  with  this  addition 
be  expressed  in  the  above  form.  Let  this  be  overlapped  by 
another  cap  sector,  of  thickness  t^  and  density  T2,  or  by  any 
number  m  of  cap  sectors.  Then  the  vertical  attraction  of  the 
composite  cap  sector  at  A  will  be 

C      {  S^(TO/(^)+S,„(Tj^)<^(^)+X.(T^')>/r(^)+  &C.   }. 

Now  suppose  this  composite  cap  sector  to  be  replaced 
by  another  of  the  sam(^  areal  dimensions  with  n  layers  of 
thicknesses  t'  &c.  and  densities  t'  &c.  The  vertical  attraction 
of  this  other  cap  sector  at  A  would  be 

C«  [  S^Ct'OA^) +S„(t''^)(/>(^)  4  S  (T'Jy'y(^)  +  &C.]  , 

and  the  difference  between  the  vertical  attractions  which  the 
two  sets  of  layers  would  produce  would  be 
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If  the  attractions  are  the  same  in  the  two  cases  for  any  lcnp;th 
whatever  of  the  sector,  t.  e.  for  any  number  of  different 
assumed  vahies  of  6,  the  coefficients  of  the  several  functions 
of  the  variable  must  be  sc'parately  zero.     Therefore 


&c.    =      &c.  J 


> (A) 


Hence  what  Mr.  Blake  says  appears  to  bo  trne^  that  if  the 
vertical  attraction  at  the  a]»ex  of  a  cap  sector  in  the  case  of 
any  assumed  law  of  attraction  can  be  expanded  in  the  above 
form,  the  same  proposition  reo;arding  the  thicknesses  and 
densities  will  hold  ^ood.  This  will  be  a  remarkable 
property  of  the  sphere,  but  it  will  by  no  means  invalidate  any 
conclusion  we  can  draw  from  it  in  the  case  of  the  Newtonian 
law. 

Mr.  Blake's  second  objection  is  that  "  the  same  form  of 
equation  would  result  if  we  had  expressed  the  same  supposed 
arrangement  of  layers  differently,  e.  g.  if  we  had  taken  them 
as  non-overlai)ping,  or  if  we  had  divided  one  into  two,  each 
of  half  the  thickness."  This  remark  shows  that  my  critic 
has  not  appreciated  the  idea  correctly.  The  quantity  a  in  the 
expression  is  the  radius  to  the  outside  of  each  layer,  and  this 
being  the  same  for  them  all,  they  must  overlap. 

The  third  objection  is,  that  •'  it  is  necessary  to  assume  the 
equality  of  the  two  sides  to  the  same  degree  of  approximation 
as  there  are  layers  in  the  crnst.^'  Not  at  all!  1  have 
deduced  from  the  equality  that  two  equal  and  similar  areas 
(or  "  patches  ")  of  any  form,  of  which  the  layers,  whether 
the  same  in  number  or  not,  and  densities  are  so  related,  will 
produce  the  same  gravitational  effect  at  any  place,  one  as  the 
other.  Now  since  gravity  is  known  to  be  the  same  all  over 
the  ocean,  we  must  have  the  gravitational  effect  of  an  area  of 
flat  land  the  same  as  that  of  an  oceanic  area  of  the  same  size 
and  form,  and  consequently  the  layers  in  these  two  areas 
must  be  related,  as  shown  by  the  equations  (A),  no  hypothesis 
as  to  equality  in  the  numbers  of  layers  being  made.  For 
example,  let  there  be  an  area  of  land  at  P,  and  a  similar  one  of 
ocean  at  Q.  Take  a  point  R  in  the  ocean  equidistant  from  P 
and  Q  ;  then,  remembering  that  the  layers  are  understood 
to  be  underlaid  by  a  ceutrobaric  nucleus,  the  contribution  of  P 
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to  gravity  at  Jl  must  ho  equal  to  that  of  Q  to  oravity  at  II  : 
otherwise  oravity  at  R  wouKi  not  have  its  normal  value. 
HeDce  the  layers  in  the  area  P  must  be  related  to  those  in  Q 
in  the  manner  proved.  But  it  is  not  by  any  means  necessary 
that  the  number  m  at  P  should  be  the  same  as  the  number  n 
at  Q ;  and  in  the  particular  case  which  I  have  shown  to  be 
admissible  at  p.  244,  there  are  at  P  on  the  land  side  two  layers, 
^•iz.  the  crust  and  the  substratum,  and  at  Q  in  the  ocean  tour, 
namely,  the  water,  two  in  the  crust,  and  the  substratum. 

Mr.  Blake  further  objects  that  the  equations  may  be  inde- 
terminate. If  they  are  so,  it  does  not  follow  that  no  conclusions 
can  be  drawn  from  them,  because  some  o^  the  unknown 
quantities  may  lie  within  known  limits,  which  will  give  limiting 
values  for  the  others  ;  antl  this  is  the  method  which  I  have 
followed.  But  for  the  full  understanding  of  the  subject 
reference  must  be  made  to  chapter  xvii.  of  my  book  and  to 
chapter  xxvi.  (Appendix). 

Seeing  that  a  further  investigation  of  my  equations,  sug- 
gested by  a  letter  from  Mr.  Jukes-Browne  in  '  Nature  '*,  led 
me  to  modify  the  conclusions  given  in  chap,  xvii.,  I  think  it 
will  be  as  well  to  state  the  results  here,  lest  any  of  your 
readers,  not  having  seen  the  Appendix,  should  take  the  results 
as  stated  in  chap.  x\di.  as  final : — 

"  (1)   The  suboceanic  crust  dips  less  deeply  into  the  sub- 
stratum than  does  the  continental  crust  at  the  sea- 
board. 
"  (2)  The  suboceanic  crust  is  less  dense  in  the  lower  than  in 

the  upper  portion. 
"  (3)  The  lower  portion  of  that  crust  is  also  less  dense  than 

the  substratum  beneath  it. 
"  (4)  The  upper  layer  of  the  suboceanic  crust  is  of  high 
density,  and  quite  thin  when  compared  with  the  whole 
thickness. 
"  (5)  The  substratum  beneath  the  ocean  is  less  dense  than 

beneath  the  seaboard. 
"  (6)  The  continental  crust  at  the  seaboard  is  of  uniform 
density  throughout,  or,  if  it  does  consist  of  two  layers 
of  different  density,  one  of  them  must  be  too  thin  to 
sensibly  affect  the  gravitational  phenomena." 

*  '  Nature,'  vol.  xli.  p.  54  (1889). 
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XXXIV.  Experiments  on  a  Fnndamental  Question  in  Electro- 
Optics  :  Reduction  of  Eelative  Retardations  to  Absolute. 
El/  John  Kerr,   LL.E.,  E.R.S.,   Free   Church   Training 

College,  Glasgow*. 

ri^O  prepare  the  way,  I  begin  by  recalling  these  well-known 
X  facts  :  that  when  light  passes  through  an  electro- 
statically strained  medium  in  a  direction  perpendicular  to  the 
line  of  electric  force,  it  undergoes  a  uni-axal  double  refraction, 
the  optic  axis  coinciding  with  the  line  of  force  :  that  with 
reference  to  this  action,  dielectrics  are  divisible  into  two 
classes,  the  positive  f  and  the  negative  |,  which  are  optically 
related  to  each  other  in  the  same  way  as  the  positive  class  of 
crystals  to  the  negative :  that  the  intensity  of  the  action,  or 
the  quantity  of  optical  effect  per  unit  thickness  of  the  dielec- 
tric, is  measured  by  the  product  CF^,  where  C  is  a  constant 
which  is  characteristic  of  the  medium,  and  F  is  the  value  of 
the  resultant  electric  force  :  that  the  effects  are  generally 
observed  and  examined  still,  as  they  were  discovered  first,  by 
simple  experiments  with  a  pair  of  Nicol's  prisms  and  a  slip  of 
strained  glass  or  other  phase-difference  compensator. 

In  every  such  experiment,  the  effect  specified  by  the  com- 
pensator is  a  difference  of  phases,  or  a  relative  retardation  ; 
and  we  may  therefore  view  it  as  a  resultant  effect — that  is 
to  say,  as  the  resultant,  or  the  difference,  of  electrically 
generated  absolute  retardations  of  two  component  lights 
whose  planes  of  polarization  are  parallel  and  perpendicular  to 
the  line  of  electric  force.  What,  then,  are  the  values  of  these 
two  absolute  retardations  in  any  given  case  ?  What  are  the 
two  absolute  components  of  any  electrically  generated  relative 
retardation  ?  Such  is  the  question  here  proposed  for  solution 
by  experiment. 

As  long  ago  as  1882,  and  several  years  following,  I  was 
much  occupied  at  intervals  with  this  interesting  question. 
In  the  summ.er  of  1885,  in  some  experiments  with  the  dielec- 
tric CSg,  I  obtained  results  as  decisive  as  could  be  desired. 
Other  dielectrics,  both  solid  and  liquid,  were  tried  after- 
wards, but  only  with  partial  success,  the  experimental  diffi- 
culties being — in  some  cases — too  much  for  my  methods  and 
time.  To  these  cases  I  shall  make  no  further  reference,  as  I 
will  keep  to  the  one  line  of  experiment,  and  to  those  experi- 
ments in    particular    in    which  the   indications   were    quite 

*  Communicated  by  the  Autlior. 

t  Carbon  disulphide,  the  hydrocarbons,  &c. 

\  Amyl  oxide,  the  heavy  oils,  &c. 
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regular  and  unmistakable.  With  these  limitations,  the 
induction  extends  to  tour  liquid  dielectrics,  two  positive  and 
two  negative :  and  all  the  experiments  point  clearly  in  one 
direction. 

General  Besidt. — It  appears  that  the  proper  and  immediate 
optical  effect  of  electric  strain  is  a  positive  or  negative  retard- 
ation of  the  one  component  light  whose  plane  of  polarization 
is  perpendicular  to  the  line  of  force,  the  sign  of  the  retarda- 
tion being,  of  course,  the  same  as  the  nominal  sign  of  the 
dielectric.  Therefore,  of  two  vibrations  which  are  (on 
Fresnel's  hypothesis)  perpendicular  and  parallel  respectively 
to  the  line  of  force,  it  is  only  the  latter  that  is  immediately 
affected  by  the  electric  strain,  this  vibration  along  the  line  of 
force  having  its  velocity  of  transmission  retarded  or  accelerated 
according  as  the  dielectric  is  of  the  positive  class  or  the 
negative. 

I  venture  to  regard  this  result  as  a  General  Law  of  double 
refraction  in  Electro-Optics,  though  the  proof  extends  only 
to  four  different  dielectrics.  As  the  best  proof  that  I  can 
offer,  I  will  merely  give  a  condensed  historical  sketch  of  the 
experiments.  It  will  be  seen  in  this  way  how  the  law  was 
first  suggested  and  then  confirmed  by  the  phases  of  a  new 
electro-optic  effect.  It  will  be  seen  also  that  the  proof  of  the 
law  is  independent  of  all  hypotheses,  independent  even  of 
everything  previously  known  in  electro-optics. 

The  Plate   Cell  %is   a  piece  used  in    all  the  experiments. 

£a.rLh     ._ 


PC 


There  is  an  end-view  of  it  given  in  the  adjacent  figure.     It 
consists  of  five  slabs  of  plate  glass,  each  10  inches  by  7|, 
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arranged  face  to  face  in  one  block.  The  inner  rectangle 
represents  a  tunnel  (5f  by  f^j)  which  passes  right  through 
the  block.  Inside  are  shown  the  conductors  with  sup])orting 
frame,  the  shaded  pieces  being  of  brass  and  the  unshaded 
of  plate  glass.  The  lengths  of  the  conductors,  at  right  angles 
to  the  plane  of  the  figure  (and  parallel  to  the  light),  are  6^ 
and  7^  inches,  the  thickness  of  the  cell  being  nearly  8  inches. 
By  means  of  wires  which  pass  through  the  wall  of  the  cell, 
the  internal  conductors  are  connected  with  prime  conductor 
and  earth,  as  indicated  in  the  figure.  It  is  understood,  of 
course,  that  the  surfaces  of  the  two  conductors  are  well  planed 
and  polished,  all  corners  and  edges  rounded  off,  and  the  two 
fronting  faces  accurately  parallel.  The  cell  is  closed  in  the 
usual  way,  by  panes  of  ])late  glass  laid  against  the  ends  ;  and 
the  whole  block  is  kept  together  by  a  screw-press.  Two 
borings  in  one  of  the  plates  provide  for  the  tilling  and 
emptying.  When  the  cell  is  put  in  order  and  charged  with 
CS2,  and  examined  according  to  the  old  method,  with  a  pair 
of  crossed  nicols,  it  gives  a  very  pure  double  refraction,  and 
acts  well  in  all  respects,  except  that  (from  deficiency  of  insu- 
lation) the  largest  effect  is  less  than  might  be  expected,  hardly 
amounting  to  one  average  wave-length  of  relative  retardation. 
But  this  defect  is  of  no  great  consequence. 

The  First  Eavperimental  Arrangement  is  shown  in  the  next 
diagram,  in  horizontal  section  through  the  lamp  L  and  the 
observer's  eye  E,  but  without  strict  regaud  to  scale. 

P  Cond 


•Larch 


Fi 


ig   2. 

Two  half-inch  plates  of  glass  are  represented  in  section  by 
the  rectangles  PQ,  RS.  Their  function  is  the  same  as  that 
of  the  tw  0  plates  in  Jamin's  Interference  Refractometer  *, 

*  Preston's  Theory  of  Light,  p.  157. 
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Tlio  plate?  are  therefore  parallel-surfaced,  and  of  aoctirately 
equal  thickness,  and  are  silvered  on  the  back  as  mirrors  ;  and 
in  their  workino-  positions  they  arc  almost  exactly  vertical 
and  ])arallel,  and  at  45°  to  the  light.  A  pencil  of  lioht  LB, 
which  passes  through  a  vertical  slit  in  front  of  the  lamp,  is 
incident  on  the  first  plate  at  B,  and  is  divided,  in  the  manner 
shown  in  the  diagram,  into  two  pencils  BDCG  and  BFHG  ; 
and  from  G  the  light  proceeds  anew  as  one  ])encil,  and  passes 
through  a  narrow  circular  diaphragm  *.  which  is  fixed  at  E 
in  front  of  the  observer's  eye.  The  result  of  the  arrangement 
is,  that  when  the  pieces  are  projjcrly  placed,  the  bright 
vertical  slit  L,  as  seen  from  E  in  the  direction  EG,  is  crossed 
by  a  set  of  interference-fringes.  These  are  well  defined  in 
position  by  reference  to  a  constant  black  line,  the  image  of  a 
fine  wire  which  is  fixed  across  the  slit  L.  It  may  be  assumed 
without  argument,  that  any  small  increase  or  decrease  of 
velocity  of  one  of  the  pencils  BF^  C^G,  will  produce  a  positive 
or  negative  displacement  of  the  fringes,  at  the  rate  of  one 
fringe-width  of  displacement  for  every  wave-length  of  rela- 
tive retardation.  As  far  as  the  assumption  is  required,  it  is 
easily  verified  by  the  introduction  of  thin  plates  of  glass  i)ito 
the  course  of  the  light,  anywhere  between  the  t^vo  thick 
plates  ;  and  I  find  in  this  way,  definitely,  that  (as  the  pieces 
actually  stand  in  the  diagram  and  in  all  the  experiments) 
an  ascent  of  the  fringes  indicates  a  relative  retardation  of  the 
pencil  BF. 

There  are  two  essential  pieces  that  remain  to  be  noticed,  of 
which  the  first  is  the  electro-optic  cell.  It  is  shown  in  the 
diagram  how  the  laterally  separated  component  pencils  pass 
through  the  cell,  BF  through  the  electric  field,  and  CG 
through  the  space  electrically  screened  by  the  second  con- 
ductor, this  conductor  being  always  to  earth.  The  last  piece 
is  a  Nicol's  prism  N,  which  is  placed  in  the  path  of  either  of 
the  single  pencils  GE,  LB,  with  its  principal  section  laid  (1) 
horizontally  and  (2)  vertically.  The  design  of  the  apparatus 
will  now  be  apparent,  wdiich  is,  to  give  the  means  of  detecting 
electrically  generated  changes  of  velocity  of  the  light  BF  in 
two  successive  cases,  when  the  plane  of  polarization  is  (1) 
perpendicular  to  the  lines  of  force  and  (2)  parallel  to  the  lines 
of  force.  But  in  actual  experiment  there  is  a  difficulty  en- 
countered at  once,  which  appears  at  first  sight  to  be  insur- 
mountable. 

JJisturbance  of  the  Fringes. — Suppose  all  the  pieces  placed  as 
in  the  diagram,  the  cell  nearly  filled  with  carbon  disulphide, 
the  second  internal  conductor  put  permanently  to  earth,  and 
*  Or  otherwise,  through  a  telescope. 
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the  fringes  obtained  in  good  form  and  position.  When  con- 
nexion is  made  between  the  first  internal  conductor  and  the 
knob  of  a  charged  Leyden  jar  whose  outer  coating  is  to  earth, 
there  is  an  immediate  disturbance  of  the  fringes,  a  set  of  large 
and  irregular  movements,  with  deformations,  ending  in  the 
disappearance  of  the  whole  system  in  one  or  two  seconds. 
The  effects  are  seen  better  w^hen  the  first  internal  conductor 
is  connected  permanently  with  the  prime  conductor  and  an 
attached  Leyden  jar  ;  for  the  potential  can  then  be  raised 
regularly  and  very  slowly  from  zero,  and  the  full  course  of 
the  disturbance  takes  a  longer  time  ;  but  in  other  respects 
the  phenomena  are  the  same  as  before. 

When  the  fringes  have  been  extinguished  in  this  way  by 
the  electric  action,  it  is  easy  to  recover  them,  either  by  putting 
the  prime  conductor  to  earth,  or  by  keeping  the  potential  at  a 
sensibly  constant  value  high  or  low  for  a  little  time.  If  with 
this  view  the  machine  be  kept  working  at  a  constant  rate 
throughout  the  experiment,  the  extinguished  fringes  return 
gradually  into  the  optical  field,  and  in  a  little  time  (20  to  80 
turns  of  the  plate)  they  are  as  clearly  visible  as  they  were 
before  disturbance  ;  their  forms  also  are  good,  and  their 
positions  approximately  constant,  though  they  do  not  often 
continue  quite  motionless  in  such  circumstances  even  for  a 
fraction  of  a  second.  If  the  prime  conductor  be  now  put  to 
earth  for  a  little,  and  the  experiment  be  then  repeated,  the 
disturbance  passes  through  all  the  same  phases  as  before, 
though  it  is  more  violent  at  starting  as  the  preceding  interval 
of  rest  is  longer.  All  these  eflPects  come  out  equally  well  with 
common  light  and  with  light  polarized  in  the  two  principal 
planes. 

This  optical  disturbance  is  evidently  a  remote  effect  of  the 
electric  action,  produced  immediately — not  by  electric  strain 
— but  by  irregular  changes  of  density  in  the  medium.  We 
know  that  in  the  present  cell,  as  in  every  like  arrangement, 
the  electric  action  throws  the  liquid  into  currents,  which  per- 
vade all  parts  of  the  cell  and  are  very  intense  at  high  potential. 
These  material  currents  explain  the  changes  of  densitj^ ;  for, 
at  starting,  they  give  rise  to  a  rapid  process  of  mixture, 
forcing  denser  masses  upwards  into  the  course  of  the  light, 
&c.;  and,  afterwards,  when  the  mixture  is  completed,  they  are 
still  accompanied  by  irregular  variations  of  pressure  in  the 
liquid.  It  should  be  easy  therefore  to  imitate  the  effects  by 
means  purely  mechanical  ;  and  of  this  I  can  give  an  example 
from  actual  observation. 

A  plate  cell,  about  an  inch  thick  and  open  at  the  top,  was 
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charged  with  water,  and  placed  in  the  course  of  the  pencils 
BF,(JG,  iniinediatoly  behind  the  electro-optic  cell  ;  and  the 
iViuges  were  obtained  in  good  form  and  position.  The  stirring 
of  this  water  gave  a  set  of  optical  effects  that  could  not  be 
distinguished  from  the  former  disturbance.  And  when  the 
fringes,  extinguished  in  this  way  mechanically,  were  well 
restored  and  made  moderately  steady  by  regular  stirring  kept 
up  for  a  time,  I  found  that  a  disturbance  of  the  same  kind 
could  be  obtained  at  pleasure,  either  by  an  interval  of  rest 
(the  longer  the  better),  or  by  the  addition  of  a  little  warm 
water.  But  leaving  this  and  returning  to  the  electro-optic 
experiment,  I  proceed  to  show  how,  in  spite  of  these  irregular 
movements  of  the  fringes,  and  in  the  midst  of  them  all,  it  is 
possible  to  obtain  a  steady  effect  which  corresponds  perfectly 
to  the  known  birefringent  action  of  the  medium. 

Regular  Dislocation  of  the  Fringes. — The  electric  arrange- 
ments are  the  same  as  formerly,  the  two  internal  conductors 
being  connected  permanently,  the  first  with  the  prime  con- 
ductor and  the  second  with  earth.  There  is  only  one  change 
made  in  the  apparatus  :  the  nicol  N  is  withdrawn,  and  a 
small  rhomb  of  Iceland  spar  (about  3  centim.  long)  is  put  in 
its  place  at  E,  with  principal  section  horizontal,  in  this  way, 
the  two  systems  of  fringes  which  were  given  by  the  nicol  N 
in  succession  are  now  given  simultaneously,  side  by  side,  and 
each  the  exact  prolongation  of  the  other  :  the  successive 
systems  (a)  of  the  next  diagram  are  changed  into  the  double 
system  (^,7). 

The  machine  is  now  set  in  motion.  The  system  (/3,  7)  is 
disturbed  as  was  the  system  {a)  formerly  ;  but  in  the  midst 
of  the  disturbance,  and  as  long  as  the  fringes  are  clearly 


s     £ 
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visible,  the  sets  (/3)  and  (7)  are  seen  to  be  relatively  dis})laced, 
the  system  (/3,  y)  being  changed  into  the  system  (8,  e).  The 
extent  of  the  dislocation  increases  as  the  potential  rises  :  that 
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shown  in  the  diagram,  which  is  about  three  fourths  of  the 
fringe-width,  is  not  much  below  the  highest  that  can  be  got 
with  the  ap})aratus.  The  direction  of  the  dislocation  is  con- 
stant, and  indicates  a  relative  retardation  of  that  vibration  in 
the  electric  field  which  is  parallel  to  the  line  of  force  ;  and 
this  agrees  with  the  known  character  of  the  medium  CSg  as 
a  positive  dielectric. 

It  is  very  interesting  to  watch  the  two  sets  of  fringes  (8) 
and  (e),  and  to  see  them  sometimes  moving  rapidly  and 
very  fitfully,  but  moving  always  as  one  system,  with  its  two 
parts  dislocated  unchangingly,  except  so  far  as  the  extent  of 
the  dislocation  varies  with  varying  potential.  It  is  equally 
interesting  to  see  the  effect  of  sj)ark-discharge  of  the  prime 
conductor,  especially  from  high  potential.  At  the  instant  of 
the  spark  there  is  a  sudden  disappearance  of  the  dislocation, 
an  extremely  quick  jump  of  the  fringes  into  line  with  each 
other,  and  this  without  perceptible  check  or  sudden  change  of 
any  kind  in  the  disturbance — motion  common  to  the  tw^o  sets 
at  the  time.  The  best  way  of  observing  the  effect  is  to  take 
sparks  from  prime  conductor  to  earth  at  stated  intervals, 
while  the  machine  is  kept  working  at  some  constant  rate. 
The  dislocation  then  reappears  immediately  after  each  of  the 
sparks,  increasing  regularly  from  zero  as  the  potential  rises, 
and  then  increasing  and  decreasing  quickly  or  slowly  as  the 
potential  rises  and  falls  quickly  or  slowly.  Even  when  the 
potential  falls  most  rapidly,  as  in  spark-discharge,  the  direction 
of  the  backward  jump  is  always  evident  to  the  eye,  otherwise 
the  disappearance  of  the  dislocation  in  that  case  is  so  very 
quick  that  one  would  call  it  instantaneous. 

Very  little  need  be  said  upon  the  optical  theory  of  these 
phenomena.  AVhat  must  be  remembered  is,  that  each  of  the 
sets  of  fringes  (8)  and  (e)  is  due  to  the  interference  of  two 
such  pencils  as  BF  and  CG  reunited  in  GE,  the  vibrations 
being  horizontal  in  one  pair  of  interiering  pencils,  and  vertical 
in  the  other  pair.  With  regard  to  changes  of  refriugent 
power  which  are  due  to  mechanical  disturbance,  it  may  be 
assumed  that  thes(i  are  independent  of  the  direction  of  the 
vibi-ation  :  both  pairs  of  pencils  are  therefore  similarly  and 
equally  affected  at  each  instant,  and  the  corresponding  dis- 
placements of  the  two  sets  of  fringes  are  at  each  instant  similar 
and  equal,  how^ever  irregularly  they  may  vary  from  one  instant 
to  another.  It  is  otherwise  with  the  birefringent  action  of 
the  medium ;  for  here  the  two  pairs  of  pencils  are  differently 
affected  at  each  instant,  and  the  difference  is  determined  solely 
by  value  of  potential,  so  that  the  corresponding  effect  comes 
out  steadily  in  the  midst  of  all  the  irregular  changes  which  are 
produced  by  mechanical  disturbance  of  the  dielectric. 
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I  think  it  must  be  admitted,  that  in  this  regular  dislocation 
of  the  fringes,  there  is  a  now  and  clear  presentment  of  the 
double  refraction  which  is  produced  by  electric  strain.  I 
think  also  that  the  new  effect  is  made  all  the  more  suggestive 
by  the  regularity  and  perfect  steadiness  with  which  it  comes 
out  in  the  midst  of  the  disturbance. 

First  appearance  of  the  Law. — Before  leaving  the  present 
experiments  I  must  notice  one  or  two  facts  observed,  but  not 
yet  mentioned,  that  go  towards  a  solution  of  the  question 
with  which  we  started.  The  phenomena  to  which  I  refer  were 
seen  clearly  enough  in  some  of  the  earlier  experiments  ;  but  it 
was  only  at  a  later  stage  that  they  were  well  understood,  and 
they  were  then  obtained  more  regularly. 

Beginning  with  the  last  form  of  the  experiment,  that  with 
the  rhomb  of  Iceland  spar  as  eyepiece.  The  spar,  I  should 
mention,  was  always  so  placed  that  the  plane  ot  polarization 
in  the  set  of  fringes  (e)  was  vertical.  What  I  have  to  notice 
now  is  a  peculiar  feature  of  the  jump  of  the  fringes  at  the 
instant  of  discharge.  To  a  carefully  strained,  as  to  an  un- 
strained attention,  this  jump  appeared  as  a  movement  of  the 
set  of  fringes  (e)  down  to  the  level  of  the  set  (S),  never  as 
a  movement  of  the  set  (8)  up  to  the  level  of  the  set  (e).  I 
must  say,  however,  that  the  accuracy  of  this  perception  or 
judgment  was  to  myself  in  some  degree  doubtful,  not  because 
of  any  expectation  that  could  have  led  to  it,  but  because  of 
the  very  fugitive  character  of  the  phenomenon,  and  its  partial 
obscuration  in  many  cases  by  disturbance. 

Returning,  therefore,  to  the  first  form  of  experiment,  that 
with  the  nicol  N  as  eyepiece.  When  the  principal  section 
of  N  was  horizontal,  and  the  vibration  directed  therefore 
along  the  line  offeree,  there  was  a  perfectly  regular  jump  of 
the  fringes  downwards  at  the  instant  of  discharo;e  :  and  at 
high  potential  the  effect  was  large  and  strikingly  distinct. 
When  the  principal  section  was  vertical,  there  was  nothing 
regular  of  this  kind  seen  in  any  of  a  large  number  of  observa- 
tions :  there  were  disturbance-movements  at  or  about  the 
instant  of  discharge,  as  before  and  after,  but  nothing  that 
could  be  accepted  as  a  regular  jump  of  the  fringes  at  that 
instant,  always  in  one  direction  or  always  in  the  other.  The 
interpretation  of  these  results  is  obvious.  I  have  already 
stated  as  a  matter  of  observation,  that  a  rise  of  the  fringes 
indicates  a  relative  retardation  of  the  pencil  BF  Avhich  passes 
through  the  electric  field.  From  the  downward  jump  of  the 
fringes  in  one  of  the  two  cases,  we  infer  therefore  that  the 
pencil  BF  is  in  that  case  relatively  accelerated  in  consequence 
of  discharge.  But  in  the  present  experiment,  and  with  reference 
to  the  pencil  BF  in  relation  to  the  pencil  CGr,  it  is  evident 
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that  relative  acceleration  and  absolute  are  equivalent ;  because 
it  is  only  in  that  division  of  the  cell  througli  which  the  pencil 
BF  passes  that  there  is  any  sudden  physical  chano;e  at  the 
instant  of  discharge.  It  appears  therefore,  that  to  relieve  the 
liquid  of  electric  strain  is  to  relieve  one  of  the  vibrations 
(that  along  the  line  of  force)  of  an  absolute  retardation, 
leaving  the  per})endicular  vibration  unaffected. 

In  several  of  the  later  sets  of  these  experiments  with  CSg 
as  dielectric,  and  with  nicoi  N  as  eyepiece,  I  got  what 
appeared  to  be  a  perfectly  clean  liquid.  The  potential  also 
was  made  to  vary  regularly  and  very  slowly;  and  from  both 
causes  the  disturbance  was  very  much  reduced.  The  effects 
then  were  these  : — Principal  section  of  N  horizontal  :  a  slow 
ascent  of  the  fringes  during  the  process  of  charge,  pretty 
regular,  but  often  obscured  and  sometimes  overpowered  by 
disturbance  ;  the  contrary  jump  seen  always  at  the  instant  of 
discharge.  Principal  section  of  N  vertical  :  irregular  and 
generally  very  small  oscillations  of  the  fringes  during  the 
process  of  charge  ;  but  no  regular  motion  in  one  direction  or 
the  other  exclusively,  either  during  the  process  of  charge,  or 
at  the  instant  of  spark-discharge  from  high  potential. 

From  all  these  experiments  with  CSj,  it  seems  to  follow 
that  of  the  two  principal  vibrations,  the  only  one  immediately 
and  regularly  affected  by  electric  strain  is  that  along  the  line 
of  force.  This  conclusion  requires  and  well  deserves  to  be 
verified  ;  and  I  proceed  to  verify  it  by  another  method,  or 
rather  by  the  use  of  new  means. 

The  Second  Experimental  Arrangement. — The  optical  instru- 
ment here  used  is  known  as  Jamin's  Interference  Refractor 
for  Polarized  Light.  For  a  description  of  it  1  might  refer  to 
a  paper  already  published  *  ;  but  1  think  I  ought  rather  to 
describe  the  apparatus  here  again.  The  essential  pieces  are 
shown  in  horizontal  section  in  the  following  diagram. 
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Rand  S  are  large  blocks  of  Iceland  spar,  of  equal  thickness, 
their  principal  sections  horizontal,  and  their  faces  parallel.  A 
pencil  of  light  from  a  vertical  slit  L,  passes  through  a  Foucault's 
prism  H,  and  is  polarized  by  it  at  45°  to  the  vertical,  and 
then  enters  the  rhomb  R.     The  two  pencils  emergent  from  R 

•  "Oil  the  Birefriagent  Action  of  Strained  Glass."  Phil.  Mag.  for 
Oct.  1888. 
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})ass  immediately  througli  a  half-wave  ]ilate  P,  so  placed  as  to 
interchange  the  two  planes  of  polarization.  Ordinary  pencil 
and  extraordinary  in  the  crystal  U  hecome  thus  extraordinary 
and  ordinary  in  S,  and  the  birefringent  action  of  R  is 
neutralized  by  that  of  S.  The  light  enters  II  and  leaves  S  as 
a  single  pencil ;  but  between  P  and  S  it  passes  as  a  couple  of 
pencils  BF  and  CG,  about  14  niillim.  apart,  and  polarized  in 
planes  vertical  and  horizontal.  The  pencil  emergent  from  S 
is  received  at  E  through  a  Nicol's  prism  N,  which  is  laid  as 
for  extinction  with  the  Foucault  H.  When  all  the  pieces 
have  been  properly  placed,  the  slit  L  is  seen  crossed  by  a  set 
of  interference-fringes  ;  and  these  are  modified  at  pleasure  by 
tine  screw-movements  of  the  spar  S. 

The  electro-optic  cell  is  not  given  in  the  diagram.  It  is 
the  same  piece  as  that  shown  in  the  diagram  of  the  First 
Arrangement,  and  is  placed  here  exactly  as  there,  so  that  the 
two  laterally  separated  component  pencils  pass  normally 
through  it,  BF  through  the  electric  field,  and  CG  behind  the 
second  conductor. 

The  only  other  optical  piece  employed  in  the  experiments 
is  a  Jamin's  glass  compensator*,  which  is  placed  immedi- 
ately in  front  of  the  spar  S  :  it  enables  the  observer  to  specify 
small  differences  of  retardation  of  the  pencils  BF  and  CG. 

The  results  obtained  formerly  (with  nicol  N  as  eyepiece) 
were  fully  verified  with  the  new  a])paratus.  The  method 
finally  adopted  as  the  best  was  so  similar  to  the  former,  and 
the  effects  also,  that  any  long  description  of  the  experiments 
would  be  superfluous.  Bui;  to  give  a  fair  view  of  the  results, 
I  will  describe  one  day's  work. 

Final  Experiments  icith  CSj.  — The  first  internal  conductor 
connected  permanently  with  prime  conductor  without  Leyden 
jar,  the  Hquid  quite  clean,  and  the  conditions  of  electric  work 
perfect  all  day.  The  observations  were  taken  in  five  succes- 
sive sets. 

First  Set. — Plane  of  polarization  of  the  pencil  BF  (through 
the  electric  field)  vertical,  or  perpendicular  to  line  of  force  ; 
rise  of  fringes  indicates  relative  retardation  of  that  pencil. 
When  the  fringes  were  obtained  in  good  form  and  position, 
the  machine  was  started,  and  kept  working  at  a  constant  rate 
throughout  the  experiment.  As  before,  the  first  effect  was 
a  large  disturbance,  the  fringes  being  displaced  and  deformed, 
and  disa})pearing  altogether  at  the  second  or  third  turn  of  the 
plate  ;  but  in  a  little  time  (30  or  40  turns)  they  reajipeared 
in  good  form  and  approximately  constant  position.  For 
distinctness  of  efitect,  the  central  fringe  was  brought  back  to 
*  Preston's  '  Theory  of  Light,'  p.  159. 
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tlio  line  of  reference  (oenerally  downwiirds)  by  a  small  screw- 
niov(;nient  of  the  spar  S  ;  and  then,  at  every  spark  from 
])riine  conductor  to  earth,  there  was  a  quick  downward  jump 
of  the  fringes,  the  effect  being  as  distinct  as  possible  from  the 
irregular  and  slow  and  generally  small  movements  that  went 
on  before  and  after  the  spark.  As  the  experiment  proceeded, 
the  liquid  was  more  thoroughly  mixed,  the  disturbance  de- 
creased, and  the  effect  came  out  much  more  purely.  Sparks 
were  taken  repeatedly  at  every  ord,  5th,  10th,  15th  turn  of 
the  plate  ;  and  the  jump  was  there  in  every  instance,  and 
beautifully  distinct.  The  extent  of  the  jump  varied  from 
abotit  3  of  the  fringe-width  at  every  5th  turn  of  the  plate,  to 
about  I  at  every  lOth  turn.  I  should  add  that  the  disturb- 
ance-movements, though  they  were  greatly  reduced  at  last, 
were  still  such  as  to  prevent  any  good  static  observation  of 
the  fringes. 

It  is  proved  clearl}^  by  this  set  of  observations,  that  when 
the  plane  of  polarization  is  perpendicular  to  the  line  of  force, 
the  light  is  absolutely  retarded  by  electric  strain.  The  spars 
R  and  S  were  now  turned  round  LE  through  180°,  and  the- 
pieces  were  moved  across  the  optic  bench  into  good  position. 

Second  Set. — Plane  of  polarization  of  the  pencil  BF  (through 
the  electric  field)  horizontal :  rise  of  the  fringes  indicates  a 
relative  retardation  of  that  pencil.  The  method  was  the  same 
as  in  the  first  set,  sparks  being  taken  from  prime  conductor 
to  earth  at  regular  intervals  long  and  short.  When  the 
initial  disturbance  was  o\  er,  movements  of  the  fringes  were 
still  seen,  sometimes  in  one  direction  and  sometimes  in  the 
other,  but  not  exclusively  or  specially  at  the  instant  of  dis- 
charge. These  disturbance-movements  were  slow  and  gene- 
rally small ;  and  as  the  experiment  proceeded  they  became 
very  faint,  and  were  occasionally  not  seen  at  all  for  a  little 
time.  As  to  the  effect  specially  looked  for,  I  need  only  say, 
that  in  several  scores  of  observations,  taken  at  different  poten- 
tials high  and  low,  there  w-ns  not  a  trace  observed  of  a  regular 
jump  of  the  fringes  at  the  instant  of  discharge.  It  appears, 
therefore,  that  when  the  plane  of  polarization  is  parallel  to 
the  line  of  force,  the  light  is  neither  retarded  nor  accelerated 
by  electric  strain.  The  spars  R  and  S  were  now  turned  back 
through  180°. 

Third  Set,  the  same  again  as  the  first.  Many  observa- 
tions were  taken,  and  the  former  efi'ects  were  obtained  regfu- 
larly  ;  but  they  were  now  more  striking,  because  of  the  strong 
contrast  w^ith  the  negative  results  of  the  set  of  observations 
immediately  preceding.  The  action  appeared  also  to  be 
stronger  than  before,  probably  because  of  improved  insulation. 


Qttestion  in  Electro-Optics.  301 

The  extent  of  the  junip,  taken  at  every  5tli  turn  of  the  plate, 
■Nvas  now  ^  the  fringe-width ;  and  at  every  10th  or  1 5th 
turn,  it  was  clearly  i.  I  find  in  my  notes  that  this  large 
jump  of  the  fringes  inijiressed  me  here,  again  and  again,  as  a 
thing  peculiarly  beautiful. 

Fourth  Set,  the  same  again  as  the  second.  The  only  ques- 
tion in  this  case  was,  whether  it  might  still  be  possible,  by  the 
most  careful  work  and  under  the  best  conditions  attainable, 
to  detect  a  very  small  jump  of  the  fringes  at  the  instant  of 
discharge.  Many  observations  were  taken  at  high  potential, 
some  at  the  highest,  but  without  a  trace  of  effect  of  that 
kind. 

Fifth  Set,  the  same  again  as  the  first.  The  results  of  first 
and  third  sets  were  recovered  regularly.  Sparks  were  then 
taken,  sometimes  at  every  turn  of  the  plate,  sometimes  oftener. 
At  every  spark  there  was  a  very  small  downward  jump  of  the 
fringes,  so  small  sometimes  as  to  be  barely  caught,  but  quite 
regular  and  beautifully  distinct. 

Femarks. — The  jumj)  of  the  fringes  was  chosen  as  the 
principal  object  of  observation,  because  it  was  never  quite 
concealed,  nor  even  much  obscured,  by  the  mechanical  dis- 
turbance of  the  liquid  ;  but  I  should  add  that  the  contrary 
motion,  the  grailual  ascent  of  the  fringes  during  the  process 
of  charging,  was  generally  evident  enough  in  the  experiments, 
though  not  often  undisturbed  or  quite  regular  in  its  course. 

The  best  observations  were  got  when  the  fringes  ha[)}>ened 
to  continue  at  rest  through  a  sensible  interval  of  time,  including 
the  instant  of  discharge.  The  contrast  between  the  two  cases 
was  then  very  remarkable,  especially  at  high  potential :  in  the 
one  case,  the  beautifully  clear  jump  so  often  mentioned  ;  in 
the  other  case,  no  trace  of  a  jump  in  either  direction,  generally 
not  even  a  perceptible  shiver  of  the  fringes  at  the  instant  of 
strongest  discharge.  Instances  of  this  kind  occurred  not  very 
rarely  in  the  ex[)eriments;  and  there  could  be  no  contrast  more 
striking  than  that  between  the  phenomena  in  the  two  cases. 

From  what  I  know  of  the  apparatus  and  its  performance, 
I  am  sure  that  no  regular  and  abrupt  retardation  or  accelera- 
tion amounting  to  as  much  as  the  hundredth  part  of  an  average 
wave-length  could  have  escaped  observation  in  the  experiments. 
It  will  be  remembered  also  that  the  jump  of  the  fringes  at 
high  potential  extended  to  four  jiftJis  of  the  fringe-width. 
With  reference,  therefore,  to  the  dielectric  CSo,  and  the  two 
jtrincipal  vibrations  parallel  and  perpendicular  to  the  line  of 
force,  it  appears  that  the  regular  efiFect  of  the  electric  strain 
upon  one  of  the  vibrations  is  a  positive  retardation,  while 
upon   the  other  vibration   there  is   very  probably   no  effect 
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Avliatevor,  and  certainly  no  effect  as  large  as  the  eightieth  part 
of  the  former. 

Second  jwsitive  dielectric  :  a  paraffin  oil,  specific  gravity 
'845.  This  liquid  was  far  inferior  to  CSg  electrically  and  also 
as  an  optical  medium.  The  method  of  experiment  finally 
adopted  as  the  best  was  a  little  different  from  that  with  CS2. 
The  prime  conductor  had  its  caj)acity  enlarged  by  connexion 
with  a  Leyden  jar  ;  the  machine  was  kept  working  at  a 
constant  rate, and  the  prime  conductor  was  partially  discharged, 
at  short  and  regular  intervals,  by  spark  u})on  the  knob  of  the 
first  internal  conductor,  which  was  of  course  discharged  in 
each  interval.  The  phenomenon  looked  for  was  a  quick 
motion  of  the  fringes  at  the  instant  of  the  spark;  that  is,  at 
the  instant  of  electric  charging  of  the  liquid. 

(1)  Plane  of  polarization  of  the  pencil  BF  (through  the 
electric  field)  vertical  :  rise  of  fringes  indicates  relative 
retardation  of  this  pencil.  At  the  instant  of  the  spark  there 
was  a  quick  upward  jump  of  the  fringes  through  something 
like  ^  of  the  fringe-width,  generally  followed  by  a  set  of  large 
and  comparatively  slow  disturbance-movements.  In  most 
cases  also,  immediately  after  the  spark,  the  observer  was  able 
to  detect  the  contrary  jump  quite  clearly,  by  laying  his  finger 
on  the  knob  of  the  first  conductor.  Throuiih  a  long  set  of 
observations  taken  at  different  potentials,  the  upward  jump  of 
the  fringes  at  the  instant  of  chargino;  v\-as  obtained  with 
perfect  regularity  ;  and — amplitude  excepted — the  effect  was 
not  inferior  to  that  in  CSg. 

(2)  Plane  of  polarization  of  the  pencil  BF  horizontal  : 
rise  of  fringes  indicates  relative  retardation  of  BF.  Many 
observations  were  taken  at  different  potentials,  high  and  low. 
There  were  sluggish  and  irregular  disturbance-movements, 
great  and  small,  but  no  trace  of  a  regular  jump  of  the  fringes 
in  one  direction  or  the  other  at  the  instant  of  the  sjxirk. 
There  could  be  no  doubt  as  to  the  true  meaning  of  these 
results.  In  this  positive  dielectric,  as  in  CSj,  the  vibration 
along  the  line  of  force  is  retarded  by  electric  strain,  and  the 
perpendicular  vibration  is  unaffected. 

First  negative  dielectric  :  oil  of  colza.  Tliis  liquid  also  was 
far  inferior  to  CvS,,  es])ecially  as  an  oi)tical  medium.  The 
}nethod  of  experiment  followed  with  paraffin  was  retained 
here  as  the  best :  the  first  internal  conductor  was  charged  by 
spark  from  the  prime  conductor  at  regular  intervals,  and  was 
put  to  earth  for  a  moment  in  each  interval. 

(1)  Plane  of  polarization  of  the  pencil  BF  vertical  :  rise 
of  fringes  indicates  relative  retardation  of  BF.  The  fringes 
were  generally  cur\ed  and  ver^-  imperfect  at  the   beginning 
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of  an  experiment ;  but  a  few  succe.ssive  charges  brought  them, 
after  some  disturbance, into  permanently  good  form,  and  then 
there  was  a  quick  downward  jump  seen  ahvays  at  the  instant 
of  the  spark.  And,  as  in  the  contrary  case  of  paratiin,  this 
jump  was  a  thing  as  distinct  as  possible  from  tlie  shiggish  and 
irreguhir  disturbance-movements  by  which  it  was  generally 
foUoweil.  AVhen  the  spark  was  taken  at  every  10th  turn  of 
the  ])late,  the  potential  was  about  as  high  as  the  liquid  could 
bear,  and  the  extent  of  the  jump  was  fully  i  of  the  fringe- 
width.  In  the  course  of  a  long  set  of  observations,  this 
downward  jump  of  the  fringes  at  the  instant  of  charging  was 
seen  with  perfect  regularity,  and  always  distinctly.  In  this 
case,  therefore,  the  regular  optical  effect  of  electric  strain  was 
an  acceleration. 

(2)  Plane  of  polarization  of  the  pencil  BF  horizontal  : 
rise  of  fringes  indicates  relative  retardation  of  BF.  When 
the  fringes  were  imperfect  at  starting,  the  effects  of  a  few 
successive  charges  were  the  same  as  in  the  first  case,  irregular 
displacements  and  changes  of  inclination,  the  fringes  generally 
rising  and  falling  in  their  lower  and  higher  parts  till  they 
came  into  permanently  good  form.  Afterwards  there  were 
smaller  disturbances  always  i)resent  in  this  case  as  in  the 
former  ;  but  neither  there  nor  here  were  they  such  as  to 
interfere  ultimately  with  exact  observation.  The  experiment 
was  carried  on  for  some  time  till  the  liquid  was  well  mixed 
and  the  fringes  good.  Many  observations  were  then  taken, 
some  of  them  at  highest  potential  ;  bat  there  was  no  trace  of 
a  jump  ever  seen  at  the  instant  of  the  spark.  In  this  liquid, 
therefore,  as  in  carbon  disulphide  and  paraffin,  the  only  one 
of  the  two  principal  vibrations  which  is  affected  by  electric 
strain  is  that  along  the  line  of  foi'ce  ;  but  as  the  present 
dielectric  is  of  the  negative  class,  the  retardation  produced  is 
negative. 

Second  negative  dielectric  :  seal  oil.  From  want  of  homo- 
geneity this  liijuid  was  very  defective  optically,  the  image  of 
the  slit  L  being  much  deformed  and  sometimes  broken  by 
streaks.  The  defect  was  remedied  in  a  good  degree  by  strong 
charges  given  to  the  liquid  on  both  sides  of  the  second  con- 
ductor. The  method  of  experiment  was  the  same  as  with  oil 
of  colza. 

(1)  Plane  of  polarization  of  the  pencil  BF  vertical :  rise 
of  fringes  indicates  relative  retardation  of  BF.  At  first,  the 
electricity  produced  very  large  displacements  and  deformations 
of  the  fringes,  in  the  midst  of  which  there  was  no  regular 
effect  to  be  seen  ;  but  as  the  experiment  went  on,  and  the 
medium  improved,  the  expected  effect  came  out  distinctly, 
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a  quick  downward  jump  of  the  fringes  at  or  immediately  after 
the  instant  of  tlic  spark.  Under  good  optical  conditions,  and 
at  potentials  high  and  low,  the  effect  ^vas  perfectly  regular, 
and  was  as  distinct  and  jniro  as  that  in  oil  of  colza,  though 
aj)parently  not  quite  so  large. 

(2)  Plane  of  polarization  of  the  pencil  BF  horizontal  : 
rise  of  fringes  indicates  relative  retardation  of  BF.  The 
disturhance  of  the  fringes  was  greatly  reduced  as  the  experi- 
ment went  on,  till  at  last  there  was  nothing  left  but  a  set  of 
slow  movements,  very  irregular  and  very  small,  sometimes 
invisible.  In  the  midst  of  these  as  in  their  absence,  and  in  a 
long  set  of  observations  taken  at  diflPerent  potentials  from  low 
to  highest,  there  was  no  trace  ever  seen  of  a  jump  of  the 
fringes  at  the  instant  of  the  spark.  It  appears,  therefore,  that 
in  this  negative  dielectric,  as  in  oil  of  colza,  the  total  o])tical 
effect  of  electric  strain  is  an  acceleration  of  the  vibration 
which  is  directed  along  the  line  of  force. 

The  conclusion  to  be  drawn  from  the  preceding  experiments 
has  been  stated  already  by  anticipation  ;  but  I  repeat  it  finally 
in  other  terms  as  follows  : — 

Jf  Hglit,  pass  through  an  electrostatically  strained  medium  at 
rigid  angles  to  the  lines  of  force,  and  he  rejjresented  hy  tivo  com- 
2wnent  lights  wliose  ])la?ies  of  polarization  are  respectively 
parallel  to  the  lines  of  force  and  perpendicidar,  tlien  the  proj^er 
and  immediate  op)tical  effect  of  the  electric  strain  is  a  change  of 
velocity  of  the  latter  co)nponent  *. 

The  use  of  the  words  proper  and  immediate  in  this  state- 
ment may  be  thought  objectionable  ;  but  some  such  words  are 
required  for  the  purpose  here  chiefly  intended,  which  is,  to 
exclude  those  undoubtedly  remote  etfects  of  electric  action 
that  appeared  as  disturbances  in  all  the  experiments. 

Glasgow,  February  26,  1894. 


XXXV.   On  the  Sehaviour  of  an  Aii'-Core  Transformer  when 
the  Frequency  is  below  a  certain  Cnticcd  Value.     By  E.  C. 

RlMINGTONf. 

[Plates  X.,  XI.] 

IT  is  usually  supposed  "in  the  case  of  a  transformer  whose 
primary  is  connected  to  terminals  having  an  alternating 
potential  diflerence  of  constant  value  between  them,  that  the 

*  The  change  of  velocity  in  the  case  of  any  positive  dielectric  is  of 
cour.-<e  a  decrease. 

•j-  Communicated  by  the  Physical  Society  :  read  October  27,  1893. 
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apparent  iiupedanco  of  the  primary  is  diminished  on  closing 
the  secondary.  Under  certain  conditions,  however,  this  is 
not  the  case,  as  the  following  investigation  will  show. 

Let  7'i  be  the  resistance  of  the  })rimary  circuit  ; 
L  its  inductance  ; 

r2  the  resistance  of  the  secondary  circuit  ; 
N  its  inductance  ; 
M  the  mutual  inductance  between  the  two  coils. 

The  coefficients  of  induction  are  assumed  constant  in  the 
following  investigation,  a  result  that  can  only  be  obtained  in 
practice  when  coils  not  containing  iron  cores  are  employed. 
A  pure  sine-function  alternating  P.D.  is  also  assumed. 

Ijet  p='2'7rn,  where  n  is  the  frequency  of  alternation. 

Let  e  be  the  value  of  the  P.D.  at  any  instant  t^  and  E  its 
maximum  value. 

Let  Ci  and  ^2  he  the  currents  in  the  primary  and  secondary 
circuits  respectively,  C^  and  Og  being  their  maxima. 

Let  Ii=  V''i^+p^L^,  the  impedance  of  the  })riniary  ; 
and      l2=  ^r2^+p'^^^,  the  impedance  of  the  secondary. 

We  have  the  well-known  equations, 

l|'+m|^+^..='s    .    .    .    .    (1) 

n|^+m;|!+.„,=o (2) 

Differentiate  (1)  with  respect  to  t,  and  multiply  by  N  ; 
differentiate  (2)  and  multiply  by  M  ;  then  on  subtraction  we 
obtain 

(LN-M=)§+X,,§-M,./^^=n|      .     (3) 

Multiply  (1)  by  Vo  and  add  to  (3).     This  gives 

(LN-M^)^^  -f  (N.j  +  Lr^)^^  + ,  W,  =  r^.  +  N  ^^.     (4) 

Similarly  we  obtain 

(LN-IVP)-^^^  +  (Nn  +  L,,)!?  +.W2=  -M;^^.    (5) 

Now  it  is  obvious,  if  the  P.D.  be  a  pure  sine  function  and 
the  coefficients  constants,  that  the  currents  must  also  be 
pure  sine  functions  differing  only  in  phase  from  the  P.D. 


39G     Mr.  E.  C.  Rimington  on  an  Air-Core  Transformer 
Assume  *,  then, 
f  1  =  Ci  sin  pt,     ^2  =  Cg  sin  (/><  +  6),  and  ^  =  E  sin  {pt  +  </>) , 

-J  =/>C]  cos  /)<     and        ,  /  =  — p^Ci  sin  pt ; 

de 
also  ,  =^)E  cos  {pf  +  (f>). 

Inserting  these  values  in  equation  (4)  gives 
Cllnr^-p'iLN-W)}  s[npt+p{Nr,  +  Lr2)  cospt] 

=  Er2  sin  {pt  +  cj))+Ep^  cos  (pt  +  (f)).  .     .     .     (G) 

For  shortness,  let 

a  denote  ?"i/'2 — p'^(LN  — M^),  and 
h  denote  p  (Nr^  +  Lrg). 
Then  (G)  may  be  written 


Ci  y/a^  +  b^  sin  {pt  +  a/t)  =  Elg  sin  {j>t  +  </>  +  %),     •     (7) 
where 

tan  ■\}r=i  -       and     tan  v  =  - — . 
^      a  ^       r^ 

As  (7)  must  hold  for  all  values  of  ^,  it  follows  that 


Ci\/a2  +  62  =  El2, 
or  p  _       Ela  ,ox 

V  «^  4-  //'* 

and  that '»/r  =  ^  +  ^,  or  ^  =  '^— ^. 

*  This  assumption  will  evidently  give  a  particular  solution  to  equation 
(4),  viz.  Ci  =  Cisin7;^. 

The  complete  solution  is  obtained  by  adding  to  this  the  solution  of 
equation  (4),  assuming  the  right-hand  member  zero.  So  that  the  com- 
plete solution  to  (4)  is 

kW  h-h 

Ci  =  CiSin^^+Ae~    ^      +66"  ^    , 

-where  Jv/'i+L/'a 

'^-  LN-M-' 

and  , 

V(Nr,-L>-,)'^+4;v,]SP 

'*-  LN-M- 

The  constants  A  and  B  depend  on  the  phase  of  the  P.D.  at  the  instant 
the  coil  is  switched  on.  The  exponential  terms  (since  they  are  both  real 
and  negative)  rapidly  die  away,  so  that  practically  Ci  =  Ci  sin^j^  after  a 
short  time  has  elapsed.     The  same  remarks  apply  to  the  value  of  c,. 
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Hence 

,        ,       a        ?'2        hr^—ap'N       ^  1^^  , 


a        ?'2  _  lir<i — apN  _  ^  Ig"^ 

1+^-  ^  n  +  ^%- 


From  (9)  it  is  evident  that  the  difference  in  phase  between 
the  primary  current  and  the  P.D.  is  always  diminished  on 
closing  the  secondary,  since,  when  the  latter  is  open 

tan  <f)  =  — . 

■''i 

In  the  same  manner  from  (5)  we  obtain 


Cj  Va^  +  ^^  sin  {pt-{-e  +  y{r)  =  —pME  cos  {pt  +  </>) 

=^MEsin(;?^  +  0+^). 
Hence  p  _     pME 

V  a  +  o-' 

and  /i  .    ,       ,      Btt 

^  +  ^  =  </>+^, 

but  '\jr  =  (p -\- ■)(^. 

Hence 

q 

or  ^  is  greater  than  tt  and  less  than  —  .    Also 

tan^  =  cot;^:=^^ (11) 

Now  from  equation  (8), 

C  =        -^ 


I2 

Call  I  the  apparent  impedance  of  the  primary  when  the 
secondary  is  closed  (I^  is  its  impedance  with  secondary  open) . 
Then 

1-  — J , 

or      Pl2-  =  a2  +  ^^ 

=r,V22+7/(LN-M2)^-2/rir2(LN-M2) 

+  /N2y.,2  +^2L2,.^2  ^  2//.^7'2LN 
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or 

P  =  I,2_P'M'|^.(2LN-M2)-27Vo}.  .     .     (12) 

Equation  (12)  shows  that  I  will  only  bo  less  than  I,  when 
the  quantity  inside  the  brackets  is  positive;  so  that,  if 
%\r.2>'p-{-l\:^  —  W),  P  is  greater  than  Ij'"^,  and  hence  I>I„ 
or  the  impedance  of  the  primary  is  increased  on  closing  the 
secondary.  j^  j-;^ 

For  convenience  let  ai=  -  -,  and  ^2=  — •     «i  is  of  course 

the  tangent  of  the  angle  of  lag  of  the  primary  current  behind 

the  P.D.  when  the  secondary  is  unclosed,  while    -  +tan~^a2 

is  the  phase-angle  between  the  primary  and  secondary  currents 
when  the  secondary  is  closed. 

Let  M  =  j3  VLN,  so  that  ^  represents  the  ratio  of  the 
magnetic  induction  passing  through  the  secondary  to  that 
through  the  primary,  and  is  of  course  less  than  unity,  also 
100(1  — jB)  is  the  percentage  magnetic  leakage^.     Substituting 

*  This  is  only  the  case  wlien  the  two  coils  are  equal  iu  dimensions 
and  similar  in  shape  :  otherwise  the  ratio  of  the  total  lines  of  magnetic 
induction  through  the  secondary  to  those  through  the  primary,  when  a 
current  flows  in  the  primary,  will  not  be  the  same  as  the  ratio  of  the  lines 
through  the  primary  to  those  through  the  secondary  when  there  is  a 
current  in  the  latter. 

j3  is  the  geometrical  mean  of  these  two  ratios.  Thus :  let  ?<,  be  the 
number  of  turns  in  the  primary  and  G,  some  constant  depending  on 
its  shape  and  size,  then  the  magnetic  induction  through  tlie  primary 
=  G]«i,  and  L=G,?2,'*'.  The  induction  through  the  secondary  =G/«o, 
and  N=G«w.,^,  where  the  constant  G^  depends  on  the  shape  and  size  of  the 
secondary."  Let  3,  be  the  fraction  of  the  primary  induction  that  threads 
the  secondary,  and  ^.,  the  fraction  of  the  secondary  induction  that  threads 
the  primary.     Then 

M  =  G,??i^|W.,  =  G2W„/3^,w,. 

Hence  M-  =  ^,/3,,GiG,n,-«/, 

or  M=V/3;^,VlN; 

so  that  i3=  V^^. 

Also  G,/3,  =  G,/3,,  or  1=^-2. 

Pi      Gj 
So  that  for  coils  of  the  same  shape  and  size 

J3,=j3.,-I3,  since  Gi  =  G2. 

When  the  coils  are  of  different  shapes  or  sizes, 

^2      G,       L   ■  \nj  ' 
also  if  the  number  of  turns  in  the  primary-  and  secondary  is  equal, 

^  =  N 
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these  values  in  (12)  it  becomes 

To  make  ^  greater  than  unity,  obviousl}' 

2 
a^uo  must  be  less  than  - — -^^ 

or  the  critical  value  of 

2  ,       .       . 

"■  =  a,(2-^^)-  («2  given); 
and  that  of 

When  the  primary  and  secondary  are  identical  or  have  the 
same  shape  and  coil-volume  *,  and  the  secondajy  when  closed 
is  short-circuited, 

ai  =  a^  =  a. 
Then 

( I  \^_    ^^{2-^(2-^)1 

and  the  critical  value  of  a  =  a/  .  _  ^^  • 

When /3  =  1,  or  there  is  no  magnetic  leakage,  the  critical 
value  of  a=  -v/^. 

To  find  the  value  of  a-^  that  will  make  j    a  maximum,  a^  ami 

/3  being  given.  i 

I     .  .  /I\^. 

Obviously   from    (13)    y-   is  a  maximum  when  1^-1  is  a 

maximum,  that  is,  when    t—, — ;; is  a  maximum, 

since  aj  and  yS  are  constants. 

Diftereutiatiug  with  respect  to  a^  and  equating  to  zero 
gives  

2 
If  y3  =  l,  or  there  be  no  magnetic  leakage. 


«i  = ~-^-^ -—^--.      .     .    (15) 


or    T-^  =  -.     .     (15  a) 


*  Relative  difference  of  thickness  of  insulation  being  supposed  negli- 
gible, if  different-sized  windings  are  used. 
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If  the  coils  have  the  same  time-constants,  or  ct]^  =  a2=-a^ 

and  1  _      /'         yS2-  ^  2 

if  also/3=l, 

a=  —7,,  and  Y  =  \/l-3  =  1*155. 

Obviously,  if  a^  and  y8  are  known   the  value   of  a^   that 

makes  j-  ^  maximum  is  by  synnnetry, 

or  in  the  case  of  no  magnetic  leakage,  z 2  =  — . 

If  a,  and  a^  are  both  variables,  we  have  the  two  equations 
to  be  satisfied,  viz.; — 


.,a2(2-iS2)  =  l-a,^=l-«o^ 


and  1— a^ 


or      a  — 


a(2-/S2)  V3-/S2 

So  that  to  get  v-    a  maximum,  the  primary  and  secondary 
li 

should  have  the  same  value  of  a,  each  equal  to  — ..■,      -a,  or 

1       .  .  I 

in  the  case  of  no  magnetic  leakage  =  -ys  I  i^  which  case  j- 

will  be  1*155,  or  a  15^  per  cent,  increase  in  impedance 
caused  by  short-circuiting  the  secondar}^,  and  this  is  the 
greatest  that  can  be  obtained. 

Consider,  then,  the  case  of  a  transformer  having  coils  with 
equal  time-constants,  and  suppose  there  is  no  magnetic 
leakage. 

For  values  of  a  below  \/2  the  impedance  is  increased,  and 
putting  /3=1  in  equation  (14)  gives 

i___vr+4^ 

Il"~       l+a2 
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From  this  equation  curve  III,  Plate  X.,  has  been  plotted;  the 

I 
abscissae    are    valui^s   of  a,  and   the    ordinates  values  of  ^, 

expressed    as    percentages.       For   a    transformer   in    which 

L     N       1 

—  =  —  =  ^-—  about,  a  second  set  of  figures  giving   the   fre- 
?"l        ?2       oOO 

quency  is  also  marked. 

The  curve  OCC,  Plate  X.,  is  the  ratio  of  C  the  primary 
current -when  the  secondary  is  closed  to  ( \  the  same  secon- 
dary open,  and  is  evidently  plotted  from  the  equation 

C  _Ii_     l+«^ 

Power  Distribution  in  above  Trans/onner. 

Let  P  be  the  power  impressed  on  the  primary  when  the 
secondary  is  closed  ; 
Pi  the  same  w^hen  the  secondary  is  0])en  ; 
H  the  heat-power  develoi)ed  in  the  })rimary  when  the 

secondary  is  closed  ; 
P2  the  power  developed  in  the  secondary. 
Then 

P=  ^  .      '^^^^      r^sin  y;^ .  mi(/d  +  d>).dt 

2(d'-^b') 

_  F/     l  +  2cc^ 
~  2>\  'l-Hia 


2 (1<3) 


H 


27r    a^  +  b^jo  ^ 


2 v^^'^ 


2(a2  +  62)      2rj^    l  +  icc 


~2(a2+7/^)  ~2/-i'l  +  4a2 (^'^^ 

Obviously  P  =  P2  +  TT,  unless  there  are  masses  of  metal 
j)resent,  in  which  eddy  currents  are  develoi)e(J,  or  the  fre- 
quency is  so  great  that  a})precial>le  energy  is  radiated. 
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P,  =  ^  .  -f-     "  sin  pt.  sin  [pt  +  <^)  dt 


Wr,       E 


1  _ 


(ID) 


(20) 


~  2I7  ~  27^    1+^ 

Hence,  from  (IG)  and  (19), 

P    _  (]4-2«^)(l+«")  ^l  +  3a'^  +  2a-> 

P;~  l  +  4a2  H-4a-'       '        ■      • 

and  from  this  equation  (20)  the  curve  marked  PPP  (Plate  X.) 
is  plotted. 

The  curves  for  P,  H,  Po,  and  Pi  are  plotted  in  Plate  XI. 
for  values  of  «  up  to  2. 

Magnetizing  Effect  of  the  Coils. 

Let  g  be  the  number  of  effective  current-turns  at  any- 
instant  when  the  secondary  is  closed,  and  G  its  maximum 
value. 

Then  i/  =  "iCi  +  "-2^2) 

where  7?i  and  ti^  are  the  number  of  turns  in  the  primary  and 
secondary  respectively,  and 

G=  \^n;'  Ci"-'  +  rt/  Ca'  +  2/1,712  O1C2  cos  6, 

where  6  is  the  phase-angle  between  the  two  currents. 

If  we  assume  the  primary  and  secondary  to  occupy  equal 
volumes,  and  we  can  neglect  the  relative  difference  in  thickness 

of  the  insulation  of  the  two  coils,  —  =  \/  —5 

n^        V    ?'2 

or  (since  M^  is  assumed  =LN) 

XjEr^  njE 


G  = 


Va^  +  b-       n'v/l+4a"'^" 


Call  Gi  the  maximum  value  of  g  when  the  secondary  is 
open  ;  then 
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p  _  »,E  _        ;/jE 

•••    Grvr-H4a^ ^''^ 

Evidently,  then,  the  magnetizing  effect  is  always  diminished 
on  closing  the  secondary. 

The  curve  GGG  (Plate  X.)  is  plotted  from  equation   (21). 

It  will  be  seen,  on  inspecting  Plate  X.,  that  in  the  cases  of 
the  impedance-curve  and  the  current-curve  the  critical  value 
for  a=  v/2  =  l-il-i,  while  the  value  of  a  that  makes  them  a 

maximum    and    a   minimum  respectively  is  «=— —  =s*707. 

This  latter  value  of  a  is  the  critical  value  for  the  curve  PPP, 
while,  as  may  be  seen  by  differentiating  equation  (20)  and 
equating  to  zero,   the  value   of  «  that  makes  this  curve  a 

.   .           .    Vn/3-1  ,._q 

nnnmium  is ^ — ,  or  ••42  /  8. 

Consider,  now,  the  case  of  primary  and  secondary  having 
the  same  time-constants  but  with  magnetic  leakage. 

Then  we  know  the  critical  value  of  a=  \  / 

The  value  of  a  to  make-p  a  maximum  from  (15^')=  — 

ii  ^     ^     -/a-zS-' 

Let  7  represent  the  ratio  of  the  former  value  of  a  to  the 
latter,  then 


•=^/| 


also  the  maximum  value  of  r  =     , 
From  equation  (11), 

,  /)  /'.7  1 

tan^=  -=.  =  -; 

and  6  is  the  angle  by  which  the  secondary  current  is  in 
advance  of  the  primary,  and  it  lies  between  -rr  and  '-^ ;  it 
therefore  follows  that  the  angle  by  which  the  secondary  cur- 
rent lags  behind  the  primary  lies  between  ~  and  tt,  and  is 
^  +  tan-'  a.  The  following  Table  gives  values  of  the  above 
quantities  for  values  of /3  from  1  to  -1. 
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p. 

Critical 

Values 
of  «  for 

Max. 

values 

Critical 
pbase- 

Phase- 
angle  for 
I 

values 

I 

y- 

^  I 

of  at. 

max.  — . 

°'i,- 

angle. 

max.  — . 
^1 

10 

1-414=  V2 

-'"'--h 

2 

1-155 

144  44 

125  16 

•9 

1-300 

•07G 

r920 

1-120 

142  26 

124    4 

•8 

1-210 

-ooo 

1-865 

1-090 

140  2() 

123    2 

•7 

1150 

•630 

1-825 

1-070 

139    0 

122  13 

•6 

1105 

•615 

1-795 

1-050 

137  51 

121  36 

•5 

1070 

•605 

1-770 

1-032 

136  56 

121  11 

•4 

1045 

•595 

1-760 

1-020 

136  16 

120  45 

•3 

1023 

•586 

1-750 

1-010 

135  39 

120  22 

•2 

1010 

•581 

1-740 

1007 

135  17 

120  10 

•1 

1002 

•678 

1-730 

1001 

135    4 

120    2 

It  will  be  seen  from  the  column  of  values  for  7  that  when 
^=1,  or  there  is  no  magnetic  leakage,  the  critical  value  of  a 

is  twice  its  value  for  inaximum  y  ;  and  the  effect  of  leakage 

is  to  (limiuish  this  number,  so  that  when  /3  =  'l  it  is  reduced 
to  1'73.     This  is  shown  in  the  subjoined  figure. 

Fig.  1. 
C 


The  curve  OCB  represents  the  critical  part  of  the  curve 
III  (Plate  X.)  when  there  is  no  leakage,  and  A  comes  midway 
between  0  and  B,  so  that  OA  =  iOB;  also  0B=  v/2  =  l-414, 
OA  =  *707,and,  if  the  pointO  represent  100  divisions,  AC  =  15^ 
divisions. 

The  curve  OCB'  represents  the  critical  part  when  /3  =  'l; 
0B'=  r002  and  0A'= '578  = 'STTOB';  also  A'C  = -12 
division.     Hence  we  see  that  the  effect  of  maonetic  leakage 
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is  to  shift  the  point  A'  corresponding  to  the  maximum  value 
of  f-  from  miihvay  Letweon  0  and  B'  and  towards  B'. 

The  author  was  enabled,  throii^rh  the  kindness  of  Dr. 
Fleming,  to  try  an  experiment  in  the  meter-testing  room  of 
the  Eleetric  Supply  Company,  using  a  Kelvin  balance  for 
measuring  the  currents  through  the  primary  coil.  The  alter- 
nating P.D.  was  obtained  from  the  terminals  of  a  transformer 
capable  of  giving  over  100"^ ;  and  as  the  maximum  current 
ever  taken  was  6^^  about,  the  P.D.  may  be  assumed  cons<tant. 
The  frequency  was  83*3. 

The  air-core  transformer  used  for  the  experiment  consisted 
of  two  coils  wound  one  inside  the  other,  and  of  No.  20  B.W.G. 
cotton-covered  wire.  The  inner  coil  was  used  as  primary 
and  the  outer  as  secondary. 

Each  coil  consisted  of  5  layers,  of  125  turns  per  layer. 

Calculating  the  time-constants  or  values  of  ^  for  the  coils 

by  Perry's  approximate  formula,  they  worked  out  as  '00121 
for  the  inner  coil  or  primary,  and  *00152  for  the  outer  coil  or 
secondary 

p  =  27rx  83-3  =  523. 


Hence 


ai  =  -00121x523  =  -633, 
ao  =  -00152xo23  =  -7y5. 


The  values  of  u^  and  «2  were  probably  smaller  than  these 
values,  as  the  coils  became  fairly  warm  from  working  ;  more- 
over the  primary  had  the  leads  and  the  resistance  of  a  Kelvin 
balance  in  series  with  it. 

Take,  then,  «i  as  '5,  and  ag  ^s  '7. 

The  observed  value  of  t-  was  1"032. 

Substituting  these  values  in  equation  (13)  makes  /3  =  *57, 
or  a  magnetic  leakage  of  43  per  cent.,  if  the  P.D.  were  a  true 
sine  function.  This  seems  a  rather  large  value  for  the  leak- 
age ;  and  it  is  probable  that  the  leakage  was  considerably  less 
than  this,  but  that  the  P.D.  was  not  a  pure  sine  function,  and 

on  this  account  the  ratio  y  was  less  than  it  otherwise  would 
have  been.  i 

The  above  experiment  was  only  a  rough  one,  but  it  showed 
an  increase  of  3*2  per  cent,  in  the  impedance  of  the  primary 
on  closing  the  secondary  :  moreover  the  time-constants  of  the 
coils    were   not  suited  for  giving  the   best   effect   with    the 
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frequency  employed ;  but,  as  is  seen  from  the  previous  theo- 
retical investigation,  by  employing  a  primary  and  a  secondary 
having  equal  time-constants  suitably  related  to  the  frequency, 
and  a  pure  sine  function  P.D.,  an  increase  of  impedance  of 
from  10  to  12  per  cent,  ought  to  be  obtained;  15^  per  cent, 
increase  could  never  be  obtained  in  practice,  as  there  must 
always  be  some  magnetic  leakage. 

In  transformers  with  iron  cores  this  effect  would  never  be 

likely  to  escape  notice  as  the  values  of  -p  would  be  so  large 

that  the  critical  frequency  would  be  very  small,  so  that  for  all 
frequencies  employed  in  practice  the  impedance  of  the  primary 
would  diminish  on  closing  the  secondary.  The  iron  core 
would  also  distort  the  current  from  a  pure  sine  function. 


XXXVI.    Graphic  Representation  of  Currents  in  a  Priniai^ 
and  a  Secondary  Coil.     By  Prof.  G.  M.  MmcHiN,  M.A* 

IN  this  short  paper  is  contained  a  solution  of  the  following 
problem  : — A  primary  and  a  secondary  coil  occupy  given 
positions;  an  alternating  E.M.F.,  expressed  by  a  sine  function 
of  the  time,  being  a]?plied  to  the  prhnary,  it  is  required  to 
represent  graphically  the  impedances  and  phases  of  the  primary 
and  secondary  currents  for  cdl  speeds  of  alternation.  (No  iron 
cores  employed.) 

The  occasion  of  this  communication  was  a  paper  read 
to  the  Physical  Society  on  the  27th  of  October,  1893, 
by  Mr.  liimington,  in  which  the  subject  was  presented  in  a 
different  manner. 

Adopting  the  notation  of  Mr.  Riming-ton's  paper,  let  L,  M, 
N,  ri,  7*2  be,  respectively,  the  coefficient  of  self-induction  of 
the  primary  coil,  the  coefficient  of  mutual  induction,  that  of 
self-induction  of  the  secondary,  and  the  resistances  of  the 
primary  and  secondary.  Also  let  n  be  the  frequency  of  the 
alternation,  i.  e.  the  number  of  alternations  per  second  ; 
p=''2'Trn',  E  =  maximum  value  of  the  impressed  E.M.F. 
Then,  if  the  secondary  coil  is  open  (or  r.2  =  '^  ),  the  impedance, 
I,  of  the  primary  is  given  by  the  expression 

I,=  v/;rr:Ki7p. 

The  impedance,  I,,   of  the  secondary,  if  the   primary  were 
absent  and  the  secondary  plied  by  an  alternating  E.M.F., 

*  Communicated  by  the  .lutlior. 
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would  be  similarly  given  by  the  expression 

Letjj'  be  denoted  by  .r,  and,  for  shortness,  let 

a=r^r<i-(m-W)x, 

h={^r-,  +  'Lr.^\^x. 

Then,  assuming  that  the  E.M.F.,  namely  e,  applied  to  the 
primary  is  at  any  time,  t,  given  by  the  ecjuation 

e=E  sin  (pt  +  (f)), 

the  periodic  parts,  c^  and  Cg,  of  the  currents  at  this  time  in 
the  primary  and  secondary,  respectively,  are  given  by 

EI2       . 

Ci  =     .  sm  pt, 

EMi/."^   .    , 

and  we  have                                                    -.-r  /— 
0  =  ^7^— X}  where  tan  %= , 

<j)  =  -\jr  —  ;;^,  "where  tan  1^  =  -• 

It  thus  follows  that  the  actual  impedances,  I,  F,  of  the  pri- 
mary and  the  secondary  coil  during  the  working  of  both  are 
given  by 

^~     I,'    '  ^   ~  W'x ^^^ 

To  represent  I,  V,  and  the  phase-angles  6  and  0  graphically 
is  the  problem  in  hand.  Take  two  rectangular  axes.  Ox,  Oy, 
and  along  the  first  lay  off  the  numerical  values  of//  ;  then, 
taking  k^y  to  represent  the  value  of  P  corresponding  to  any 
value  of/?  (or  x),  where  /c^  is  any  constant  which  (according 
to  the  numerical  values  of  L,  M,  X,  &c.)  may  be  required 
to  confine  the  figure  to  any  convenient  size,  we  have 

^"^=^^^c' (2) 

or  if  for  shortness  we  put  A2  =  LN  — M^,  and  B'^^^Vi  +  Lr^, 

fc'y{K'x  +  r2')  =  {r,r2-A'xy  +  B'x;    ...     (3) 
2E  2 
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wliich  equation  denotes  an  hyperbola,  ApQP,  making  an  inter- 
cept, OA,  on  the  axis  ofy  such  that 


0A=^. 


(4) 


Call  this  curve  the  pnmary  liyperhola. 

y 


'^-'e 


In  the  same  way,  let  I'^  be  denoted  by  l?y' ;  then 

FMV=(n^"2-A2A')2  +  Blf,     ....     (5) 

showing  that  the  values  of  1'^  are  also  represented  by  the 
ordinates  of  an  hyj^erbola,  B  H  7'.  We  shall  discuss  this 
hyperbola  more  particularly,  and  show  that  it  may  be  easily 
and  rapidly  drawn.     Call  it  the  secondary  hyperhola.     In  the 

first  place,  it  passes  through  the  point  x=z  \^,  y' =:  j^fuvi  >  ^^^ 

Ag  A."    IVj. 

Xle  tangent  at  this  point  is  parallel  to  Ox.     The  point  is  H. 
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whose  ordinate  we  shall  denote  by  h,  so  that 

It  is  easily  seen  that  both  hyperbolas  cut  the  axis  of  x  in  the 
same  two  points.  These  points  are  at  the  left  of  0  and  not 
shown,  since  negative  values  of  x  (i.  e.  p-)  do  not  belong  to 
the  physical  problem.  Moreover,  the  x  of  H  is  the  geo- 
metric mean  between  the  intercepts  of  the  hyperbola  on  Ox. 

Again,  the  centre  of  the  hyperbola  ((J)  is  at  the  point  C 
whose  coordinates  are 

()  and i_r  • 

while  one  asymptote  is  Oy  and  the  other  is  CS  wdiose  direc- 
tion is  easily  known,  since  the  tangent  of  its  inclination  to 

A* 
0.r  IS  p3p. 

Hence  we  have  at  once  the  asymptotes,  Cy,  CS  and  one 
point,  H,  of  the  hyperbola,  from  which  the  curve  is  rapidly 
drawn  by  the  well-known  rule  that  the  parts  intercepted 
between  the  curve  and  its  asymptotes  on  every  line  drawn 
through  H  are  equal.  The  other  branch  of  this  hj'perbola  is 
not  represented,  as  it  is  irrelevant. 

Vie  shall  now  show  that  the  primary  hyperbola  can  be 
drawn  from  the  secondary.  Representing  the  values  of  Ii^ 
and  J 2'  foi'  ^11  values  of  x  by  ordinates,  so  thatPyi  =  Ii^, 
l(r  1/2  =  ^2' i  we  see  that 

^Vl=L^^^-n^ (7) 

k%  =  Wx  +  r2'', (8) 

so  that  the  impedances  are  now  represented  by  two  right 
lines,  AL  and  A'L'.  (These  are  the  impedances  of  the  coils, 
each  treated  separately,  as  before  explained.) 

The  primary  line  (7)  passes,  of  course,  through  A,  and 
always  intersects  the  primary  hyperbola  in  a  point,  Q,  having 
a  positive  abscissa,  viz., 

2LN-M^' 
which  is  <  twice  abscissa  of  H.    Hence  for  some  speed  less  than 
that  represented  by  the  abscissa  of  Q  the  ratio  ^  attains  ^ 

maximum  value.  The  point,  p,  representing  this  maximum 
value  is  easily  found  ;  for,  no  matter  what  curve  AQP  may 
be,  if  y  is  the  ordinate  of  a  point  on  it,  and  y^  the  correspond- 
ing ordinate  of  the  right  line  AQ,  the  ratio  —  is  a  maximum 
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at  the  point,  p,  of  contact  of  a  tangent  to  the  curve  drawn 
from  the  point  where  the  right  line  AQ  meets  Ox. 
Construct  also  the  right  line  OT  whose  equation  is 

P^  =  M2.r;     .......     (9) 

then,  taking  any  value,  ON,  of  x,  draw  the  ordinate  NP,  and 
we  have 

y  =  FN;     3/2  =  Il'N;     ?/  =  PN;7;  =  yN. 

Moreover,  it  is  ohvious  from  the  previous  values  that 

i=l:  •••-&'•.•  •  •  •  (^«' 

which  shows  that  the  point  P  on  the  primary  hyperbola  is 
deduced  from  the  point  P'  on  the  secondary  by  the  simple 
construction  or  calculation  of  a  fourth  proportional.  (Though 
not  belonging  to  the  physical  problem,  it  may  be  noted  that 
one  asymptote  of  the  primary  hyperbola  is  the  parallel  to  0^ 
at  the  point  where  the  secondaiy  line,  A'L',  cuts  O.r,  the 
other  asymptote  making  with  Ox  the  angle  whose  tangent 

Finally,  as  regards  the  phase-angles,  take  x  ^i'^^-      We 
have  tan%= 


^2 

II  _  %2  _  J(2 

r^'  ~  ri  ~  OA' 


sec-;)^—      .^—       2   —  i\Kn 


Hence,  describing  a  circle  on  NR'  as  diameter,  and  drawing 
A'E  parallel  to  Ox,  meeting  the  circle  in  E,  we  have 
X=  ENR'; 
.*.    6=  re-entrant  angle  ONE. 
Again,  we  have 

Wx 
But  from  (6),  h=  -p-  ; 

/.  sin->=4,       ......     (12) 

which  shows  that  if  we  construct  a  circle  on  NP'  as  diameter, 
and  take  the  point,  D,  in  which   this  circle  is  cut  by  the 
tangent  HD  at  H  to  the  secondary  hyperbola,  we  shall  have 
y\t  =  J)^x (13) 


[  ^11  ] 


XXXVII.  Ail  Apparatus  to  show,  simultaneously  to  several 
hearers,  the  Bletuliiuj  of  the  Sensations  of  Interrupted 
lotus.    Bij  Alfred  M.  Mayer,  Ph.D.* 

IN  the  March  number  of  this  Journal,  of  the  current  year, 
I  described  several  forms  of  apparatus  used  in  my  ob- 
servations on  the  frequency  of  the  interruptions  of  sinij)l(^ 
sounds  required  to  blend  these  sounds  and  obtain  from  them 
continuous  and  uniform  sonorous  sensations.  These  experi- 
ments gave  the  data  for  the  law  connecting  the  pitch  of  a 
sound  with  the  duration  of  its  residual  sensation. 

The  various  apparatus  described  in  that  paper  are,  how- 
ever, unsuited  to  exhibit  the  phenomena  to  more  than  one 
hearer  at  a  time.  To  enable  many  hearers  to  observe  the 
phenomena  simultaneously,  I  have  devised  the  apparatus 
shown  in  the  fiiiure. 


A  brass  tube,  T,  of  1'25  centim.  interior  diameter  and  1"8 
centim.  long,  is  cemented  in  a  hole  in  the  bottom  of  the  glass 

*  Communicated  by  the  Author. 
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flask  A  ;  which  is  a  common  form  of  flask,  used  by  chemists. 
When  the  tube  T  is  closed  the  air  in  the  flask  resounds 
powerfully  to  the  sound  of  an  UT3  fork,  F  ;  but  when  this 
tube  is  open,  the  resonator  resounds  so  feebly  as  to  be  just 
au(lil)le  at  the  distance  of  several  feet  from  the  flask. 

If  the  tube  be  closed  and  opened  several  times  in  a  second, 
we  shall  have  loud  explosions  with  faint  interposed  sounds. 
The  opening  and  closing  of  the  tube  is  effected  by  a  per- 
forated disk,  D,  revolving  on  a  rotator,  R.  The  tube  T  is 
placed  in  the  circular  path  of  the  1()  holes  which  perforate 
the  disk,  with  the  mouth  of  the  tube  (juite  close  to  the  surface 
of  the  disk.  A  short  tube  B,  Avith  flanges  on  it,  slides  neatly 
over  the  tube  T,  and  the  flange  of  B  is  pressed  against  the 
surface  of  the  disk  D  by  the  helical  spring  S.  By  this 
arrangement  the  tube  T  is  full}^  opened  when  a  hole  in  the 
disk  coincides  with  the  opening  of  the  tube,  and  is  entirely 
closed  when  the  flange  of  B  is  between  the  holes  in  the  disk 
and  gently  pressing  against  its  surface. 

On  slowly  rotating  the  disk,  while  the  fork  is  kept  in 
vibration  by  an  electromagnet,  we  have  the  perception  of 
powerful  beats  which  become  more  and  more  frequent  as  the 
velocity  of  rotation  of  the  disk  is  increased  till,  with  a  certain 
velocity,  the  beats  blend  into  a  smooth  continuous  sound, 
which  is  that  given  by  the  fork  when  held  near  its  proper 
resonator.  This  sound  of  UT3  as  given  by  the  blending  of 
its  interrupted  sounds  is,  however,  accompanied  by  another 
and  graver  sound  ;  but  the  existence  of  this  additional  sound 
does  not  interfere  with  the  clear  perception  of  the  blending 
of  the  interrupted  sounds  of  UT3.  With  this  apparatus  the 
blending  of  interru})ted  sounds  has  been  shown  to  the  entire 
satisfaction  of  a  large  audience. 

To  enable  one  readily  to  make  the  apparatus,  the  following 
dimensions  are  given.  The  diameter  of  opening  of  mouth  of 
flask  is  3  centim.  Depth  of  flask,  16'25  centim.  Capacity  of 
flask,  including  tube  T,  483  cubic  centim. 

In  the  figure  the  rotator,  R,  is  shown  driven  by  a  cord.  It 
is  necessary,  if  an  accurate  determination  is  to  be  made  of  the 
duration  of  the  residual  sensation,  to  drive  the  disk  by  gearing 
as  is  done  in  the  apparatus  I  have  used.  AVhen  the  disk  is 
driven  by  a  cord  one  can  show  the  blending  of  the  interrupted 
sounds,  but  an  accurate  determination  of  the  duration  of  the 
residual  sensation  is  prevented  by  the  friction  wdiich  exists 
between  the  flange  of  B  and  the  disk,  though  these  surfaces 
are  coated  with  a  film  of  oil. 
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The  Meak  Density  of  the  Earth  :  anEnsan  to  winch  the  Atlams 
Pri-e  was  adjudyed  in  1893  in  the  Universiti/  of  Ca)iihrid</e.  By 
J.  H.  PoTXTiNG,  Sc.D.,  F.li.S.     (Charles  Griftiu  and  Company.) 

''PI IE  study  of  this  work  of  Professor  Poynting  will  be  of  the 
■'-  utmost  value  not  only  to  anyone  who  proposes  to  engage  ou 
the  special  subject  with  which  it  deals,  viz.,  the  combined  mathe- 
uiaticjil  and  experimental  determination  of  the  constant  of  gravita- 
tion— but  also  to  the  fairly  large  class  of  investigators  who,  in  other 
experimental  researches,  have  to  deal  with  the  measurement  of  ex- 
tremely small  quantities  and  with  the  action  of  disturbing  influences 
both  small  and  great.  The  chief  value,  indeed,  of  the  Essay  consists 
in  the  help  which  it  affords  in  anticipating  and  allowing  for  such 
disturbances,  and  in  the  fairly  complete  historical  resumeoHhe  work 
which  has  been  done,  with  the  same  object,  by  previous  investigators. 

A  work  of  this  kind  would  lose  much  of  its  value  if  it  did  not 
contain  a  fair  record  of  failures  as  well  as  of  successes  ;  and  the 
author  has  not  omitted  to  point  out  the  defects  which  experiment 
from  time  to  time  revealed  in  his  originally  projected  methods — 
as,  for  example,  when  in  1888,  after  he  had  supposed  that  the 
work  was  finished,  he  was  led  to  suspect  the  existence  of  a  tilting 
of  the  whole  floor  of  the  room  in  which  his  balance  was  placed  by 
the  moving  of  the  large  attracting  mass  from  one  position  to 
another;  an  unfortunate  circvunstance  which  necessitated  the 
employment  of  a  second  atti-actiug  mass  whose  action  was  such  as 
to  diminish  tlie  effects  which  were  to  be  observed. 

The  author  is  to  be  congratulated  on  the  strictly  scientific  title 
imder  which  he  describes  his  work — "  The  Determination  of  the 
Mean  Density  of  the  Earth,"  or  "  The  Determination  of  the  Con- 
stant of  Gravitation,"  instead  of  the  utterly  unmeaning  "  Deter- 
mination of  the  Wevjht  of  the  Earth,"  which  is  found  in  even  such 
a  work  as  Arago's  '  Popular  Astroiiomy,'  and  which  is  a  characteristic 
of  too  much  of  our  modern  popular  science  «  la  mode.  Have  we 
not  seen  in  some  old  and  popular  treatise  a  picture  of  "  the  room 
in  which  Mr.  Baily  iveighed  the  Earth  "  ?  It  is  to  be  hoped  that 
some  day  our  leading  authorities  will  be  induced  to  abandon  that 
fatal  dogma  which  is  still,  unfortunately,  "  of  great  emolument" — 
that  Science,  to  he  pojndar,  must,  uhove  all  thinrjs,  he  inaccurate. 

We  have  said  above  that  the  chief  value  of  the  work  consists  in 
its  helpfulness  and  suggestiveness,  although  it  is  tolerably  certain 
that,  with  all  the  precautions  which  the  author  has  taken  to  ensure 
success,  the  value  which  he  has  found  for  the  mean  density  (viz. 
5-493)  must  be  very  near  the  truth.  He  himself  points  out  (p.  107) 
that  with  all  apparatus  the  greater  the  size  the  greater  are  the 
errors  produced  by  aii'-curreuts,  a  fact  of  which  he  was  unaware 
when  his  apparatus  was  designed ;  and  that,  if  he  were  to  start 
with  a  new  design,  he  would  certainly  mai<e  the  whole  arrange- 
ment on  a  smaller  scale — a  great  change  which  was  ad\ocated  and 
justified  by  Professor  Boys  in  a  preliminary  paper  ou  the  Cavendish 
experiment,  read  before  the  Koyal  Society  in  May  1889.     There 
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is  sometliing  amusing  in  the  contrast  between  the  dimensions  of 
the  apparatus  used  bj  Professors  Poynting  aud  Boys.  Thus,  the 
former  uses  two  attracted  spheres  made  of  an  alloy  of  lead  aud 
antimouy,  the  masses  (not  quite  equal)  being  each  over  21 1  kilo- 
grammes with  diameters  each  nearly  10  centimetres,  while  one 
large  attracting  sphere  lias  a  mass  of  over  153  kilogrammes  with 
a  diameter  of  30  j  centunetres,  the  other  being  of  half  the  size ; 
while  of  Professor  Boys's  apparatus  it  is  sufficient  to  say  that  it  is 
of  the  "waistcoat  poclcet"  order  of  maguitude. 

The  author  very  justly  summarizes  his  account  of  the  previous 
methods  for  the  determination  of  the  mean  density  (those  depend- 
ing on  plumb-line  experiments,  involving  the  calculation  of  the 
attraction  of  mountain  masses,  &c.),  when  he  says  (p.  3!)),  "  All  this 
tends  to  confirm  the  conclusion  that  our  knowledge  of  the  dis- 
tribution of  the  terrestrial  matter  is  not  yet  suificiently  exact  to 
enable  us  to  obtain  good  values  of  the  mean  density  of  the  Earth 
from  the  observed  attraction  of  terrestrial  masses.  E-atber  must 
we  assume  the  mean  density  from  laboratory  experiments, .  . . ;  " 
and  of  this  latter  kind  are  his  own  and  those  of  Professor  Boys. 
The  former,  or  "  Common  Balance  Method,"  may  be  roughly 
described  as  consisting  in  the  suspension  of  two  nearly  equal 
hea\y  sphex'es  from  the  ends  of  the  arins  of  a  common  balance, 
while  a  very  large  attracting  sphere  is  brought  close  under  each  of 
the  former  spheres  successively,  its  attraction  (chiefly  on  the  sphere 
just  above  it)  altering  the  position  of  equilibrium  of  the  balance. 

Incidentally  (p.  78)  Professor  Poynting  does  a  service  to  experi- 
mentalists in  advocating  the  great  value  of  what  he  calls  "  the 
dcuble-suspension  mirror  method ''  of  measuring  small  deflexions, 
as  compared  .with  the  method  of  attaching  the  mirror  to  the 
moving  needle  commonly  employed  in  electrometers  and  gahano- 
meters,  the  latter  multiplying  the  angular  deflexion  by  2  only, 
while  the  former,  as  employed  by  Professor  Poynting,  multiplied 
the  angular  deflexion  of  the  balance  by  1.50. 

With  a  view  to  a  second  edition  of  this  Essay,  it  may  be  well  to 
point  out  a  few  things  that  might  be  altered  with  advantage. 
Doubtless,  from  the  author's  long  familiarity  with  his  symbols,  he 
has  not  thought  it  worth  v^hile  to  notice  that  the  symbols  M  and  A 
in  the  mathematical  investigation  (pp.  109  &c.)  are  used  each  in 
two  senses  even  in  the  same  equation :  at  first  they  are,  re- 
spectively, the  mass  of  the  large  attracting  sphere  and  the  mass 
of  one  of  the  attracted  spheres  with  a  narrow  diametral  cylinder 
removed ;  w  bile  immediately  afterwards  (and  in  the  same  equation, 

M 
end  of  p.  112)  A  stands  for  ^  ,  where  now  M  means  the  "mass 

deflexion,"  aud  E  the  "  rider  deflexion."  This  is,  for  a  time, 
somewhat  confusing.  Einally,  a  few  misprints  may  be  noted : 
line  16,  p.  10!),  for  a  read  n' ;  line  14,  p.  110,  for  fig.  1  read 

fig.   17;  line  1,  p.   Ill,  for   1— Tf  read  I — ;j;   line  3,  p.   115 

brackets  omitted  in  denominator  at  left  side ;  together  with  a  few- 
others  too  obvious  to  escape  notice. 
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November  22nd,  1893.— W.  H.  Hudleston,  Esq.,  M.A.,  F.ll.S., 
President,  in  the  Chair. 

T^HE  followiug  communications  were  read  : — 
-*-      1.  'The    Basic  Eruptive  llocks  of  Gran.'     By  AV.  C.  B rugger, 
Ord.   Prof,  of  Min.  and  Geol.    at   the    University   of  Christiania, 
For.  Memb.  Geol.  Soc. 

In  previous  communications  the  author  has  maintained  that  the 
different  masses  of  eruptive  rocli  which  occur  within  the  sunken 
tract  of  country  lying  between  Lake  Mjusen  and  the  Langesunds- 
fjord  are  genetically  connected,  and  have  succeeded  each  other  in  a 
regular  order.  The  oldest  rocks  are  the  most  basic,  the  youngest 
(except  the  unimportant  dykes  of  diabase)  are  the  most  acid,  and 
between  the  two  extremes  he  has  found  a  continuous  series. 

He  is  now  preparing  a  detailed  monograph  on  this  series  of 
eruptive  rocks,  and  in  the  present  communication  he  gives  an 
account  of  the  results  of  his  work  on  the  oldest  members. 

Several  bosses  of  basic  plutouic  rock,  now  forming  a  series  of 
dome-shaped  hills,  lie  along  a  north-and-south  fissure-line.  The 
most  northerly  is  that  of  Brandberget  in  the  parish  of  Gran,  about 
50  or  60  kilometres  N.jS'.W.  of  Christiania,  and  the  most  southerly 
occurs  at  Dignaes  on  Lake  Tyrifjord,  about  35  kilom.  W.jS^.W.  of 
the  same  town.  The  prevailing  rock  in  these  bosses  is  a  medium 
or  coarse-grained  olivine-gabbro- diabase  ;  but  pyroxeuites,  horn- 
blendites,  camptouitcs,  labrador-porphyrites,  and  augite-diorites  also 
occur.  Analyses  of  the  typical  rocks  from  three  localities  on 
the  north-and-south  line  are  given,  and  the  conclusion  is  reached 
that  the  average  basicity  of  the  rocks  formiug  different  bosses 
decreases  from  north  to  south. 

The  contact-metamorphism  is  referred  to ;  and  the  presence  of 
hypersthene  in  the  altered  Oy)/r/i«-shales,  coupled  with  its  absence 
from  the  same  shales  where  they  have  been  aflFected  by  quartz- 
syenite,  leads  the  author  to  the  conclusion  that  the  chemical  nature 
of  the  intrusive  rock  does,  in  certain  cases,  produce  an  influence  on 
the  character  of  the  metamorphism. 

Innumerable  dykes  and  sheets  of  camptonite  and  bostonite  are 
associated  with  the  above-mentioned  plutonic  bosses.  These  are 
regarded  by  the  author  as  having  been  produced  by  differentiation 
from  a  magma  having  the  composition  of  the  average  olivine-gabbro- 
diabasc.  Analyses  are  given,  and  it  is  proved  that  a  mixture  of  nine 
parts  of  the  average  camptonite  and  two  of  the  average  bostonite 
would  produce  a  magma  having  the  composition  of  the  average 
olivine-gabbro-diabase.  The  petrographical  variations,  such  as  the 
occurrence  of  pyroxenites  and  augite-diorites,  in  the  plutonic  masses 
themselves  are  described,  and  attributed  to  differentiation  under 
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physical  conditions  unlike  those  whicli  gave  rise  to  the  camptonites 
and  bostonites. 

In  discussing  the  general  laws  of  differentiation  the  author 
points  out  that  it  must  have  taken  place  before  crystallization  to 
any  extent  had  occurred,  because  there  is  a  marked  difference  in 
mineralogical  composition  between  the  rocks  occurring  as  bosses  and 
those  occurring  as  dykes ;  and,  further,  that  it  is  dependent  on  the 
laws  which  determine  the  sequence  of  crystal-building,  in  so  far  as 
the  compounds  which,  on  given  conditions,  would  tirst  crystallize 
are  those  Avhich  have  diffused  to  the  cooling  margin,  and  so  produced 
a  contact-stratum,  of  peculiar  chemical  composition,  before  any 
crystallization  had  taken  place. 

2.  '  On  the  Sequence  of  Perlitic  and  Spherulitic  Structures  (a 
Rejoinder  to  Criticism).'     By  Frank  llutley,  Esq.,  F.G.S. 

This  paper  relates  to  the  order  in  which  the  perlitic  and  spheru- 
litic structures  have  been  developed  in  a  felsitic  lava  of  Ordovician 
age  from  Long  Sleddale,  Westmoreland.  The  author  having  de- 
scribed this  rock  in  a  paper,  published  in  the  Quarterly  Journal  of 
the  Society  in  1884,  and  the  accuracy  of  the  views  then  expressed 
having  been  questioned,  now  endeavours  to  confirm  his  original 
statements,  adducing  in  support  fresh  observations  made  upon  this 
and  other  rocks  of  a  similar  kind. 

3.  '  Enclosures  of  Quartz  in  Lava  of  Stromboli,  etc.,  and  the 
Changes  in  Composition  produced  by  them.'  By  Prof.  H.  J. 
Johnston-Lavis,  M.D.,  F.G.S. 

The  author  describes  the  existence  of  enclosures  of  quartz  in  a 
lava-stream  at  the  Punta  Petrazza  on  the  east  side  of  Stromboli, 
and  also  in  the  rock  of  the  neck  of  Strombolicchio.  He  describes  the 
effects  of  the  rocks  upon  the  enclosures,  concluding  that  the  quartz 
has  undergone  fluxion  but  not  fusion,  and  has  supplied  silica  to  the 
containing  lavas,  thus  causing  an  increase  in  the  amount  of  pyroxene 
and  a  diminution  in  the  amount  of  magnetite  in  the  portions  of 
those  lavas  that  surround  the  inclusions  and  raising  the  percentage 
of  silica.  He  suggests  that  such  a  process  at  greater  depths  and 
higher  temperature  may,  under  certain  conditions,  convert  a  basic 
rock  into  a  more  acid  one,  so  that  possibly  the  andesite  of  Strombo- 
licchio may  have  been  of  basaltic  character  at  an  earlier  period  of 
its  progress  towards  the  surface.  He  offers  the  suggestion  that 
other  rocks  or  minerals  once  associated  with  the  quartz  have  been 
assimilated  by  the  magma. 

December  6th,  1893.— W.  H.  Hudleston,  Esq.,  M.A.,  F.KS., 
President,  in  the  Chair. 

The  following  communications  were  read : — 

1.  '  The  Purbeck  Beds  of  the  Yale  of  Wardour.'  By  the  llev.  W. 
11.  Andrews,  M.A.,  F.G.S.,  and  A.  J.  Jiikes-Browne,  Esq.,  B. A,,  F.G.S. 

The    authors    have   obtained   better   evidence   thau   previously 
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existed  for  calculating  the  thicknesses  of  the  several  parts  of  the 
Pnrbeck  series  in  the  Vale  of  Wardour,  and  comparing  the  difierent 
subdivisions  as  developed  in  that  Vale  with  those  exposed  in  other 
localities.  Putting  together  22-24  feet  of  basement-beds  of  the 
Lower  Purbeek  strata  seen  in  the  Wockley  section,  21  feet  in  llidgo 
Quarry,  and  17  feet  in  Tetibnt  Quarry,  more  than  GO  feet  of  LoAver 
Purbeek  Beds  are  actually  seen,  and  allowing  for  the  gap  between  the 
Wockley  and  Eidgo  sections,  70  feet  seems  a  fair  estimate  of  the 
average  thickness  of  the  Lower  Purbeek  strata. 

In  the  Tettbnt  and  Chicksgrove  ([uarries,  a  little  over  12  feet  may 
be  measured  between  the  basal  clay  of  the  Middle  Purbeek  Beds  and 
the  Cinder  Bed  ;  while  the  great  cutting  on  the  Teffont  line  shows 
19  feet  of  strata  above  the  Cinder  Bed,  and  the  beds  of  Dinton 
cutting  may  be  all  on  a  higher  horizon  ;  so  that  an  estimated 
thickness  of  32  feet  for  the  Middle  Purbeek  Beds  is  probably  below 
the  mark. 

The  clay  and  sand  in  the  Dinton  cutting  must  be  18-20  feet 
thick,  and  between  its  summit  and  the  top  of  the  second  seam  of 
calcareous  grit  there  is  a  thickness  of  at  least  8  feet.  This  grit 
forms  the  floor  of  Dinton  Well,  about  40  feet  deep  ;  hence  there  is 
a  thickness  of  at  least  66  feet  of  Upper  Purbeek  strata,  and  probably 
more  than  2  and  less  than  12  feet  in  addition. 

A  comparison  is  instituted  between  the  Purbeek  Beds  of  the  Vale 
of  \Vardour  and  those  of  the  Dorset  coast,  etc.,  and  some  remarks 
are  made  upon  the  physical  conditions  under  which  the  beds  were 
deposited. 

2.  '  On  a  Picrite  and  other  Associated  Eocks  at  Barnton,  near 
Edinburgh.'     By  Horace  AV.  Monckton,  Esq.,  F.L.S.,  E.G.S. 

The  object  of  this  paper  is  to  describe  a  cutting  on  a  new  railway 
in  Barnton  Park,  where  there  is  an  excellent  exposure  of  picrite. 
It  consists  of  serpentinized  olivine,  augite,  mica,  iron  oxide,  and  a 
little  plagioclase-felspar,  with  a  variable  amount  of  interstitial 
matter.  In  many  respects  it  comes  very  near  to  the  picrite  of 
Inchcolm,  which  island  is  4|  miles  north  of  Barnton  cutting.  It 
differs  from  the  picrite  of  Bathgate,  and  the  probability  is  that  the 
Barnton  rock  is  an  offshoot  from  the  same  magma  as  that  which 
supplied  the  Inchcolm  rock. 

Besides  the  picrite  other  igneous  rocks  from  the  same  cutting  are 
described — in  particular,  a  rock  with  porphyritic  crystals  of  a  green 
mineral  replacing  olivine,  or  more  probably  augite,  and  a  great 
quantity  of  brown  mica  in  small  flakes  and  crystals.  It  is  suggested 
that  the  name  of  mica-porphyrite  might  be  given  to  this  rock. 

2.  '  On  a  Variety  of  Avimonites  (Stephanoceras)  suharmatns, 
Toung,  from  the  Upper  Lias  of  Whitbv.'  By  Horace  W.  Monckton, 
Esq.,  r.L.S.,  F.G.S. 
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December  20th,  1893.— W.  H.  Hudlcston,  Esq.,  M.A.,  F.R.S., 

President,  in  the  Chair. 

The  following  communications  were  read : — 

1.  '  On  the  Stratigruphical,  Lithological,  and  PahDontological 
Features  of  the  Gosau  iJeds  of  the  Gosau  District,  in  the  Austrian 
Salzkammergut.'    By  Herbert  Kynaston,  Es(i.,  B.  A. 

This  paper,  after  referring  to  the  previous  literature  of  the 
subject,  treats  of  the  situation  and  physical  aspects  of  the  Gosau 
Valley,  the  distribution  of  the  Gosau  Beds,  their  stratigraphy,  pake- 
ontology,  and  geological  horizon,  and  the  physical  conditions  under 
which  they  were  deposited,  and  a  comparison  is  instituted  between 
the  Gosau  Beds  and  the  equivalent  beds  of  other  areas.  The  author 
shows  that  Hippurites  occur  at  two  horizons  in  the  Gosau  Beds, — a 
hippurite-limestone  immediately  above  the  basement-conglomerate 
being  characterized  essentiallj'  by  Hippurites  cornu-vaccinum,  which 
is  overlain  by  Acto'Otiellci-  and  iY^>-u;<iBrt-limestones  and  an  estuarine 
series,  and  above  these  is  a  second  hippurite-limestone  characterized 
essentially  hy  Hippurites  orr/anlsans.  It  is  pointed  out  that  Touoas 
similarly  distinguishes  two  hippurite-zones  in  Southern  France  ;  the 
lower,  characterized  essentially  by  //.  cornu-vaccinum,  being  placed 
by  him  at  the  top  of  the  Turonian  System,  whilst  the  second,  with 
if.  organisaits,  is  referred  to  the  summit  of  the  Senonian ;  and  the 
author  gives  reasons  for  regarding  the  Gosau  zones  as  the  equiva- 
lents of  those  of  the  South  of  France,  in  which  case  the  Gosau  Beds 
will  represent  the  uppermost  Turonian  and  the  whole  of  the  Seno- 
nian, i.  c.,  the  zones  of  Holaster  ptlanns,  Micrastrr,  J\[arsupiti's,  and 
Belemnitella  mucronata  in  England,  whilst  the  upper  uufossiliferous 
beds  may  be  the  equivalents  of  the  Danian  Beds. 

The  strata  are,  on  the  whole,  of  shallow-water  origin,  and  were 
deposited  in  shallow  bays  in  the  Upper  Cretaceous  sea  of  Southern 
and  Central  Europe,  on  the  northern  flanks  of  the  Eastern  Alps. 
Probably  towards  the  close  of  Upper  Cretaceous  times  the  southern 
area  of  the  Gosau  District  was  cut  off  from  the  sea  to  form  a  lake- 
basin  in  which  the  upper  unfossiliferous  series  was  deposited. 

2.  *  Artesian  Boring  at  New  Lodge,  near  AVindsor  Forest,  Berks.' 
By  Prof.  Edward  Hull,  M.A.,  LL.D.,  F.R.S.,  F.G.S. 

The  boring  described  in  this  paper  was  carried  down  from  a  level  of 
about  220  feet  above  Ordnance-datum,  through  the  following  beds  : — 

feet 

London  Clay 1  oi  4 

Lower  London  Tertiaries     J  " 

Chalk    725 

Upper  Greensand 31 

Gault    2G4 

Lower  Greensand      7 

The  Chalk  was  hard,  and  contained  very  little  water ;  but  on 
reaching  the  LoAver  Greensand  the  water  rose  in  the  borehole  to  a 
height  of  7  feet  from  the  surface. 

The  author  discusses  the  probability  of  the  Lower  Greensand 
yielding  a  plentiful  water-supply  in  the  Windsor  district. 


IntcUigence  and  Miscellaneous  Articles.  419 

3.  '  Boring  on  the  Booysen  Estate,  AVitwatcrsrand.'  By  D. 
Telford  Edwards,  Esq. 

An  account  is  given  of  a  boring  on  the  Booysen  estate,  situated 
about  2  miles  from  Johannesburg,  and  about  5000  feet  south  of  the 
nearest  point  of  outcrop  of  the  '  Main  liecf  of  the  Witwatersraud. 
The  '  Bird-Beefs  '  crop  out  generally  at  a  distance  of  4000  feet 
south  of  the  Main  Beef. 

The  borehole,  1020  feet  deep,  passed  through  sandstones  (often 
micaceous),  quartzites,  and  conglomerates,  the  last-named  having  a 
collective  tliickness  of  91  feet  7  inches,  the  two  thickest  reefs 
being  respectively  26  and  2'2  feet  thick.  The  dip  of  the  beds 
was  35''.  Traces  of  gold  were  obtained.  All  the  reefs  were 
highly  mineralized,  principally  with  iron-pyrites,  and  belonged  to 
the  '  Bird-Reef '  series  which  overlies  the  ^Main  Beef. 


XL.  Intelligence  and  Miscellaneous  Articles. 

MOLECULAR  ENERGY  OF  GASES. 

To  the  Editors  of  the  Philosojihiccd  Mar/azine. 
Gentlemen, 
TT  is  a  pity  that  Dr.  Gore  did  not  notice  that  the  entries  iu  the 
-*-  column  on  page  340,  Avhich  he  calls  "square  of  molecular 
velocity,"  are  nothing  but  a  certain  number  (probably  intended  for 
3395175)  divided  by  the  molecular  weight  of  successive  substances, 
and  that  when  he  multiplies  the  numbers  in  this  column  by  the 
respective  molecular  weights  again,  the  only  ground  for  surprise  is 
that  the  results  do  not  come  out  identical.  The  numbers  in  his 
last  column  would  in  fact  be  all  precisely  the  same  were  it  not  for 
a  few  arithmetical  errors  in  the  working. 

Agreement  to  4  figures  (or  to  7  for  that  matter)  should  always 
be  suspected,  especially  since  molecular  weights  themselves  are 
not  kno\\ii  accurately  to  3  places.  If  Dr.  Gore  is  still  inclined  to 
attribute  importance  to  his  figures,  he  may  convince  himself  by 
inventing  hypothetical  substances  with  comic  molecular  weights 
and  finding  that  they  obey  his  law  equally  well. 

As  I  understand  him,  however,  he  writes  to  request  information 
as  to  what  is  known  about  molecular  kinetic  energy.  A  good  deal 
is  known  ;  for  instance  the  following : — 

The  mean  square  of  molecular  velocity  is  given  for  perfect 
gases  by 

and  since  p  varies  as  the  molecular  weight,  for  different  gases  at 
the  same  temperature,  it  follows  that  the  average  kinetic  energies 
of  the  molecules  of  all  permanent  gases  at  the  same  temperature 
and  pressure  are  the  same. 

But  this  statement  does  not  hold  for  imperfect  gases  or  vapours, 
because  for  them  the  external  or  applied  pressure  is  not  expressible 
so  simply  in  terras  of  velocity,  but  is  something  more  like 
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where  the  last  term  depends  upon  intermolecular  forces,  or  what 
Clausius  called  tin;  Virial,  and  Laplace  denoted  by  K. 

Besides  this  simple  matter  of  separate  gases,  a  much  more 
interesting  thing  about  mixed  gases  was  discovered  by  Clerk 
Maxwell  in  ISGO  (January,  Phil.  Mag.) — namely,  that  \Ahen  a 
number  of  independent  gases  are  thorouglily  mixed  in  the  same 
box,  the  average  molecular  kinetic  energy  of  every  variety  of  mole- 
cule is  the  same.  This  he  found  by  direct  mechanical  reasoning, 
for  he  showed  that  at  every  encounter  of  unequal  elastic  spheres 
any  initial  or  outstanding  difference  of  energy  was  diminished  by 
the  collision ;  whence,  since  there  are  millions  of  collisions  per 
second  in  ordinary  gases,  a  condition  of  average  uniformity  of 
distribution  of  energy  is  soon  attained. 

From  this  law  of  Maxwell's  the  law  of  Avogadro,  or  a  slight 
extension  thereof,  immediately  follows;  viz.,  that  in  any  given 
volume  of  such  a  mixture,  the  number  of  molecules  of  each  gas  is 
proportional  to  that  gas's  individual  pressure. 

The  proof  is  as  follows: — j)  =  3 m«u^,  jhm"  =  const.,- therefore  « 
varies  with  p ;  and  this  holds  for  every  gas  separately,  provided 
that  there  are  no  intermolecular  forces,  chemical  or  other. 

I  am,  Gentlemen, 

Tour  obedient  servant, 

INIarch  1, 1894.  Oliver  J.  Lodge. 


AN    EXPERIMENT    TO    PHOTOGRAPH    THE    SPECTRUM    OF 
LIGHTNING.      BY  G.  MEYER. 

In  taking  a  photograph  of  the  spectrum  of  lightning  by  means 
of  a  spectroscope  provided  with,  a  slit,  the  difficulty  is  met  with 
that,  in  order  to  obtain  a  satisfactory  result,  the  lightning  must  be 
exactly  in  the  prolongation  of  the  optical  axis  of  the  apparatus. 
By  the  following  arrangement  this  limitation  may  be  removed. 
In  front  of  the  object-glass  of  the  photogi'aphic  apparatus  arranged 
for  parallel  rays,  a  glass  refraction-grating  is  fixed.  An  image 
of  the  lightning  is  then  obtained  on  the  plate,  produced  by 
the  rays  which  traverse  the  givating  without  change  of  direction, 
and,  on  each  side  of  this,  images  which  owe  their  origin  to  the  rays 
forming  the  lateral  spectra.  The  number  of  images  in  each 
lateral  spectrum  is  equal  to  the  number  of  bright  lines  occurring 
in  the  spectrum  of  the  lightning.  During  a  storm  at  night  in 
May  of  this  year  (1893)  I  made  an  experiment  of  this  kind,  for 
which  a  small  hand  camera  was  used  ;  in  front  of  the  object-glass 
(an  ordinary  landscape-lens  of  10  cm.  focal  distance)  a  glass  grating 
of  0"0256  mm.  breadth  of  grating,  was  fixed.  Two  plates  were 
exposed.  The  first  sliows  two  flashes,  and  right  and  left  of  each 
of  them  an  image  which  corresponds  to  the  lateral  spectrum  of 
the  first  order.  In  the  present  case  this  only  contains  one  line. 
On  the  second  plate  were  more  flashes,  and  in  the  immediate 
neighbourhood  of  the  horizon,  above  which  projected  roofs  of  houses 
with  various  chimneys.  Between  the  chimneys  a  strong  flash  is  to 
be  observed,  with  its  two  lateral  spectra.      I  measured  the  angle 
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between  the  edges  of  two  chimneys  audthe  photographic  apparatus, 
and  founil  it  to  be  'I^  40'  55".  By  means  of  a  cathetometer  tlie 
distance  of  coiTcspoiiding  parts  of  the  Ihish  and  of  the  hiteral 
spectra,  and  the  distance  of  the  edges  of  the  chimneys,  were  mea- 
sured. The  iirst  magnitude  \\as  1-G  mm.  and  the  second  Ty2. 
From  these  data  the  angle  of  diffraction  is  calculated  at  0""?5<), 
and  the  wave-length  at  '6&1 .  lU-'^  mm.  The  determination  of  the 
angle  of  diifraction  is  independent  of  a  knowledge  of  the  focal 
distance  of  the  object-glass,  and  of  possible  misdrawing. 

This  measurement  is  not  accurate  enough  to  determine  to  what 
body  this  line  belongs;  it  can  only  be  concluded  from  this  that 
that  portion  of  the  light  which  is  chiefly  effective  in  photographing 
lightuiug-tlashes  has  approximately  the  wave-length  382  .  IQ-''. 

This  communication  has  been  made  with  a  view  of  inciting  other 
observers,  who  have  at  their  disposal  better  apparatus  and  can  more 
frequently  observe  storms,  to  make  experiments  by  this  method. 
It  is  possible  that  additional  ultra-violet  hnes  may  be  established 
if  we  succeed  in  photographing  flashes  at  several  hundred  metres 
distance,  for  in  the  present  case  the  distance  of  the  storm  was 
more  than  10  km. 

Measurements  of  the  wave-lengths  of  lines  of  the  spectrum  of 
lightning  have  been  made  by  A'ogel  and  by  ^Schuster,  by  means 
of  a  spectrum  apparatus  provided  with  a  slit.  The  following 
table  gives  the  wave-lengths  arrived  at  in  their  experiments  : — 

Schuster.  H.  C.  Vogel. 

56S-1 
c>o\)-2 

52tJ-U 

518-2  518-4 

5U0-2  50(J-2 

486-U 

458-3 

407-3 

To  this  must  be  added  one  in  the  ultra-violet  part  of  the  spectrum 
of  the  approximate  value  of  3b2.1U-'^. — Wiedemann's  .i/i/<a?c/<, 
Feb.  1894. 


ON  THE  MAGNETIZATION  OF  SOFT  IRON. 
BY  M.  P.  JOUBIN. 

In  a  note  in  the  number  of  this  Journal  for  last  month  I  ha\e 
shown  that  we  may  expect  to  tind  a  characteristic  equation  of  the 
intensity  of  magnetization  of  strongly  magnetic  bodies  as  a  func- 
tion of  the  susceptibility,  and  I  proposed  to  verify  this  conclusion 
experimentally.  But  the  experiments  of  Kowland  *  solve  this 
question,  at  any  rate  for  the  bodies  investigated  by  him,  and  which 
com])rise  different  varieties  of  iron,  steel,  and  nickel. 

*  I'Lil.  Mag,  4th  series,  vul.  xlvi.  p.  140. 
Phil.  May.  S.  '}.  \o\.  37.  No.  227.  A^jril  1«U4.        2  F 
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There  is  a  charade ristic  equation  ivith  coefficients  independent  of 
the  nature  of  the  hodif ;  consequently,  tlie  theorem  of  correspondinj 
states  applies  to  magnetism. 

Let  us  imagine  an  ideal  magnetic  body  for  which  the  suscepti- 
bility corresponding  to  an  infinitely  small  field  vanishes,  and  for 
which  the  maximum  intensity  of  magnt'tization  I„j  is  exactly  equal 
to  three  times  the  critical  intensity  I^.  The  curve  representing 
the  intensity  I  as  a  function  of  K  is  a  parabola,  and  by  referring 
the  Aariables  to  their  critical  values  Ic  and  K^.,  the  reduced  equation 
of  the  parabola  may  be  written,  as  is  readily  seen, 

/'I  K\ 


.r=  1  +  1(1-,/)  +1  Vl-//. 

This  is  an  ideal  case,  for : — 

I.  The   susceptibility   has   a   finite   value    K^  when   the   field 
vanishes : 

II.  The  value  I^  of  I  corresponding  to  K^^  is  not  equal  to  3Ic. 
But  to  obtain  the  same  conditions,  let  us  measure  the  suscep- 

T^    1^ 

tibility,  not  from  0,  but  from  X.,  and  take  the  ratio  — ^' 

If   we   construct  curves  for  EoAvland's   experiments,   it   will   be 

seen  that  -2.  is  very  appreciably  constant  for  all  substances  and  is 

equal  to  2*66.     It  follows  from  this  by  a  simple  calculation  that 
the  characteristic  equation  is 


/         I  K  -K,\ 


.r  =  1  +  0-33  (l-y)  +  1-3  Vl-.'/- 

The  following  are  some  examples  showing  the  agreement  of  this 
formula  with  experiments  : — 

I.  Soft  Iron  :  AnK,  =  180  ;  I^  =  500  ;  4;rTv,  =  24G0. 

r.  I". 


47rK. 

Calc. 

Obs. 

Calc. 

Ob3. 

650 

1211 

1230 

54 

50 

1500 

993 

985 

147-5 

150 

2000 

825 

810 

241-5 

250 

II.  8oft  Iron  :  IttK,,  =  320  ;  I,  =  520  ;  IttK,  =  4700. 

850  1300     1290      41       35 

2000  1151     1140      99      100-5 
3G00      900      885     226      240 
4320      731      721     350      360 
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III.  Nickel :  47rl\  ,  =  3t» :  ],  =  l(i3  :   47rK,  =  170. 
T'.  I". 


4;rK. 

Calc. 

Obs.' 

Calc. 

Obs. 

50 

41 

42-5 

13 

10 

100 

3o-2 

34-5 

50 

45 

150 

25-2 

25 

00 

90 

IV. 

Stet4 : 

4^K, 

=  5()  ; 

h 

=  570  ; 

4:: 

■K.  =  320. 

250 

98G 

960 

245 

245 

Y.  Soft  Iron :  47rK,  =  300  ;  I,  =  520  ;  47rK<.  =  3550. 
1000  1240  1200  60  50 

2000  1060  1030.  135  140 

3000  816  816  276  290 

— Communicated  hi/  the  Autlior,  from  the  Comptes  liendus,  Jan.  15, 
1894. 

Eeeatu^i  in  last  paper.     P.  337,  line  7  from  bottom,  p.  338,  line  2 
from  top,  fo7'  H,„  7-ead  I  x  !«;• 


ON  THE  THERMAL  BEHAVIOUR  OF  LIQUIDS. 
To  the  Editors  of  the  Phdosoj^hical  Maijazine. 
Gextlemex, 

In  the  February  number  of  the  Philosophical  Magazine, 
Professors  Ramsay  and  Young  have  published  a  short  paper  on 
the  thermal  behaviour  of  liquids,  in  which  the  results  of  some  of 
my  experiments  are  attacked.  In  the  interest  of  true  knowledge 
I  cannot  leave  these  remarks  unnoticed,  as  I  consider  they 
rest  on  an  insufficient  foundation. 

The  principal  remark  concerning  the  defectiveness  of  the  arrange- 
ments employed  to  obtain  constant  high  temperatures  does  not 
apply  to  me,  as  the  authors  of  the  above-named  paper  may  easily 
see.  In  my  article  (Wied.  Ann.  1.  p,  529,  1893)  I  expressly  and 
clearly  state  that  in  the  glycerine  bath  which  contained  the 
experimental  tubes  the  temperature  was  perfectly  uniform  and 
could  be  maintained  constant  for  hours.  This  I  proved  by  repeated 
experiments. 

The  conclusions  arrived  at  by  the  authors  and  stated  on  p.  207 
(Phil.  Mag.  vol.  xxxvii.  1894)  are  in  accord  with  my  own  observa- 
tions, for  I  also  found  that  when  the  experimental  tubes  ^\■ere 
uniformly  heated  in  the  glycerine  bath  no  striae  were  visible,  but 
only  a  rusty  appearance.  As  regards  the  purifying  of  the  liquid 
from  air,  the  authors  may  see  what  particular  pains  were  taken  by 
referring  to  p.  530  of  my  article,  -q   Gt^j.ixzine 

St.  Petersburg  :  Physical  Laboratory 

of  the  Academy  of  Sciences, 

February  21,  189-1. 
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ON  THE  THERMAL  BEHAVIOUR  OF  LIQUIDS. 
BY  r.  DE  HEEN. 

To  the  Editors  of  the  Philosophical  Mmjaziiie. 

Gentlemen, 

111  the  February  number  of  this  Journal  Messrs.  Eamsay  and 
Young  have  published  a  note  on  tlie  critical  temperature  in  which 
a  statement  appears  of  which,  in  the  interests  of  science,  I  am 
compelled  to  ask  them  for  an  explanation;  they  have  characterized 
as  "very  inaccurate"  a  paper  on  the  same  subject  by  myself*. 
This  would  not  be  of  much  importance  if  my  work  had  not  attracted 
the  attention  of  many  physicists  and  especially  of  M.  Galitzine, 
who  would  thus  have  been  led  into  error  by  my  mistake. 

To  avoid  this  1  venture  respectfully  to  request  Profs.  Ramsay 
and  Young  to  point  out  the  errors  of  reasoning  and  of  experiment- 
ation  that  I  have  made  in  the  demonstration  of  my  fundamental 
proposition  : — "  TJie  volume  of  a  Jlnid  is  not  alwai/s  defined  hij  the 
temperature  and  2^ressure  only;"  thus  fiuids  of  different  density  can 
correspond  to  the  same  tonjierature  and  pressure.  On  this  pro- 
position all  my  deductions  rest. 

It  would  also  be  of  service  to  show  the  error  committed  by 
M.  Galitzine  in  his  demonstration. 

I  may  also  ])oint  out  to  Profs.  Eamsay  and  Young  that  before 
1880  I  had  arrived  at  the  conclusion  that  the  particles  that  con- 
stitute liquids  have  a  different  volume  from  the  particles  of  vapour. 
It  was  by  this  means  that  I  explained  the  maxinuan  density  of 
water  t. 

Profs.  Ramsay  and  Young  think  with  M.  Gouy  that  the  only 
variation  of  density  produced  in  liquids  confined  in  a  tube  results 
from  the  variation  of  hydrostatical  pressure ;  the  great  compres- 
sibility of  fluids  near  the  critical  point  would  cause  very  con- 
siderable variations  of  density.  The  ingenious  interpretation  of 
M.  Gouy,  which  would  ex])lain  very  simply  an  anomaly  that  at  first 
had  a  paradoxical  appearance,  cannot  now  unhappily  be  admitted. 
If  it  were  correct  there  should  be  produced  immediateh/,  at  the 
critical  temperature,  a  stable  equipoise  in  a  pipe  vertically  fixed. 
The  experiments  I  ])ublished  last  year  show  that  this  is  not  the 
case ;  thus  the  mode  of  distribution  of  substance  is  different  a 
little  after  the  disappearance  of  the  meniscus  and  twenty-four 
hours  after  j. 

P.  Be  Heen. 


*  "  Sur  un  t^at  de  la  niatiere  caracterise  par  I'intlepeiidaiice  de  la  pres- 
siou  et  du  volume  specitique/'  Bulh^tin  de  V Acad.  Roy.  de  ]ii'lyi(p(e,  t.  ixiv. 
for  1892. 

t  "  ])e  la  dilatabilite  de  quelques  liquides  orgauiques  et  des  solutions 
salines,"  j'j>rseH/e  (>  VAcad.  Hoy.  de  Belyique,  May  0,  1879. 

X  ''  De  rintluence  du  temps  sur  le  mode  de  formation  du  meiiisque  a 
la  tempt? rature  de  transformation,"  Bidl.  de  I' Acad.  Hoy.  de  Bilyi(pie  [3] 
XXV.  p.  14  (1893). 
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XLI.    The  Internal  Work  of  the  Wind, 
By  ^.V.  Langley*. 

[Plates  V.-IX.] 

Part  I. — Introductory, 

T  has  long  been  observed  that  certain  species  of  birds 
maintain  themselves  indefinitely  in  the  air  by  "  soaring," 
without  any  flapping  of  the  wing  or  any  motion  other  than 
a  slight  rocking  of  the  body  ;  and  this,  although  the  body  in 
question  is  many  hundred  times  denser  than  the  air  in  which 
it  seems  to  float  with  an  undulating  movement,  as  on  the 
waves  of  an  invisible  stream. 

No  satisfactory  mechanical  explanation  of  this  anomaly  has 
been  given,  and  none  would  be  offered  in  this  connexion  by 
the  writer,  were  he  not  satisfied  that  it  involves  much  more 
than  an  ornithological  problem,  and  that  it  points  to  novel 
conclusions  of  mechanical  and  utilitarian  importance.  They 
are  paradoxical  at  first  sight,  since  they  imply  that  under  cer- 
tain specified  conditions  very  heavy  bodies  entirely  detached 
from  the  earth,  immersed  in,  and  free  to  move  in,  the  air,  can 
be  sustained  there  indefinitely,  without  any  expenditure  of 
energy  from  within. 

These  bodies  may  be  entirely  of  mechanical  construction, 

*  A  paper  read  (by  title  only)  to  the  National  Academy  of  Sciences, 
in  April  1893,  and  subsequently  (in  full)  at  the  Aeronautical  Congress, 
at  Cnicago,  in  August,  1893.  Communicated  by  the  Author,  to  whom 
we  are  likewise  indebted  for  clichds  of  the  plates. 

Phil.  Mag.  S.  5.  Vol.  37.  No.  228.  Mcy  1894.        2  G 
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as  will  be  seen  later,  but  for  the  present  we  will  continue  to 
consider  the  character  of  the  invisible  support  of  the  soai-ing 
bird,  and  to  study  its  motions,  though  only  as  a  pregnant 
instance  offered  by  nature  to  show  that  a  rational  solution  of 
the  mechanical  problem  is  possible. 

Ilecurring,  then,  to  the  illustration  just  referred  to,  we  may 
observe  that  the  flow  of  an  ordinary  river  would  afford  no 
explanation  of  the  fact  that  nearly  inert  creatures,  while  free 
to  move,  although  greatly  denser  than  the  fluid,  yet  float  upon 
it ;  which  is  what  we  actually  behold  in  the  aerial  stream,  since 
the  writer,  like  others,  has  satisfied  himself  by  repeated  obser- 
vation that  the  soaring  vultures  and  other  birds  appear  as  if 
sustained  by  some  invisible  support,  in  the  stream  of  air,  some- 
times for  at  least  a  considerable  fraction  of  an  hour.  It  is 
frequently  suggested  by  those  who  know  these  facts  only  from 
books,  that  there  must  be  some  quivering  of  the  wings,  so 
rapid  as  to  escape  observation.  Those  who  do  know  them 
from  observation  are  aware  that  it  is  absolutely  certain  that 
nothing  of  the  kind  takes  place,  and  that  the  birds  sustain  them- 
selves on  pinions  which  are  quite  rigid  and  motionless,  except 
for  a  rocking  or  balancing  movement  involving  little  energy. 

The  writer  desires  to  acknowledge  his  indebtedness  to  that 
most  conscientious  observer,  M.  Mouillard  *,  who  has  described 
these  actions  of  the  soaring  birds  with  incomparable  vividness 
and  minuteness,  and  who  asserts  that  they,  under  certain 
circumstances,  without  flapping  their  wings,  rise  and  actually 
advance  against  the  wind. 

To  the  writer,  who  has  himself  been  attracted  from  his 
earliest  years  to  the  mystery  which  has  surrounded  this  action 
of  the  soaring  bird,  it  has  been  a  subject  of  continual  surprise 
that  it  has  attracted  so  little  attention  from  physicists.  That 
nearly  inert  bodies,  weighing  from  5  to  10,  and  even  more, 
pounds,  and  many  hundred  times  denser  than  the  air,  should 
be  visibly  suspended  in  it  above  our  heads,  sometimes  for 
hours  at  a  time,  and  without  falling, — this,  it  might  seem,  is, 
without  misuse  of  language,  to  be  called  a  physical  miracle  ; 
and  yet  the  fact  that  those  whose  province  it  is  to  investigate 
nature  have  hitherto  seldom  thought  it  deserving  attention 
is  perhaps  the  greater  wonder. 

This  indifference  may  be  in  some  measure  explained  by  the 
fact  that  the  large.'^t  and  best  soarers  are  of  the  vulture  kind, 
and  that  their  most  striking  evolutions  are  not  to  be  seen  in 
those  regions  of  the  Northern  Temperate  Zone  where  the 
majority  of  those  whose  training  fits  them  to  study  the  sub- 

*  L.  P.  Mouillard,  L Empire  de  VAir,  Paris  ;  G.  Alaasou. 
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ject  are  found.  Even  in  Washington,  however,  where  the 
writer  at  present  resides,  scores  of  great  birds  may  be  seen  at 
times  in  the  air  together,  gliding  with  and  against  the  wind, 
and  ascending  higher  at  pleasure,  on  nearly  motionless  wings. 
•'  Those  wlio  have  not  seen  it,"  says  M.  Mouillard,  "  when  they 
are  told  of  this  ascension  without  the  expenditure  of  energy, 
are  always  ready  to  say,  '  but  there  must  have  been  move- 
ments, though  you  did  not  see  them;'  "  "and  in  fact."  he  adds, 
*'  the  casual  witness  of  a  single  instance,  himself,  on  reflection, 
feels  almost  a  doubt  as  to  the  evidence  of  his  senses,  when 
they  testify  to  things  so  extraordinary.'^ 

Quite  agreeing  with  this,  the  writer  will  not  attempt  any 
general  description  of  his  own  observations,  but  as  an  illus- 
tration of  what  can  sometimes  be  seen,  will  give  a  single  one, 
to  whose  exactness  he  can  personally  witness.  The  common 
"  Turkey  Buzzard"  [Cathartes aura)  is  so  plentiful  around  the 
environs  of  Washington  that  there  is  rarely  a  time  when  some 
of  them  may  not  be  seen  in  the  sky,  ghding  in  curves  over 
some  attractive  point,  or,  more  rarely,  moving  in  nearly  straight 
lines  on  rigid  wings,  if  there  be  a  moderate  wind.  On  the 
only  occasion  when  the  motion  of  one  near  at  hand  could 
be  studied  in  a  very  high  wind,  the  author  was  crossing  the 
long  ''  Aqueduct  Bridge  "  over  the  Potomac,  in  an  unusually 
violent  November  gale,  the  velocity  of  the  wind  being  prob- 
ably over  35  miles  an  hour.  About  one  third  of  the  distance 
from  the  right  bank  of  the  river,  and  immediately  over  the 
right  parapet  of  the  bridge,  at  a  height  of  not  over  20  yards, 
was  one  of  these  buzzards,  which,  for  some  object  which  was 
not  evident,  chose  to  keep  over  this  spot,  where  the  gale,  un- 
disturbed by  any  surface  irregularities,  swept  directly  up  the 
river  with  unchecked  "v-iolence.  In  this  aerial  torrent,  and 
apparently  inditferent  to  it,  the  bird  hung,  gliding  in  the  usual 
manner  of  its  species,  round  and  round,  in  a  small  oval  curve, 
whose  major  axis  (which  seemed  toward  the  wind)  was  not 
longer  than  t^vice  its  heioht  from  the  water.  The  bird  was 
therefore  at  all  times  in  close  view.  It  swung  around  repeat- 
edly, rising  and  falling  slightly  in  its  course,  while  keeping, 
as  a  whole,  on  one  level,  and  over  the  same  place,  moving 
with  a  slight  swaying,  both  in  front  and  lateral  direction,  but 
in  such  an  effortless  way  as  suggested  a  lazy  yielding  of  itself 
to  the  rocking  of  some  invisible  wave. 

It  may  be  asserted  that  there  was  not  only  no  flap  of  the 
wing,  but  not  the  quiver  of  a  wing-feather  visible  to  the 
closest  scrutiny,  during  the  considerable  tiuK;  the  bird  was 
under  observation,  and  during  which  the  gale  continued.  A 
record  of  this  time  was  not  kept,  but  it  at  any  rate  lasted  until 

2G2 
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the  writer,  chilled  by  the  cold  blast,  gave  up  watching  and 
moved  away,  leaving  the  bird  still  floating  about,  at  the  same 
height  in  the  torrent  of  air,  in  nearly  the  same  circle,  and 
with  the  same  aspect  of  indolent  repose. 

If  the  wind  is  such  a  body  as  it  is  conunonly  supposed  to 
be,  it  is  absolutely  impossible  that  this  sustention  could  have 
taken  place  in  a  horizontal  current  any  more  than  in  a  calm, 
and  yet  that  the  ability  to  soar  is,  in  some  way,  connected  with 
the  presence  of  the  wind,  became  to  the  writer  as  certain  as 
any  fact  of  observation  could  be,  and  at  first  the  difficulty  of 
reconciling  such  facts  (to  him  undoubted)  with  accepted  laws 
of  motion  seemed  quite  insuperable. 

Light  came  to  him  through  one  of  those  accidents  which 
are  commonly  found  to  occur  when  the  mind  is  intent  on  a 
particular  subject,  and  looking  everywhere  for  a  clue  to  its 
solution. 

In  1887,  while  engaged  with  the  "whirling-table^'  in  the 
open  air  at  the  Allegheny  Observatory,  he  had  chosen  a  quiet 
afternoon  for  certain  experiments,  but  in  the  absence  of  the 
entire  calm,  which  is  almost  never  realized,  had  placed  one  of 
the  very  small  and  light  anemometers  made  for  hospital  use 
in  the  open  air,  with  the  object  of  determining  and  allowing 
for  the  velocity  of  what  feeble  breeze  existed.  His  attention 
was  called  to  the  extreme  irregularity  of  this  register^  and  he 
assumed  at  first  that  the  day  was  more  unfavourable  than  he 
had  supposed.  Subsequent  observations,  however,  showed 
that  when  the  anemometer  was  sufficiently  light  and  devoid 
of  inertia,  the  register  always  showed  great  irregularity, 
especially  when  its  movements  were  noted,  not  from  minute 
to  minute,  but  from  second  to  second. 

His  attention  once  aroused  to  these  anomalies,  he  was  led 
to  reflect  upon  their  extraordinary  importance  in  a  possible 
mechanical  application.  He  then  designed  certain  special 
apparatus  hereafter  described,  and  made  observations  with  it 
which  showed  that  '''  wind  "  in  general  was  not  what  it  is 
commonly  assumed  to  be — that  is,  air  put  in  motion  with  an 
approximately  uniform  velocity  in  the  same  strata  ;  but  that, 
considered  in  the  narrowest  practical  sections,  wind  was 
always  not  only  not  approximately  uniform,  but  variable  and 
irregular  in  its  movements  beyond  anything  which  had  been 
anticipated,  so  that  it  seemed  probable  that  the  very  smallest 
part  observable  could  not  be  treated  as  approximately  homo- 
geneous, but  that  even  here  there  was  an  internal  motion  to 
be  considered,  distinct  both  from  that  of  the  whole  body  and 
from  its  immediate  surroundings.  It  seemed  to  the  writer 
to  follow  as  a  necessary  consequence,  that  there  might  be  a 
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potentiality  of  "what  may  be  called  ''  internal  work  "  *  in  the 
Nvind. 

On  further  study,  it  seemed  to  him  that  this  internal  work 
mi*>ht  conceivably  be  so  utilized  as  to  furnish  a  power  which 
should  not  only  keep  an  inert  body  from  falling,  but  cause  it 
to  rise,  and  that  while  this  power  was  the  probable  cause  of  the 
action  of  the  soarino-  bird,  it  might  be  possible  through  its 
means  to  cause  any  suitably  disposed  body,  animate  or  in- 
animate, wholly  innnersed  in  the  wind  and  wholly  free  to 
move,  to  advance  against  the  direction  of  the  wind  itself. 
B}-  this  it  is  not  meant  that  the  writer  then  devised  means  for 
doing  this,  but  that  he  then  attained  the  conviction  both  that 
such  an  action  involved  no  contradiction  of  the  laws  of  motion, 
and  that  it  was  mechanically  possible  (howeyer  difficult  it 
might  be  to  realize  the  exact  mechanism  by  which  this  might 
be  accomplished). 

It  will  be  observed  that  in  what  has  preceded  it  is  intimated 
that  the  difficulties  in  the  way  of  regarding  this  eyen  in  the 
li^ht  of  a  theoretical  possibility  may  have  proceeded,  with 
others  as  with  the  writer,  not  from  erroneous  reasoning,  but 
from  an  error,  in  the  premisses,  entering  insidiously  in  the 
form  of  the  tacit  assumption  made  by  nearly  all  writers,  that 
the  word  "  wind  "  means  something  so  simple,  so  readily  intel- 
ligible, and  so  commonly  understood,  as  to  require  no  special 
definition  ;  while,  nevertheless,  the  observations  which  are 
presently  to  be  given  show  that  it  is,  on  the  contrary,  to  be 
considered  as  a  generic  name  for  a  series  of  infinitely  complex 
and  little-known  phenomena. 

Without  determining  here  whether  any  mechanism  can  be 
actually  debased  which  shall  draw  from  the  wind  the  power 
to  cause  a  body  wholly  immersed  in  it  to  go  against  the  wind, 
the  reader's  consideration  is  now  first  invited  to  the  e^-idence 
that  there  is  no  contradiction  to  the  known  laws  of  motion, 
and  at  any  rate  no  theoretical  impossibility  in  the  conception 
of  such  a  mechanism,  if  it  is  admitted  that  the  wind  is  not 
what  it  has  been  ordinarily  taken  to  be,  but  what  the  following 
observations  show  that  it  is= 

What  immediately  follows  is  an  account  of  evidence  of  the 
complex  nature  of  the  "wind,''  of  its  internal  moyements,  of 

*  Since  tlie  term  "  internal  work  "  is  often  used  in  thermodynamics  to 
signify  molecular  action,  it  may  be  well  to  observe  that  it  here  refers  not 
to  molecular  movements,  but  to  pulsations  of  sensible  magnitude,  always 
existing  in  the  wind,  as  will  be  shown  later,  and  whose  extent  and  extrar 
ordinary  possible  mechanical  importance  it  is  the  object  of  this  research 
to  illustrate.  The  term  is  so  significant  of  the  author's  meaning,  that  he 
permits  himself  the  use  of  it  here,  in  spite  of  the  possible  ambiguity. 
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the  resulting  potentiality  of  this  internal  -work,  and  of  attempts 
which  the  writer  has  made  to  determine  quantitatively  its 
amount  by  the  use  of  special  apparatus,  recording  the  changes 
which  go  on  (so  to  speak)  icithin  the  wind  in  very  brief 
intervals.  These  results  may,  it  is  hoped,  be  of  interest  to 
meteorologists,  but  they  are  given  here  with  special  reference 
to  their  important  bearing  on  the  future  of  what  the  writer 
has  ventured  to  call  the  science  of  Aerodromics  *. 

The  observations  which  are  first  given  were  made  in  1887 
at  Allegheny,  and  are  supplemented  by  others  made  at 
Washington  in  the  present  year  f. 

What  has  just  been  said  about  their  possible  importance 
will  perhaps  seem  justified,  if  it  is  remarked  (in  anticipation 
of  what  follows  later)  that  the  result  of  the  present  discussion 
implies  not  only  the  theoretical,  but  the  mechanical  possibility, 
that  a  heavy  body  wholly  immersed  in  the  air,  and  sustained 
by  it,  may  without  the  ordinary  use  of  Avind,  or  sail,  or  steam, 
and  without  the  expenditure  of  any  power  except  such  as 
may  be  derived  from  the  ordinary  winds,  make  an  aerial 
voyage  in  any  direction,  whose  length  is  only  limited  by  the 
occurrence  of  a  calm.  A  ship  is  able  to  go  against  a  head 
wind  by  the  force  of  that  wind,  owing  to  the  fact  that  it  is 
partly  immersed  in  the  water  which  reacts  on  the  keel,  but  it 
is  here  asserted  that  (contrary  to  usual  opinion  and  in  oppo- 
sition to  what  at  first  may  seem  the  teachings  of  physical 
science)  it  is  not  impossible  that  a  heavy  and  nearly  inert 
body  xoholly  immersed  in  the  air  can  be  made  to  do  this. 

The  observations  on  which  the  writer's  belief  in  this 
mechanical  possibility  are  founded  will  now  be  given. 


*  From  depoBpofieco,  to  traverse  the  air  ;  afpoBpopos,  an  air-nmner. 

t  It  will  be  noticed  that  the  fact  of  observation  here  is  not  so  much 
the  movement  of  currents,  such  as  the  writer  has  since  learned  was 
suggested  by  Lord  Rayleigh  so  long  ago  as  1883,  still  less  of  the  move- 
ment of  distinct  currents  at  a  considerable  distance  above  the  earth's 
surface,  but  of  what  must  be  rather  called  the  effect  of  the  irregularities 
and  pulsations  of  any  ordinary  wind,  within  the  immediate  field  of  ex- 
amination, however  narrow. 

See  the  instructive  article  by  Lord  Rayleigh  in  '  Nature,'  April  5, 1883. 
Lord  Eayleigh  remarks  that  continued  soaring  implies  "  (1)  that  the 
course  is  not  horizontal,  (2)  tliat  the  wind  is  not  horizontal,  or  (3)  that 
the  wind  is  not  uniform."  "  It  is  probable,''  he  says,  "  that  the  truth  is 
usually  represented  by  (1)  or  (2)  ;  but  the  question  I  wish  to  raise  is 
whether  the  cause  suggested  by  (3)  may  not  sometimes  come  into 
operation." 
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Part  II. —  E.vpenments  tcith  the  vse  of  special  apparatus. 

In  the  ordinary  uses  of  the  anemometer  (let  lis  suppose 
it  to  be  a  Robinson's  anemometer,  for  illustration)  the  re- 
gistry is  seldom  taken  as  often  as  once  a  minute  ;  thus,  in 
the  ordinary  practice  of  the  United  States  Weather  Bureau, 
the  reoistration  is  made  at  the  com])letion  of  the  passage  of 
each  mile  of  wiud.  If  there  be  verv  rapid  fluctuations  of  the 
wnnd,  it  is  obyiously  desirable,  in  order  to  detect  them,  to 
observe  the  instrument  at  very  brief  intervals,  c.fi.  at  least 
every  second,  instead  of  every  minute  or  every  hour,  and  it  is 
equally  obvious  that  in  order  to  take  up  and  indicate  the 
changes  which  occur  in  these  brief  intervals,  the  instrument 
should  have  as  little  inertia  as  possible,  its  momentum  tending 
to  falsify  the  facts,  by  rendering  the  record  more  uniform  than 
would  otherwise  be  the  case. 

In  1887  I  made  use  of  the  only  apparatus  at  command — 
an  ordinary  small  Robinson's  anemometer,  having  cups  3 
inches  (7"5  centim.)  in  diameter,  the  centres  of  the  cups  being 
Of  inches  (16|  centim.)  from  the  centre  of  rotation.  This 
was  placed  at  the  top  of  a  mast  53  feet  (16*2  metres)  in  height, 
which  was  planted  in  the  grounds  of  the  Allegheny  Obser- 
vatory, on  the  flat  summit  of  a  hill  which  rises  nearly  400  feet 
(122  metres)  above  the  valley  of  the  Ohio  River.  It  was, 
accordingly,  in  a  situation  exceptionally  free  from  those  ir- 
regularities of  the  wind  which  are  introduced  by  the  presence 
of  trees  and  of  houses,  or  of  inequalities  of  surface. 

Every  twenty-fifth  revolution  of  the  cups  was  registered  by 
closing  an  electric  circuit,  and  the  registry  was  made  on  the 
chronograph  of  the  Observatory  by  a  suitable  electric  con- 
nexion, and  these  chronograph  sheets  were  measured  and  the 
results  tabulated.  A  portion  of  the  record  obtained  on  July 
16, 1887,  is  given  on  Plate  V.,  the  abscisste  representing  time, 
and  the  ordinates  wind  velocities.  The  observed  points  re- 
present the  wind's  velocities  as  computed  from  the  intervals 
between  each  successive  electrical  contact,  as  measured  on 
the  chronograph  sheets,  and  for  convenience  in  following  the 
succession  of  observed  points  they  are  here  joined  by  straight 
lines,  though  it  is  hardly  necessary  to  remark'  that  the  change 
in  velocity  is  in  fact,  though  quite  sharp,  yet  not  in  general 
discontinuous,  and  the  straight  lines  here  used  for  con- 
venience do  not  imply  that  the  rate  of  change  of  velocity  is 
uniform. 

The  wind  velocities  during  this  period  of  observation  ranged 
from  about  10  to  25  miles  an  hour,  and  the  frequency  of 
measurement  was  every  7  to  17  seconds.     If,  on  the  one  hand, 
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owing  to  the  weight  and  inertia  of  the  anemometer,  this  is  far 
from  doing  justice  to  the  actual  irregularities  of  the  wind,  on 
the  other  it  equally  shows  that  the  wind  was  far  from  being  a 
body  of  even  approximate  uniformity  of  motion,  and  that 
even  when  considered  in  quite  small  sections,  the  motion  was 
found  to  be  irregular  almost  beyond  conception — certainly 
beyond  anticipation ;  for  this  record  is  not  selected  to  repre- 
sent an  extraordinary  breeze,  but  the  normal  movement  of  an 
ordinary  one. 

By  an  application  of  these  facts,  to  be  presented  later,  I 
then  reached  by  these  experiments  the  conclusion  that  it  was 
theoretically  possible  to  cause  a  heavy  body  wholly  immersed 
in  the  wind  to  be  driven  in  the  opposite  direction,  e.  g.  to 
move  east  while  the  wind  was  l^lowing  west,  without  the  use 
of  any  power  other  than  that  which  the  wind  itself  furnished, 
and  this  even  by  the  use  of  plane  surfaces,  and  without  taking 
advantage  of  the  more  advantageous  properties  of  curved  ones. 

This  power,  I  further  already  believed  myself  warranted  by 
these  experiments  in  saying,  could  be  obtained  by  the  move- 
ments of  the  air  in  the  horizontal  plane  alone,  even  without 
the  utilization  of  currents  having  an  upward  trend.  But  I 
was  obliged  to  turn  to  other  occupations,  and  did  not  resume 
these  interesting  observations  until  the  year  1893. 

Although  the  anemometer  used  at  Allegheny  served  to 
illustrate  the  essential  fact  of  the  rapid  and  continuous  fluctua- 
tions of  even  the  ordinary  and  comparatively  uniform  wind, 
yet  owing  to  the  inertia  of  the  arms  and  cups,  which  tended 
to  equalize  the  rate  (the  moment  of  inertia  was  approximately 
40,000  gr.  cm.^),  and  to  the  fact  that  the  record  was  only 
made  at  every  twenty-fifth  revolution,  the  internal  changes 
in  the  horizontal  component  of  the  wind's  motion,  thus  re- 
presenting its  potential  work,  were  not  adequately  recorded. 

In  January  1893  I  resumed  these  observations  at  Washing- 
ton with  apparatus  with  which  1  sought  to  remedy  these 
defects,  using  as  a  station  the  roof  of  the  north  tower  of  the 
Smithsonian  Institution  building,  the  top  of  the  parapet  being 
142  feet  (43'3  metres)  above  the  ground,  and  the  anemo- 
meters, which  were  located  above  the  parapet,  being  153  feet 
(46*7  metres)  above  the  ground.  I  placed  them  in  charge 
of  Mr.  George  E.  Curtis,  with  instructions  to  take  observa- 
tions under  the  conditions  of  light,  moderate,  and  high  winds. 
The  apparatus  used  was,  first,  a  Weather  Bureau  Robinson 
anemometer  of  standard  size,  with  aluminium  cups.  Diameter 
to  centre  of  cups  34  cm.:  diameter  of  cups  10"16  cm.:  weight 
of  arms  and  cups  241  grams;  approximate  moment  of  inertia 
40,710  gr.  cm.2 
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A  second  instrument  was  a  very  light  anemometer,  having 
paper  cups,  of  standard  pattern  and  diameter,  the  weight  of 
arms  and  cups  being  only  74  grams,  and  its  moment  of  inertia 
8604  gr.  cm.^ 

With  this  instrument  a  number  of  observations  were  taken, 
when  it  was  lost  by  being  blown  aAvay  in  a  gale.  It  was 
succeeded  in  its  use  by  one  of  my  own  construction,  which 
was  considerably  lighter.  This  was  also  blown  away.  I 
afterwards  employed  one  of  the  same  size  as  the  standard 
pattern,  weighing  48  grams,  having  a  moment  of  inertia  of 
11, 1*40  gr,  cm.":  and,  tinally,  I  constructed  one  of  half  the 
diameter  of  the  standard  pattern,  employing  cones  instead 
of  hemispheres,  weighing  5  grams,  and  having  a  moment  of 
inertia  of  but  300  gr.  cm.^ 

In  the  especially  light  instruments  the  electric  record  was 
made  at  every  half  revolution,  on  an  ordinary  astronomical 
chronograph,  placed  upon  the  floor  of  the  tower,  connected 
with  the  anemometer  by  an  electric  circuit.  Observations 
were  made  on  Januarv  14,  1893,  during  a  lisht  wind  havino; 
a  velocity  of  fi  om  9  to  17  miles  an  hour ;  on  Januarj'  25  and 
26  during  a  moderate  wind,  having  a  velocity  of  from  16  to 
28  miles  an  hour  ;  and  on  February  4  and  7,  during  a 
moderate  and  high  wind  ranging  from  14  to  36  milas  an 
hour.  Portions  of  these  observations  are  given  on  Plates  YI., 
VII.,  and  YIII.  A  short  portion  of  the  record  obtained  with 
the  standard  Weather  Bureau  anemometer  during  a  high 
north-west  wind  is  given  on  Plate  IX. 

A  prominent  feature  presented  by  these  diagrams  is  that 
the  higher  the  absolute  velocity  of  the  wind,  the  greater  the 
relative  fluctuations  Avhich  occur  in  it.  In  a  high  wind  the 
air  moves  in  a  tumultuous  mass,  the  velocity  being  at  one 
moment  perhaps  40  miles  an  hour,  then  diminishing  to  an 
almost  instantaneous  calm,  and  then  resuming  *. 

The  fact  that  an  absolute  local  calm  can  momentarily  occur 
during  the  prevalence  of  a  high  wind  was  vividly  impressed 
upon  me  during  the  observations  of  February  4,  when, 
chancing  to  look  up  to  the  light  anemometer,  which  was 
revolving  so  rapidly  that  the  cups  were  not  separately  dis- 
tinguishable, I  saw  them  completely  stop  for  an  instant,  and 
then  resume  their  previous  high  speed  of  rotation,  the  whole 
within  the  fraction  of  a  second.  This  confirmed  the  suspicion 
that  the  chronographic  record,  even  of  a  specially  light  ane- 
mometer, at  most  but  imperfectly  notes  the  sharpness  of  these 

♦  An  example  of  a  verj'  rapid  change  may  be  seen  on  Plate  VIII.  at 
12.23  P.M. 
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intprnal  changes.  Since  the  measured  interval  between  two 
electric  contacts  is  the  datum  for  computin<>;  the  velocity,  an 
instantaneous  stoppage,  such  as  I  accidentally  saw,  will 
a])pear  on  the  record  simply  as  a  sloAving  of  the  wind,  and 
such  very  significant  facts  as  that  just  noted  will  be  neces- 
sarily slurred  over,  even  by  the  most  sensitive  a])paratus  of  this 
kind. 

However,  the  more  frequent  the  contacts  the  more  nearly 
an  exact  record  of  the  fluctuations  may  be  measured  ;  and  I 
have,  as  I  have  stated,  provided  that  they  should  be  made  at 
every  half  revolution  of  the  anemometer,  that  is,  as  a  rule, 
several  times  a  second  *. 

I  now  invite  the  reader's  attention  to  the  actual  records  of 
rapid  changes  that  take  place  in  the  wind's  velocity,  selecting 
as  an  illustration  the  first  5^  minutes  of  the  diagram  plotted 
on  Plate  VII. 

The  heavy  line  through  points  A,  B,  and  C  represents  the 
ordinary  record  of  the  wind's  velocity  as  obtained  from  a 
standard  Weather  Bureau  anemometer  during  the  observations 
recording  the  passage  of  two  miles  of  wind.  The  velocity, 
which  was,  at  the  beginning  of  the  interval  considered,  nearly 
23  miles  an  hour,  fell  during  the  course  of  the  first  mile  to  a 
little  over  20  miles  an  hour.  This  is  the  ordinary  anemometric 
record  of  the  wind  at  such  elevations  as  this  (47  metres)  above 
the  earth's  surface,  where  it  is  free  from  the  immediate 
vicinity  of  disturbing  irregularities,  and  where  it  is  popularly 
supposed  to  move  with  occasional  variation  in  direction,  as  the 
weather-cock  indeed  indicates,  but  with  such  nearly  uniform 
movement  that  its  rate  of  advance  is,  during  any  such  brief 
time  as  two  or  three  minutes,  under  ordinary  circumstances, 
approximately  uniform.  This,  then,  may  be  called  the  ''  wind ; " 
that  is,  the  conventional  "  wind  "  of  treatises  upon  aerody- 
namics, where  its  aspect  as  a  practically  continuous  flow  is 

*  Here  we  may  note  the  error  of  the  common  assumption  that  the 
ordinary  anemometer,  however  heavy,  will,  if  frictionless,  correctly 
measure  the  velocity  of  the  wind,  for  the  existence  of ''  vis  iuerticie  "  it  is 
now  seen,  is  not  indifferent,  but  plays  a  most  important  part  where  the 
velocity  suffers  such  great  and  frequent  changes  as  we  here  see  it  does, 
and  where  the  rate  at  which  this  inertia  is  overcome,  and  this  velocity 
changed,  is  plainly  a  function  of  the  density  of  the  fluid,  which  densitj'^ 
we  also  see  reason  to  suppose  itself  varies  incessantly,  and  with  great 
rapidity.  Though  it  is  probable  that  no  form  of  barometer  in  use  does 
justice  to  the  degTee  of  change  of  this  densit}',  owing  to  this  rapidity,  we 
cannot,  nevertheless,  suppose  it  to  exceed  certain  limits,  and  we  may 
treat  the  present  records,  made  with  an  anemometer  of  such  exceptional 
lightness,  as  being  comparatively  unaffected  by  these  changes  in  density, 
though  they  exist. 
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alone  considered.  When,  however,  we  turn  to  the  record 
made  with  tlie  specially  light  anemometer,  at  every  second, 
of  this  same  wind,  we  find  an  entirely  diflforent  state  of  things. 
Tho  winil,  starting  Avith  the  velocity  of  23  miles  an  hour,  at 
12"  10"^  18*  rose  within  10  seconds  to  a  velocity  of  33  miles 
an  hour,  and  within  10  seconds  more  fell  to  its  initial  speed. 
It  then  arose  within  30  seconds  to  a  velocity  of  36  miles  an 
hour,  and  so  on,  with  alternate  risings  and  fallings,  at  one 
time  actually  stop})ing  ;  and,  as  the  reader  may  easily  observe, 
passing  through  18  notable  maxima  and  as  many  notable 
minima,  the  average  interval  from  a  maximum  to  a  minimum 
being  a  little  over  10  seconds,  and  the  average  change  of 
velocity  in  this  time  being  about  10  miles  an  hour.  In  the 
lower  left-hand  corner  of  Plate  VII.  is  given  a  conventional 
representation  of  these  fluctuations  in  which  this  average 
period  and  amplitude  is  used  as  a  type.  The  above  are  facts, 
the  counterpart  of  which  may  be  noted  by  any  one  adopting 
the  means  the  writer  has  employed.  It  is  hardly  necessary 
to  observe,  that  almost  innumerable  minor  maxima  and 
minima  presented  themselves,  which  the  drawing  cannot 
depict. 

In  order  to  ensure  clearness  of  perception,  the  reader  will 
bear  in  mind  that  the  diagram  does  not  represent  the  velocities 
which  obtained  coincideutly,  along  the  length  of  two  miles  of 
wdnd  represented,  nor  the  changes  in  velocity  experienced  by 
a  single  moving  particle  during  the  interval,  but  that  it  is  a 
picture  of  the  velocities  which  were  in  this  wind  at  the  suc- 
cessive instants  of  its  passing  the  fixed  anemometer  ;  which 
velocities,  indeed,  were  probably  nearly  the  same  for  a  few 
seconds  before  and  after  registry,  but  which  incessantly  passed 
into,  and  were  replaced  by,  others,  in  a  continuous  flow  of 
change.  But  although  the  observations  do  not  show  the 
actual  changes  of  velocity  which  any  given  particle  experiences 
in  any  assigned  interval,  these  fluctuations  cannot  be  materially 
different  in  character  from  those  which  are  observed  at  a  fixed 
point,  and  are  shown  in  the  diagram.  It  may,  perhaps,  still 
further  aid  us  in  fixing  our  ideas,  to  consider  two  material 
particles  as  starting  at  the  same  time  over  this  tvvo-mile 
course  :  the  one  moving  with  the  uniform  velocity  of  22*6 
miles  an  hour  (33  feet  per  second),  which  is  the  average 
velocity  of  the  wind  as  observed  for  the  interval  between 
12"  lO"  18'  and  12"  15™  45^  on  February  4;  the  other,  during 
the  same  interval,  having  the  continuously  changing  velocities 
actually  indicated  by  the  light  anemometer,  as  shown  on 
Plate  VII.  Their  positions  at  any  time  may,  if  desired,  be 
conveniently  represented  in  a  diagram  where  the  abscissa  of 
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any  point  represents  the  elapsed  time  in  seconds,  and  the 
ordinates  show  the  distance,  in  feet,  of  the  material  particle 
from  the  starting-point.  The  path  of  the  first  particle  will 
thus  be  represented  by  a  straight  line,  while  the  path  of  the 
second  particle  will  l)e  an  irregularly  curved  line,  at  one  time 
above,  and  at  another  time  l)olow  the  mean  straight  line  just 
described,  but  terminating  in  coincidence  with  it  at  the  end 
of  the  interval.  If,  now,  all  the  particles  in  two  miles  of 
wind  were  simultaneously  accelerated  and  retarded  in  the 
same  -way  as  this  second  particle,  that  is,  if  the  wind  were  an 
inelastic  fluid  and  moved  like  a  solid  cylinder,  the  velocities 
recorded  by  the  anemometer  would  be  identical  with  those 
that  obtained  along  the  whole  region  specified.  But  the 
actual  circumstance  must  evidently  be  far  different  from  this, 
since  the  air  is  an  elastic  and  nearly  perfect  fluid,  subject  to 
condensation  and  rarefaction.  Hence  the  successive  velocities 
of  any  given  particle  (which  are  in  reality  the  resultant  of 
incessant  changes  in  all  directions)  must  be  conceived  as 
evanescent,  taking  on  something  like  the  sequence  recorded 
by  these  curves  a  very  brief  time  before  this  air  reached  the 
anemometer,  and  losing  it  as  soon  after. 

It  has  not  been  my  purpose  in  this  paper  to  enter  upon 
any  inquiry  as  to  the  cause  of  this  non-homogeneity  of  the 
wind.  The  irregularities  of  the  surface  topography  (including 
buildings  and  every  other  surface  obstruction)  are  commonly 
adduced  as  a  sufficient  explanation  of  the  chief  irregularities 
of  the  surface  wind  ;  yet  I  beheve  that  at  a  considerable  dis- 
tance above  the  earth's  surface  {e.  g.  one  mile)  the  wind  may 
not  even  be  approximately  homogeneous,  nor  have  an  even 
flow  ;  for  while,  if  we  consider  air  as  an  absolutely  elastic  and 
frictionless  fluid,  any  motion  impressed  upon  it  would  be 
preserved  for  ever,  and  the  actual  irregularities  of  the  wind 
would  be  the  results  of  changes  made  at  any  past  time,  how- 
ever remote  ;  so  long  as  we  admit  that  the  wind,  without 
being  absolutely  elastic  and  frictionless,  is  nearly  so,  it  seems 
to  me  that  we  may  consider  that  the  incessant  alternations, 
which  it  here  appears  make  the  "  wind,"  are  due  to  past  im- 
pulses and  changes  which  are  preserved  in  it,  and  which  die 
away  with  very  considerable  slowness.  If  this  be  the  case, 
it  is  less  difficult  to  see  how  even  in  the  upper  air,  and  at 
every  altitude,  we  might  expect  to  find  local  variations,  or 
pulsations,  not  unlike  those  which  we  certainly  observe  at 
minor  altitudes  above  the  ground  *. 

*  In  this  connexion,  reference  may  be  made  to  the  notable  investigations 
of  Helmholtz  on  Atmospheric  movements,  Sitzungsberichte,  Berlin,  1888 
-1889, 
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Part  III. — Application. 

Of  the^e  irregular  movements  of  the  wind,  which  take  phice 
up,  down,  and  on  every  side,  and  are  accompanied  of  necessity 
by  eijually  compk'x  condensations  and  expansions,  it  will  be 
observed  that  only  a  small  })ortion,  namely,  those  which  occur 
in  a  narrow  current  whose  direction  is  horizontal  and  sensibly 
linear,  and  whose  width  is  only  the  diameter  of  the  anemo- 
meter, can  be  noted  by  the  instruments  I  have  here  described, 
and  whose  records  alone  are  represented  in  the  diagram. 
However  complex  the  movement  may  appear  as  shown  by  the 
diagram,  it  is  then  tar  less  so  than  the  reality,  and  it  is  prob- 
able, indeed,  that  anything  like  a  fairly  complete  graphical 
presentation  of  the  case  in  impossible. 

I  think  that  on  considering  these  striking  curves  (Plates 
v.,  VI.,  VII.,  VIII.,  and  IX.),  we  shall  not  find  it  difficult  to 
admit,  at  least  as  an  abstract  conception,  that  there  is  no 
necessary  violation  of  the  principle  of  the  conservation  of 
energy  implied  in  the  admission  that  a  body  wholly  immersed 
in,  and  nlo^•ing  with  such  a  wind,  may  derive  from  it  a  force 
which  may  be  utilized  in  lifting  the  body,  in  a  way  in  which 
a  body  immersed  in  the  "  wind  "  of  our  ordinary  conception 
could  not  be  lifted,  and  if  we  admit  that  the  body  may  be 
lifted,  it  follo^^•s  obviously  that  it  may  descend  under  the 
action  of  gravity  from  the  elevated  position^  on  a  sloping  path, 
to  some  distance  in  a  direction  opposed  to  that  of  the  wind 
which  lifted  it,  though  it  is  not  obvious  what  this  distance  is. 

We  may  admit  all  this,  because  we  now  see  (I  repeat)  that 
the  apparent  violation  of  law  arises  from  a  tacit  assumption 
which  we,  in  common  with  all  others,  may  have  made,  that 
the  wind  is  an  approximately  homogeneously  moving  body, 
because  moA-ing  as  a  whole  in  one  direction.  It  is,  on  the 
contrary,  always  as  we  see  here,  filled  (even  if  we  consider 
only  movements  in  some  one  horizontal  plane)  with  amazingly 
complex  motions,  some  of  which,  if  not  in  direct  opposition  to 
the  main  movement,  are  relatively  so,  that  is  are  slower,  while 
others  are  faster  than  this  main  movement,  so  that  a  portion 
is  always  opposed  to  it. 

From  this,  then,  we  may  now  at  least  see  that  it  is  plainly 
within  the  capacity  of  an  intelligence  like  that  suggested  by 
Maxwell,  and  which  Lord  Kelvin  has  called  the  "  Sortino- 
Demon,"  to  pick  out  from  the  internal  motions  those  whose 
direction  is  opposed  to  the  main  current,  and  to  omit  those 
which  are  not  so,  and  thus,  without  the  expenditure  of  eaeryif, 
to  construct  a  force  which  will  act  against  the  main  current 
itself. 
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But  we  may  go  materially  further,  and  not  only  admit  that 
it  is  not  necessary  to  invoke  here,  as  Maxwell  has  done  in  the 
case  of  thermodynamics,  a  being  having  power  and  rapidity 
of  action  far  above  ours,  but  that,  in  actual  fact,  a  being  of  a 
lower  order  than  ourselves,  guided  only  by  instinct,  may  so 
utilize  these  internal  motions. 

We  might  not,  indeed,  have  conceived  this  possible,  were 
it  not  that  nature  has  already,  to  a  large  extent,  exhibited  it 
before  our  eyes  in  the  soaring  bird*,  which  sustains  itself 
endlessly  in  the  air  with  nearly  motionless  wings,  for  without 
this  evidence  of  the  possibility  of  an  action  which  now  ceases 
to  approach  the  inconceivable,  we  are  not  likely,  even  if  ad- 
mitting its  theoretical  possibility,  to  have  thought  the  mecha- 
nical solution  of  this  problem  possible. 

But  although  to  show  how  this  physical  miracle  of  nature 
is  to  be  imitated,  comiiletely  and  in  detail,  may  be  found  to 
transcend  any  power  of  analysis,  I  hope  to  show  that  this  may 
be  possible  without  invoking  the  asserted  power  of  "  aspira- 
tion "  relative  to  curv^ed  surfaces,  or  the  trend  of  upward 
currents,  and  even  to  indicate  the  probability  that  the  me- 
chanical solution  of  this  problem  may  not  be  beyond  human 
skill.  _  _  [  ^ 

To  this  conclusion  we  are  invited  by  the  follow  ing  consider- 
ation, among  others. 

*  "  When  the  condors  in  a  flock  are  wheeling  roand  and  round  any 
spot,  their  flight  is  beautiful.  Except  when  rising  from  the  ground,  I  do 
not  recollect  ever  having  seen  one  of  these  birds  flap  its  wings.  Near 
Lima  I  watched  several  for  nearly  half  an  hour  without  once  taking  off 
my  eyes.  They  moved  in  large  curves  sweeping  in  circles,  descending 
and  ascending  without  once  flapping.  As  tliey  glided  close  over  my  head, 
I  intently  watched,  from  an  oblic[ue  position,  the  outlines  of  the  separate 
and  terminal  feathers  of  the  wing  ;  and  if  there  had  been  the  least  vibra- 
tory movement  these  would  have  blended  together,  but  they  were  seen 
distinct  against  the  blue  sky.  The  head  and  neck  were  moved  frequently 
and  apparently  with  force,  and  it  appeared  as  if  the  extended  wings 
formed  the  fulcrum  on  which  the  movements  of  the  neck,  body,  and  tail 
acted.  If  the  bird  wished  to  descend,  the  wings  for  a  moment  collapsed ; 
and  then,  when  again  expanded,  with  an  altered  incHnatiou,  the  momentum 
gained  by  the  rapid  descent  seemed  to  urge  the  bird  upwards,  with  the 
even  and  steady  movement  of  a  paper  kite.  In  the  case  of  any  bird 
soaring,  its  motion  must  be  sufticientl}'  rapid  so  that  the  action  of  the 
inclined  surface  of  its  body  on  the  atmosphere  may  counterbalance  its 
gravity.  The  force  to  keep  up  the  momentum  of  a  body  moving  in  a 
horizontal  plane  in  that  fluid  (in  which  there  is  so  little  friction)  cannot 
be  great,  and  this  force  is  all  that  is  wanted.  The  movement  of  the  neck 
and  body  of  the  condor,  we  must  suppose,  is  sufficient  for  this.  However 
this  may  be,  it  is  truly  wonderful  and  beautiful  to  see  so  great  a  bird, 
hour  after  hour,  without  any  apparent  exertion,  wheeling-  and  gliding  over 
mountain  and  river." — Darwin's  Journal  of  the  Various  Countries  Visited 
by  H.M.S.  '  Beagle,'  pp.  223-224. 
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We  will  presently  examine  the  means  of  utilizing  this  po- 
tentiality of  internal  work  in  order  to  cause  an  inert  body 
wholly  unrestricted  in  its  motion  and  wholly  immersed  in  the 
current,  to  rise ;  but  first  let  us  consider  such  a  body  (a  plane) 
whose  movement  is  restricted  in  a  horizontal  direction,  but 
which  is  free  to  move  between  frictionless  vertical  guides. 
Let  it  be  inclined  upward  at  a  small  ang'e  towards  a  horizontal 
wind,  so  that  only  the  vertical  component  of  the  pressure  of 
the  wind  on  the  plane  will  affect  its  motion.  If  the  velocity 
of  the  wind  be  sufficient,  the  vertical  component  of  pressure 
will  equal  or  exceed  the  weight  of  the  plane,  and  in  the  latter 
case  the  plane  will  rise  indefinitely. 

Thus,  to  take  a  concrete  example,  if  the  plane  Ijc  a  rect- 
angle whose  lenirth  is  six  times  its  width,  having  an  area  of 
2"o  square  feet  to  the  pound,  aud  be  inclined  at  an  angle  of 
7°,  and  if  the  wind  have  a  velocity  of  36  feet  per  second, 
experiment  shows  that  the  upward  pressure  will  exceed  the 
weight  of  the  plane,  and  the  plane  will  rise,  if  between  ver- 
tical nearly  frictionless  guides,  at  an  increasing  rate,  until  it 
has  a  velocity  of  2' 52  feet  per  second  *,  at  which  speed  the 
weight  and  upward  pressure  are  in  equilibrium.  Hence 
there  are  no  unbalanced  forces  acting,  and  the  plane  will 
have  attained  a  state  of  uniform  motion. 

For  a  wind  that  blows  during  10  seconds,  the  plane  will 
therefore  rise  about  25  feet.  At  the  beginning  of  the  motion, 
the  inertia  of  the  plane  makes  the  rate  of  rise  less  than  the 
uniform  rate,  but  at  the  end  of  10  seconds  the  inertia  will 
cause  the  plane  to  ascend  a  short  distance  after  the  wind  has 
ceased,  so  that  the  deficit  at  the  beginning  will  be  counter- 
balanced by  the  excess  at  the  end  of  the  assigned  interval. 

We  have  just  been  speaking  of  a  material  heavy  plane  per- 
manently sustained  in  vertical  guides,  which  are  essential  to 
its  continuous  ascent  in  a  uniform  wind,  but  such  a  plane 
will  be  lifted  and  sustained  moment  a  rihj  even  if  there  be  no 
vertical  guides,  or,  in  the  case  of  a  kite,  even  if  there  be  no 
cord  to  retain  it,  the  inertia  of  the  body  supplying  for  a 
brief  period  the  office  of  the  guides  or  of  the  cord.  If  suit- 
ably disposed,  it  will,  as  the  writer  has  elsewhere  shown, 
under  the  resistance  to  the  horizontal  wind,  imposed  only  by 
its  inertia,  commence  to  move,  not  in  the  direction  of  the 
wind,  but  nearly  vertically.  Presently  however,  as  we  recog- 
nize, this  inertia  must  be  overcome,  and  as  the  inclined  plane 
takes  up  more  and  more  the  motion  of  the  wind,  the  lifting- 
effect  must  grow  less  and  less  (that  is  to  say,  if  the  wind 

*  See  "  Experimeuts  in  Aerodynamics,"  by  S.  P.  Lanj^-ley,  'Smithsonian 
Contribution  to  Knowledge,'  1891. 
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be  the  approximately  homogeneous  current  it  is  commonly 
treated  as  being),  and  finally  ceasing  altogether,  the  plane 
must  ultimately  fall.  If,  however,  a  counter-current  is  sup- 
posed to  meet  this  inclined  plane, 
before  the  eflfect  of  its  inertia  is  ex- 
hausted, and  consequently  before  it 
ceases  to  rise,  we  have  only  to  suppose 
the  plane  to  be  rotated  through  180°  ^ 
about  a  vertical  axis,  without  any  other 
call  for  the  expenditure  of  energy,  to 
see  that  it  will  now  be  lifted  still 
higher,  owing  to  the  fact  that  its 
inertia  now  reappears  as  an  active 
factor.  The  annexed  sketch  (fig.  1) 
shows  a  tjqiical  representation  of  what  *"■ 
might  be  supposed  to  happen  with  a 
model  inclined  plane  freely  suspended  j'i^.i. 

in  the  air,  and  endowed  with  the  power 

of  rotating  about  a  vertical  axis  so  as  to  change  the  aspect 
of  its  constant  inclination,  which  need  involve  no  (theoretical) 
expenditure  of  energy,  even  although  the  plane  possess 
inertia.  We  see  that  this  plate  would  rise  indefinitely  by 
the  action  of  the  wind  in  alternate  directions. 

The  disposition  of  the  wind  which  is  here  supposed  to 
cause  the  plane  to  rise  appears  at  first  sight  an  impossible 
one,  but  we  shall  next  make  the  important  observation  that  it 
becomes  virtually  possible  by  a  method  which  we  shall  now 
point  out,  and  which  leads  to  a  practicable  one  which  we  may 
actually  employ. 

Figure  2  shows  the  wind  blowing  in  one  constant  direction, 
but  alternately  at  two  widely  varying  velocities,  or  rather 
(in  the  extreme  case  supposed  in  illustration)  where  one  of 
the  velocities  is  negligibly  small,  and  where  successive  pul- 
sations in  the  same  direction  are  separated  by  intervals  of 
calm. 

A  frequent  alternation  of  velocities,  united  with  constancy 
of  absolute  direction,  has  previously  been  shown  here  to  be 
the  ordinary  condition  of  the  wind's  motion  ;  but  attention 
is  now  particularly  called  to  the  fact  that  while  these  unequal 
velocities  may  be  in  the  same  direction  as  regards  the  surface 
of  the  earth,  yet  as  regards  the  mean  motion  of  the  wind  they 
are  in  opposite  directions,  and  will  produce  on  a  plane,  whose 
inertia  enables  it  to  sustain  a  sensibly  uniform  motion  with 
the  mean  velocity  of  this  variable  wind,  the  same  lifting 
effect  as  if  these  same  alternating  winds  were  in  absolutely 
opposed  directions,  provided  that  the  constant  inclination  of 
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the  plane  alteniutos  in  it.s   aspect    to  correspond    with  the 
changes  in  the  wind. 

It  may  aid  in  clearness  of  conception,  if  we  imagine  a  set 
of  fixed  coordinates  X  Y  Z  passing 
through  0,  and  a  set  of  movable 
coordinates  <V7/  z,  moving  with  the 
velocity  and  the  direction  of  the 
mean  wind.  If  the  moving  body 
is  referred  to  these  first  only,  it 
is  evidently  subject  to  pulsations 
which  take  place  in  the  same 
directions  on  the  axis  of  X,  but  it 
must  be  also  evident  that  if  re- 
ferred to  the  second  or  movable 
coordinates,  these  same  pulsations 
may  be,  and  are,  in  opposite  direc- 
tions. This,  then,  is  the  case  we 
have  just  considered,  and  if  we 
suppose  the  plane  to  change  the 
aspect  *  of  its  (constant)  inclina- 
tion as  the  direction  of  the  pulsa- 
tions chanoes,  it  is  evident  that 
there  must  be  a  gain  in  altitude 
with  every  pulsation,  while  the 
plane  advances  horizontally  with  the  velocity  of  the  mean 
wind. 

During  the  period  of  maximum  wind  velocity,  when  the 
wind  is  moving  faster  than  the  plane,  the  rear  edge  of  the 
latter  must  be  elevated.  During  the  period  of  minimum 
velocity,  when  the  plane,  owing  to  its  inertia,  is  moving  faster 
than  the  wind,  the  front  edge  of  the  plane  must  be  elevated. 
Thus  the  vertical  component  of  the  wind  pressure,  as  it  strikes 
the  oblique  plane,  tends  in  both  cases  to  give  it  a  vertical 
upward  thrust.  So  long  as  this  thrust  is  in  excess  of  the 
weight  to  be  lifted,  the  plane  will  rise.  The  rate  of  rise  will 
be  greatest  at  the  beginning  of  each  period,  when  the  relative 
velocity  is  greatest,  and  will  diminish  as  the  resistance  pro- 
duces "  drift;"  /.  e.  diminishes  relative  velocity.  The  curved 
line  0  B  in  the  vignette  represents  a  typical  path  of  the  plane 
under  these  conditions. 

It  follows  from  the  diagram  (tig.  1)  that,  other  things  being 
equal,  the  more  frequent  the  wind's  pulsations,  the  greater 
will  be  the  rise  of  the  plane;  for  since  during  each  period  of 

*  We  do  not  for  the  moment  comidev  how  this  change  of  aspect  is  to  be 
mechanically  effected  ;  we  only  at  present  call  attention  to  the  fact  that 
it  involve.-!,  in  theory,  no  e.\.piuditare  of  energy. 
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steady  wind  the  rate  of  rise  diminishes,  the  more  rapid  the 
pulsations,  the  nearer  the  mean  rate  of  rise  will  be  to  the 
initial  rate.  The  requisite  frequency  of  pulsations  is  also 
related  to  the  inertia  of  the  plane,  as  the  less  the  inertia,  the 
more  frequent  must  be  the  pulsations  in  order  that  the  plane 
.shall  not  lose  its  relative  velocity. 

It  is  obvious  that  there  is  a  limit  or  weight  which  cannot 
be  exceeded,  if  the  body  is  to  be  sustained  )jy  any  such  fluctua- 
tions of  velocity  as  can  be  actually  experienced.  Above  this 
limit  of  weight  the  body  will  sink.  Below  this  limit  the 
lighter  the  body  is  the  higher  it  will  be  carried,  but  with 
increasing  variability  of  speed.  That  body,  then,  which  has 
the  greatest  weight  per  unit  of  surl'ace  will  soar  with  the 
greatest  steadiness,  if  it  soar  at  all,  not  on  account  of  this 
weight  per  se,  but  because  the  weight  is  an  index  of  its 
inertia. 

The  reader  who  will  compare  the  results  of  experiments 
made  with  any  artificial  flying  models,  like  those  of  Penaud, 
with  the  weights  of  the  soaring  birds  as  given  in  the  tables  by 
M.  Mouillard,  or  other  authentic  sources,  cannot  fail  to  be 
struck  with  the  great  weight  in  proportion  to  wing-surface 
which  nature  has  given  to  the  soaring  bird,  compared  with 
any  which  man  has  yet  been  able  to  imitate  in  his  models. 

This  fact  of  the  weight  of  the  soaring  bird  in  proportion  to 
its  area  has  been  again  and  again  noted,  and  it  has  been  fre- 
quently remarked  that  without  weight  the  bird  could  not 
soar,  by  writers  who  felt  that  they  could  very  safely  make 
such  a  paradoxical  statement,  in  view  of  the  evidence  nature 
everywhere  gave  that  this  weight  was  indeed  in  some  way 
necessary  to  rising.  But  these  writers  have  not  shown,  so 
far  as  I  remember,  how  this  necessity  arises,  and  this  is  what 
I  now  endeavour  to  point  out*. 

It  has  not  here  been  shown  what  limit  of  weight  is  im- 
posed to  the  power  of  an  ordinary  wind  to  elevate  and  sus- 
tain, but  it  seems  to  me,  and  I  hope  that  it  may  seem  to  the 
reader,  that  the  evidence  that  there  is  some  weight  which  the 
action  of  the  wind  is  sufficient  to  permanently  sustain  under 
these  conditions  in  a  free  body,  has  a  demonstrative  character, 
although  no  quantitative  formula  is  offered  at  this  stage  of 
the  investigation.     It  is  obvious  that,  if  this  weight  is  sus- 

*  It  is  perhaps  not  SLi])ei'tluous  to  recall  here  that,  according  to  the 
researches  of  Ranldue,  Fronde,  and  others,  a  body  monlded  in  wave-line 
curves  would,  if  frictionless,  continue  to  move  indefinitely  against  an 
opposed  wind,  in  virtue  of  inertia  and  once  acquired  velocity,  and  also  to 
recall  how  very  small  the  ettect  of  fluid  friction  in  the  air  has  been  shown 
to  be  (^by  the  writer  in  a  previous  investigation). 
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tainable  at  any  height,  g^a^^ty  may  be  utilized  to  cause  the 
body  (which  we  suppose  to  be  a  material  plane)  to  descend 
on  an  inclined  course,  to  some  distance,  even  against  the 
wind. 

I  desire,  in  this  connexion,  to  remark  that  the  preceding 
experiments  and  deductions,  showing  that  a  material  free 
plane  *,  possessing  sufficient  inertia,  may  in  theory  rise  in- 
definitely by  the  action  of  an  ordinary  wind,  without  the 
expenditure  of  work  from  any  internal  source  (as  well  as 
those  statements  which  follow),  when  these  explanations  are 
once  made,  have  a  character  of  obviousness,  which  is  due  to 
the  simplicity  of  the  enunciation,  but  not,  I  think,  to  the 
familiarity  of  the  explanation,  for  though  attention  is  be- 
ginning to  be  paid  by  meteorologists  to  the  rai)idity  of  these 
wind  fluctuations,  I  am  not  aware  that  their  effects  have 
been  so  exhibited,  or,  especially,  that  they  have  been  pre- 
sented in  this  connexion,  or  that  the  conclusions  which  follow 
have  been  drawn  from  them. 

We  have  here  seen,  then,  how  pulsations  of  sufficient 
amplitude  and  frequency,  of  the  kind  which  present  them- 
selves in  nature,  may,  in  theory,  furnish  energy  not  only 
sufficient  to  sustain,  but  actually  to  elevate,  a  heavy  body 
moving  in  and  with  the  wind  at  its  mean  rate. 

It  is  easy  now  to  pass  to  the  practical  case  which  has  been 
already  referred  to^  and  which  is  exemplified  in  nature, 
namely,  that  in  wluch  the  body  {e.g.  the  bird  soaring  on  rigid 
wings,  but  having  power  to  change  its  inclination)  uses  the 
elevation  thus  gained  to  move  against  the  wind,  without 
expending  any  sensible  amount  of  its  own  energy.  Here 
the  upward  motion  is  designedly  arrested  at  any  convenient 
stage,  e.  g.  at  each  alternate  pulsation  of  the  wind,  and  the 
height  attained  is  utilized  so  that  the  action  of  gravity  may 
carry  the  body  by  its  descent  in  a  curvilinear  path  (if 
necessary)  against  the  wind.  It  has  just  been  pointed  out 
that  if  some  height  has  been  attained,  the  theoretical  possi- 
bility of  some  advance  against  the  wind  in  so  falling  hardly 
needs  demonstration,  though  it  may  not  unnaturally  be  sup- 
posed that  the  relative  advance  so  gained  must  be  insignificant, 
compared  with  the  distance  travelled  by  the  mean  wind  while 

*  I  iise  the  word  "  plane,"  but  include  in  the  statement  all  suitable 
modifications  of  a  curved  surface. 

I  desire  to  recall  attention  to  the  paragraph  in  "  Experiments  in  Aero- 
dynamics," in  -svhich  I  caution  the  reader  against  supposing  that  by 
investigating  plane  smfaces  1  imply  that  they  are  the  best  form  of  sur- 
face for  tiight ;  and  I  repeat  here  that,  as  a  matter  of  fact,  I  do  not 
believe  them  to  be  so.  I  have  selected  the  plane  simply  as  the  best  form 
for  preliminary  experiment. 
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the  body  was  being  elevated,  so  that  on  the  whole  the  body 
is  carried  by  the  wind  farther  than  it  advances  against  it. 

This,  however,  probably  need  not  be  in  fact  the  case,  there 
being,  as  it  appears  to  me  from  experiment  and  from  deduction, 
every  reason  to  believe  that  under  suitable  conditions  the 
advance  may  be  greater  than  the  recession,  or  that  the  bod}'' 
falling  under  the  action  of  gravity  along  a  suitable  path  may 
return  against  the  wind,  not  only  from  Z  to  0,  the  point  of 
departure,  but  farther,  as  is  here  shown. 

I  repeat,  however,  that  I  am  not  at  the  moment  undertaking 
to  demonstrate  how  the  action  is  mechanically  realizable  in 
actual  practice,  but  only  that  it  is  possible,  it  is  for  this 
purpose,  and  to  understand  more  exactly  that  it  can  be 
effected,  not  only  by  the  process  indicated  in  the  second 
illustration  (fig.  2)  but  by  another  and  probably  more  useful 
one  (and  nature  has  still  others  at  command),  that  I  have 
considered  another  treatment  of  the  same  conditions,  of  wind- 
pulsations  always  moving  in  the  same  horizontal  direction, 
but  for  brief  periods,  interrupted  b}-  equal  intervals  of  calm. 
In  this  third  illustration  (fig.  o)  we  suppose  the  body  to  use 
the  height  gained  in  each  pulsation,  to  enable  it  to  descend 
after  each  such  pulsation  and  advance  against  the  direction 
of  the  wind . 


IH^.a. 


The  portion  AB  of  the  curve  represents  the  path  of  the 
plane  surface  from  a  state  of  rest  at  A,  where  it  has  a  small 
upward  inclination  toward  the  wind.  If  a  horizontal  wind 
blow  upon  it  in  the  direction  of  the  arrow,  the  first  movement 
of  the  plane  will  not  be  in  the  direction  of  the  wind,  but,  as  is 
abundantly  demonstrated  by  the  writer  in  "  Experiments  in 
Aerodynamics,"  it  will  rise  in  a  nearly  vertical  direction,  if 
the  angle  be  small.  The  wind,  continuing  to  blow  in  the  same 
direction,  at  the  end  of  a  certain  time,  the  plane,  which  has 
risen  (owing  to  its  inortia,  and  in  spite  of  its  weight)  to  the 
successive  positions  shown,  is  taking  up  more  and  more  of  the 
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horizontal  velocity  of  the  wind,  and  consequently  opposing 
less   resistance  to  it,  and  therefore  moving  more  and  more 

•    •  •  • 

laterally,  and  rising  less  and  less,  at  every  successive  instant. 

If  the  wind  continued  indefinitely,  the  plane  would  ulti- 
mately take  up  its  velocity,  and  finally,  of  course,  fall,  when 
this  inertia  ceased  to  oppose  resistance  to  the  wind's  advance. 
I  have  supposed,  however,  the  wind  pulsation  to  cease  at  the 
end  of  a  certain  brief  period,  and,  to  fix  our  ideas,  let  us 
suppose  this  period  to  be  five  seconds.  At  this  moment  the 
period  of  calm  begins,  and  now  let  the  plane,  which  is  sup- 
posed to  have  reached  the  point  B,  change  its  inclination 
about  a  horizontal  axis  to  that  shown  in  the  diagram,  falling 
at  first  nearly  vertically,  with  its  edge  on  the  line  of  its 
descent,  so  as  to  acquire  speed,  and  this  speed  acquired,  by 
constantly  changing  its  angle,  glide  down  the  curve  B6C, 
so  that  the  plane  shall  be  tangential  to  it  at  every  point  of  its 
descending  advance.  At  the  end  of  five  seconds  of  calm  it 
has  reached  the  position  C,  near  the  lowest  point  of  its 
descent,  which  there  is  no  contradiction  to  known  mechanical 
laws  in  supposing  may  be  higher  than  A^  and  which  in  fact, 
according  to  the  most  accurate  data  the  writer  can  gather, 
is  higher,  in  the  case  of  the  above  period,  and  in  the  case  of 
such  an  actual  plane  as  has  been  experimented  upon  by  him. 

Now,  ha^-ing  reached  C,  at  the  end  of  the  five  seconds'  calm, 
if  the  wind  blow  in  the  same  direction  and  velocity  as  before, 
it  will  again  elevate  the  plane  on  the  latter's  presenting  the 
proper  angle,  but  this  time  under  more  favourable  circum- 
stances, for  at  this  time  the  plane  is  already  in  motion  in  a 
direction  opposed  to  that  of  the  ^^■ind,  and  is  already  higher 
than  it  was  in  its  original  position  A.  Its  course,  therefore, 
will  be  nearly  that  along  the  curve  CD,  during  all  which 
time  it  maintains  the  original  angle  a  or  one  very  slightly 
less.  Arrived  at  D,  and  at  the  instant  when  the  calm  begins, 
it  falls,  with  varying  inclination,  to  the  lowest  position  E 
(which  may  be  higher  than  (*),  which  it  attains  at  the  end  of 
the  five  seconds  of  calm,  then  rises  again  (still  nearly  at  the 
angle  a)  to  a  higher  position,  and  so  on  ;  the  alternation  of 
directions  of  motion,  at  the  end  of  each  pulsation,  growing 
less  and  less  sharp,  and  the  path  finally  taking  the  character 
of  a  sinuous  curve.  "We  have  here  assumed  that  the  plane 
goes  against  the  wind  and  rises  at  the  same  time,  in  order 
to  illustrate  that  this  is  possible,  though  either  alternative 
may  be  employed,  and  the  plane,  in  theory  at  least,  may 
maintain  on  the  whole  a  rapid  and  nearly  horizontal,  or  a  slow 
and  nearly  vertical  course,  or  anything  between. 

It  is  not  meant,  either,  that  the  alternations  which  would  be 
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observed  in  nature  are  as  sharp  as  those  here  represented, 
which  are  intentionally  exaogerated,  while  in  all  which  has 
just  preceded,  by  an  equally  intentional  exaggeration  of  the 
normal  action,  the  wind-]ndsations  have  been  snp])osed  to 
alternate  with  absolute  calm.  This  being  understood,  it  is 
scarcely  necessary  to  point  out  that  if  the  calm  is  not  absolute, 
but  if  there  are  simply  frequent  successive  winds  or  pulsa- 
tions of  wind  of  considerably  differing  velocity  (such  as  the 
anemometer  observations  show  are  realized  in  nature),  the 
same  general  effect  will  obtain*,  though  we  are  not  entitled 
to  assume  from  any  demonstration  thus  far  given  that  the 
total  advance  will  be  necessarily  greater  than  that  of  the 
whole  distance  the  mean  wind  has  travelled.  It  may  also  be 
observed  that  the  actual  actions  of  the  soaring  bird  may  be, 
and  doubtless  are,  more  complex  in  detail  than  those  of  this 
diagram,  while  yet  in  their  entirety  depending  on  the  prin- 
ciples it  sets  forth. 

The  theoretical  possibility  at  least  will  now,  it  is  hoped,  be 
granted,  not  only  of  the  body's  rising  indefinitely,  or  of  its 
descending  in  the  interval  of  calm  to  a  higher  level  C  than  it 
rose  from  at  A,  but  of  its  advancing  against  the  calm  or  light 
vnnd  through  a  distance  BC,  greater  than  that  of  AB,  and  so 
on.  The  writer,  however,  repeats  that  he  has  reason  to  suppose, 
from  the  data  obtained  by  him,  that  this  is  not  only  a  theor- 
etical possibility,  but  a  mechanical  probability  under  the  con- 
ditions stated,  although  he  does  not  here  offer  a  quantitative 
demonstration  of  the  fact,  other  than  by  pointing  to  the 
movements  of  the  soaring  bird  and  inviting  their  recon- 
sideration in  the  light  of  the  preceding  statements. 

The  bird,  by  some  tactile  sensibility  to  the  pressure  and 
direction  of  the  air,  is  able,  in  nautical  phrase,  to  "  see  the 
wind  '^  t  and  to  time  its  movements  so  that,  without  any 
reference  to  its  height  from  the  ground,  it  reaches  the  lowest 
portion  of  its  descent  near  the  end  of  the  more  rapid  wind- 
pulsation  ;  but  the  writer  believes  that  to  cause  these  adaptive 

*  The  rotation  of  the  body  about  a  vertical  axis  so  as  to  change  the 
aspect  of  the  inclination,  as  in  the  first  figure,  may  be  illustrated  by  the 
well-known  habit  of  many  soaring-  birds,  of  moving  in  small  closed  curves 
or  spirals,  but  it  may  also  be  observed,  in  view  of  the  fact  that  even  in 
intervals  of  relative  calm  during  which  the  body  descends,  there  is  always 
some  vfind, — that  in  making:  the  descents,  if  the  body,  animate  or  in- 
animate, maintain  its  direct  advance,  this  wind  tends  to  strike  on  the 
upper  side  of  the  plane  or  pinion.  Mr.  G.  E.  Curtis  oilers  the  suggestion 
that  the  soaring  bird  avoids  such  a  position  when  possible,  and  therefore 
turns  at  right  angles  to,  or  with,  the  wind,  and  that  this  may  be  an 
additional  reason  for  its  well-known  habit  of  moving  in  spirals. 

t  Mouillard. 
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changes  in  an  otlienN'ise  inert  body,  with  what  might  ahnost 
be  called  instinctive  readiness  and  rapidity,  does  not  really 
demand  intelligence  or  even  instinct,  but  that  the  future 
aerodrome  may  be  furnished  with  a  substitute  for  instinct,  in 
what  may  perhaps  allowably  be  called  a  mechanical  brain, 
which  yet  need  not,  in  his  opinion,  be  intricate  in  its  character. 
His  reasons  for  this  statement,  which  is  not  made  lightly, 
must,  however,  be  reserved  for  another  time. 

It  is  hardly  necessary  to  point  out  that  the  nearly  inert 
body  in  question  may  also  be  a  human  body,  guided  both  by 
instinct  and  intelligence,  and  that  there  may  thus  be  a  sense 
in  which  human  flight  may  be  possible,  although  flight  de- 
pending wholly  upon  the  action  of  human  muscles  be  for  ever 
impossible. 

Let  me  resume  the  leading  points  of  the  present  memoir 
in  the  statement  that  it  has  been  shown  : — 

(1)  That  the  wind  is  not  even  an  approximately  uniform 
mo\ang  mass  of  air,  but  consists  of  a  succession  of  very  brief 
pulsations  of  varying  amplitude,  and  that,  relatively  to  the 
mean  movement  of  the  wind,  these  are  of  varying  direction. 

(2)  That  it  is  pointed  out  that  hence  there  is  a  potentiality 
of  "  internal  work  "  in  the  wind,  and  probably  of  a  very  great 
amount. 

(3)  That  it  involves  no  contradiction  of  known  principles  to 
declare  that  an  inclined  plane,  or  suitably  curved  surface, 
heavier  than  the  air,  freely  immersed  in,  and  moving  Avith  the 
velocity  of  the  mean  wind,  can,  if  the  wind-pulsations  here 
described  are  of  sufficient  amplitude  and  frequency,  be  sus- 
tained or  even  raised  indefinitely  without  expenditure  of 
internal  energy,  other  than  that  which  is  involved  in  changing 
the  aspect  of  its  inclination  at  each  pulsation. 

(4)  That  since  (A)  such  a  surface,  having  also  power  to 
change  its  inclination,  must  gain  energv  throuoh  fallinor  durino- 
the  slower,  and  expend  energy  by  rising  during  the  higher, 
velocities  ;  and  that  (B)  since  it  has  been  shown  that  there  is 
no  contradiction  of  known  mechanical  laws  in  assuming  that 
the  surface  may  be  sustained  or  may  continue  to  rise  in- 
definitely, the  mechanical  possibility  of  somfe  advance  against 
the  direction  of  the  wind  follows  immediately  from  this 
capacity  of  rising.  It  is  further  seen  that  it  is  at  least 
possible  that  this  advance  against  the  wind  may  not  only  be 
attained  relatively  to  the  position  of  a  body  moving  with  the 
speed  of  the  mean  wind,  but  absolutely,  and  with  reference  to 
a  fixed  point  in  space. 

(.5)  The  statement  is  made  that  this  is  not  only  mechanically 
possible,  but  that,  in  the  writer's  opinion,  it  is  realizable  in 
practice. 
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Finally,  these  observations  and  derlnctions  have,  it  seems  to 
me,  an  important  practical  application  not  only  as  regards  a 
living  creature  like  the  .soaring  bird  bnt  still  more  as  regards 
a  mechanically  constructed  body,  whose  specific  gravity  may 
probably  be  many  hnndred  or  even  many  thousand  times 
that  of  the  atmos])here.  "\Ve  may  suppose  such  a  body  to  be 
supplied  with  fuel  and  engines,  which  would  be  indispensable 
to  sustain  it  in  a  calm,  and  yet  which  we  now  see  might  be 
ordinarily  left  entirely  inactive,  so  that  the  body  could  sup- 
})0sabl3^  remain  in  the  air  and  even  maintain  its  motion  in 
any  direction  without  expending  its  energy,  except  as  regards 
the  act  of  changing  the  inclination  or  aspect  which  it  presents 
to  the  wind,  while  the  wind  blew. 

The  final  application  of  these  principles  to  the  art  of  aero- 
dromics  seems  then  to  be,  that  while  it  is  not  likely  that  the 
])erfected  aerodrome  will  ever  be  able  to  dispense  altogether 
with  the  ability  to  rely  at  intervals  on  some  internal  source  of 
power,  it  will  not  be  indispensable  that  this  aerodrome  of  the 
future  shall,  in  order  to  go  any  distance — even  to  circum- 
navigate the  globe  without  alighting, — need  to  carry  a  weight 
of  fuel  which  would  enable  it  to  perform  this  journey  under 
conditions  analogous  to  those  of  a  steamship,  but  that  the 
fuel  and  weight  need  only  be  such  as  to  enable  it  to  take  care 
of  itself  in  exceptional  moments  of  calm. 
Smithsonian  Institution, 
Washington,  B.C.,  August  1893. 


XLII.  A  new  Electrical  Theorem. 
By  Thomas  H.  Blakesley,  M.A.* 

THE  very  short  paper  M'hich  I  shall  read  to  the  Society 
contains  the  account  of  a  Theorem  which,  though  ad- 
mitting of  easy  proof,  appears,  so  far  as  my  inquiries  have 
gone,  to  have  hitherto  escaped  notice. 

In  order  to  state  the  matter  briefly,  it  will  be  well  to  adopt 
the  following  definition  : — 

If  in  any  system  of  conductors,  however  reticulated,  two  or 
more  modes  of  disposition  of  sources  of  electromotive  force 
produce  in  every  part  of  the  network  the  same  current,  such 
systems  of  disposition  are  called  equivalent  systems.  Then 
the  theorem  is  as  follows  : — In  anyV  system  of  conductors, 
possessing  seats  of  electromotive  force  at  any  number  of 
points,  if  any  of  these  sources  be  supposed  to  move  con- 
tinuously along  the  various  bars  of  the  conducting  system, 

*  Communicated  by  the  Physical  Society:  read  February  2-3,  1894. 
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and,  where  a  point  of  junction  is  encountered,  each  to  become 
a  seat  of  the  Kame  electromotive  force  in  each  of  the  newly 
encountered  bars  (of  course  leaving  the  resistance  of  the 
source  behind),  then  the  disposition  at  any  moment  is  equi- 
valent to  that  at  any  other  moment,  and  therefore  to  the 
original  disposition.  [Of  course  the  direction  of  the  electro- 
motive force  must  be  carefully  maintained  the  same  :  if  it  is 
towards  the  knot  before  crossing  it,  it  must  be  awny  from  the 
knot  after  passing  it,]  The  proof  need  only  refer  to  the 
passing  of  a  knot  point,  for  no  one  will  doubt  that  if  the 
sources  only  move  in  an  xnihranching  portion  of  the  conductor 
the  currents  in  different  parts  of  the  system  will  remain  the 
same. 


Let  therefore  the  source  e  approach  the  point  A  at  which  its 
path  splits  into  n  other  ways.  In  each  of  the  n  bars  suppose 
a  source  e  inserted  as  directed,  then  these  n  alone  must  be 
equivalent  to  the  single  source  before  reaching  A  ;  for  if  the 
n  sources  are  reversed,  the  current  due  to  these  sources  in 
every  portion  of  the  system  is  reduced  to  zero.  The  reversed 
n  sources  would  therefore  alone  produce  currents  in  the  system 
equal  numerically,  but  opposite  in  direction,  to  those  produced 
by  the  single  source.  Hence  it  follows  that  the  n  sources 
(not  reversed)  will  produce  the  same  current  as  the  single 
source. 

The  principle  of  the  superposition  of  currents  enables  us  to 
apply  this  result  to  each  source  of  the  system,  and  therefore 
to  prove  the  truth  of  the  theorem  in  its  complete  generality. 

In  equivalent  system.s,  since  the  current  in  every  part 
remains  the  same,  the  total  power  expended  remains  the 
same  ;  and  equivalent  systems  might  have  been  defined  as 
those  which  produce  the  same  expenditure  of  power  in  each 
part  ;  and  therefore  the  total  power  of  the  sources  remains 
the  same. 

From  the  point  of  view  of  KirchhofFs  theorem  %e=:1i.rc 
for  any  closed  path  in  a  network,  the  above  general  theorem 
may  seem  to  some  minds  even  plainer  and  more  easily  proved 
than  on  the  method  of  demonstration  which  I  have  employed. 
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For  it  is  plain  from  the  method  of  derivation,  that  if  a  seat  of 
electromotive  force  exists  in  any  closed  Kirchholf  path  it  can 
never  leave  it ;  and  if  in  the  movement  of  the  sources  one  of 
them  approaches  the  closed  path  under  consideration,  at  the 
encounter  it  becomes  in  that  path  two  equal  sources  acting  in 
opposite  directions. 

If,  therefore,  Xe  remains  the  same  for  any  path  and  r  remains 
the  same  for  every  part,  then  obviously  c  must  remain  the 
same  for  any  portion  of  that  path,  and  therefore  for  every 
part  of  the  network. 

The  following  propositions  flow  immediately  from  the  main 
proposition  : — 

(1)  If  a  closed  continuous  surface  contains  any  region  of 
any  network,  and  some  bar  which  cuts  the  surface  contains,  or 
by  derivation  as  above  can  be  made  to  contain,  the  seat  of  an 
electromotive  force,  then  that  source  can  be  done  away  with 
without  disturbing  the  currents  in  any  portion  of  the  system 
provided  that  in  the  other  l)ars  which  cut  the  surface  sources 
of  electromotive  force  be  inserted  of  equal  value  but  of 
opposite  direction  as  regards  inside  and  outside  of  the  sur- 
face ;  for  it  is  clear  that  such  sources  would  result  from  the 
migration  of  sources  in  one  direction. 

(2)  If  two  systems  of  electromotive  forces  are  equivalent, 
one  may  be  derived  from  the  other.     For  if  system  A  is  equi- 

A 

valent  to  system  B,  and  we  suppose  ^  to  represent  a  distribu- 

tion   identical  with  A  as  regards  positions,  but  of  half  the 

A      B  . 

electromotive  force  in  any  case,  then  —  +  — -  is  equivalent  to 

ii       id 

A  or  B  alone.      Now   if  anv   KirchhofF  path   containing  a 

A  .  B 

source  from  -rr  does  not  also  contain  a  source  from  -^^  then 

Kirchhoff's  law  would  be  outraged  ;  for  the  sum  of  the  electro- 
motive forces  in  that  path  would  be  only  half  what  they  are 
from  A  alone,  whereas  the  currents  and  resistances  remain 
the  same.  Hence  for  every  KirchhofF  path  there  must  be 
equal  sources  from  each  system.  Either  system  may  now 
have  its  elements  moved  up  to  those  of  the  other  system  ; 
any  resulting  side  branchings  will  be  the  same   (though  dif- 

A  B 

fering  in  sign)    whether    derived    from  ^  or   from   ^,   and 

must  necessarily  produce  no  effect  by  themselves,  because  if 

we  consider  77  to  be  reversed,  the  whole  eflfect  of  -^  and  -:r, 
2  '  2  2 

now  in  the  same  bars,  will  be  zero, 
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XLIII.    The  Viscosity  of  Liquids. 
Ihj  Owen  Glyxne  Jones,  B.Sc* 

THE  oliject  of  this  paper  is  to  point  out  a  method  for  the 
accurate  determination  of  the  viscosity  of  hio;hly  viscous 
liquids.  The  author  would  prefer  to  delay  the  puhlication  of 
most  of  his  results  till  the  experiments  are  completed.  The 
advantages  and  disadvantages  of  the  method,  and  its  applica- 
bility to  the  determination  of  viscosities  such  as  those  of 
alcohol  and  water,  are  not  yet  entirely  ascertained,  but  such 
of  these  points  as  have  already  suggested  themselves  will  be 
noticed  at  the  end  of  the  paper. 

Sir  G.  Stokes  has  long  since  shown  that  if  a  sphere 
moves  vertically  in  an  infinite  liquid  under  the  action  of 
gravity  only,  it  in  course  of  time  assumes  a  constant  speed  : 

where  a  is  the  radius  of  the  sphere,  a  its  density,  pthat  of  the 
liquid  in  which  it  moves,  and  /u,  the  viscosity  of  the  liquid. 
The  equation  assumes  that  there  is  no  slipping  at  the-  surface 
of  the  sphere,  /.  e.,  that  the  coefficient  of  sliding-friction  is 
infinite.  The  effect  of  such  sliding-friction  would  be  to 
modify  the  equation  thus  : 

-^7- _  2      ^a  —  p^a  +  'd/jb 

where  /3  is  the  coefficient  of  sliding-friction. 

The  method  employed  by  the  author  consists  in  the  mea- 
surement of  the  downward  speed  of  a  sphere  of  mercury 
through  the  viscous  liquid.  The  amount  of  mercury  used  is 
taken  sufficiently  small  to  render  possible  the  measurement, 
correct  to  "1  per  cent.,  of  the  time  taken  to  pass  through  a 
distance  of  about  25  centim.  This  also  renders  legitimate 
the  assumptions  that  the  mercury  remains  spherical  during 
its  motion,  and  that  the  liquid  in  an  ordinary  burette  about 
1"5  centim.  internal  diameter  is  for  purposes  of  calculation 
of  infinite  extent,  the  motion  of  such  a  sphere  falling  down 
the  burette  along  its  centre  line  being  unafiected  by  the  sides 
of  the  vessel. 

The  burette  is  jacketed  with  water  kept  as  nearly  as 
possible  at  constant  temperature.  The  temperature  of  water 
direct  from  the  main  was  observed  last  autumn  to  vary  to  an 
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extent  of  only  '03°  C.  in  an  hour  and  a  half,  and  good  results 
were  then  obtained  for  the  viscosity  of  glycerine.  Within 
the  last  fortnight  the  main  temperature  has  not  been  nearly 
so  constant,  and  more  has  been  learnt  concerning  the  varia- 
tion of  viscosity  with  temperature  than  the  absolute  value  of 
viscosity  for  any  definite  liquid. 

The  mass  of  a  sphere  of  mercury  suitable  for  glycerine 
W'ould  be  between  '003  and  '010  grm.  This  is  too  small  to 
be  determined  with  sufficient  accuracy  by  direct  weighing, 
with  a  balance  estimating  to  one  tenth  of  a  milligramme. 
But  there  is  no  necessity  to  determine  such  a  mass  directly. 

Let  a  mass  of  mercury  weighing  about  "1  grm.  be  taken 
and  weighed  carefully.  Let  it  be  divided  into  about  12  parts, 
approximately  equal  to  each  other.  Let  the  speed  of  each 
through  a  column  of  very  viscous  liquid,  such  as  glycerine  or 
clear  castor-oil,  be  determined.     Then,  using  Stokes's  result, 


a 


2 

v' 

2 


and  for  a  given  liquid  with  constant  viscosity 

m  oc  v^, 
or  m=kv^. 

Hence  %m=k'Xv^. 

But  Sm  =  M,  the  whole  mass  of  mercury,  andSw2  =  V^,  the 
speed  that  the  whole  mass  would  have  if  it  fell  as  a  sphere 
through  the  infinite  liquid.  Perhaps  taken  as  a  Avhole  the 
mercury  would  not  fall  as  a  sphere,  and  the  liquid  in  the 
burette  would  not  be  as  of  infinite  extent ;  but  by  this  sub- 
division such  errors  are  avoided. 

We  thus  get  the  speed  V  corresponding  to  the  mass  M, 
and  these  values  can  be  applied  at  once  in  the  equation 

or  _2    f3M\i<T-p 

for  Tv/r     4      3  12       /3M\f 
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Moreover  the  mass   of  each  of  the   smaller   spheres   may  be 
easily  estimated,  since 


M  ~  (v) 


The  author  has  been  able  in  this  way  to  determine  the  mass 
of  a  small  sphere  (and  hence  its  radius)  weiohing  about 
•003  grm.,  correct  to  four  signiticant  tigures.  Having  thus 
determined  its  dimensions,  it  may  be  employed  for  other 
liquids  than  that  by  -which  these  dimensions  were  obtained. 

But  the  important  question  suggests  itself  whether  /x  is 
simply  inversely  proportional  to  the  speed  of  the  falling 
sphere,  or  whether,  as  some  maintain,  there  is  a  finite  coetti- 
cient  of  sliding-frictiou,  and  a  definite  amount  of  slipping  at 
the  surface,  which  will  render  the  connexion  between  v  and 
m  much  more  complicated. 

This  may  be  tested  in  a  simple  manner  by  observing  the 
speed  V  for  a  small  mass,  dividing  it  into  two  parts,  and 
observing  the  speeds  Uj  and  rj  for  each  part  in  the  same 
viscous  liquid  at  the  same  temperature.  If  there  be  no 
sliding-friction, 

If  sliding-friction  exists  the  effect  wall  be  to  render  the  V 
calculated  in  the  above  equation  from  Vi  and  v^  greater  than 
the  observed  speed  for  the  undiWded  mass,  the  divergence 
being  most  clearly  shown  when  the  tw^o  parts  are  as  nearly 
as  possible  equal  to  each  other. 

For  let  us  assume  that  the  whole  is  di-\-ided  into  two  equal 
parts,  and  that  the  two  speeds  observed  are  V  and  Vi,  corre- 
sponding to  the  two  radii  A  and  a. 

Now  A^  =  2a^  and  A  is  therefore  =^^a. 

With  sHding-friction, 

V=/tA^^^, 
/3A+2/Lt' 

2     2     l"26y3a  +  3/A 

=  2-^  feci     •   , — TTTTS ^;~5 

l-26/3a4-2yti' 

and  ,   o    /3a +  30. 

V  =  ka'  ,  -^ ^  , 

ySa  +  2//,' 

then  the  speed  calculated  for  the  whole  mass  from  the 
formula 

'2  =  'yi2  +  U2'=2u2 
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would  be 

pa  +  z/* 

V  . 
The  ratio  of  ^  is  therefore 

/3a+'Sfj.     l-26/3a  +  2/x 

Since  all  the  quantities  involved  are  positive,  this  ratio  is 
evidently  greater  than  unity.  As  (3  varies  from  >o  to  zero, 
the  value  of  the  ratio  increases  from  1  to  a  maximum  1  +  k, 
and  then  diminishes  to  I  again.  Thus  the  divergence  be- 
tween the  calculated  and  the  observed  s})eeds  does  not  become 
greater  as  the  coefficient  of  sliding-friction  diminishes,  al- 
though this  divergence  is  actually  due  to  the  sliding. 

Taking  the  value  "04  centim.  for  the  radius  of  the  sphere, 

the  maximum  value  of  k  will  be  jy,  the  divergence  thus 
amounting  to  about  2^  per  cent.  The  ratio  -^  that  gives  this 
result  is  -R^or  /8=55/i. 

If  we  assume  ^  to  have  the  same  value  for  glycerine  that 

Helmholtz  assigns  to  water,  the  ditference  between  the  ob- 
served and  the  calculated  speeds  will  amount  to  about  1  in  144 
for  such  spheres  (a  =  '04  ceutim.)  as  were  employed  in  the 
investigation. 

Various  experiments  were  recently  made  by  the  author  to 
test  these  results  ;  considerable  difficulty  was  experienced  in 
keeping  the  temperature  constant,  except  when  this  was  0°  C. 
The  tests  hitherto  made  are  not  regarded  as  final,  and  the 
author  would  prefer  to  defer  their  publication  until  the  series 
of  experiments  is  complete.  But  the  divergences  from  the 
simple  law  as  at  first  assumed  are  in  all  cases  w^ithin  the  limits 
of  experimental  error,  and  the  method  of  determining  viscosity 
is  not  shown  to  be  defective  by  those  test  experiments.  The 
temperature  difficulty  is  not  so  serious  in  the  case  of  colza- 
oil,  which  is  one  of  the  liquids  experimented  upon.  The 
error  involved  with  speeds  not  exceeding  2  centim.  per  second 
through  that  liquid  did  not  range  beyond  +0"2  per  cent., 
and  it  was  as  usual  to  get  positive  errors  as  to  get  negative. 
Times  were  estimated  only  to  the  same  degree  of  accuracy. 

It  is  possible  that  sliding  may  occur  if  the  speed  of  the 
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sphere  M  exceeds  a  certain  limiting  value.  This  also  is 
obviated  by  (lotermining  its  speed  indirectly  as  (Su^)',  since 
each  individual  portion  travels  so  much  more  slowly. 

There  is  another  reason  why  better  results  may  be  expected 
by  this  process  of  subdivision.  Mei'cury  is  liquid,  and  a 
sphere  would  be  deformed  if  it  passed  rapidly  through  the 
viscous  medium.  Its  speed  would  be  diminished,  and  it  could 
not  be  dealt  with  directly  by  the  fundamental  equation  con- 
necting fM  and  V.  But  by  subdivision  the  masses  and  speeds 
dealt  with  are  reduced  to  such  an  extent  that  we  may  con- 
fidently assume  the  shapes  to  remain  spherical.  If  the 
defoi-mation  thus  produced  were  appreciable,  it  could  again 
be  manifested  by  the  application  of  the  formula 

The  calculated  V  would  be  greater  than  the  observed  V,  the 
error  being  of  the  same  sign  as  that  produced  by  the  neglect 
of  any  possibly  existing  sliding-friction. 

The  error  produced  by  the  sides  of  the  burette,  which  may 
be  so  near  as  to  retard  the  downward  motion,  is  also  diminished 
by  the  subdivision  of  the  original  mass.  This  also  would 
have  the  same  sign  as  the  other  errors  specified.  The  simplest 
way  of  testing  its  existence  is  to  insert  into  the  upper  portion 
of  the  burette-tube  a  thin  glass  cylinder  of  smaller  diameter, 
and  to  send  down  a  sphere  along  the  axis  of  these  two  con- 
centric cylinders.  In  the  upper  portion  of  its  path  the  sphere 
is  at  a  smaller  distance  from  the  boundary  of  the  liquid  than  in 
the  lower  portion.  If  the  sides  actually  afiect  the  motion, 
the  speed  of  the  sphere  will  suddenly  change  when  it  enters 
into  the  wider  portion  of  the  liquid  column.  If  the  change 
of  speed  is  not  appreciable,  it  may  be  assumed  that  the 
diameter  of  the  burette  is  sufficiently  large. 

It  has  hitherto  been  assumed  that  we  have  the  means  of 
keeping  the  temperature  of  the  liquid  constant.  This  is  of 
the  utmost  importance,  inasmuch  as  the  temperature-variation 
of  \ascosity  is  rarely  inconsiderable.  The  viscosity  of  glycerine 
changes  from  45  to  8  in  the  range  of  1(5°  from  4°  to  20°  C. 
At  a  temperature  of  15°  C.  there  is  a  10-per-cent.  variation 
per  degree  change.  This  implies  that  to  get  the  viscosity 
correct  to  four  significant  figures  the  thermometers  employed 
should  read  to  '01°  C^ 

In  the  case  of  olive-oil,  using  Osborne  Reynolds^s  empirical 
formula  for  the  viscosity  at  any  temperature  between  15°  and 
50°  C, 

/i=a-265e-oi^^'. 
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Any   such  equation^   yu,  =  Atf~^',   means  that   the    percentage 
variation  per  degree  is  constant,  since  its  differential  equa- 


tion  is 


=  constant. 
fiat 


For  olive-oil  this  constant  is  '0123  and  the  percentage 
variation  is  l'2o  I'or  any  temperature  within  the  given  limits — 
about  one  ninth  of  the  change  in  the  viscosity  of  glycerine 
per  degree.  In  this  case  the  thermometer  should  read  to  ^^ 
of  a  degree.  It  is  useless  to  calculate  the  viscosity  of  gly- 
cerine beyond  the  fourth  significant  figure  unless  there  be 
means  for  the  accurate  determination  of  temperature  correct 
to  at  any  rate  -001°  C 

The  liquids  experimented  upon  are  all  bad  conductors  ol" 
heat,  and  though  this  is  advantageous  in  that  the  change  of 
temperature  during  the  course  of  an  observation  is  not  likely 
to  be  great,  it  is  a  disadvantage  in  that  it  takes  a  long  time  for 
the  temperattire  to  become  uniform  throughout  the  length  of 
the  column  of  liquid.  It  is  qitite  possible  for  a  difference  of 
temperature  of  •1°C.  to  exist  at  points  in  the  liquid  1  dcm. 
apart  even  though  the  water  has  been  circulating  in  the  jacket 
for  some  minutes. 

The  temperature  can  only  be  expected  to  be  uniform  Avhen 
the  circulation  has  been  of  constant  temperature  for  about 
20  minutes. 

But  it  is  of  importance  to  note  that  small  variations  in  the 
temperature  of  the  liquid  at  different  points  along  the  path  of 
the  falling  s})here  need  not  trouble  us  much  if  the  mean 
temperature  be  known.  And,  similarly,  small  changes  in 
the  mean  temperature  of  the  whole  dttring  the  course  of  an 
experiment  may  be  harmless  if  the  mean  temperature  during 
the  interval  be  known. 

For  it  can  be  proved  that  the  speed  of  flow  of  a  body  is 
the  speed  corresponding  to  the  mean  temperature,  however 
the  temperature  may  vary  along  the  length,  if  the  speed  be 
small  and  if  the  temperature-variation  be  small.  Both  these 
conditions  are  satisfied  in  the  actual  experiments  undertaken. 
The  inertia  of  the  body  is  so  small  that  it  almost  instantly 
assumes  the  limiting  speed  corresponding  to  the  temperature 
of  that  part  of  the  liquid  through  which  it  is  moving. 

Let  the  temperature  vary  from  6i  at  one  end  to  6.2  at  the 
other  end  of  the  column  of  length  I.  Let  the  corresponding- 
viscosities  be  fii  and  /ig  ;  and  let  6  and  /ju  be  the  temperature 
and  viscosity  at  a  point  at  distance  .r  from  the  top  of  the 
column. 
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For  t\\Q  sniiill  t'lmnfje  of  temperature  assumed, 
^^  —  ^^\  _  0  —  0\ 
or 

Now,  if  dt  he  the  time  taken  to  traverse  the  distance  d.r, 
the  general  equation  of  steady  motion  gives  us 

Let  0  =/(^,  such  that 

e,=J\0)     and     d,=/{l). 
Then  the  time  taken  for  the  whole  descent 

But 

I  fCa^dir  =  B,  the  area  of  the  temperature-curve, 
=  / .  6,n,  if  0,„  be  the  mean  temperature  ; 

But  if  the  temperature  had  been  uniformly  0m  throughout  the 
length  /,  the  time  r  would  have  been 

I 
where  ,   \  /a      a  \ 

Hence  T  =  r. 

It  therefore  is  only  necessary  to  determine  the  mean  tem- 
perature during  the  interval,  and  even  this  is  unnecessary  if 
our  object  is  to  compare  two  masses  of  mercury  by  their 
speeds,  if  they  are  made  to  follow  each  other  sufficiently 
rapidly  for  the  mean  temperatures  to  remain  constant  in  the 
two  cases. 

If  a  variation  in  temperature  along  the  tube  be  suspected, 
Fhil.  Mag.  S.  5.  Vol.  37.  No.  228.  May  1894.  2  I 
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tlie  test  is  simply  to  send  down  a  minute  sphere  and  observe 
its  speed  for  short  lengths  all  along  the  tube.  This  speed  is 
constant  if  the  temperature  is  uniform.  In  accurate  esti- 
mations of  absolute  viscosity  the  variation  in  sp(^ed  should  not 
exceed  1  in  1000  along  the  tube. 

It  is  probably  preferable  to  read  the  temj)erature  by  a 
thermometer  inserted  in  the  viscous  liquid,  using  a  })urette 
of  sufficient  bore  to  render  the  insertion  safe.  But  good 
results  have  been  obtained  with  the  thermometer  in-  the 
water-jacket,  tied  close  to  the  inner  tube  ;  this  arrangement 
serves  quite  well  when  the  water-jacket  is  fairly  constant 
in  temperature. 

An  observation  with  glycerine  cannot  be  called  good  if  the 
temperature-variation  exceeds  '03°  C,  and  any  that  are  made 
with  greater  variation  must  be  discounted.  This  conclusion 
is  forced  upon  one  when  the  periods  of  falling  are  taken  for 
the  same  sphere  twenty  or  thirty  times  in  succession.  The 
curve  plotted,  connecting  the  temperature  with  the  time  of 
falling,  is  a  straight  line  within  a  range  of  1^  ('.,  and  it  is 
generally  found  that  the  points  farthest  from  the  straight  line 
correspond  to  the  greatest  variation  of  temperature  during  the 
fall.  Such  a  curve  supplies  us  with  the  means  of  determining 
the  correction  necessary  to  reduce  a  speed  at  one  temperature 
to  that  at  another. 

To  ensure  that  the  falling  sphere  shall  remain  in  the  axis  of 
the  burette,  the  burette  and  its  jacket  are  mounted  vertically 
on  a  stand  fitted  with  levelling-screws,  such  as  that  of  an 
ordinary  Jolly's  balance.  The  mercury  is  let  down  into  the 
burette  by  a  small  funnel.  The  speed  is  determined  by 
observing  the  time  taken  to  pass  from  one  mark  to  another. 
The  distance  taken  was  generally  about  50  centim.,  measured 
correct  to  I  millim.,  the  time  taken  to  traverse  that  distance 
being  from  100  to  200  seconds.  The  time  was  measured 
with  an  ordinary  watch  beating  fifths-seconds,  or  more 
recently  with  a  Siemens  chronograph.  In  either  case  the 
masses  of  mercury  were  so  chosen  that  the  probable  error  in 
a  sinole  observation  was  1  in  1000. 

The  following  results  are  for  glycerine  at  temperatures  of 
18°"28  and  4°*35  C.  The  former  agrees  closely  with  a  value 
obtained  by  interpolation  from  Schottner's  results.  The 
latter  would  appear  to  be  considerably  higher  than  the 
corresponding  interpolation. 
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A.  Mass  of  mercury  taken,  "03737  grm.  This  was  di\iJecl 
into  12  parts — a,  />,  c,  d,  &c.  .  .  .  I. 

Greatest  variation  in  temperature  during  a  single  obser- 
vation =  -0l°  C. 

Greatest  variation  in  temperature  during  whole  interval 
=  •03°  C. 

Lengtb  of  path  employed,  50*28  centim. 

Ordinary  watch  used  to  determine  time. 

•Mean  temperature,  18"-28  C. 


Takino; 


Mass. 

Mean 

Time. 

Time 
corrected 

3 

t;^.               Mass,  m. 

temp. 

tol8°-28C. 

seconds. 

seconds. 

grm. 

a  

18-27 

128-2 

128-0 

•2462 

003516 

b   

1827 

121-4 

121-2 

•2672 

003815 

c   

18-27 

135-2 

135-0 

•2273 

003245 

d  

18-27 

132-4 

132-2 

•2346 

003349 

e    

18-27 

117-2 

1170 

-2817 

004022 

/  

18-28 

137-8 

1.37-8 

■2-204 

003146 

g  

18-29 

1972 

197-4 

•1285 

001S35 

h  

18-29 

148-(') 

148-8 

•1963 

002804 

i    

18-29 

lGO-8 

lBl-0 

•1746 

002492 

J    

18-29 

131-2 

131-4 

•2367 

003380 

k  

18-29 

13()0 

13G-2 

•2244 

003204 

/    

18-29 

157 -8 

158  0 

•1795 

002564 

2=2-6174       2= 

037372 

(7=  13-59     and     p  =  l'26, 
=  10*69  for  the  mean  temperature  18'^'28  C. 


B.  Mass  of  mercury  taken,  *1096  grm.    This  was  divided  into 
10  parts. 
Greatest  variation  in  temperature  during  a  single  obser- 
vation =  *07°  C. 
Greatest  variation  in  temperature  during  whole  experi- 
ment =  *22°  C. 
(This  result  is  therefore  not  so  reliable  as  the  previous  one.) 
Mean  temperature,  4°-35  C. 

Siemens  chronograph  employed  to  measure  time. 
Length  of  path  employed,  50*28  centim. 
2  I  2 
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Mass. 

Mean 

Time. 

Time 
corrected 

V". 

Mass,  m. 

temp. 

to  4"-36  0. 

grm. 

seconds. 

seconds. 

a  

4;30 

1110 

IIM 

•08401 

•OJ080 

b  

4-32 

l()l-4 

101-1 

•09680 

•01244 

c  

4-45 

IKil 

117-2 

-07751 

•0099(5 

d  

4-28 

1231 

122-4 

•072()5 

-00934 

e    

4-41 

9'J-8 

100-4 

•09782 

-012.57 

/  

4-48 

1.O0-5 

152-3 

•0523t> 

-0(»673 

q   

4-23 

89-75 

8S-77 

•117(50 

-01512 

'h   

4-32 

107-4 

107-1 

-08870 

-01141 

i     

4-40 

108-3 

108-8 

•08(>()7 

-01114 

J    

4-50 

114-3 

115-9 

•07885 

-01014 

2  =  •85303 

2::= -10965 

Thus 


/^4°-35c.  =  46'27. 


The  value  of  %v^,  when  no  corrections  are  made  for  tem- 
perature, is  found  to  be 

V^= -85434, 

which  agrees  fairly  well  with  the  above  result. 

The  temperature-variation  of  viscosity  is  considerable.  It 
is  of  practical  importance  in  certain  applications,  as,  for 
example,  in  the  use  of  viscous  liquids  for  lubricating  pur- 
poses. A  special  piece  of  apparatus  was  used  by  the  author 
to  investigate  this  variation  for  different  liquids. 

It  consists  of  a  glass  tube  closed  at  each  end,  with  a  lateral 
tube  fixed  at  right  angles  to  its  middle  portion  and  forming 
an  outlet.  The  vessel  is  filled  with  the  liquid  and  a  very 
minute  sphere  of  mercury  is  inserted.  A  thermometer  passes 
through  a  stopper  that  encloses  the  liquid,  the  bulb  of  the 
thermometer  reaching  just  up  to  the  main  tube.  The  vessel 
is  immersed  in  a  copper  water-bath  so  that  the  main  tube  is 
vertical  and  the  thermometer  horizontal.  The  thermometer 
passes  out  of  the  bath  through  a  small  stuffing-box  on  one 
side.  A  window  of  glass  is  inserted  in  the  opposite  side  of 
the  bath  through  which  the  motion  of  the  mercury  may  be 
observed.  As  soon  as  the  mercury  has  fallen  to  one  end  of 
the  tube,  it  is  reversed  and  the  mercury  allowed  to  fall  down 
to  the  other  end  again. 

The  thermometer  reads  the  temperature  of  the  viscous 
liquid  at  its  middle,  this  being  very  nearly  the  mean  tem- 
perature.    The  bath  is  heated  slowly  to  about  50°  and  then 
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allowed  to  cool,  during  both  of  which  operations  the  times  of 
descent  of  the  mercury  from  one  fixed  mark  to  another  are 
carefully  noted  through  the  window,  the  water  being  stirred 
constantly.  The  times  of  descent  are  proportional  to  the 
viscosities,  if  a  slight  correction  be  made  in  each  case  for  the 
variation  in  the  densities  of  the  mercury  and  the  liquid,  with 
change  of  temperature. 

To  illustrate  the  nature  of  this  correction  let  us  take  the 
case  of  glycerine, 

where  T  is  the  time  of  falling,  and  a  and  p  are  the  densities 
of  mercury  and  glycerine  respectively. 

If  s  and  r  are  the  corresponding  coefficients  of  expansion, 

Tliis  is  approximated  by  taking  6=  ,.,,,-.  and  r=  ■..,,,., 
^^  Jo         .^r^i^Q  1000 

/x  =  K(12-34  +  -00020T. 

The  correction  is  therefore  unnecessary  between  0°  and  80°, 
and  is  only  1  in  1200  from  30°  to  70°.  For  ordinary  tem- 
peratures it  may  therefore  be  neglected. 

With  a  relative  A-iscosity-curve  thus  obtained,  and  with  one 
good  absolute  determination,  we  have  the  means  of  calculating 
the  absolute  viscosity  at  any  temperature  along  the  range. 

Conversely,  we  have  the  means  of  estimating  small  masses 
of  mercury  by  their  speed  of  flow  through  glycerine  or  any 
other  known  liquid  at  a  known  temperature,  or  of  estimating 
the  mean  temperature  of  the  Hquid. 

For  example,  if  a  column  of  licjuid  be  heated  from  above 
till  its  state  of  temperature  becomes  constant  without  the  aid 
of  convection,  we  can  here  determine  the  temperature-curve 
along  its  length,  and  in  fact  employ  Forbes's  method  to 
determine  the  thermal  conductivity  of  the  liquid  at  various 
temperatures. 

In  concluding  this  description  of  the  methods  now  being 
employed  for  the  determination  of  absolute  and  relative 
viscosities,  it  may  be  well  to  remark  on  the  advantages  and 
disadvantages  of  these  methods  that  have  already  manifested 
themselves.  In  the  first  place  we  are  dealing  with  steady 
motions,  and  are  able  to  investigate  the  phenomena  attending 
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a  constant  rate  of  shearing  in  the  Hquid  much  more  satisfac- 
torily than  if  we  observe  an  oscillating  motion  such  as  that 
of  Coulomb's  disk  or  Helmlioltz's  sphere.  The  existence  of 
sliding-friction  can  be  directly  tested,  not  only  between  mer- 
cury and  the  mor(i  highly  viscous  liquids,  but  also  between 
any  two  liquids  that  do  not  dissolve  each  oth.er.  Thus  spheres 
of  water  may  be  used  with  nearly  all  the  fixed  oils,  and 
spheres  of  oil  of  cloves  (density  1"()475)  or  of  oil  of  myrrh 
(density  I'OD^D)  may  be  used  with  water. 

The  apparatus  is  simple  and  inexpensive  ;  results  may  be 
rapidly  obtained  when  a  few  standard  mercury  spheres  are 
])reserved.  They  should  be  kept  in  a  sample  of  the  viscous 
liquid  to  be  tested.  If  a  sphere  breaks,  the  pieces  should  be 
washed  in  water  and  reunited  on  hard  pressed  blotting-paper. 
The  quality  of  oils  is  often  tested  by  their  viscosity,  and 
special  viscosimeters  on  the  capillary-tube  principle  of 
Poiseuille  are  used  for  the  purpose.  A  time-reading  through 
a  sample  of  the  oil  with  a  standard  mercury  sphere  oflfers  an 
expeditious  way  of  testing.  If  the  oil  is  thin  and  the  mercury 
falls  too  fast,  a  calibrated  water  sphere  may  be  used  instead. 
A  sphere  of  water  of  1  milHm,  radius,  coloured  with  eosin  to 
be  clearly  visible,  travels  at  the  rate  of  one  inch  per  hour  in 
castor-oil  at  8°  C.  ;  and  here  in  parenthesis  it  may  be  added 
that  we  have  by  far  the  simplest  method  of  observing  the 
time-integral  of  temperature  for  small  ranges. 

The  general  method  cannot  be  employed  for  opaque  liqm'ds. 
as  we  wish  to  observe  the  falling  sphere  ;  but  it  is  probable 
that  with  a  little  ingenuity  this  difficulty  could  be  overcome 
if  the  opaque  liquid  presented  itself  for  examination.  The 
small  inertia  of  the  falling  sphere,  advantageous  as  it  is  in 
exhibiting  the  slightest  variations  of  temperature,  is  a  serious 
objection  if  small  solid  particles  are  held  in  suspension  in  the 
liquid.  As  a  rule  these  particles  will  avoid  the  small  sphere 
and  not  touch  it ;  but  in  the  event  of  contact  occurring 
there  is  the  likelihood  of  a  permanent  union  between  the  two 
and  of  the  particle  being  dragged  down  with  the  sphere,  with 
consequent  Joss  of  speed  of  the  latter.  Hence  clear  liquids 
must  be  used. 

The  author  wishes  to  acknowledge  his  obligations  to  Prof. 
Henrici  for  very  kindly  rendering  available  the  apparatus  of 
liis  laboratory  for  the  needs  of  the  above  experiments. 
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XLIV.    The  Attachment  of  Quartz  Fibres. 
By  C.  V.  BoY.s,  A.R.kM.,  F.R.S.* 

MEMBERS  of  the  Physical  Society  may  remember  that 
ill  1887  t  I  described  a  method  of  iliakint*;  fine  fibres 
of  olass  and  other  materials,  but  especially  of  melted  qiiartz, 
which  latter  had  projterties  of  great  value,  rendering  them 
more  suitable  for  experimental  work  of  combined  delicacy 
and  accuracy  than  those  of  other  known  materials.  Exj)eri- 
nients  made  since  by  others  as  well  as  myself  have  further 
shown  that  for  delicate  work  of  the  highest  degree  of  accuracy 
they  are  essential. 

The  method  of  fastening  them,  however,  at  their  ends  to 
the  pointed  end  of  the  torsion-pin  at  the  top  or  of  the 
suspension  below  by  shellac  varnish,  or  better  by  melted 
shellac,  is  apt  to  give  rise,  more  especially  if  the  fibre  is 
unskilfully  laid  in  place  so  that  it  is  twisted  round  the 
point,  to  a  slow  creeping  of  the  point  of  rest  due  to  slow 
changes  in  the  shellac.  This,  except  for  the  first  few  days, 
can  hardly  ever  be  of  an  amount  to  seriousl}'  affect  any  ob- 
servations ;  in  fact  I  have  made  many  observations  of  the 
effect  of  gravitation  between  small  masses  with  fibres  so 
fastened  of  a  great  degree  of  accuracy,  besides  those  with  the 
radiomicrometer,  pocket  electrometer,  &c.,  without  any  incon- 
venience, yet  I  have  felt  that  some  method  of  attaching  them 
which  would  be  less  likely  to  hold  the  fibre  by  a  part  in  a 
state  of  torsional  strain  or  of  flexure  would  be  preferable.  If 
the  part  of  the  fibre  held  could  certainly  be  in  its  natural 
position  and  state  with  respect  to  the  rest,  then,  even  if  the 
fastening  should  fail  to  be  as  perfect  as  a  true  weld,  any 
resulting  change  of  zero  should  be  small  compared  to  that 
observed  where  the  portion  held  is  twisted  or  much  bent. 

The  process  of  silvering,  electro-coppering,  and  soldering  is 
an  obvious  one,  but  it  is  not  so  easily  carried  out  with  a  fair 
degree  of  certainty  and  in  a  manner  which  is  convenient  of 
apjjlication,  as  might  be  expected.  My  experience  of  last 
autunni  has  enabled  me  to  perform  the  ])roaess  in  a  series  of 
operations,  each  simple  enough,  and,  as  far  as  I  am  able  to 
test  it  in  the  apparatus  with  which  I  am  now  measuring  the 
Newtonian  constant  of  gravitation  (which  I  may  say  is  of 
unusual  delicacy),  with  perfect  success.  In  this  case  the  fibre 
is  necessarily  stretched  to  not  far  from  its  breaking  weight, 

•  Communicated  by  the  Physical  Society  :    read  Fchruarv  2n,  1894. 
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and  it  is  in  sucli  cases  that  the  stability  of  the  fastening  is 
most  severely  tried. 

The  first  thing  I  found  was  that  it  was  a  mistake  to  solder 
tlie  fibre  to  the  torsion-rod  and  to  the  suspension  directly. 
The  difficulty  of  the  manij)ulation  is  great  and  a  change  of 
fibre  is  very  troublesome.  The  preferable  plan  is  to  solder 
the  ends  of  the  fibre  to  little  tags  of  metal  so  small  and 
light  that  they  may  be  picked  up  by  the  fibre  from  any- 
thing on  which  they  rest  without  risk  of  snapping  the  fibre 
at  the  point  of  junction.  These  tags,  which  are  conveniently 
made  of  copper-foil,  five  millimetres  long  and  one  millimetre 
wide  about  at  the  Avide  end,  tapering  nearly  to  a  point,  can 
afterwards  be  fastened  to  the  torsion  support  and  the  sus- 
pension by  shellac  vainiish  or  by  melted  sliellac,  and  now  the 
enormous  surface  and  the  stiffness  of  the  foil  is  sufficient  to 
prevent  any  trouble  from  the  causes  to  which  reference  has 
already  been  made. 

These  tags  might  also  for  some  purposes,  either  or  botli  of 
them,  be  made  of  T-form  to  hang  in  a  pair  of  V's,  and  so 
dispense  with  cement  altogether,  and  allow  of  the  easy  inter- 
change of  suspensions  or  of  fibres,  but  1  have  not  myself 
employed  such  a  form. 

The  following  operations  are  those  which  I  have  found  to 
answer  : — 

1 .  Select  a  fibre  of  the  right  diameter  to  give  the  desired 
torsion.  Since  the  torsion  depends  on  the  fourth  power  of 
the  diameter,  a  small  change  in  the  diameter  makes  a  four- 
fold change  in  the  torsion,  and  great  accuracy  of  measurement 
is  needed  where  an  exact  torsional  rigidity  is  required.  Cut 
off  a  piece  from  two  to  three  centimetres  longer  than  will 
ultimately  be  required. 

2.  Fasten  to  the  extreme  ends  of  the  fibre,  with  melted 
shellac,  little  weights  of  gold  or  ])latiuum  heavy  enough  to 
pierce  a  liquid  surface. 

3.  Hang  the  fibre  over  a  fixed  round  horizontal  rod  of 
wood,  1  centimetre  in  diameter  or  thereabouts,  so  that  the 
little  weights  hang  side  by  side,  and  lift  up  from  below  a  little 
glass  of  strong  nitric  acid,  so  as  to  wet  and  clean  the  fibre 
well  above  the  final  points  of  attachment.  The  vessel  must 
be  wide  enough  to  prevent  capillarity  from  drawing  the 
fibres  to  one  side,  or  it  must  be  brimful  so  that  the  surface 
is  convex,  which  with  nitric  acid  is  objectionable.  The 
vessel  must  be  moved  both  upwards  and  downwards  past 
the  place  at  which  the  weights  pass  through  the  surface  very 
rapidly,  ])ractically  with  a  jerk;  otherwise  the  weights  will  be 
drawn  together  by  capillarity,  and  the  fibres  will  get  twisted, 
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or  capillarity  will  nive  trouble  somehow.  With  the  rapid 
movement  the  little  weights  hardly  acquire  any  pendular 
motion. 

4.  After  a  minute  or  two  do  the  same,  but  to  a  slightly 
greater  depth,  with  water  which  may  be  distilled. 

5.  AVhen  the  acid  may  be  supposed  to  be  washed  off,  im- 
merse in  the  same  way  in  Rochelle  salt  silvering-solution 
(Kohlrausch,  '  Physical  Measurements/  p.  115). 

6.  Wash  as  in  4. 

7.  Fill  a  glass  with  the  copper  solution  that  is  employed  in 
electrolytic  measurements  of  current,  i.e.  not  saturated,  and 
slightlv  acid.  Di[)  the  extreme  point  of  the  positive  wire  from 
a  single  cell  into  the  liquid,  and  with  a  clean  smooth  negative 
wire  take  the  hanging  ends,  one  at  a  time,  and  having  made 
the  contact  outside  the  glass  by  resting  the  upper  part  of  the 
silver  coat  upon  the  wire,  let  down  into  the  solution,  keeping 
the  fibre  in  gentle  movement  on  the  wire  and  making  it  dip 
more  and  less  in  the  liquid.  In  a  few  seconds  the  little 
weight  will  be  bright  red,  and  the  immersed  portion  of  the 
silvered  coat  will  be  bright  red  also.  The  silver  coat  has 
sufficient  resistance  to  ])revent  unduly  rapid  deposition.  Do 
the  same  to  the  other  end. 

8.  Cut  off  to  length,  allowing  about  5  millimetres  at  each 
end  for  the  junction.  Take  tugs  of  copper-foil  three  or  four 
centimetres  long  and  three  or  four  millimetres  wide,  tapering 
to  a  point,  and  having  tinned  the  pointed  end  of  each  with 
the  minimum  of  solder,  again  wet  with  chloride-of-zinc 
solution.  On  the  wet  surface  lay  the  coppered  end,  taking 
care  that  it  points  in  the  right  direction.  Capillarity  will 
now  hold  it.  Rapidly  heat  the  copper  to  the  melting-point 
by  holding  a  point  about  one  centimeti-e  from  the  narrow  end 
over  a  minute  flame.  The  solder  will  flash  and  envelope  the 
coppered  fibre.  Cut  off  the  tag  of  the  desired  length,  holding 
the  metal  by  the  tag  with  a  pair  of  pliers  and  not  by  the 
heavy  end. 

9.  Wash  in  boiling  water  as  in  4  to  remove  chloride  of 
zinc.  The  fibre  is  now  attached,  but  the  protruding  silver 
and  copper  give  a  want  of  definiteness~  in  the  place  of 
attachment. 

10.  Dip  up  to  the  point  of  the  tag  in  melted  beeswax, 
following  the  precautions  given  in  3,  but  the  two  tags  may 
be  more  conveniently  dipped  separately. 

11.  Dip  up  to  the  top  of  the  copper  and  silver  in  strong 
nitric  acid. 

12.  Wash  in  boiling  water,  which  removes  acid  and  bees- 
wax and  leaves  the  fibre  ready  for  use. 
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18.  If  it  is  required  to  conduct  electricity,  .is  tor  instance 
to  keep  the  needle  of  a  quadrant  electrometer  elc.'ctrically 
coTHiected  with  a  battery,  tiie  whole  may  now  he  silvered  in 
a  long  tube  and  washed,  otherwise  it  will  insulate  most 
])erfectly.  It  may  be  mentioned  here  that  for  the  most 
delicate  po-^sible  electrometer,  as  I  found  in  my  experiments 
on  tlie  pocket  electrometer,  it  is  useless  to  expect  to  find  any 
stability  where  a  liquid  surface  is  pierced.  The  only  method 
of  communicating  with  the  needle  is  through  a  silvered 
quartz  fibre.  Owing  to  the  insulating  quality  of  a  clean 
quartz  fibre,  delicate  experiments  are  apt  to  be  disturbed  by 
unintended  electrification  of  the  suspension,  and  this  may 
still  remain  after  means  have  been  employed  to  prevent  it, 
for  mere  metallic  contact  between  different  metals  leaves  the 
surfaces  in  eftect  at  different  potentials,  depending  on  the 
metals  used,  and,  as  I  showed,  in  an  idiostatic  instrument 
the  disturbance  due  to  pLitinum  and  zinc  is  many  hundred 
times  the  least  that  can  be  detected, 

I  have  sought  to  reduce  this  form  of  error  by  either  or 
both  of  two  methods.  In  the  first  I  make  the  inside  of  the 
chamber  surrounding  the  suspension  a  figure  of  revolution, 
the  axis  being  the  line  of  the  fibre;  in  the  other,  when  possible, 
I  make  the  surfaces  of  the  suspension  and  of  the  enclosure 
one  and  the  same,  preferably  electro-gilt. 

The  first  method  in  very  small  instruments  also  in  the 
main  avoids  what  can  no  longer  be  snfely  neglected,  as  it  has 
hitherto  nearly  always  been,  viz.  gravitational  attraction. 

There  is  one  more  point  Avhich  may  be  of  some  interest. 
If  an  unsilvered  quartz  fibre  is  threaded  through  a  small  hole 
in  a  thin  metal  plate,  stretched  by  a  suspended  weight,  and 
the  hole  is  then  wetted  with  chloride  of  zinc  and  soldered  up, 
the  fibre  will,  after  washing  off  the  fused  chloride  of  zinc, 
pull  out,  leaving  a  hole  fine  and  beautifully  circular. 

It  is  unnecessarj'  to  say  more  than  I  have  already  done,  on 
more  than  one  occasion,  on  the  necessity  for  making  the  free 
space  round  a  suspension  in  any  instrument  of  extreme 
delicacv  as  small  as  possible  and  enclosing  it  by  massive 
metal,  itself  protected  from  outside  heating  and  cooling  l)y  a 
non-conducting  cover,  such  as  I  have  in  the  radio-micrometer; 
otherwise  the  convection  currents  set  up  in  the  free  space  will 
blow  the  suspension  about,  and  produce  vagaries  which  might 
be  easily  attributed  to  the  fibre  or  its  attachment.  The  dis- 
turbances due  to  this  cause  are  apt  to  be  much  greater  than 
anyone  would  at  first  imagine,  and  the  small  trouble  spent  in 
avoiding  them  in  the  manner  indicated  is  well  rewarded. 

With  regard  to  the   niani})ulation  with  fine  fibres.  I  have 
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already  pointed  out  that  the  darkness  inside  a  drawer  just 
jndled  out,  it'  the  o]ierator  is  sittin<ij  at  a  table  in  front  of  a 
window  with  a  good  light,  is  such  that  fine  fibres  can  readily 
be  seen  upon  it  as  a  background.  No  velvet  or  smoked  surface 
or  artificial  blackness  of  any  kind  is  comparable  with  it.  On 
such  backgrounds  tine  fibres  are  to  all  intents  and  purposes 
invisible.  What  is  in  many  res})ects  preferable  to  the  dark 
background,  at  least  in  certain  operations,  is  a  plain  looking- 
glass  lying  on  the  table.  Fibres  resting  upon  it  become 
intensely  brilliant  and  visible,  provided  the  eye  is  so  placed 
as  not  to  see  the  sky  light  itself  reflected  from  the  mirror. 
One  method  of  making  the  fibres  very  easily  visible  without 
influencing  their  torsion,  is  to  smoke  them  with  burning 
magnesium  or  arsenic.  I  do  not  suggest  arsenic,  but  I  men- 
tion it  because  of  the  very  beautiful  effect  I  once  observed, 
after  destroying  all  life  in  a  small  hot-house  by  burning  a 
large  quantity  of  bengal  fire  in  which  orpiment  is  a  con- 
siderable constituent.  All  the  spider-webs  remained  perfect 
with  the  spiders  in  their  places  as  though  alive,  and  the  webs 
were  of  a  dazzling  white  but  perfect  in  form,  undragged  by 
the  weight  of  the  white  arsenic  upon  them,  thus  contrasting 
strongly  with  the  catenary  distorted  webs  so  much' admired 
in  frosty  weather.  It  was  this  observation  that  suggested  the 
magnesium  smoking. 

These  last  few  points  hardly  come  directly  under  the  title 
of  this  paper,  but  I  thought  them  worth  adding  as  bearing 
upon  the  successful  design  of  apparatus  in  which  the  full 
limit  of  delicacy  and  accuracy  olitainable  by  the  quartz  fibre 
may  be  obtained,  and  upon  the  practical  details  of  its 
treatment. 


XLV.  A  Method  of  finding  the  Refractive  Index  of  a  Liquid; 
applicable  when  the  Liquid  is  not  Homogeneous.      Bij  T.  H. 

LlTTLEWOOD,  M.A* 

Apparatus  required. 

THE  chief  piece  of  apparatus  required  for  the  method  is  a 
telescope  with  fixed  wires  in  the  eyepiece,  arranged  so  as 
to  be  capable  of  motion  along  a  horizontal  scale,  without 
changing  its  inclination  to  the  vertical.  The  horizontal 
motion  can  be  measured  either  by  a  vernier  or  by  a  micro- 
meter-screw. 

*  Communicated  by  tlic  riiysical  Society  :  read  February  23,  1894. 
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The  liquid  whose  refractive  index  is  to  be  determined  is 
placed  in  a  glass  vessel  about  3  feet  away  from  the  telescope, 
and  with  its  level  slightly  below  that  of  the  telescope. 

A  scale  of  glass  (or  some  material  not  acted  on  by  the 
liquid)  is  placed  vertically  in  the  liquid  and  illuminated  by 
monochromatic  light.  The  position  of  the  telescope  on  the 
horizontal  scale  is  then  taken  when  observing  the  various 
divisions  on  the  vertical  scale.  From  these  readings  the 
index  of  refraction  can  be  ascertained. 

First  case. — When  the  liquid  is  homogeneous  (fig.  1) . 

Fi-.  1. 
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Suppose  A,  B  are  two  points  on  the  vertical  scale  out  of  the 
liquid  ;  G,  D  two  points  within  the  liquid.  Suppose  a,  6,  c,  d 
are  the  positions  of  the  telescope  on  the  horizontal  scale  when 
observing  these  points.  Then  Aa,  Bi  are  parallel ;  and  if 
CMc,  T)Wd  are  the  directions  of  the  axis  of  the  pencil  of 
light  from  C  and  D,  Mc,  Wd  are  parallel,  and  also  CM, 
DM'  are  parallel.  Draw  AN  and  CN'  parallel  to  ahcd. 
A^  =  ah,  CW  =  cd. 

tanAB/>=-?^,  aiid   tanCDM'=^. 


fM  = 


AB' 

sini  _  sin  ABb  _  ab 
sin/'      sin  C  DM'      cd 


V   a//-  +  AB"^ 
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Second  case. — When  the  liquid  is  not  homogeneous  (fig.  2). 

Fig.  2. 
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The  Hquid  is  supposed  to  have  the  same  density  at  the  same 
depth,  which  must  be  the  case  if  it  is  at  rest.  The  path  of 
the  axis  of  the  pencil  of  light  from  any  point  on  the  scale 
Avhich  enters  the  telescope  must  be  a  curve. 

Suppose  i*i,  Pg)  P3  various  points  on  the  vertical  scale^  and 
Ai,  A2,  A3  the  corresponding  positions  of  the  inclined  tele- 
scope when  observing  them.  Suppose  M,,  Mj,  M3  are  the 
points  where  the  axis  of  the  pencil  cuts  the  surface  of  the 
liquid,  and  draw  P2N2,  P3N3  parallel  to  the  surface.  Then  it 
is  clear  that,  since  jMiAj,  MgAj,  M3A3  are  parallel,  V^\^  is  the 
same  curve  as  N2M1  moved  horizontally,  parallel  to  itself, 
through  the  distance  PgN^  or  AiAj.  P3M3  is  the  same  curve 
as  N3M1  moved  through  the  distance  P3N3  or  AiA3.  Simi- 
larly for  other  points. 

Hence,  by  taking  a  number  of  points  on  the  vertical  scale 
and  finding  the  corresponding  positions  of  the  telescope,  and 
then  plotting  a  curve  having  the  vertical  distances  from  the 
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lowest  point  for  or  Jinates,  and  the  observed  distances  through 
which  the  telescope  has  been  moved  from  its  first  position  as 
abscissa},  we  can  construct  the  path  of  the  axis  of  the  pencil 
through  tho  liquid. 

A  previous  observation  of  different  points  on  the  scale, 
before  the  liquid  is  ])Ourod  into  the  vessel,  gives  the  inclina- 
tion of  the  telescope  to  the  vertical,  as  in  the  first  case.  By 
measurino;  the  inclination  to  the  vertical  of  the  tanorent  to  the 
curve  obtained,  we  can  determine  the  refractive  index  at  the 
various  points  of  the  liquid. 

Assuming  the  curve  for  a  short  distance  to  be  a  straight 
line,  the  index  of  refraction  of  the  layer  of  liquid  between 
any  two  points  can  be  calculated  as  in  the  first  case,  and  a 
similar  formula  will  be  true. 


XLVI.  Transformations  of  Mechanical  into  Chemical  Knercjy. 
( Third  Paper.)  Action  of  Shearing/Stress  (continued). 
Bi/  M.  Carey  Lea. 

THAT  mechanical  energy  may  be  transformed  into  chemical 
has  been,  I  believe  1  may  say,  well  proved  by  the  i-eac- 
tions  described  in  the  previous  papei's  of  this  series.  But  the 
matter  is  one  of  sufficient  importance  to  make  it  desirable  to 
accumulate  evidence  and  to  obtain  a  solid  foundation  of  fact 
on  which  to  rest  the  argument. 

In  the  paper  which  described  the  effects  of  shearing-stress 
(Phil.  Mag.  Jan.  1894)  I  was  able  to  cite  one  instance 
only  in  which  the  decomposition-product  was  obtained  in 
easily  weighable  quantities.  More  lately  others  have  been 
obtained,  among  them  one,  mercuric  oxide,  in  which  it  can  be 
determined  how  many  units  (gram-metres)  of  mechanical 
energy  have  been  transformed  into  chemical. 

Silver  oxide  precipitated  and  dried  in  the  absence  of  daylight 
is  soluble  without  residue  in  ammonia.  After  trituration, 
therefore,  the  unchanged  portion  is  easily  removed  by  that 
solvent. 

1.  Haifa  gram  of  silver  oxide  wholly  soluble  in  ammonia 
was  triturated  for  20  minutes  in  a  porcelain  mortar,  the  un- 
chanoed  portion  was  removed  by  ammonia,  the  residue  was 
treated  with  nitric  acid,  filtered,  and  the  silver  thrown  down 
by  hydrochloric  acid. 

Silver  chloride  obtained.     .     .     .     '0402, 
Corresponding  to  metallic  silver  .     '0303. 

The  use  of  a   porcelain    mortar  is  attended  with  the  dis- 
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ailvantage  that  during  the  prolonged  and  forcible  grinding 
necessary,  a  very  appreciable  amount  of  material  is  removed 
from  the  mortar  and  pestle  which  must  be  separated  from  the 
product  subsequently.  I  have  therefore  made  some  comparative 
experiments  with  a  large  agate  mortar  and  an  agate  pestle 
provided  with  a  stout  wooden  handle  ada[)ted  for  the  use  of 
as  much  force  as  with  a  porcelain  mortar.  But  even  under 
the  most  favourable  conditions,  the  efficiency  of  such  a  mortar 
is  (as  will  be  seen)  oidv  one  fifth  to  one  tenth  that  of  a  i)orce- 
laiii  mortar  of  the  same  size.  This  is  largely  due,  I  think,  to 
the  high  polish  which  is  very  unnecessarily  given  to  the  inside 
of  agate  mortars. 

It  is  therefore  better  to  make  use  of  a  porcelain  mortar, 
taking  adequate  means  afterwards  to  remove  the  material 
abraded. 

2.  The  same  quantity  of  silver  oxide  was  triturated  also  for 
20  minutes  in  an  agate  mortar.  As  the  abrasion  is  inappre- 
ciable, it  was  only  necessary  to  dissolve  out  the  unchanged 
oxide  with  ammonia.     There  was  left,  metallic  silver, 

•0048, 
showing  the  much  less  efficiency  of  the  agate  mortar. 

^[ercnric  Oxide. — The  specimen  taken  was  examined  for  its 
solubility  in  cold  dilute  (one  tenth)  hydrochloric  acid,  in  which 
it  dissolved  slowly  but  completely. 

Half  a  gi-am  was  taken,  and  after  trituration  the  unchanged 
oxide  was  dissolved  out  by  repeated  digestions  with  hydro- 
chloric acid.  There  remained  mercurous  chloride,  a  trace  of 
metallic  mercury,  and,  as  a  porcelain  mortar  was  tised^  abraded 
porcelain.  The  reduction-products  were  dissolved  out  by  a 
few  drops  of  aqua  regia,  were  filtered  and  precipitated  by 
hydrogen  sulphide. 

.  Mercuric  sulphide  obtained      .     .     '0354 

Corresponding  to  Hg      ....     "0305 

And  to  mercuric  oxide    ....     '0329 

This,  therefore  (disregarding  the  traces  of  metallic  mercury), 

is  the  amount  of  mercuric  oxide  which  underwent  reduction 

to  mercurous  oxide. 

The  oxidation  of  mercury  to  mercurous  oxide  and  that  of 
mercurous  to  mercuric  are  both  exothermic  reactions.  As 
respects  the  thermic  equivalent  of  the  oxidation  of  mercury 
to  both  its  oxides,  quite  different  numl)ers  have  been  found  by 
different  chemists.  Nevertheless,  if  from  these  different  num- 
bers we  calculate  the  amount  of  heat  disengaged  by  the  com- 
bination of  Hg,0  with  0,  we  get  almost  exactly  the  same 
figures  whether  we  use  Tbomsen's  results  as  modified  by 
Nernst,  or  those  of  the  French  chemists  ;  it   matters  little, 


472  Mr.  M.  Carey  Lea  on  Transformations  of 

therefore,  which  are  taken.  Ditte,  in  his  work  Les  Metaux 
(Fascicule  ii.  p.  500),  adopts  the  numbers  21'1  and  15"5  re- 
spectively. 

On  this  basis  the  amount  of  energy  that  must  be  supplied 
to  convert  2  HgO  to  HgoO  +  0  (endothermic)  is  that  which 
corresponds  to  i)'9  great  calories.  Therefore  400  grams  of 
mercury  existing  in  the  state  of  mercuric  oxide  will  require 
that  amount  of  energy  supplied  to  reduce  it  to  mercurous 
oxide.  One  gram,  therefore,  will  require  the  equivalent  of 
24*75  small  calories  and  one  milligram  "02475. 

In  the  experiment  described  mercurous  oxide  corresponding 
to  30'5  mgs.  metallic  mercury  was  obtained.  The  energy 
required  to  reduce  30"5  mgs.  existing  as  mercuric  oxide  to 
mercurous  corresponds  to  0*755  water-gram-degree  and  this 
again  to  321'5874  gram-metres.  This  number,  therefore, 
322  gram-metres,  represents  the  mechanical  energy  trans- 
formed into  chemical  energy  in  the  above  operation. 

Potassium  Ferrici/anide. — A  good  method  of  obtaining  this 
salt  absolutely  free  from  ferrocyanide  is  to  dissolve  the  com- 
mercial product  in  hot  water  and  add  a  little  potassium  per- 
manganate by  degrees  until  the  solution  takes  a  faint  reddish 
colour.  Very  little  is  usually  required.  The  solution  is  then 
filtered  and  crystallized,  taking  the  first  crystals  only. 

Ferricyanide,  purified  in  this  way,  was  triturated  about  20 
minutes  in  an  agate  mortar.  On  adding  water  a  deep  green 
solution  was  obtained  which,  by  standing  and  warming,  let 
fall  abundance  of  a  blue  powder. 

Ferric  Ammonia  Alum. — A  specimen  of  this  salt  which, 
when  tested  with  potassium  ferricyanide,  gave  a  pale  wine- 
coloured  solution  without  a  trace  of  green,  was  taken  and 
3  decigrams  were  triturated  for  25  minutes  in  a  porcelain 
mortar. 

After  trituration  the  ferrous  salt  formed  distinctly  reduced 
gold  solution.  A  few  drops  of  the  dissolved  substance  being 
added  to  a  solution  of  ferricyanide,  changed  it  to  an  intense 
green  colour.  Undoubtedly  reduction  had  taken  place.  It 
need  scarcely  be  mentioned  that  in  this  case  the  tests  should 
be  applied  immediately  after  the  trituration.  A  few  hours' 
interval  completely  changes  the  reactions  owing  to  the  reoxi- 
dation  of  the  ferrous  salt  formed. 

This  experiment  was  repeated  with  additional  precautions. 
To  a  strong  solution  of  ferric  ammonia  alum  enough  potash 
permanganate  was  added  to  distinctly  colour  the  liquid,  which 
was  then  made  to  crystallize  quickly  by  cold.  These  crystals, 
certainly  free  from  ferrous  salt,  were  then  actively  triturated 
in  a  porcelain  mortar  for  25  minutes.     The  filtered  solution 


^fechanical  info  Chtnn'ical  Energij.  473 

produced  immediate  purple  clouds  in  a  cold,  very  dilute  so- 
lution of  gold  chloride  and  an  abundant  blue  precipitate  in 
one  of  potassium  ferricyanide. 

It  is  essential  that  the  ferric  alum  be  thoroughly  dried  (at 
a  temperature  not  exceeding  40°  C*.),  otherwise,  owing  to  the 
largo  quantity  of  water  of  crystallization,  it  will  become  pasty 
in  grinding  and  then  no  reduction  will  take  ])lace. 

Cupric  Chloride. — Even  by  long  trituration  this  salt  showed 
no  indication  of  reduction. 

This  reaction,  taken  with  the  preceding,  shows  how  distinct 
is  the  action  of  mechanical  energy  from  that  of  heat.  For 
cupric  chloride  is  reduced  by  heat  to  cuprous  chloride,  but 
shearing-stress  has  no  such  action.  On  the  other  hand, 
shearing-stress  reduces  ferric  sulphate,  which  heat  does  not. 

Sodium  Chloraurate. — In  the  previous  paper,  the  effect  of 
triturating  this  salt  in  a  porcelain  mortar  was  given.  For 
comparison  it  has  since  been  tried  in  an  agate  mortar.  With 
20  to  25  minutes'  trituration,  3  decigrams  gave  2"7  milligrams 
metallic  gold,  showing,  as  in  other  cases,  the  much  lower 
efhciency  of  the  agate  mortar. 

Silver  Carbonate. — Half  a  gram  was  triturated  about 
2.5  minutes  in  a  porcelain  mortar.  It  darkened  much.  The  un- 
altered carbonate  was  dissolved  out  b}^  exhausting  repeatedly 
with  ammonia.  The  residue  Avas  treated  with  nitric  acid, 
filtered,  and  the  silver  thrown  down  by  hydrochloric  acid. 
It  amounted  to  11  milligrams,  corresponding  to  metallic  silver 

•0083. 

Silver  SuljJiite  was  precipitated  in  a  dark  room  by  alkaline 
sulphite  and  treated  in  the  same  manner  as  the  foregoing. 
Silver  chloride  obtained  '0092,  corresponding  to  metallic 
silver -OOGD. 

Silver  compounds,  although  easily  giving  weighable  results, 
are  not  well  suited  for  determining  the  transformation  of 
energy  that  takes  place.  It  is  probable  that  the  reduction  is 
to  argentous  salt,  but  it  is  not  certain.  Ammonia  decomposes 
argentous  salts  into  argentic  salts  that  dissolve  and  metallic 
silver  that  remains.  So  that  whether  we  consider  the  reduc- 
tion as  being  to  argentous  salt  or  to  metal,  in  either  case  we 
find  the  same  quantity  of  metallic  residue  and  cannot  distin- 
guish with  certainty. 

It  scarcely  needs  to  be  said  that  the  object  of  these  various 
determinations  is  not  to  establish  any  relation  between  the 
quantity  of  substance  taken  and  the  amount  of  decomposition 
that  ensues,  for  none  exists.  It  often  hapjiens  that  when  a 
larger  quantity  is  taken   there  results  a   diminished  decom- 
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position  product,  the  particles  protect  one  another.  And  even 
when  all  other  thin<»;s  are  equal,  the  product  will  depend  on 
the  activity  and  dexterity  with  which  the  grinding  is  done. 

But  what  is  really  important  is  that  the  amounts  obtained 
enable  us  in  particular  cases  to  determine  the  exact  amount 
of  mechanical  energy  which  has  been  transformed. 


In  concluding  this  paper,  two  cases  will  be  mentioned 
which  do  not  belong  to  the  above  category,  inasmuch  as  the 
reductions  are  exothermic.  As  a  general  rule,  to  cause  sub- 
stances to  part  with  oxygon,  energy  must  be  supplied,  but 
there  are  exceptions.  Auric  oxide,  for  example,  disengages 
heat  in  parting  with  oxygen,  and  the  same  is  the  case  with 
potassium  permanganate. 

Auric  Oxide. — As  just  said,  the  reduction  of  auric  oxide  is 
exothermic.     Thomsen  found  the  equations  for  its  formation : 

2  Au  +  30  +  3H20  =  2Au  (0H)3-  2  x  {:>-Q. 

The  production,  therefore,  of  a  molecule  of  auric  hydroxide 
requires  that  G'6  C.  be  supplied.  We  should,  therefore, 
expect  to  find  gold  hydroxide  more  easily  and  more  largely 
reduced  by  shearing-stress  than  other  oxides. 

Experiment  confirms  this  expectation,  and  although  this 
case  does  not  belong  to  the  subject  proper  of  this  paper,  which 
deals  with  endothermic  reactions,  it  seems  suiiiciently  in- 
teresting to  add  in  this  appendix. 

Grold  trioxide  hydrate,  Au  (0H)3,  was  obtained  by  Figuier's 
method  (a  gold  solution  is  rendered  strongly  alkaline  with 
potash  or  soda,  and  barium  chloride  is  added  as  long  as  it 
causes  a  precipitate.  Part  of  the  gold  remains  in  solution. 
The  barium  aurate  is  washed  and  decomposed  with  very  dilute 
nitric  acid).  The  brown  powder  after  drying  was  ascertained 
to  be  completely  soluble  in  warm  dilute  hydrochloric  acid 
(1  to  10),  showing  that  no  gold  had  been  reduced. 

(1)  Of  gold  oxide  155  mgs.  were  taken  and  were  tritu- 
rated 25  minutes  in  a  porcelain  mortar.  The  large  reduction 
was  at  once  evident  to  the  eye,  the  pestle  looked  as  if  plated 
with  bright  gold.  The  unchanged  portion  of  oxide  was  removed 
by  digesting  with  dilute  hydrochloric  acid.  The  metallic 
gold  was  dissolved  in  aqua  regia,  reduced  and  Aveighed. 
It  amounted  to  ...     .     '0718. 

The  155  mgs.  of  gold  oxide  taken  contained  1231  of  gold. 
The  reduction  was,  therefore,  as  718  to  1231.  Fifty-eight 
per  cent.,  or  more  than  half  the  gold  contained  in  the  material 
employed,  was  reduced. 

(2)  200  mgs.  gold  oxide  were  triturated  30  minutes  in  a 
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porcelain  mortar.  After  removing  tlie  unchanged  oxide  as 
above,  the  metallic  gold  was  dissolved,  filtered,  and  reduced. 

Obtained '0538. 

Potass/ am  Permanganate. — Two  molecules  of  permanganate 
by  reduction  to  2Mn02H20  lose  o  atoms  of  oxygen  and  at 
the  same  time  28*-4  cal.  The  reaction  is  therefore  exo- 
thermic. 

By  active  trituration  a  portion  of  the  permanganate  taken 
easil3'  undergoes  reduction.  Exhausted  with  water,  a  brownish- 
black  insoluble  residue  remains,  which  dissolves  with  effer- 
vescence in  strong  warm  sidphuric  acid,  forming  a  violet 
solution — the  residue  is  therefore  manganic  peroxide. 

Three  estimations  were  made.  A  first  rough  one,  after 
trituration  for  2b  minutes  in  a  porcelain  mortar,  gave  of  washed 
and  dried  material  which  had  become  insoluble,  43  mgs. 

The  second  was  made  on  a  like  quantity  of  permanganate, 
also  in  a  porcelain  mortar.  The  portion  rendered  insoluble 
was  dissolved  in  hydrochloric  acid,  and  estimated  as  MusOi. 

Quantity  obtained     .     .     •0136, 

showing  that  28' 25  mgs.  of  permanganate  had  been  reduced 
to  MnOg. 

The  same  quantity  of  permanganate  treated  in  the  same 
wa}'  in  an  agate  mortar  gave  only  "0030  Mn02,  owing  to  the 
less  efficiency  of  the  mortar. 

The  reduction  in  the  case  of  these  last  two  substances  are 
exothermic  ;  they,  however,  do  not  take  place  spontaneously, 
but  require  the  aid  of  an  exterior  force — this  aid  is  supplied 
by  shearing-stress. 

In  these  three  papers  a  large  number  of  reactions  have 
been  described  in  which  mechanical  enei-gy  has  been  trans- 
formed into  chemism.  The  number  might  be  extended,  but 
in  practice  is  necessarily  limited  to  those  cases  in  which  a 
perfect  separation  can  be  made  between  the  original  substance 
and  the  altered  product. 


XLYII.    The  Otngin  of  the  Theory  of  Solutions. 
By  J.H.  van't  PJoff*. 

I.  Historical  Introduction. 

WHEN  I  was  requested  to  deliver  an  address  before  the 
German   Chemical   Society   summarizing   the    work 
which   I   had   done   in   the   realm   of  physical    chemistry,   it 

*  Trans^lfited  from  Ihe  Bei-uhieH.  detdsch.  chem.  Gesellscha ft,  \o\.xx\ii, 
pp.  6-19  (1894),  by  Dr.  John  Shields. 
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occurred  to  me  that  I  might  conveniently  start  from  one  of 
two  centres.  It  was  0})en  to  me  to  give  an  account  either  of  the 
investigations  on  double  salts  and  the  limits  of  their  existence, 
or  of  the.  theory  of  dilute  solutions  and  osmotic  pressure.  As 
I  had  no  desire  to  introduce  a  topic  which  might  prove  un- 
welcome to  the  members  of  the  Society,  I  remitted  the  choice 
of  the  subject  to  the  committee.  Although  I  had  half  hoped 
it  would  be  otherwise,  they  expressed  themselves  in  favour  of 
the  theory  of  solutions,  but  in  giving  an  account  of  this  sub- 
ject I  have  promised  to  avoid  everything  of  a  polemical 
nature.  Another  reason  which  would  have  induced  me  to 
eschew  this  subject  is  that,  in  outline  at  least,  it  is  already 
familiar  to  most  of  you  ;  consequently,  a  simple  exposition 
would  be  mere  repetition.  I  think,  therefore,  that  it  would 
be  better  to  consider  for  a  short  time  the  origin  of  the  theory 
of  solutions ;  not  for  the  purpose  of  espousing  claims  of 
priority,  but  i-ather  to  disclose  how  the  train  of  ideas  deve- 
loped in  my  mind,  so  that  finally  the  opponents  can  also  say 
"  Dass  alles  wissen,  alles  vergeben  ist.'''' 

All  my  opinions  in  regard  to  the  "  position  of  the  atoms  in 
space,''  which  were  only  a  structure  founded  on  the  relation- 
ship between  a  physical  property,  viz.  optical  activity,  and 
chemical  constitution,  began  to  germinate  when  I  commenced 
the  study  of  chemistry  under  Kekule  and  Wislicenus.  Young 
as  I  was  at  that  time,  I  wished  to  determine  the  relation 
between  constitution  and  chemical  properties,  for  a  con- 
stitutional formula  should  express  the  complete  chemical 
behaviour  of  a  substance. 

This  was  the  origin  of  my  work  Ansichten  iihet^  die  organ- 
ische  Cheniie,  which  is  possibly  not  known  to  you.  It  little 
matters.  It  was  only  of  value  to  me  in  so  far  as  it  clearly 
indicated  a  gap  in  our  knowledge.  As  is  well  known,  the 
oxygen  in  organic  compounds  exercises  an  accelerating  action 
on  almost  all  changes  ;  for  example,  the  oxidation  of  methane 
is  more  difficult  than  the  oxidation  of  methyl  alcohol,  and  so  on. 

An  accurate  knowledge  of  the  velocity  of  reactions  was 
thus  rendered  necessary,  and  this  consequently  gave  rise  to 
my  work  Etiides  de  dynamique  chimique.  The  study  of  che- 
mical equilibrium,  which  depends  on  the  equality  of  two 
opposed  reactions,  naturally  accompanied  that  of  the  velocity 
of  reaction,  and  was  placed  on  a  sure  basis  by  its  connexion 
with  thermodynamics.  As  often  happens,  in  trying  to  reach 
mv  sroal  I  was  gettine;  farther  and  farther  from  it.  And 
since  the  question  of  equilibrium  is  intimately  connected  with 
the  problem  of  chemical  affinity,  I  first  of  all  encountered  a 
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very  simple  phenomenon  of  affinity,  namely  the  attraction  for 
water. 

Mitiicherlich  {Lehrhuch  der  Chemie,  4th  edit.  1844,  p.  565) 
had  already  in([uiretl  into  the  magnitude  of  the  attraction 
which  Glauber's  salt  has  for  its  water  of  crystallization,  and 
perceived  a  nuvisure  of  it  in  the  diminished  pressure  of  the 
water  of  crystallization.  He  says  {loc.  cit.),  "  If  Glauber's 
salt  be  introduced  into  a  Torricellian  vacuum  at  *J°,  the  mer- 
cury sinks  2*5  lines  (5"45  millim.)  by  the  liberation  of  aqueous 
vapour.  On  the  other  hand,  water  itself  causes  a  fall  of 
4  lines  (8*72  millim.).  Hence  the  affinity  of  sodium  sulj)hate 
for  ts  water  of  crystallization  corresponds  to  the  difference, 
1*5  line  (3*27  millim.),  i.  e.  about  j^^r  of  a  pound  (,^.j  kilog.) 
per  square  inch  (2"r)15  square  centim.)." 

This  value,  ttJj^  of  an  atmosphere,  seemed  to  me  excessively 
small,  and  I  still  retained  the  opinion,  which  I  had  obtained 
from  Helmholtz's  Faraday  Lecture,  that  even  the  weakest 
chemical  forces  are  exceedingly  great.  It  was  therefore 
desirable  to  see  if  this  attraction  for  water  could  be  more 
directly  measured  in  still  simpler  cases  ;  in  aqueous  solution, 
for  example,  we  have  probably  a  much  simpler  phenomenon 
than  the  attraction  for  water  of  crystallization.  AVhilst  pon- 
dering over  these  questions  I  met  my  colleague  de  Vries  and 
his  wife  as  I  was  leaving  the  laboratory.  De  Vries  happened 
to  be  occupied  with  osmotic  experiments,  and  called  my  atten- 
tion to  PfefFer's  determinations. 

You  are  all  familiar  with  the  apparatus  which  Pfeffer  used. 
It  consisted  of  a  porous  pot,  the  wall  of  which  was  rendered 
semipermeable  by  precipitating  in  it  a  layer  of  copper  ferro- 
cyanide.  This  semipermeable  membrane,  which  allowed 
water  but  not  a  dissolved  substance,  for  instance  sugar,  to 
pass  through,  admitted  of  the  measurement  of  the  osmotic 
pressure,  which  amounted  in  the  case  of  a  ]  per  cent,  sugar- 
solution  to  two  thirds  of  an  atmosphere. 

This  pressure  was  exceptionally  great  when  compared  with 
Mitscherlich's  number,  but  there  is  nevertheless  a  relationship 
between  them. 

If  in  fig.  1  we  suppose  the  sugar- 
solution  contained  in  the  lower  left-hand 
side  and  separated  from  the  water  on 
the  right  side  by  means  of  a  semiper- 
meable membrane,  then  the  water  will 
pass  from  right  to  left  untd  the  pressure 
reaches  the  amount  observed  by  Pfeffer. 
In  the  space  above  the  liquids,  however, 
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the   water-vapour   passes    in   the    same    direction,   but    only 
until  the  pressure  reaches  that  measured  by  MitscherUch. 

It  is  even  possible  to  make  a  calculation  founded  on  this 
interdependence.  The  force  with  which  MitscherUch  dealt  is 
small  because  it  acts  on  the  attenuated  vapour,  whilst  that  of 
Pfeffer  is  large  because  it  refei's  to  the  concentrated  water. 
Thus  we  have: — 

PfefFer  :  MitscherUch  =  1000  :  ^^  0-08956  ^(n-  ^^f), 

so  that  we  can  calculate  PfefFer^s  force  from  the  diminution 
of  vapour-pressure  (freezing-point). 


Temperature. 

Osmotic  Pressure. 

0-00239  T. 

6-8 

0-664 

0-668 

15-5 

0-684 

0-689 

22 

0-721 

0-704 

32 

0-716 

0-728 

36 

0-746 

0-737 

The  above  proportionality  is  not  quite  exact.  The  accurate 
formula  is  obtained  if  the  work  which  the  attraction  for  the 
water  can  perform  is  made  the  starting-point ;  this  is  inde- 
pendent of  the  fact  whether  the  water  as  such,  or  its  vapour, 
is  transferred.     Hence  we  get  the  relation  for  18  kilos  water, 


2T/ 


ir>, -423''     ■ 


where  p^  and  pi  represent  the  pressure  of  the  water  and  the 
solution  respectively,  P  the  osmotic  pressure  in  kilos  per 
square  metre,  and  V  the  volume  in  cub.  centims.  of  18  kilos  of 
water. 

This  formula  reproduces  Pfeffer's  results  very  exactly.  It 
also  lends  itself  for  the  determination  of  the  pressure  when  p 
only  is  known  ;  so  that  we  have  the  solution  of  MitscherUch  s 
problem  in  regard  to  the  water  of  crystallization,  for  obviously 
this  attraction  for  water  corresponds  to  that  of  a  solution 
having  an  equal  maximum  vapour-pressure.    Hence  we  get: — 
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Substance. 

Temperature. 

Pressure. 

S0,Na,.10H,0 

SO^Fe.TH^O 

o 

y 

25 
65 
50 

600  atiu. 

510     „ 

245     ., 

1100     „ 

1730    „ 

SO^Fe.TH  0 

S0^Cu.5H  0 

SO^Cu.SHjO 

i.  e.  in  order  to  prevent  Na2S04  from  taking  up  its  water  of 
crystallization,  for  example  in  Pfeffer's  apparatus,  a  pressure 
of  600  atmospheres  at  9°  is  necessary  and  sufficient. 

We  must  now  return  from  Mitscherlich's  affinity  problem 
of  the  attraction  for  water  of  crystallization,  where  we  are 
obviously  dealing  with  enormous  concentrations,  to  the  ques- 
tion of  dilute  solutions.  Hitherto  I  have  been  drawing  your 
attention  to  what  appeared  in  my  Etudes  de  di/namique  chi~ 
mique,  and  now  I  would  like  to  refer  to  a  publication  in  the 
Archives  Nderlandaises.  There  I  gave  the  proof  of  my 
equation, 

(//K_     q 
dH    ~2T' 

which  also  occurred  in  my  Etudes. 

The  introduction  of  this  equation  here  is  only  of  secondary 
importance.  The  chief  point  to  be  noted  is,  that  I  w'as  able 
by  means  of  reversible  cycles  to  deduce  this  equation  for 
dilute  gas  systems.  I  should  now  like  to  show  its  applicability 
to  dilute  solutions. 

It  occurred  to  me  that  all  the  reversible  cycles  which  so 
greatly  simplify  the  use  of  thermodynamics  in  treating  of 
gases,  are  also  applicable  to  dilute  solutions,  provided  that  a 
semipermeable  wall  is  employed,  as  may  be  seen  from  the 
following  figure. 

This  was  a  decided  advance,  and  it  clearly  followed  that 
the  osmotic  pressure  for  dilute  solutions  must  obey  Gay- 
Lussac's  law,  or,  in  other  words,  must  vary  with  the  tempe- 
rature in  the  same  way  as  the  gas-pressure.  A  direct 
comparison  is  simplest. 

The  left  side  of  the  figure  represents  the  well-known  cycle 
for  a  gas.  The  heat  supplied  at  T  which  for  dilute  gases 
corresponds  only  to  the  external  work  PAV,  on  lowering  the 
temperature  by  dY  is  represented  by  the  work  Vt/P. 
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On  the  right  side  the  osmotic  pressure  P,,  is  chosen  equal 
to  P  ;  the  cylinder  is  semipermeable  and  plunged  in  water, 
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the  increase  in  volume,  again  AV,  then  corresponds  (tor 
dilute  solutions  where  the  heat  of  dilution  is  zero)  only  to  the 
external  work  PAV.  Now  here  the  same  lowering  of  tem- 
perature cfY.  must  correspond  to  the  same  work  V(/Po,  so  that 
we  have  cIVq^cIY.  Incidentally  it  may  be  remarked  that 
such  cycles  take  a  very  simple  form  when  V  is  so  great  that 
AV  produces  no  appreciable  chauge  of  pressure.  On  the 
other  hand,  dV  is  so  small  compared  with  AV,  that  the  course 
of  the  adiabatic  may  be  neglected. 

This  result,  Gay-Lussac's  law  for  dilute  solutions,  was 
quite  in  agreement  with  the  available  numerical  data,  although 
it  could  not  be  asserted  that  it  was  sufficient  to  constitute  a 
proof.  A  glance  at  the  table  containing  PfefFer's  results  with 
a  1  per  cent,  sugar-solution  shows  this. 

But  there  is  also  a  second  relationship,  the  full  significance 
of  which  was  almost  recognized  by  Pfeffer,  viz.,  that  the 
osmotic  pressure  in  dilute  solutions  is  proportional  to  the 
concentration  ;  that  is  to  say,  that  Boyle's  as  well  as  Gray- 
Lussac's  law  is  applicable  to  dilute  solutions.  The  mathe- 
matical expression  for  both  laws  is 

PV  =  RT, 

and  with  its  help  I  was  enabled  to  prove  the  above  thermo- 
dynamical  formula,  and  so  my  goal  was  reached. 

On  calculating  the  value  of  R,  however,  the  result  was 
quite  unexpected.  It  is  well-known  that  for  kilogramme- 
molecules  of  gases  the  value  of  R  is  constant  and  equal  to 
about  846,  provided  that  P  is  expressed  in  kilogrammes  per 
square  metre  and  V  in  cubic  centimetres.     We  have  already 
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seen  that  Pfefler  found  tbe  osmotic  pressure  of  a  1  per  cent, 
sufjar-solution  at  6°'8  to  be  0"664  atmosphere. 
We  have,  therefore, 

P=0-6G4x  10333,        V  =  34-2,        T  =  279-8. 
Hence  Ii=840. 

At  first  I  thought  this  was  a  pure  accident,  and  was  dis- 
inclined, at  least  in  the  case  of  sugar,  to  attach  any  physical 
meaning  to  this  result.  Equality  of  both  values  of  R,  i.  e.  for 
gas  and  solution,  has  only  one  meaning  however,  viz.  that  the 
sugar  exerts  an  osmotic  pressure  equal  to  the  pressure  which 
gaseous  sugar  of  the  same  concentration  and  at  the  same 
temperature  would  exert. 

In  other  words,  this  is  the  appKcation  of  Avogadro's  law 
to  sugar-solutions,  the  only  difference  being  in  the  substitu- 
tion of  osmotic  pressure  for  ordinary  gas-pressure. 

II.   Ihe  Tlieory  of  Dilute  Solutions. 

Although  the  above  remarkable  equality  of  osmotic  and 
gas-pressure  at  equal  molecular  concentration  and  temperature 
appeared  at  first  to  be  a  mere  chance,  yet  it  occurred  again 
and  again,  and  was  connected  with  so  many  known  and  after- 
wards with  newly  discovered  regularities,  that  at  last  there 
seemed  to  be  no  room  left  for  doubt. 

De  Vries  was  the  first  to  determine  successfully  the  molecular 
weights  of  substances  in  solution  by  an  application  of  the 
extended  Avogadro's  law.  According  to  Loiseau-Scheibler 
the  molecule  of  rafiinose  contained  18  atoms  of  carbon,  Cjg, 
whilst  Berthelot  gave  it  a  formula  with  C24.  In  order  to 
settle  the  question^  a  com})arison  was  made  with  sugar,  and 
from  each  substance  a  few  isotonic  solutions  were  prepared, 
i.  e.  solutions  having  equal  osmotic  pressures.  This  was 
accomplished  in  an  extraordinary  manner  v\'ith  the  help  of 
plant-cells  contahiing  protoplasm.  The  membrane  of  tho 
protoplasm  is  semi-permeable,  and  when  the  cells  are  placed 
in  solutions  having  greater  osmotic  pressures,  the  protoplasm 
contracts  and  separates  from  the  cell-wall",  or  what  is  termed 
plasmolysis  takes  place.  If  the  solution  has  a  lower  osmotic 
pressure  than  the  contents  of  the  cell,  the  protoplasm  continues 
to  fill  the  cell  completely.  The  point  at  which  the  protoplasm 
just  begins  to  recede  from  the  cell-wall  when  it  is  placed  in 
solutions  of  sugar  and  raffinose  is  sought  out,  and  the  solutions 
thus  proved  to  be  isotonic.  It  is  then  only  necessary,  as  in 
the  case  of  gases,  to  determine  the  ratio  of  the  amounts 
of  sugar   and    raffinose  contained  in  equal  volumes  of  the 
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solutions  in  order  to  calculate  the  molecular  weight.  In  this 
way  it  was  found  that  the  formula  of  raffinose  contained  C/jg. 
This  conclusion  has  since  been  confirmed  by  the  splitting  up 
of  raffinose  into  equal  quantities  of  the  three  sugars — glucose, 
levnlose,  and  galactose, — each  containing  six  atoms  of  carbon. 

We  will  now  consider  the  laws  associated   with  osmotic 
pressure.  Yv^.  .'5. 

The  Lowering  of  the  Vapour- Press^iwe.  — 
If  we  supj)Ose,  with  Arrhenius,  that  we 
have  osmotic  equilibrium  with  a  1  per  cent, 
sugar-solution,  as  in  fig.  3,  where  H  is 
the  rise  due  to  osmotic  pressure,  then  the 
column  of  solution  H  represents  the 
osmotic  pi-essure  and  the  colunm  of  vapour 
H  the  lowering  of  the  vapour-pressure. 
Hence,  for  any  solvent  whatever,  we  obtain, 
as  before. 


Lowering  of  vapour-pressure 
Osmotic  pressure 


M 

0-08956  ^  , 


Vapour-pressure 


10005 


where  s  represents  the   specific   gravity  of  the  solvent  and 
M  its  molecular  weight  in  the  gaseous  state. 

(Should  the  osmotic  pressure  be  equal  to  the  gas-pressure, 
then,  by  comparison  with  hydrogen,  it  will  be 

10  s 


0-08956^' 

2 
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for  a  1  per  cent,  solution  of  a  substance  having  the  molecular 
weight  m.     Hence 

Lowering  of  vapour-pressure  /^  /^,  ,«• 

—^ i c ^n  =  0-01 M. 

V  apour-pressure 

This  is  the  well-known  law  of  Raoult,  which  states  that  the 
molecular  relative  lowering  of  vapour-pressure  is  equal  to 
j^Q  of  the  molecular  weight  of  the  solvent. 

It  is  to  be  noted  that  here,  as  in  all  laws  relating  to  dilute 
solutions,  we  have  only  a  limiting  law  which  strictly  applies 
to  infinitely  dilute  solutions,  where  the  accurate  expression  of 
the  above  law  becomes 

dp 
pdni 

The  following  table  contains  the  results  obtained  w^ith 
fairly  dilute  solutions. 


=  M. 
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Formula. 

M. 

Eelative  molecular 

lowering 
of  vapour-pressure. 

H.,0  

18 
138 

76 
154 
120 

0185 

1-49 

0-8 

1-62 

1-3 

0-74 

0-83 

1-49 

0-33 

0-71 

2    (Gallium). 

PCI3  

CS.,     

ccl. 

CHCI3    

C.H,„     

70 
78 

142 
32 
74 

200 

cIh, 

ICH3 

CH,0    

C.H.^O 

Hg 

The  Raising  oj  the  Boiling-Point. — Fig.  4  contains  portions 
of  the  vapour-pressure  curves  for  solvent  and  solution.     The 

Solve-Tit 
y^ySoliLtLon 

Fig.  4. 


T 


horizontal  line  ah  corresponds  to  the  atmospheric  pressure, 
a  is  the  boiling-point  of  the  solvent,  h  that  of  the  solution, 
ah  the  rise  of  boiling-point  (c?T),  and  ac  the  lowerino-  of 
vapour-pressure  [dp) . 

If,  in  the  well-known  equation 
dip        q 
llT  ~2T2' 
where  g  represents  the  latent  heat  of  evaporation  per  kilo- 
gramme-molecule, the  above  expression  of  Raoult's  law, 

^m  =  0-01M, 
P  '     - 

is  introduced,  we  obtain 

mAT  = 


or,  rigorously, 


7n . 


0-02  T^ 

q/K 

dt 


dm 


which  is  the  well-known  van^t  HofF-Beckmann-Arrhenius 
expression  for  the  molecular  rise  of  boiling-point,  the  experi- 
mental confirmation  of  which  is  contained  in  the  following  table 
(W  =  the  latent  heat  of  evnporation  per  kilogramme). 
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Substance. 

002  T' 

w   • 

Beckmann  (found). 

CHCL    

36-6 
23-7 
25-3 
11-5 
26-1 
21-1 
5-2 
16-7 

37-39 
23-25 
25-26 
11-13 

27 

20-22 

5-5-6 

16-17 

cs,..! 

C  H  0„ 

C  11  0    

C2n,o.,c.,ii,    

(0  H-)'0   

HJO   

(OHJ  00 

The   Lowering   of  the  Freezlng-Foint. — Similarly, 


0-02T« 
W 


represents  the  molecular  lowering  of  the  freezing-point,  and 
reference  may  be  made  to  a  memoir  read  before  the  Swedish 
Academy,  where  I  first  described  Avogadro's  law  for  solutions 
us  a  '^  propriete  curieuse  de  la  matiere  diluee,^'  along  with  a 
confirmation  of  Baoult's  so-called  Normal  Numbers. 


Substance. 

W. 

T. 

002^. 

Raoult. 

H  0      

79 
43 
66 
29 
22 

273+  0 
273+17 
273+  9 
273+  5 
273+  5 

19 
39 
28 
53 
70 

28-5 

38-6 

27-7 

50 

70-7 

CH,0„      

CKfi    

C.H„ 

C(,H-NO,  

Before  publishing  the  above  memoir  I  took  the  precaution 
to  ask  Prof.  Petterson  if  he  would  determine  the  latent  heat 
of  fusion  of  ethylene  bromide,  which  I  had  predicted,  from 
the  consideration  of  Raoult's  data,  would  be  13.  This  pre- 
diction was  found  to  be  correct,  and  has  since  been  confirmed 
in  a  great  many  cases,  especially  by  Eykman. 

The  following  table  contains  the  calculated  and  found 
values  for  the  latent  heat  of  fusion  : — 


Substance. 

Calc. 

Found. 

Substance. 

Calc. 

Found. 

44 
36 
25 
39 
21 
20 
28 
29 

45 
36 
26 
39 
24 
26 
29 
29 

Thymol 

27 
41 
33 
16 
14 
2-8 
13 

28 
41 
34 
16 
14 

2-  3 
14-17 

Naphthalene 

Urethane  

N.,0,  

Phenol 

ICla  

Diplienylamine     ... 
Naphthylamine    ... 

ICl/3 

Hff 

bn  

Unfortunately  I  have  no  more  time  at  my  disposal  to  follow 
out  all  the  other  relationships  which  are  founded  on  the 
assumption  that  R  =  846,  so  that  the  following  tabular 
survey  must  suffice  : — 
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III.  Deviations. 

The  question  now  arises,  Is  the  foregoing  sketch  to  be 
considered  as  a  theory  of  solution  ? 

Not  necessarily.  It  is  rather  a  necessary  correlation  of 
experimental  results  and  laws,  some  of  which  have  been  known 
for  a  long  time,  whilst  others  are  of  quite  recent  origin,  and 
I  scarcely  think  that  serious  objections  can  be  raised  against 
this  correlation. 

It  is  not  even  necessary  to  select  osmotic  pressure  as  the 
starting-point;  the  whole  may  be  just  as  easily  deduced  from 
Henry's  or  Eaoult's  law,  but  the  osmotic  law  is  a  simple 
tangible  expression  of  the  whole  behaviour  of  dilute  solutions, 
and  its  physical  meaning  can  be  easily  stated  in  words,  and 
graphically  represented. 

When  rarefied  matter  exists  under  such  conditions  that  it 
tends  to  spread  itself  out  by  diffusion,  then  the  pressure,  at  any 
given  temperature,  which  prevents  it  from  so  doing  depends 
only  on  the  number  of  molecules  and  is  independent  of  their 
nature  and  of  the  medium  in  which  they  exist. 

Where  does  the  theory  of  solutions  begin  ?  In  my  opinion 
it  begins  where  the  attempt  is  made  to  explain  the  deviations 
as  being  due  to  secondary  causes. 

Such  deviations  exist,  and  immediately  show  themselves  by 
non-agreement  with  all  the  above  correlated  laws,  for  example, 
in  abnormal  values  of  the  osmotic  pressure,  deviations  from 
Henry^s  law,  unexpected  lowerings  of  freezing-point,  &c. 

In  now  passing  on  to  the  real  theory  of  solutions,  my  object 
is  to  mention  shortly  in  what  way  these  deviations  have  been 
explained,  and  with  what  success. 

One  thing  in  particular  is  to  be  noted  :  the  above-mentioned 
relations,  if  they  are  to  remain  at  all  vahd,  necessitate  only 
that  we  are  dealing  with  great  dilutions,  and  are  thus  limiting 
laws  like  those  of  Boyle,  Gay-Lussac,  and  Avogadro.  But  it 
is  well-known  that  exceptions  are  also  to  be  met  wiih  in  the 
case  of  very  dilute  solutions.  Some  lowerings  of  the  freezing- 
point  are  unexpectedly  small,  whilst  others  are  unexpectedly 
great.  That  this  does  not  go  so  far  as  to  conceal  the  main  laws 
is  best  proved  by  the  fact  that  Raoult,  long  before  the  theory 
of  solutions,  always  referred  to  the  present  calculated  values 
as  "  normal." 

llie  SituiJl  Lowerings  of  the  Freezing-point,  corresponding 
to  a  smaller  osmotic  pressure,  are  of  two  kinds. 

First,  and  especially  in  the  case  of  compounds  containing 
the  hydroxyl  group,  e.  g.  the  alcohols  and  acids  in  benzene 
solution,  values  are  obtained  which  are  obviously  only  about 
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one  half  of  the  normal  value.  These  exceptions  are  explained 
at  once  by  the  formation  of  double  molecules;  and  this  expla- 
nation has  been  coniirmed  by  the  fact  that  such  solutions  on 
dilution  often  load  to  normal  values,  as  if  a  dissociation  of 
the  double  molecules  took  place. 

Secondly,  it  has  long  been  known  that  some  acids,  e.  g. 
formic  and  acetic  acids,  seem  to  have  a  bimolecular  structure 
even  in  the  gaseous  condition. 

Finally,  and  quite  recently,  Ramsay  and  Shields  have,  by 
a  method  which  is  not  far  removed  from  osmotic  pressure, 
come  to  the  imjiortant  conclusion,  similar  to  the  above,  that 
alcohols  and  acids,  in  contradistinction  to  the  hydrocarbons, 
possess  a  polymolecular  constitution ;  and  I  have  grounds  for 
suspecting  that,  if  Ramsay  slightly  altered  his  method  of 
calculation,  a  still  better  agreement  would  be  obtained. 

There  is  still  another  case,  where  small  lowerings  of  the 
freezing-point  are  observed,  which  cannot  be  explained  by  a 
polvmolecular  constitution  because  simple  halving  is  not 
shown  and  because  even  a  rise  in  the  freezing-point  often 
occurs,  as  in  solutions  of  antimony  in  tin,  naphthol  in  naph- 
thalene, carbazol  in  phenanthrene. 

Then  the  idea  occurred  to  me  that  the  dissolved  substance 
as  well  as  the  solvent  were  frozen  out  together. 

Fig.  5  represents  the  vapour-pressure  of  ice  and  water 
near  the  freezing-point,  a,  and  also  the  vapour-pressure  of  a 

Fig.  5. 


ief 


T 

solution  whose  freezing-point  lies  at  h.  If  now  the  ice  is 
able  to  carry  down  some  of  the  dissolved  body,  its  vapour- 
pressure  diminishes,  and  the  freezing-point  correspondingly 
rises  to  c,  and  can  even  lie  to  the  right  of  a.  As  a  matter  of 
fact,  experiment  has  re])eated]y  confiimed  this  assumption, 
as    e.  (J.   with  solutions  of  lead,   cadmium,  tin,  and  gold  in 
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mercury  (Tainmann),  tbiophene  in  benzene,  antimony  in  tin, 
naphthol  in  na])bthalene  (van  Bylert),  indol  in  naphthalene, 
carbazol  in  anthracene  (Ferratina  and  Garelli),  and  also  with 
ketopentene  derivatives. 

According  to  Ferratina  and  Garelli  it  would  appear  that  a 
too  small  lowering  of  the  freezing-point  is  a  simple  means 
for  determining  the  constitution  of  a  substance,  as  the  freezing 
out  of  the  dissolved  substance  is  very  often  to  be  inferred 
from  similarity  of  constitution.  In  this  way  it  was  shown, 
e.  fi;  that  nicotine  j)robably  was  not  a  dipyridyl  derivative, 
and  this  is  confirmed  by  the  work  of  Pinner  and  Blau. 

Abnormally  Large  Depressions  of  the  Freezing -jwint. — To 
return  once  more  to  the  osmotic  experiment  of  de  Vries. 
The  so-called  isotonic  coefficients,  which  are  obtained  by 
comparison  of  isotonic  solutions,  express  the  relative  osmotic 
force  in  solutions  which  contain  the  same  number  of  molecules 
in  equal  volumes,  or,  in  other  words,  the  relative  osmotic 
force  of  molecular  quantities. 

The  so-called  isotonic  coefficients,  which  occur  in  so  many 
physiological  experiments  as  conditional  factors,  should, 
according  to  the  theory  be  equal  to  unity  ;  they  are  thus 
obviously  of  serious  importance  in  the  development  of  a 
"theory  of  solutions"  and  have  imposed  on  me,  in  my  Swedish 
memoir,  a  certain  amount  of  restraint  in  speaking  of  a 
remarkable  property  frequently  occurring  in  rarefied  matter. 

Since  that  time,  however,  the  state  of  affairs  has  altered. 
Arrhenius  has  shown  that  the  abnormally  high  values  occur 
only  in  solutions  which  conduct  electricity,  and  numerous 
reasons  have  been  adduced  to  explain  the  abnormally  high 
values  in  consequence  of  the  presence  of  ions  obtained  by  the 
splitting  up  of  the  molecules  in  solution.  In  the  following  table 
I  give  the  numbers  which  have  been  obtained  in  some  of  the 
most  significant  cases,  and  a  glance  suffices  to  show  what  has 
already  been  attained  in  this  way: — 


Substance. 

Isotonic  coefficient 
found. 

Do.  calculated  from 
tbe  conductivity. 

KCl     

1-81 

1-82 

2-48 

1-92 
2-8-2-3 
1-2-1 -4 

309 

G02 

1-2 

2-47 

1-85 

1-84 

2-4(i 

1-84 

2-48               ' 

1-35 

3  07 

6-93 

1-37 

2-39 

NH4CI    

CafNO.,'),    

LiCl    ..." 

MgCL    

MgSOi   

FeCy.K,    

Co  Cv,  K^      

Tartar-emetic    
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Doe:?,  tluMK  tliis  assumi>tioii  of  t'lectrolytio  dissociation 
coriTspoml  t^  artual  fact?  I  am  just  about  to  allude  to  this 
matter,  and  I  ask  the  continuance  of  your  attention  for  a  short 
time  in  order  to  show  what  has  followed  from  a  consideration 
of  the  narrow  hut  important  domain  of  saponification. 

In  ]883.  in  conjunction  with  Reiclier,  I  carefully  investi- 
•i'ated  the  \elocity  with  which  bases  saponify  esters.  The 
lirst  experiments  were  made  with  soda  and  potash,  and  then 
we  tried  calcium  hydrate,  as  we  expected  a  ditit'erent  velocity 
of  reaction.     The  corresponding  equations  are 

KOH  +  CH3CO2C2H5  =  CH3CO2K  +  ( '2H5OH, 

CaOgHo  +  ^CHsCO^C^Hs   =(CH3CU2)2<Ja  +  2C2H50H. 

Proportionality  between  the  velocity  of  reaction  and  the 
square  of  the  concentration  of  the  ester  in  the  latter  case,  and 
with  the  concentration  alone  in  the  former,  might  be  expected, 
l)ut  we  found  in  both  cases  practically  the  same  velocity: 

Potash  2-298  ;  Calcium  hydrate  2-285. 

This  curious  fact  inunediately  found  its  explanation  in  the 
theory  of  electrolytic  dissociation,  for  the  reaction  .in  both 
cases  is  conditioned  by  the  hydroxyl  alone,  and  hence  is 
represented  by  the  equation 

OH  +  CHsCOjCzH^  =  m^V\J.2  +  C2H5OH. 

Ustwald  observed  an  analogous  fact,  viz.,  that  greatly 
diluted  ac'ds  have  the  same  velocity  of  saponification.  In 
this  case,  the  action  is  conditioned  by  the  presence  of  hydrogen 
ions. 

Quite  recently  Wijs  has,  in  my  laboratory,  investigated  the 
saponifying  action  of  water  itself. 

This  investigation  possesses  new  interest  on  account  of  the 
question  whether  the  excessively  sinall  saponifying  power 
of  water  is  due  to  the  presence  of  the  minute  quantity  of 
hydroxyl  and  hydrogen  ions. 

In  this  case  the  question  is  experimentally  and  theoretically 
som.ewhat  more  complicated.  Experimentally,  the  action  of 
water  is  disturbed  immediately  after  the  commencement  of 
the  saponification  by  the  co-operation  of  the  acid  which  is 
formed,  and  hence  must  be  measured  only  at  the  beginning. 
Theoretically,  the  increase  in  hydrogen  ions,  on  account  of 
the  formation  of  acid,  must  be  taken  into  account  in  the 
combined  action  of  hydrogen  and  hydroxyl  ions.  In  order 
to  determine  the  (quantity  of  acid  '\\\  the  exceedingly  dilute 
solution  (about  0-U0005-nornial),  the  conductivity,  as  being 
the  best  quantitative  method,  was  employed. 
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The  general  result  of  the  investioation  has  heeii  the  ex^teri- 
meiital  confirmation  of  the  theoretieally  predicted  ])resence  of 
a  niininnini  in  the  velocity.  What  takes  place  here  ?  The 
II-  and  OH-ions  in  the  water  cause  the  saponification;  the 
acid  which  is  formed  imdergoes  electrolytic  dissociation  with 
the  })roductIon  of  H-ions. 

The  equilibrium     +       - 

H  +  OH-^ — >H,0, 

which  takes  place  between  the  H-  and  OH-ions  on  the  one 
hand  and  the  water  on  the  other,  necessitates  a  diminution 
in  the  number  of  hydroxyl  ions  on  the  aj)pearance  of  new 
hydrogen  ions.  The  hydroxyl  ions,  however,  saponify  very 
rn])idly,  and  from  the  velocity  of  sa})onification  by  bases  it  is 
calculated  that  they  saponify  1400  times  more  rapidly  than 
hydrogen  ions.  Hence  there  must  be  a  decrease  in  the  velocity 
caused  by  the  disappearance  of  OH-ions,  followed  by  an 
increase  in  the  velocity  due  to  the  increased  production  of 
H-ions;  in  other  words,  there  must  be  a  minimum  velocity. 

If  0  represents  the  concentration  of  the  ester,  and  C^  and 
Cqjj  the  concentrations  of  the  ions,  we  have  mathematically: — 

Velocity  =  KG  (Oh  + 1400  G^^) 

The  change  of  velocity  is 

dC^  +  UOOdC^^, 
the  minimum  velocity 

dC^=-U00dG^^ 

and  <-oh'^Ch=-GVCoh; 

hence  C,,„=^"  . 

"^^      1400 

The  minimum  therefore  occurs  when  there  arc  1400  H-ions 
and  one  OH-ion  present  in  the  solution. 

This  is  represented  graphically  in  fig.  6.  After  about  two 
hours  the  velocity  sinks  to  about  -Jj^  of  its  initial  value.  At 
this  stage,  two  sets  of  experiments  showed  that  a  minimum 
actually  existed. 

A  third  experiment,  performed  with  the  greatest  care,  was 
therefore  made  in  order  to  determine  accurately  the  minimum 
velocity,  and  from  this  to  calculate  the  electrolytic  dissociation 
of  water.     The  result  which  was  obtained  was  0'071  X  10~   per 
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minute   in  a  normal  solution  of  ester,  and  the  correspond- 
ing (.lissociation  0'12xlO~''  of  a  granime-nioleculo  per  litre. 
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The  great  importance  of  this  result  is  seen  on  comparison 
with  the  following  numbers.  Shortly  before.  Ostwald  found 
in  quite  a  different  way  that  the  electrolytic  dissociation  of 
water  lay  between  0-74  xlO~^  and  0-27x10-'^  gnun.-mol. 
per  litre  ;  whilst  from  Kohlrausch's  conductivity  determina- 
tion he  calculated  that  the  maximum  value  did  not  exceed 
0-6  xlO-^  Arrhenius  obtained  0-11  xlQ-'^  from  Shields' 
exj)eriments,  and  Bredig  estimated  it  at  about  0"GxlO~'' 
gram.-mol.  per  litre. 

Is  the  theory  of  electrolytic  dissociation  hereby  proved  ? 
By  no  means.  In  the  domain  of  saponification  it  has  never- 
theless accomplished  far  more  than  could  have  been  expected. 


XLVIII.  JS^ote  on  the  Elasticiti/  of  Spider  Lines. 
Bxj  James  H.  Gray,  M.A.  (Ghis.),  B.Sc.  [Lond.)*. 

THESE  tests  were  made  last  summer  in  the  Physical 
Laboratory  of  Glasgow  University,  in  the  course  of  some 
work  in  which  a  very  sensitive  mirror-galvanometer  was 
rc()nired. 

"When  the  mirror  was  suspended  with  a  fine  silk  fibre,  it 
was  found  that,  when  deflected,  it  took  an  inconveniently 
long  time  to  return  to  zero.  This  defect,  common  to  silk 
and  most  metal  suspensions,  and  which  has  been  called 
"  creep,"  was,  at  the  suggestion  of  Dr.  J.  T.  Bottomley, 
F.R.S.,  obviated  ])y  using  a  spider's  thread  for  supporting 
the  mirror. 


*  Coniinunicated  by  the  Author. 
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In  the  i'ruccediiios  of  the  Uoyiil  (Society  tor  1881), 
page  291*,  an  account  is  oiven  ot"  some  very  interestini;- 
tests  made  of  the  value  of  the  torsional  rigidity  of  sj)i(Ier's 
thread  by  Professor  A.  Tanakadate,  of  flapan.  He  found  that 
the  torsional  rigidity  is  rather  less  than  one  sixth  of  that  of 
silk  fibre  of  the  same  thickness. 

For  the  tests  about  to  be  described,  several  garden  spiders, 
species  Epeira  Diadema,  about  one  eighth  of  an  incli  in  length 
of  body,  were  caught  and  placed  each  in  a  separate  box. 
Fresh  threads,  free  from  dust,  could  thus  be  obtained.  If 
more  than  one  spider  was  placed  in  the  same  box  the  number 
soon  became  reduced  to  one,  the  others  having  been  killed 
and  eaten  by  the  survivor.  It  is  necessary  to  employ  the 
garden  spider,  as  the  house  species,  which  makes  a  closely 
woven  web  quits  different  from  the  beautiful  spiral  of  the 
Diadema,  cannot  be  made  to  spin  a  thread.  The  spinner 
was  taken  out  of  its  box  and  placed  on  a  card  or  piece  of 
wood  held  about  three  feet  or  so  above  the  ground,  A  slight 
taj)  was  sufficient  to  cause  the  spider  to  drop  from  the  support, 
spinning  a  thread  as  it  fell.  Sometimes  it  drop])ed  to  the 
floor,  but  in  most  cases  it  stopped  when  it  had  fallen  six  or 
eight  inches,  and,  after  hanging  apparently  motionless  for  a 
second  or  two,  ra])idly  threw  out  an  exceedingly  light  thread 
which  floated  outwards  and  upwards  in  the  direction  of  the 
slightest  draught.  In  the  S])ace  of  ten  seconds  sometimes  as 
many  as  ten  feet  of  thread  were  thrown  out.  If  the  outer  end 
of  this  thread  ha})pened  to  attach  itself  to  one  of  the  adjacent 
supports,  the  spider  innnediately  endeavoured  to  make  its 
escape.  The  threads  thus  sjjun  were  exceedingly  thin,  and 
could  only  be  seen  when  a  strong  light  was  thrown  upon 
them  and  Avith  a  Idack  background. 

While  it  was  still  floating,  two  marks  were  maile  about 
50  centimetres  apart,  by  carefully  fixing  with  gum  two  pieces 
of  the  thread,  each  3  millimetres  long,  at  right  angles  to  the 
length.  Small  wire  weights  from  ^  to  oO  milligrammes  were 
made,  and  half  a  milligrannne  was  fixed  a  little  beyond  the 
furthest  thread-mark.  This  was  sufticient  to  bring  the  thread 
down  to  the  vertical  without  appreciably  stretching  it.  On  a 
vertical  stand  Avere  fixed  two  paper  scales  graduateil  in  half- 
millimetre  divisions,  the  one  scale  about  50  centimetres  above 
the  other.  Directl}^  in  front  of  these  scales  the  thread  was 
hung,  and  by  means  of  a  telesco})e  placed  six  feet  away  the 
readings  corresjionding  to  the  two  marks  on  the  thread  were 
obtained.     Precautions  were  taken  to  prevent  draughts,  as 

*  *'Noto  ou  the  Thermoelectric  I'osilion  nf  Phitiuoid/'  by  J.  T.  Bot- 
toniley,  M.A.,  F.R.8.,  siud  A.  Tanakadate. 
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the  slightest  t-urnMit  was  sufficient  to  drive  the  tliroad  against 
the  scales,  tVom  whieli  it  eoulil  only  with  difficulty  he  freed. 

The  small  weights  were  gradually  lixed  to  the  lower  end  of 
the  thread,  and  the  corresponding  readings  of  the  marks  taken. 
Ihe  data  were  thus  oljtained  for  a  stress-strain  diagram,  and 
are  shown  on  the  annexed  curve.  The  abscissiu  represent 
jierceutage  stretchings,  and  the  ordiuates  weights  ajjplied. 

The  actual  stretchings  obtained  are  given  below : — 


Amount  of 

Perceiitap:e 

stretching-. 

stretching-. 

1-775  centim. 

3-2b 

2-775       „ 

5-11 

4-25 

7-85 

5-1           „ 

9-42 

(i-325       ,, 

11-68 

7-175       „ 

13-25 

Weight  applied. 

2-0 

milligrammes. 

3-5 

J5 

<v5 

•n 

8-5 

•>} 

11-5 

!) 

13-5 

11 

Original  length  between  the  marks,  54' 15  centimetres. 

One  milligramme  corresponds  to  127-3  kilogrammes  per 
square  centimetre. 

The  breaking-weight  of  this  thread  was  found  to  be  17 
milligrammes,  that  is,  2-16x10^'  grammes  per  square  centi- 
metre. This  number  does  not  differ  greatly  from  those  for 
the  breaking- weights  of  copper  (annealed),  bronze,  drawn 
gold,  palladium,  and  silver.  It  is  rather  greater  than  that  for 
cast  iron,  but  considerably  less  than  steel,  and  indeed  than 
silk  fibre. 

The  value  for  the  breaking-weight  per  unit  of  cross  section 
of  the  spider^s  thread  is  given  on  the  assumption  that  the 
thread  is  circular.  This  is  not  quite  correct,  however,  as  it  is 
really  composed  of  four  or  six  strands  parallel  to  each  other. 
Each  of  these  strands,  again,  is  made  up  of  about  one 
thousand  exceedingly  fine  threads.  The  cross  section  of  the 
complete  thread  being,  therefore,  virtually  four  or  six  small 
circles  instead  of  one  large  circle,  the  value  given  above  for 
the  breaking-weight  is  proljably  from  five"  to  ten  per  cent,  too 
small. 

The  diameter  of  the  thread  was  very  carefully  measured 
for  me  by  Dr.  William  Snodgrass,  of  the  Physiological 
Laboratory,  by  means  of  a  very  fiuelj'-divided  micrometer- 
scale  and  a  powerful  microscope.  As  measured  Ijy  Dr.  Snod- 
grass, the  diameter  was  found  to  be  almost  exactly  j^o  of 
a  millimetre. 

One  interesting  point  is  at  once  apparent  on  looking  at  the 
form  of  the  curve.      Whereas  in  all  metal  threads,  whenever 
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the  elastic  limit  is  exceeded,  the  extension  increases  in  a 
greater  ])roportion  tlian  the  tension,  in  s])ider's  thread,  on  the 
contrary,  the  extension  at  first  increases  more  slowly  than  the 
tension,  and  ai'terwards  goes  on  at  exactly  the  same  rate  up  to 
the  breakiiig-j)oint.  It  will  he  seen  that  the  latter  part  of 
the  curve  is  practically  a  straight  line. 

Strrss-Strain  Dlaprani  of  Sjiidcr's  Tliread. 


The  behaviour  of  spiders^  thread  under  stress  is  very  similar 
to  that  of  muscle  and  all  animal  tissue.  They  show  a  kind  of 
tetanus  tendency  when  stretched.  It  also  resembles  india- 
rubber,  as  shown  in  a  stress-strain  diagram  obtained  by 
Professor  Archibald  Barr  in  a  testing-machine  designed 
by  him. 

Subject  to  the  error  caused  by  want  of  circularity  of  the 
thread,  the  Young's  modulus  was  found  to  be  7*7tU)  x  10" 
grannnes  per  square  centimetre.  This  is  nuich  lower  than 
the  value  for  any  metal,  the  lowest  being  that  of  lead,  which 
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is  51x10",  and  even  than  any  of  the  woods  as  given  in 
volume  iii.  of  Lord  Kelvin's  '  Collected  Papers.'  On  account 
of  the  thread  not  heiug  circular,  the  calculation  of  the  Rigidity 
Modulus  would  of  course  be  valueless. 

A  rough  trial  was  made  of  the  Torsional  lligidity ;  but  as 
the  thread  was  verv  much  liner  Hum  that  used  by  Professor 
Tanakadate,  being  about  one  third  the  diameter,  it  was  diffi- 
cult to  obtain  a  light  euough  twisting-weight.  The  result 
obtained,  however,  agreed  with  that  given  by  Prof.  Tanaka- 
date, in  so  far  as  it  showed  that  the  torsional  rigidity  of 
spiders'  thread  is  considerably  less  than  that  of  silk  fibre. 


XLIX.  T/ie  Method  of  Fractional  Distillation  illustrated  by 
the  Investigation  of  Kerosene.  By  J.  Alfred  Wanklyn 
and  \\.  J.  Cooper  *. 

A  LIQUID  known  as  kerosene,  or  Russian  kerosene,  is 
imported  into  this  country  in  immense  quantities. 
The  liquid  is  produced  by  the  distillation  of  crude  natural 
Russian  petroleum  in  Baku,  and  is  conveyed  in  tank-shi[)S  to 
London.  It  arrives  in  this  country  in  the  condition  of  an 
almost  colourless  oil,  with  very  little  smell,  and  of  sp.  gr. 
0-825  at  15°"5  0.  Apparently  it  is  very  constant  in  quality 
and  composition. 

The  knowledge  of  it  which  we  owe  to  former  investigators 
is  that  it  is  a  mixture  of  hydrocarbons  of  the  general  formula 
C„H2„  ;  that  these  hydrocarbons  are  not  olefines,  but  are 
isomers  of  the  olefines,  being  not  readily  attacked  by  reagents. 
Very  few  of  the  members  of  the  series  have  been  described  by 
former  investigators.  "We  have  made  a  study  of  kerosene  as 
follows  : — 

When  kerosene  is  rapidly  distilled  in  a  glass  retort,  70  per 
cent,  comes  over  below  250°  C,  about  20  per  cent,  between 
250"  and  300°,  and  the  residual  10  per  cent,  may  be  almost 
completely  volatilized  ;  the  last  5  per  cent,  requiring,  how- 
ever^  a  temperature  much  above  the  boiling-point  of  mercury. 

By  careful  quantitative  experiment,  a  carefully  measured 
litre  of  kerosene  Ijeing  distilled  in  two  operations,  half  a  litre 
at  a  time,  it  was  ascertained  that  there  is  neither  expansion  nor 
contraction  during  distillation.  The  observation  Avas  also  made 
that  not  until  the  temperature  had  risen  to  170°  C.  did  the 
first  drop  of  liquitl  distil  over. 

*   Comijjuuicated  by  the  Authors. 
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Tlio  acinal  fiouvcs  of  flic  cxjx'rinient  wero  as  follows: — 

cub.  contim. 
Distillate  botween  170°  and  250°   .     .     .       ()88 
„        250°  and  ;-iOO°    .     .     .       205 
Residue 107 


1000 


That  nothing  should  distil  over  below  170°  is  most  remark- 
able, inasmuch  as  there  is  actually  present  in  kerosene  a  liquid 
with  a  boiling-point  of  78°  C.  The  proportion  of  this  low- 
boiling  liquid  is  indeed  small  ;  but  there  are  other  volatile 
inoredients,  and  the  sum  total  of  the  ingredients  boilino-  below 
170°  C.  amounts  to  more  than  one  fifth  of  the  total  kerosene. 

The  688  cub.  ccntim.  of  distillate  (which  has  just  been 
mentioned)  were  submitted  to  redistillation,  and  they  pelded 
505  cub.  centim.  below  210°  C.  And  in  that  manner  one  litre 
of  kerosene  was  caused  to  yield  505  cub.  centim.  of  distillate 
below  210°  C.  When  it  is  directly  distilled  a  litre  of  kerosene 
does  not  give  anything  like  half  its  volume  of  distillate  at 
temperatures  below  210°  ('. 

Continuing  the  investigation,  the  505  cub.  centim.  of  dis- 
tillate were  redistilled,  and  they  began  to  distil  at  125°  C.,and 
up  to  170°  V.  270  fub.  centim.  came  over.  And  in  that 
manner  a  litre  of  kerosene  (which  when  directly  distilled 
yields  only  one  drop  of  distillate  below  170°  C.)  may  be 
caused  to  evolve  270  cub.  centim.  of  distillate  below  170°  ('. 

All  this  illustrates  how  admixture  with  a  high-boiling  liquid 
raises  the  boiling-point  of  low-boiling  liquids. 

We  have  carried  out  a  most  laborious  investigation  of 
kerosene,  and,  operating  on  a  considerable  scale,  after  many 
months  of  fractionation  have  separated  24  ditFerent  liquids, 
which,  with  probably  a  few  others,  and  together  with  about 
13  per  cent,  of  residue  boiling  at  temperatures  above  290°  C, 
make  up  the  complex  mixture  known  as  kerosene.  As  to  the 
proportions  of  the  different  ingredients  of  the  mixture,  it  is 
to  be  noted  that  there  is  no  one  preponderating  ingrediant. 
There  a])pears  to  be  a  very  small  proportion  of  the  two  most 
volatile  terms  of  the  series,  but  for  the  rest  the  distribution  is 
not  very  uneven.  We  doubt  whether  the  proportion  of  any- 
one ingredient  exceeds  5  per  cent,  of  the  whole  kerosene. 

In  the  following  table  are  set  forth  the  main  results  of  our 
work  : — 


Fractional  J >ist illation  0/  luroscnc.  41'7 

T;il)nlar  -tattMuent  (tf  tli<>  Constituouts  of  Kcropciu'. 

^'npou^-clen8itJ'. 
Label.  Boiling-point.  Found.  Theory.  Formula. 

A  77°  C. 

Az 87 

Aa 96-5  3-69  3-63  C7,  H^, 

Ab 106  3-91  3-87  C '  H^, 

B  ll(5-o  4-08  4-11  Csi  H„ 

Eb 127  4-36  4-35  C/ H^, 

Be 138  4-59  4-59  Cq.  H,„ 

C  148  4-84  4-84  C,'^  H.„ 

D  158  5-02     •  5-08  CwMl, 

Dd 168  5-20  0-32  C„X, 

De 176  5-51  5-56  CujH", 

E  186  5-77  5-80  C,.,  H^^ 

F  197  6-U8  6-04  CioiH;,, 

Ff 205  ....  6-28  C,,  H^ 

G  214  6-53  6-52  Vi^K, 

Gg 222  6-83  6-77  C'u'H.;, 

H  230 

Hh 237 

I  246 

K  253 

L  2(;(> 

M 267 

X .   274 

0  280 

Z  Kesifhie — a  dark  coloured  li<iuid  (sp,  gr.  aboiit  ri'S80  at  15'-5  C), 
being  a  mixture  of  several  licjuids  of  vorj-  high  boiling- 
point. 

The  .series  of  liquids,  A  to  U,  presents  the  followino-  cha- 
racters. Each  liquid,  when  distilled  sei)arately  in  the  well- 
known  fractionation-flask,  begins  to  distil  about  10  degrees 
higher  than  its  predecessor  begins  to  distil.  Thus  the  first 
term  A  begins  to  distil  at  77°"5  ;  the  second  term  Az  at  87°  ; 
the  third  term  Aa  at  96°  ;  the  fourth  term  Ab  at  l()5°-5  ;  the 
fifth  term  B  at  116°  ;  the  sixth  term  Bb  at  127°  ;  the  seventli 
term  Be  at  138°,  and  so  on  up  to  the  last  term  0. 

Except  the  few  highest  terms  the  members  of  the  series 
fulfil  the  requirement,  viz.  that  half  of  the  liquid  shall  distil 
without  the  thermometer  rising  more  than  2  or  d  degrees, 
that  three-quarters  shall  distil  within  5  or  6  degrees  of  the 
starting-jioint,  and  that  by  the  time  the  boiling-point  of  the 
next  in  the  series  is  reached  90  per  cent,  shall  have  distilled 
over. 

Within  the  last  few  weeks  the  seven  lowest  terms,  viz.  A 
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to  B(;  inclusive,  have  been  prepared  aiicnv  IVoni  IVesli  kero- 
soiie  and  IVactioiiated  with  great  j)erseverane(!.  The  Hrst  two 
terms  A  and  Az  have  not  yet  been  procured  in  sutiicient 
quantity  to  admit  of  the  very  elaborate  treatment  to  which 
we  should  like  to  subject  them,  but  the  five  next  terms,  Aa 
to  Be  in<-lusiv(!,  have  been  obtained  in  abundance  and  have 
been  exhaustively  treated. 

As  an  example  we  will  quote  the  record  ol'  the  linal 
testings  ot"  Aa  : — 

E.rp.  I. — Vol.  of  Aa  employed  =  13(5  cub.  centim. 
°  C. 

At  9()*2  ...       5  cub.  centim.  had  distilicil. 

97-2  .     .     .  50 

i)8  ...  7.",  „  „ 

519-2  .     .     .  1(H)  „  „ 

105  .     .     .  retort  dry. 

Ej'i>.  11. — A^ol.  of  Aa,  l;>2  cub.  centim. 
°0. 

i)()         ...        5  cub.  centim.  had  distilled. 
i)7         .     .     .     50 
91)         .     .     .   100 
105  .      .      .     dry. 

E.rp.  III. — Vol.  of  Aa,  130  cub.  centim. 
°  c. 

95*8      ...       5  cub.  centim.  had  distilled. 
9()-8      .     .     .     50 
98-8      .     .     .  100  „  „ 

104  ...     dry. 

Showing  that  three-quarters  of  Aa  distils  over  without  a 
greater  rise  than  3  degrees,  and  that  the  retort  becomes  dry 
before  the  boiling-point  of  Ab  is  reached. 

Before  making  the  three  final  distillations  Aa  had  been 
deprived  of  traces  of  Az  (the  next  lower  term)  by  the 
following  course  of  procedure. 

139  cub.  centim.  of  Aa  was  placed  in  a  retort  and  50  cub. 
centim.  was  then  distilled  off.  Next  the  50  cub.  centim.  of 
distillate  was  redistilled  thus  : — 

94°-8  C.     .     .       5  cub.  centim. 
96  .     .     IG  „ 

Then  the  IG  cul).  centim.  of  distillate  was  redistilled, 

94°  .     .       5  cub.  centim. 

and  8  cub.  centim.  was  elistilled  off  and  rejected. 
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As  has  1)0011  said,  five  consocutive  terms,  viz,  Aa,  Ab,  B, 
Bl),  aiul  Bo,  have  been  exhaustively  treated,  and  each  one  has 
boon  proved  to  bo  inoaitablo  of  being  resolved  into  fractions 
with  ditt'oront  boiling-points.  Wo  believe  that  the  conolusion 
cannot  bo  resisted  that  the  kerosene  series  of  hydrocarbons 
mounts  by  increments  of  7  instead  of  by  incromonts  of  14, 
and  we  hold  tliat  the  real  atomic  weight  of  carbon  is  0  and 
not  12. 

Laboratory,  New  Maiden,  Surrej'. 
14th  April,  1894. 


L.   Notices  respecting  New  Books. 

Umplaxah  Aloeijk.v  :  hein;/  Part  I.  of  a  Proprfdeutic  to  the  Ilu/her 
Matheuiatk-al  Aaali/six.  Bi/  luvixu  SrRixuiiAM,  Ph.D.,  Professor 
of  Mathematics  in  the  Uaiversitij  of  CaUfoniia.  San  Prancisco, 
the  University  Press. 

"  ^PHE  logical  grounding  of  Algebra,"   writes  the  author  in  his 

-*-  preface,  "  may  be  essentially  arithmetical  or  geometrical.  I 
have  chosen  the  geometrical  form  of  presentation  and  develop- 
ment." "  The  point  of  departure  is  Euclid's  doctrine  of  pro- 
portion, the  fundamental  propositions  of  which  are  enunciated 
aud  proved  in  an  Introduction  (pp.  1-20)  in  wliich  I  have  followed 
the  method  recommended  by  the  Association  for  the  Improvement 
of  Geometrical  Teaching." 

With  Chap.  I.  commences  the  explanation  of  the  "  Laws  of 
Algebraic  Operation  "  as  affectiug  real,  or  magnitudes  involving 
oidy  the  idea  of  length  ;  imaginary,  including  also  the  idea  of 
turning  through  a  right  angle,  aud  complex,  embodying  length  and 
rotation  through  anif  angle.  The  product  is  obtained  as  a  fourth 
proportional  to  the  unit,  or  '■'■  id ew factor '''  (Peii'ce),  and  the  factors 
of  that  product ;  the  quotient  as  a  fourth  proportional  to  the 
unit,  the  dividend,  and  the  reciprocal  of  the  divisor.  Indeter- 
minate Forms  are  here  iutroduced,  their  evaluation  being  treated  of 
lower  down  ;  combinations  of  signs,  the  Associative,  Connuutative, 
and  Distributive  Laws  are  successively  treated  of  and  proved. 
Logarithms  are  defined  in  A'apier's  manner,  treated  so  as  to  intro- 
duce the  conceptions  of  the  modulus  and  "base  as  well  as  expo- 
nential, whose  Laws — of  Involution  and  the  Index — are  proved. 
The  law  of  the  intercliauge  of  indices  and  coefficients  in  Log 
Operations  is  called  by  the  distinct  name  "  Metathesis."  To  con- 
clude the  chapter,  Indeterminate  Exponential  forms  are  touched 
on,  and  a  useful  synopsis  of  the  matter  of  the  chapter  added. 

Chap.  II.  contains  an  introduction  to  the  circular  hyperbolic 
and  Gudermannian  functions,  with  proofs  of  some  fiuidamental 
limits. 

Chap.  III.  is  occupied  with  "Complex  Quantities,'"  represented 
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Iiy  voctors,  of  whit-li  real  quantities  represented  by  segments  of  the 
axis  and  "  imaginary  "  by  vectors  perpendicular  to  that  line  are 
particular  cases.  Perhaps  more  unity  w  ould  have  been  impai'ted 
to  the  terminology  by  the  substitution  of  "unreal"  for  "ima- 
ginary;" then  'Teal"  would  have  expressed  the  complex  of  which 
the  component  perpendicular  to  the  axis  vanishes  ;  "  unreal,"  that 
the  real  component  of  which  is  zero.  The  abbreviation  cis.  B,  to  be 
read  sector  of  d,  is  adopted  for  the  complex  cos  ^  +  ^' sin  0.  The 
associative,  commutative,  and  distributive  laws  are  then  proved 
for  complex  magnitudes.  All  this  has,  of  course,  been  founded  on 
Argand's  construction,  which,  howe\er,  is  only  formally  explained 
hereafter. 

In  the  second  section  of  tiiis  Chap.  III.  the  Exponentials  and 
Logarithms  of  complex  quantities  are  dealt  with  by  means  of  a 
diagram  ;  the  theory  as  adopted  having  been  the  subject-matter  of 
a  paper  by  the  author  read  before  the  New  York  Mathematical 
Society  in  October  1891,  and  subsequently  published  in  vol.  xiv.  of 
the  Am.  Journ.  of  Math.  Without  the  diagram,  a  description  of 
this  theory  would  be  hardly  intelligible.  Just  as  the  vanishing  of 
an  angle  causes  the  complex  to  degenerate  into  a  real,  so  in  the 
diagram  referred  to  the  vanishing  of  an  arbitrary  angle  iu  it 
changes  the  Exponentials  and  Logarithms  of  complex  into  those  of 
ordinary  magnitudes.  The  result  of  these  discussions  leads  to  the 
definition  of  "  an  Algebra ;"  viz.  since  the  aggregate  of  all  com- 
])lexes  operating  howsoever  on  one  another  form  a  "  closed  group,'' 
■/.  e.  evolve  only  complexes,  such  a  grou]>  forms  an  Algebra. 
Befereuce  is  made  to  Peirce  and  Cayley. 

The  chapter  concludes  with  ])roofs  that  every  magnitude  can  be 
expressed,  with  an  error  less  than  any  assignable,  in  terms  of  an 
assumed  unit  by  a  rational  number. 

Chap.  IV.  treats  of  the  Cyclic  and  Hyperbolic  Functions  (direct 
and  inverse)  of  complexes,  defined  with  respect  to  a  complex 
modulus  (»c),  and  hence  called  "  modo-cyclic  "  functions,  having  a 
period  2j/c7r  or  iktt,  and  of  the  inverses  of  these. 

Chap.  V.  explains  the  one  to  one  correspondence  of  points  on  a 
plane  and  on  a  sphere,  having  its  centre  in  the  plane,  through  rays 
drawn  from  one  end  of  the  normal  diameter,  and  the  transforma- 
tion of  the  planar  complex  into  the  tri-dimensional  sphero-surface 
complex  (Cayley,  Klein).  The  rest  of  this  chapter  on  "Grajihicai 
Transformation  '"  is  occupied  with  some  particular  cases  of  "  Ortho- 
morphosis "  (Cayley).  In  it  occurs  the  only  misprint  which  h;is 
been  noticed,  of  a  symbol  B'"  for  B"'o.  The  typography  is  highly 
creditable  to  the  San  Francisco  press— is,  in  fact,  dainty  of  its 
kind. 

In  the  concluding  chapter,  "  Properties  of  Polynomials  "  with 
complex  coetiicients  are  proved,  after  a  preliminary  page  on  the 
evaluation  of  the  n-n\h  roots  of  a  complex  quantity  ;  this,  as  every 
other  branch  of  the  matter  of  the  book,  being  illustrated  by  a 
collection  of  "  Agenda  ''  or  Examples,  on  which  the  student  may 
exercise  himself. 
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So  imu-h  must  sutlk'e  to  give  iiu  idea  of  the  object  and  scope  of  this 
small  vohime,  which,  it  shouhl  be  said,  pret^iipposes  "  a  familiarity 
with  the  elements  of  algebra  and  trigouometiT-'"  To  students 
thus  qualitied  "its  subject-matter  and  treatment  constitute  a  rapid 
review  of  the  underlying  principles  of  those  subjects,  iucluding  in 
its  most  general  aspects  the  algebra  of  complex  quantities/' 

^  J.  J.  W^ 

FAasiuitij.  Bij  Dr.  B.  Williamson,  F.R.S. 
(London:  Longmans,  1894;  pp.  x+135.) 
The  full  title,  viz.  '  Introduction  to  the  Mathematical  Theory  of 
the  iStress  and  Strain  of  Ehis^tic  Solids,'  indicates  that  this  little 
book  is  an  elementary  one,  and  that  it  does  not  treat  of  the  more 
advanced  portions  of  the  general  Mathematical  theory.  These,  as 
our  readers  know,  are  admirably  discussed  in  Mr.  Love's  fnller 
treatise.  The  subject  is  of  the  highest  practical  importance,  and 
we  are  glad  to  have  such  an  Introduction  drawn  up  by  so  com- 
petent a  writer  as  Dr.  AVilliamson.  Our  author  states  at  the 
outset  that  he  adopts  the  notation  suggested  years  ago  by  the  late 
Professor  Townsend :  a  notation  which  "  has  the  advantage  of 
harmonizing  with  the  generally  recognized  method  of  representing 
the  equation  of  a  surface  of  the  second  degree."  The  discussion 
is  in  the  main  confined  to  the  consideration  of  perfectly  elastic 
solids,  so  that  the  results  are,  of  course,  only  approximately  true 
for  actual  substances. 

The  work  is  divided  into  five  chapters.  In  Chapter  I.,  >Sfr((ia  is 
treated  of  under  the  heads  of  lloinogeneous  and  Heterogeneous 
Strain,  and  Strain  in  Curvilinear  Coordinates.  Chapter  II.  is 
devoted  to  Homogeneous  and  Heterogeneous  Stress.  The  con- 
nexion between  Stress  and  Strain  is  the  subject  of  Chapter  III., 
and  occupies  three  sections,  on  Work  and  Potential  Enei'gy,  Case 
of  Isotropic  Substances,  and  Applications.  The  Torsion  of  Prisms 
is  considered  in  Chapter  lA',,  and  Elastic  Beams  in  Chapter  V. 
From  this  summar}'  it  Avill  be  seen  that  a  fair  amount  of  interesting 
ground  is  covered.  That  the  text  is  clearly  put  goes  \\ithout 
saying,  but  there  is  no  great  scope  for  novelty  of  treatment.  Dr. 
Williamson  takes  care  to  gi\e  references,  where  called  for,  to 
recent  memoirs  and  treatises  bearing  on  the  subject.  It  only 
remains  to  add  that  each  chapter  is  closed  with  a  selection  of  good 
illustrative  exercises  from  College  Problem  papers,  and  that  there 
is  an  index  at  tlie  close  of  the  volume. 

On  the  Dejialilons    of   the   Trhjoaonietrk  Functions.      By  A.  MaC- 

FAELAXE,  D.Sc.  (Bostou  :  J.  S.  Cushiug  &  Co.  ;  49  pp.) 
Tjus  is  a  paper  the  substance  of  which  was  communicated  to  the 
Mathematical  Congress  at  Chicago  on  the  22nd  August  in  last 
year.  It  is  a  following  up  of  previous  papers  by  the  same  author 
on  points  connected  with  Space  Analysis.  Three  of  these  are 
respectively  entitled  '  Principles  of  the  Algebra  of  Physics/  in 
whicli  Dr.  Aracfarlane  inlroduced  a  certain  trigonometric  notation 
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for  tliL!  partiiil  i)roclucts  ot"  two  vectors.  This  notation  has  been 
discussed  by  Mr.  lleaviside  iu  the  '  Electrician*  (December  9th, 
1892),  by  ProF.  Alfred  Lodge  in  '  Nature'  (November  l^rd,  1892) 
and  elsewhere.  The  present  paper  is  in  part  a  rejoinder  to  the 
statements  ol"  these  gentlemen.  Then  followed  a  paper  on  'The 
Imaginary  of  Algebra,'  and  'The  J-'undamental  Theorems  of 
Analysis  Generalized  for  Space.' 

The  author  here  proposes  "  to  review  critically  the  historical 
definitions  of  the  trigonometric  terms,  and  the  definitions,  tri- 
angular, circular,  or  hyperbolic,  given  iu  the  best  modern  treatises 
at  my  command  ;  then  to  de\'ise  a  logical  system  of  definitions 
which  will  apply  to  space-analysis  and  that  modern  trigonometry, 
which,  as  Prof.  Greenhill  shows  (Diff.  and  Int.  Calc.  p.  61), 
includes  the  properties  both  of  circular  and  hyperbolic  functions, 
and  will  be  able  to  bring  within  the  same  domain  the  properties 
of  the  elliptic,  general  hyperbolic,  and  other  functions." 

This  wide  extent  is  not  gone  over  here,  but  attention  is  mainly 
given  to  Plane  Trigonometry :  Trigonometry  in  space  is  handled  in 
a  further  pamphlet  entitled  '  The  Principles  of  Elliptic  and 
Hyperbolic  Analysis.' 

Dr.  Maefarlane  discusses  in  detail  the  treatment  adopted  by 
De  Morgan  and  more  recently  by  Dr.  Hobson,  Messrs.  Levett  and 
Davison,  and  Mr.  Hayward  (in  his  '  Vector  Algebra  and  Trigono- 
metry').  M.  Laisant's  Essaisur  les  fonctiotis  h;/perboliques  is  not^d 
with  warm  approval,  and  then  Dr.  Maefarlane  proceeds  to  show  how 
the  "  several  species  of  trigonometric  functions — the  triangular, 
the  circular,  and  the  ex-circular  "  (using  Mr.  Hayward's  nomen- 
clature) "  may  be  defined  in  harmony  with  one  another.  The 
method  adopted  is  afterwards  shown  to  be  applicable  to  the 
logarithmic  spiral,  ellipse,  and  general  hyperbola,  and  to  a  mixed 
curve  composed  partly  of  a  circle,  partly  of  an  ex-circle."  In  the 
pamphlet  which  follows  the  one  before  us  the  method  is  said  to 
be  applied  to  ellipsoidal  and  hyperboloidal  trigonometry. 


To  tJie  Editors  of  the  Philosophical  Magazine. 
Gentlemen, 

Will  you  kindly  allow  me  to  offer  a  word  of  explanation  re- 
specting the  notice  of  Wiedemann  and  Ebert's  '  Practical  Physics,' 
which  appeared  in  the  March  ninnber  of  the  Philosophical  Maga- 
zine (p.  :334).  In  writing  the  notice  I  had  occasion  to  refer  to  the 
treatise  by  Prof.  F.  Kohlrausch  as  seeming  "somewhat  antiquated 
in  a  modern  laboratory."  It  should  be  stated,  in  justice  to  Prof. 
Kohlrausch,  that  this  remark  was  intended  to  be  applied  only  to 
the  earlier  editions  of  his  work ;  in  a  recently  published  German 
edition  the  text  has  been  revised  and  many  new  experiments  have 
been  added.  A  similar  revision  of  the  English  translation  is  greatly 
to  be  desired. 

1  remain,  Gentlemen, 
Univer&itv  Collefre,  Liverpool,  Yours  truly, 

"April  16th.  James  L.  Howard. 
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ON  THE  THERMAL  BEHAVIOUR  OF  LIQUIDS. 

To  the  Editors  of  the  PliUo^ophical  Mixijaziae. 

Gextlemex, 
TX  answer  to  the  letters  of  Drs.  E.  Galitzine  and  P.  de  Heen  in 
-■-  the  April  number  of  this  Journal,  we  beg  to  make  the  following 
remarks : — 

It  is  quite  true,  as  stated  by  Dr.  Galitzine,  that  our  criticism 
of  the  arrangements  employed  to  obtain  constant  high  tempe- 
ratures does  not  apply  to  him  (provided  that  the  naphthaline 
employed  by  him  as  a  jacketing  a  apour  Avas  piu-e).  This,  however, 
we  pointed  out  in  our  paper,  at  the  same  time  calling  attention  to 
the  fact  that  the  method  was,  with  certain  moditications,  that 
employed  and  recommended  for  many  years  by  ourselves.  We 
think,  however,  that  Dr.  Galitzine's  results  are  open  to  criticism 
on  the  following  grounds  ; — (1)  The  complete  elimination  of  alcohol 
from  ether  is  not  an  easy  matter,  and  cannot  be  effected  by  the 
action  of  metallic  sodium ;  but  no  other  method  of  purification  is 
mentioned  in  his  paper.  The  Inst  trace  of  alcohol  may  be  removed 
by  shaking  the  ether  twenty  or  thirty  times  with  small  quantities  of 
water,  or  by  repeated  distillation  over  phosphorus  pentoxide;  but  we 
do  not  know  of  any  other  metliod.  (2)  iVlthough  we  fully  appre- 
ciate the  great  pains  taken  by  Dr.  Galitzine  to  purify  his  ether  from 
air,  yet  we  doubt  w liether  any  method  involving  the  sealing  of  a 
glass  tube  is  capable  of  gi\ing perfectly  satisfactory  results.  In  the 
Trana.  Chem.  Soc.  for  1891,  p.  37,  a  new  method  of  determining 
the  specific  volumes  of  liquids  and  of  their  saturated  vapours  was 
described  by  one  of  us ;  and  experience  has  shown  that  the  chief 
difficulty  in  this  method  is  the  necessity  of  sealing  the  tube  con- 
taining the  liquid.  The  vapour  of  the  liquid  may  undergo  slight 
decomposition  owing  to  the  high  temperature,  or  a  trace  of  air 
may  be  expelled  from  the  glass.  It  has  been  frequently  observed 
in  the  experiments  carried  out  by  this  method  that  when  a  minute 
quantity  of  air  or  permanent  gas  is  present,  the  attainment  of  the 
final  state  of  equilibrium  is  greatly  retarded.  It  has  also  been 
observed  that  the  retardation  increases  with  the  amount  of  perma- 
nent gas  present,  ajid  that  if  thei-e  is  a  compliratively  large  amount 
(though  actually  a  very  small  one),  the  results  are  rendered  entirely 
untrustworthy. 

The  influence  of  the  permanent  gas  has  also  heen  found  to 
increase  rapidly  as  the  critical  point  is  approached,  though  it  may 
be  very  marked  at  much  lower  temperatures.  This  question  has 
been  shortly  discussed  by  one  of  us  (Trans.  Chem.  fSoc.  1891, 
p.  128),  and  very  fully  by  Dr.  J.  P.  Kueneu  (  Verslagen  der  Afdeelhig 
JS'aturlnnde  der  Kon.  Akadcmie,  Leiden,  April  1<S92,  p.  422  ;  June 
1892,  p.  15  ;  Oct.  189o,  p.  85) ;  and  we  fully  agree  w  ith  Dr.  Kueuen 
iu  the  great  importance  he  attaches  to  retardation. 
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Dr.  de  Jleeii  requests  us  to  point  out  the  errors  of  reasoning  or 
experimentation  that  he  has  made  in  the  demonstration  of  his 
fiuidanuMital  proposition,  and  asks  for  an  explanation  wh}'  we 
characterize  his  paper  as  "  very  inaccurate." 

Our  criticism,  which  refers  to  the  experimental  \\ork  on  which 
the  reasoning  is  hased,  was  caused  by  the  very  wide  discrepancies 
between  the  critical  temperatures  observed  by  Dr.  de  Heen  and  by 
other  experimenters.     As  examples  we  may  cite  the  following : — 

Critical 


Substance. 

temperature, 

Observer. 

Methyl  formate, 

.  A*.. 
B   .. 

.  .      214-0°  C 
. .     214-0 
212-0 
250-5 

'."1 
f 

Young  &  Thomas. 

Nadejdine. 
De  Heen. 

Methyl  acetate, 

A*  .. 
B     .. 

.  .     233-7 

. .     2337 

232-9 

229-8 
239-8 

278-7 

} 

Young-  &  Thomas. 

Nadejdine. 
JSajotschewski. 
Pawlewski. 
De  Heen, 

With  such  differences  in  the  most  easily  determined  critical 
constant  it  seemed  to  us  to  be  useless  to  discuss  the  much  more 
difficult  observations  on  volumes. 

We  are  still  of  opinion  that  the  interpretation  of  M.  Gouy  may 
be  admitted,  and  we  think,  with  Dr.  Kueneu,  that  the  reason  why 
a  stable  equipoise  in  a  vertical  tube  is  not  immediately  produced  is 
due  to  the  presence  of  impurity,  in  most  cases  of  air  or  other 
permanoit  gas. 

W.  Eamsat. 
S.  Young. 


SQPPLEMENTAKY  REMARKS  OX  CHANGES  OF  TEMI'ERATURE 
CAUSED  BY  CONTACT  OF  LIQUIDS  WITH  SILICAf.  BY  DR.  G. 
GORE,  F.R.S. 

[n  addition  to  the  remarks  already  made  on  the  results  of  the 
experiments  in  the  above  research,  1  beg  leave  to  offer  a  further 
explanation  of  the  phenomena,  and  to  say  that  all  such  changes  of 
temperature  caused  by  the  mere  contact  of  liquids  with  solids  are, 
hi  my  opinion,  consistent  with  the  statement  that  wJienever  two 
substances  approach  or  touch  each  other,  the;/  lose  cnergij  ;  and  when 
they  mutually  recede,  the  opposite  effect  occurs. 

That  this  statement  appears  to  be  true  of  all  bodies,  whether 
they  are  similar  or  dissimilar,  of  atoms,  molecules,  and  masses,  is 
shown  in  many  ways,  only  a  few  of  \\hich  need  be  m<Mitioned.  It 
is  sliown  as  loss  of  potential   mechanical  energy  by  falling  bodies, 

*  The  letters  A  and  B  refer  to  two  different  spe.'iuiens. 
t  See  riiilosophical  Maji-aziii>,  Marcli  1891,  pp.  306-316. 
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usually  as  loss  of  heat  when  suhstauces  of  any  kind  are  compressed, 
when  liquids  "  adhere ''  to  solids  (as  in  the  above  experiments), 
and  when  substances  chemically  "combine;"  it  is  also  shown, 
though  in  a  less  simple  form,  when  bodies  approach  each  other  by 
electric  and  magnetic  "  attraction."  Conversely,  when  a  gas  is 
rarefied  by  mechanical  moans,  it  gains  heat  by  absorption  ;  simi- 
larly, when  a  film  of  air  adhering  to  a  solid  is  displaced  by  aliquiil, 
and  when  the  molecules  of  a  solid  or  a  liquid  are  separated  farther 
asunder  by  a  solution  in  a  liquid  without  chemical  union,  or  by 
dilution  of  its  solution,  heat  is  usually  absorbed. 

Although  in  every  oue  of  the  98  experiments  of  the  above 
research  heat  was  evolved  and  lost,  in  about  half  of  the  58  trials 
with  silica  the  dissolved  substance  appeared  to  absorf>  heat  bv 
contact  \nth  the  powder.  These  apparent  exceptions  were  prob- 
ably due  to  the  amount  of  heat  absorbed  by  the  receding  film  of 
ail-  being  greater  than  that  e\  olved  by  the  approach  and  contact  of 
the  dissolved  substances,  and  thus  those  cases  were  made  to  appear 
inconsistent  with  the  above  general  statement.  Similarly,  instances 
of  electric  and  magnetic  "  r<ry>MZsiou  "  are  probably  only  apparent 
exceptions  to  that  statement,  the  real  phenomena  being  obscured 
by  the  attendant  circumstances. 

As  in  all  these  various  cases,  whether  of  "  adhesion''  of' films  of 
air,  water,  or  dissolved  substance  to  solids,  of  chemical  union,  or 
of  electric  and  magnetic  attraction,  the  only  factors  of  the  mecha- 
nical energy  of  the  molecules  are  mass  and  velocifi/,  and  as  in  every 
instance  the  mass  of  neither  of  the  acting  substances  is  perceptibly 
altered,  the  loss  of  mechanical  energy  of  bodies  by  mutual  approach 
and  contact,  and  the  gain  by  mutual  recession,  must  consist 
entirely  of  velociti/.  It  is  well  known  that  a  solid  when  dissolved 
in  a  liquid  behaves  like  a  gas,  and  as  the  molecules  of  a  gas  "  move 
faster  the  better  the  exhaustion"  (Crookes,  Phil.  Trans.  Roy.  !Soc. 
1879,  p.  160),  so  do  those  of  a  liquid  by  being  separated  by  dilu- 
tion ;  this  increase  of  molecular  velocity  by  dilution  is  also  shown 
by  an  increase  of  electromotive  force  (see  Proc.  Birm.  Phil.  Soc. 
vol.  viii.  pp.  63-138). 

As  these  supplementary  remarks  appear  to  afford  a  much  wider 
and  more  complete  theoretical  explanation  of  the  phenomena 
observed  with  silica  &c.  than  that  offered  in  the  original  communi- 
cation, I  venture  to  submit  them  for  consideration. 


POLARIZATION  OF  NON-DIFFRACTED  INFRA-RED  RADIATION 
BY  WIRE  GRATINGS.       BY  H.  DU  BOIS  AND  H.  RUBENS. 

The  results  of  this  investigation,  a  preliminary  account  of  which 
was  given  at  the  Edinburgh  B.  A.  Meeting  (1892),  may  be  sum- 
marized as  follows : — 

Gratings  were  finally  made  of  metal  wire  down  to  a  diameter  of 
2-5  mem.  ("  millicentimetre  "=0-001  cm.),  the  interspaces  between 
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tho  wires  being  equal  to  their  diameter ;  by  inclining  the  grating 
relatively  to  the  wave-front,  the  apparent  clear  spaces  available  for 
the  passage  of  radiation  could  be  reduced  to  1  mcin.  The  wave- 
lengths investigated  ranged  from  about  |  of  the  above  unit  down 
to  that  of  red  light.  The  method  employed  was  a  somewhat 
elaborate  spectrobolometric  one;  it  was  exclusively  applied  to  the 
non-diffracted  part  of  the  incident  radiation,  corresponding  to  the 
so-called  "  central  image." 

It  was  found  that  all  wire  gratings  polarize  perpendicularly  to 
the  direction  of  the  wire  so  long  as  the  wave-length  is  very  small ; 
for  larger  wave-lengths  the  action  is,  however,  reversed.  The 
intermediate  value  of  the  wave-length,  at  which  the  grating  does 
not  polarize,  i.  e.  the  "  neutral  point,"  is  independent  of  the  geo- 
metrical constants  of  the  grating,  but  characteristic  for  the  metals 
constituting  its  wii-es.  Its  value  increases  in  the  order  Pt,  Ag, 
Au,  Fe,  Cu.  The  wire  gratings  behave  like  polarizers  in  every 
respect.  Malus'  law,  properly  modified,  was  found  to  hold  for  the 
polarizing  action  in  different  azimuths.  The  polarizing  action  in- 
creases as  the  apparent  clear  space  diminishes  :  the  ratio  of  the 
intensities  of  the  two  perpendicular  components  of  radiation, 
which  measures  that  action,  could  be  pushed  up  to  over  2.  The 
results  were  checked  by  a  simpler  method  of  a  more  qualitative 
chai'acter,  which  may  prove  useful  for  a  repetition  or  demonstration 
of  the  experiments. 

The  authors  then  give  a  general  discussion  of  the  phenomenon, 
its  possible  relations  to  other  phenomena,  the  influence  of  diffrac- 
tion, and,  lastly,  the  possible  explanation  by  it  of  the  properties  of 
soolotropic  dielectrics.  This  particular  pai't  of  the  paper  presents 
certain  analogies  with  Lord  Rayleigh's  theoretical  discussion  of 
"  the  influence  of  obstacles  arranged  in  rectangular  order  upon  the 
properties  of  a  medium  "  (Phil.  Mag.  Dec.  1892). 

However,  the  principal  iutei'est  attaches  to  the  experiments 
described,  when  viewed  in  the  light  of  the  electric  theory  of  radia- 
tion and  of  Hertz's  discoveries  :  the  diminutive  polarizing  gratings 
in  the  present  case  being  quite  analogous  to  the  large  electro- 
magnetic wave-polarizers  first  introduced  by  that  great  investi- 
gator. 

Since  there  can  hardly  remain  a  doubt  that  in  the  electromagnetic 
theory,  the  electric  vector  must  be  considered  perpendicular  to  the 
plane  of  polarization,  the  magnetic  vector  parallel  to  it  (Trouton, 
Klemencic,  Righi),  the  action  of  polarizing  gratings  in  general 
may  now  be  described  as  follows : — 

As  long  as  the  wave-length  keeps  below  a  certain  value  charac- 
teristic of  the  metal,  the  grating  allows  the  greater  fraction  of 
incident  radiation  to  pass  in  case  the  electric  vector  be  parallel  to 
the  wires ;  whereas  for  longer  waves  the  transparency  is  greater 
if  the  magnetic  vector  have  that  direction.  For  further  particulars 
the  original  may  be  referred  to. — Wiedemann's  Annalen,  xlix.  p.  593 
(1893). 
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MAGNETIZATION  OF  HOLLOW  AND  SOLID  CYLINDRICAL  CORES. 
BY  H.  DU  BOIS. 

The  vexed  question  of  hollow  v.  solid  cores  is  once  more  dis- 
cussed in  this  note.  Von  Feilitzsch's  well-known  result  that  the 
magnetic  moment  of  short  hollow  cores  is  hardly  inferior  to  that 
of  solid  ones  (other  circumstances  equal  and  saturation  not  being 
approached)  has  been  elegantly  explained  by  Prof.  Silv.  Thompson 
in  a  general  qualitative  way  by  the  simple  remark  that  the  external 
air-resistance  is  approximately  the  same  in  both  cases.  There  is 
no  need  whatever,  therefore,  for  the  assumption  that  the  central 
fibres  of  cores  are  less  easily  "  reached "  by  temporary  steady 
magnetization  than  those  near  the  skin :  such  a  state  of  things 
would  only  be  proved  if  the  same  result  were  obtained  with  hollow 
endless  rings,  which  is  improbable. 

Von  Feilitzsch's  experiments  having  been  lately  repeated  and 
extended  by  Prof.  Grrotrian  (Wied.  Ann.  1.  p.  705,  1893),  the 
author  seized  the  occasion  for  attempting  to  go  into  the  matter 
somewhat  more  fully.  The  particular  case  of  a  cylinder  being  one  of 
those  in  which  the  modern  "  magnetic  circuit "  notion  does  not 
lead  up  to  quantitative  residts  so  well  as  the  more  orthodox  theory 
of  induction,  the  latter  had  to  be  applied,  and  immediately  yielded 
the  following  general  rule  : — 

If  for  cylindric  or  prismatic  bodies  of  given  length  and  any 
shape  of  section  the  "  demagnetizing  factor  "  be  proportional  to 
the  latter  and  not  too  small,  then  the  magnetic  moment  will  be 
practically  independent  of  the  section  for  fields  which  are  not  so 
strong  as  to  produce  an  approach  towards  saturation. 

It  is  further  sho«Ta  that  both  premisses  of  this  rule  apply  to 
thin  hollow  cox*es,  for  which  it  is  thereby  easy  to  draw  the  curves 
of  magnetic  moment  and  impressed  field  up  to  thorough  satura- 
tion for  any  given  dimensions.  An  illustrative  diagram  of  such 
curves  is  given,  which  presents  exactly  the  same  aspect  as  the 
experimental  diagram  of  Prof.  Grotrian's  paper.  Finally,  the 
question  of  hollow  cores  for  dynamos  is  touched  upon.  Signor 
Ascoli  has  since  independently  criticised  Prof.  Grotrian's  results 
much  on  the  same  lines. — Wiedemann's  Annalen,  li.  p.  529 
(1894). 


MOLECULAR  ENERGY  OF  GASES.   A  CORRECTION. 

On  page  420,  line  9,  the  word  "  every  "  is  a\  rong.  It  is  only 
because  collisions  are  occurring  in  every  direction  that  on  the 
average  the  original  difference  of  energy  diminishes  with  each 
collision. — 0.  J.  L. 
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ON  A  FUNDAMENTAL  QUESTION  IN  ELECTRO-OPTICS. 
To  the  Editors  of  the  Philosophical  Mayazine. 

(xENTLEMKN, 

111  the  April  number  of  the  Philosophical  Magazine  Dr.  Kerr 
has  published  a  paper,  "Experiments  on  a  Fundamental  Question 
in  Electro-Optics."  Dr.  Kerr  finds  the  velocity  of  light  changed 
by  electric  stress  in  electrostatically  strained  liquids  only  for  light 
polarized  pei'pendicular  to  the  lines  of  force. 

My  paper  on  the  same  subject  is  not  mentioned  in  which,  eleven 
years  ago,  1  treated  this  question  with  the  identical  methods 
employed  by  Dr.  Kerr.  {Cf.  G.  Quincke,  "  Electrische  Unter- 
suchungen,  IX.  Ueber  die  Aenderung  der  Brechungsexponenten 
von  Eliissigkeiten  durch  electrische  Kriifte,"  Wiedemann's  Annalen. 
xix.  pp.  773-782,  1883.)  A  proof  of  this  paper  I  sent  immediately 
after  its  publication  to  Dr.  Kerr,  who  first  observed  the  double 
refraction  of  bght  by  electric  stress. 

But  the  results  of  my  experiments  were  different  from  those  of 
Dr.  Kerr.  I  observed  sometimes  an  increase,  sometimes  a  dimi- 
nution, of  the  velocity  of  light  whose  plane  of  polarizatiou  is 
parallel  to  the  lines  of  force.  I  supposed  that  the  reason  of  this 
ambiguous  change  were  two  forces  of  opposite  character,  i.  e.  the 
heating  of  the  liquid  by  vortex  motion  and  the  electric  pressure, 
both  excited  at  the  same  time  by  the  electric  forces. 

Heidelberg,  Physical  I.aboratory  of  the  Gr.  Quincke. 

University,  April  21,  1894. 


MOLECULAR  ENERGY  OF  GASES. 
To  the  Editors  of  the  Philosophical  Magazine. 
Gentlemen, 
With  reference  to  the  remarks  made  by  Professor  Lodge  in  the 
Philosophical  Magazine  for  April,  page  419,  I  only  need  to  notice 
the  chief  point  and  to  say : — It  appears  to  me  that  the  proposition 
that  the  amounts  of  mechanical  energy  of  the  molecules  of  different 
gases  are  equal,  is  of  so  fundamental  a  character  that  it  ought,  for 
the  advancement  of  science,  not  to  be  limited  to  algebraic  expres- 
sions readable  only  by  mathematicians,  but  it  should,  in  addition, 
be  explicitly  expi'essed  in  simple  words  (as  Avogadro's  law  usnally 
is)  in  every  text-book  of  physics  and  monograph  on  gases,  for  the 
benefit  of  all  persons. 

I  beg  to  remain,  Gentlemen, 

Yours  truly, 
Birmingham,  April  6,  1894.  George  Gobe. 

P.S.  Had  the  "statement"  I  asked  for  in  my  previous  letter 
(not  an  algebraic  expression)  existed  in  any  of  the  text-books  of 
science  I  should  almost  certainly  have  seen  it,  and  that  letter 
would  not  have  been  necessary. 
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Wind  velocities  recorded  January  14,  1893,  at  the  Smithsonian  Institution,  with  a  light 
Robinson  anemometer  (paper  cups)  registering  every  revolution. 
Abscissae  =  Time. 
Ordinates  =  Wind  velocities  In  miles  per  hour. 
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"Wind  velocities  recorded  February  4,  1893,  at  the  Smithsoniau  Institution,  -with 
a  light  Robinson  anemometer  (paper  cups)  registering  every  revolution. 
Abscissae  =  Time. 
Ordinates  =  Wind  velocities  in  miles  per  hour. 
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AVind  velocities  recorded  February  4,  1893,  at  the  Smithsonian  Institution,  with 
a  light  PkObinson  anemometer  (paper  cups)  registering  every  i-ovolution. 
Abscissae  =  Time. 
Ordlnates  =  -Wind  velocities  in  miles  per  hour. 
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Wind  velocities  observed  at  Smithsoniaii  Institution,  February  20,  1893, 
with  a  Eobinson  anemometer  (aluminum  cups)  registering  every 
Ave  revolutions. 

Abscissae  =  Time. 

Ordinates  •=  Wind  velocities  in  miles  per  hour. 
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LII.   On  Interference  Phenomena. 
By  Akthur  Schuster,  F.R.S.* 

1.  /^  GUY  t  and  Rayleigh  %  have  recently]  discussed 
VJ  the  question  of  interference  phenomena  observed 
with  a  source  of  white  light,  and  have  arrived  at  important 
results.  When  the  two  interfering  beams  pass  through  the 
slit  of  a  spectroscope,  the  spectrum  is  seen  to  be  crossed 
alternately  by  bright  and  dark  bands,  and  if  high  resolving 
powers  are  used,  these  interference  effects  may  be  observed, 
although  the  diflference  of  path  of  the  two  original  beams  is 
considerable.  This  well-known  fact  has  always  been  taken  to 
prove  that  the  vibrations  of  the  white  light  are  to  a  certain 
extent  "  regular,"  and  efforts  have  been  made  to  find  by 
experiment  the  limits  of  that  regularity.  The  futility  of 
these  efforts  has  been  completely  demonstrated  by  Gouy  and 
Rayleigh,  who  have  proved  that  the  bright  and  dark  bands 
alluded  to  would  appear  with  sufficient  resolving  power, 
even  if  light  consisted  of  perfectly  irregularly  distributed 
instantaneous  impulses.  These  investigations  would  seem, 
therefore,  to  lead  to  the  conclusion  that  a  source  of  light 
is  completely  defined  by  the  distribution  of  energy  in  the 

*  Communicated  by  the  Author, 
t  Gouy,  Journal  de  Physique,  (2)  v.  1880. 

X  Rayleigh,    Encyclop(Bdia   Britannica,  "  Wave-theory,"    §  7 ;    Pliil. 
Mag.  xxvii.  p.  463  (1889). 
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spectrum,  and  that  there  is  no  room  for  any  such  property 
as  "  regularity "  independently  from  that  implied  in  the 
connexion  between  energy  and  wave-length.  A  spectrum 
which  possesses  the  same  energy  for  all  wave-lengths  would 
prove  complete  irregularity  of  the  source,  Avhile  one  in  which 
the  energy  vanishes  excej)t  for  one  definite  wave-length  would 
be  due  to  a  completely  regular  source.  I  confess  that  on  first 
readhig  through  the  investigations  which  I  have  quoted,  some 
difficulties  presented  themselves  which  it  seemed  necessary 
to  clear  up  before  these  conclusions  could  be  accepted  in  their 
full  generahty.  There  could  be  no  doubt  that  Gouy's  and  Ray- 
leigh's  results  were  correct  in  the  case  specially  examined  by 
them,  in  which  the  analysing  spectroscope  has  a  resolving  power 
which  is  gradually  increased ;  but  if  we  go  to  the  other  limit 
and  gradually  diminish  the  resolving  power,  would  it  neces- 
sarily follow  that  all  sources  of  white  light  behave  in  the  same 
way,  and  that  the  bright  and  dark  bands  would  in  every 
case  disappear  at  the  same  time,  the  difference  of  path  being 
kept  constant  ?  A  test  case  (7)  occurred  to  me,  wdiich  seemed 
to  leave  a  loophole  through  which  we  might  still  save  some 
of  our  inherited  notions  about  "  regularity "  of  vibration. 
Although  further  investigation  proved  that  the  difficulties 
were  only  imaginary,  and  that  we  must  accept  the  new  views 
without  restriction,  I  think  that  the  importance  of  the  subject 
deserves  a  more  detailed  treatment  than  has  yet  been  given 
to  it. 

In  order  to  put  the  question  at  issue  as  clearly  as  possible, 
it  is  necessary  shortly  to  allude  to  the  history  of  the  subject. 
2.  The  fact  that  rays  of  light  emanating  from  tw^o  different 
sources  do  not  produce  so-called  interference  phenomena  is 
fundamental,  and  was  ahvays  recognized  as  such.  It  natu- 
rally suggested  the  idea  that  the  vibrations  of  luminous 
particles  are  frequently  disturbed,  and  this,  again,  led  to  the 
further  conclusion  that  interference  between  rays  emanating 
from  the  same  source  should  cease  if  the  difference  in  path 
were  sufficiently  increased.  Fresnel  looked  on  each  particle 
of  matter  as  vibrating  during  a  certain  time  according  to  the 
simple  pendulum  law,  and  considered  the  group  of  waves  sent 
out  by  the  particle.  If  the  group  is  divided  into  two,  one 
being  retarded  as  compared  with  the  other,  "  interference  " 
will  take  place.  If  the  difference  in  path  is  equal  or  greater 
than  the  length  of  the  group,  Fresnel  ai-gued  that  interference 
should  cease.  "  But/'  he  adds,  "another  cause  much  sooner 
prevents  our  observing  the  mutual  interference  of  two  systems 
of  waves,  when  the  difference  of  path  is  somewhat  great :  it 
is  the    impossibility  of   rendering  light  sufficiently  homo- 
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geneous."     Here  follows  the  Avell-kno\vii  argument  as  to  the 
effects  of  want  of  homogeneousness  in  the  interfering  rays. 

Foueault  and  Fizeau  *  more  definitely  put  it  as  a  question 
for  experimental  determination,  whether  interference  pheno- 
mena are  ultimately  stopped  by  want  of  homogeneousness  or 
want  of  '*  regularity.'^  Experimenting  with  white  light,  they 
came  to  the  conclusion  that  their  experiments  "reveal  in  the 
emission  of  successive  waves  a  persistent  regularity  which  no 
phenomenon  has  hitherto  suggested.'^ 

The  opinion  put  forward  by  Fizeau  and  Foueault  that 
observations  on  interference  of  light  with  large  difference  of 
path  could  teach  us  something  as  to  the  "  regularity  "  of  the 
vibrations  of  a  particle  was  generally  accepted,  until  more 
closely  examined  by  Gouy  and  Bayleigh  in  the  papers  already 
alluded  to.  Their  conclusions  did  not,  however,  receive  the 
attention  they  deserve.  Thus,  in  the  last  part  of  the  Encydo- 
pcedia  der  Naturwissenschaften,  it  is  stated  that  "  if  natural 
light  really  consists  in  a  succession  of  different  states  of 
^■ibration,  these  take  place  so  slowly,  that  in  a  time  which  is 
greater  than  50,000  period,  light  must  still  be  considered  as 
essentially  of  the  same  type  of  vibration.''' 

3.  Compare  with  this  the  following  passage  taken  out  of 
Gouy's  paper : — 

"  Ainsi  I'existence  de  franges  d'interfereuces  a  grande  dif- 
ference de  marche,  dans  le  cas  des  sources  de  spectres  continus 
et  de  la  Imniere  blanche  n'implique  nuUemeut  la  regularite 
du  mouvement  lumineux  incident.  Cette  regularite  existe 
dans  le  spectre,  mais  c'est  I'appareil  spectral  qui  la  produit, 
en  separant  plus  ou  moins  completement  les  divers  mouve- 
ments  simples,  qui  j usque  la  n'avaient  qu'une  existence 
purement  analytique." 

Lord  Rayleigh,  in  his  article  on  the  "  Wave  Theory,''''  ex- 
presses the  same  idea  as  follows: — 

"  Or,  following  Foueault  and  Fizeau,  we  may  allow  the 
white  light  to  pass,  and  subsequently  analyse  the  mixture 
transmitted  by  a  narrow  slit  in  the  screen  upon  which  the 
interference  bands  are  thrown.  In  the  latter  case  v.e  observe 
a  channelled  spectrum,  with  maxima  of  brightness  correspond- 
ing to  the  wave-lengths  hi/(^nJ)).  In  either  case  the  number 
of  bands  observable  is  limited  solely  by  the  resolving  power 
of  the  spectroscope^  and  proves  nothing  with  respect  to  the 
regularity  or  otherwise  of  the  vibrations  of  the  orioinal 
Hght » 

Put  shortly,  the  argument  in  favour  of  the  above  view  is 
this  : — Any  disturbance,  however  irregular,  may  by  Fourier's 

*  Acad4mie  des  Sciences,  24th  Nov.  1845  and  9th  March  1846. 
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theorem  be  resolved  into  a  series  of  disturbances  each  of 
which  corresponds  to  homogeneous  hght.  It  is  the  object  of 
a  spectroscope  to  separate  laterally  these  homogeneous  vibra- 
tions, and  no  matter  what  the  nature  of  the  original  light,  the 
greater  the  resolving  power  of  the  spectroscope,  the  more 
nearly  will  it  give  us  homogeneous  light. 

4.  The  argument  is  at  once  seen  to  be  conclusive  in  one 
direction.  However  irregular  the  original  light,  interference 
bands  with  large  difference  of  path  may  always  be  produced, 
if  a  spectroscope  of  sufficiently  high  resolving  power  is  used. 
But  there  is  another  side  to  the  question.  In  order  that 
Fourier's  series  should  correctly  represent  a  given  disturb- 
ance, there  must  be  a  definite  phase  relation  between  the 
different  terras  of  the  series.  If  a  spectroscope  of  small 
resolving  power  is  used,  and  if  it  is  required  to  calculate  the 
disturbance  at  the  focus,  we  are  not  allowed  to  consider  the 
different  components  of  Fourier's  series  as  independent,  but 
must  take  account  of  this  relation  of  phase.  An  example 
will  show  that  in  special  cases  altogether  incorrect  results 
will  be  obtained  if  this  is  neglected.  Thus,  let  the  light 
falling  on  the  slit  of  a  spectroscope  be  screened  off  until  a 
given  time,  when  the  screen  is  removed  but  replaced  subse- 
quently after  a  short  interval.  The  disturbance  may  by 
Fourier^s  series  be  decomposed  into  a  series  of  simple  * 
vibrations  lasting  through  an  infinity  of  time  ;  and  if  each 
component  could  be  treated  independently  of  another,  it 
would  follow  that  an  eye  examining  the  spectrum  would 
continue  to  see  light  for  any  length  of  time  after  the  incident 
beam  has  been  cut  off.  This  of  course  is  absurd.  The 
analysis  by  Fourier's  series  leads  to  results  which  are  per- 
fectly correct,  if,  when  finite  resolving  powers  are  used,  we 
take  account  of  the  phase  relations  between  the  component 
vibrations. 

It  seems  therefore  advisable  to  consider  the  effects  of 
finite  resolving  powers  a  little  more  in  detail,  although  it  will 
appear  that  even  then  the  effects  produced  can  give  us  no 

*  Is  it  too  lato  to  abolish  the  term  "  harmonic  "  vibration  to  express  the 
projection  of  a  uniform  circular  motion?  The  term  "  harmonic"  seems 
to  me  to  imply  a  relation  between  two  things,  and  is  very  useful  when  we 
want  to  distinguish  between,  say,  harmonic  and  inharmonic  overtones. 
It  is  quite  correct  to  speak  of  the  expansion  in  a  Fourier's  series  as  an 
harmonic  expansion,  because  the  different  terms  are  harmonically  related, 
but  each  of  them  taken  separately  is  not  harmonic.  Much  confusion 
has  been  caused  by  a  series  ot  lines  in  a  spectrum  being  called  harmonics, 
because  their  distribution  suggested  some  definite  connexion  between  their 
periods,  independently  of  the  question  whether  that  connexion  was  of 
the  harmonic  character.  The  term  "  simple  "  vibration  seems  to  me  to 
be  well  adapted  to  express  a  sine  vibration. 
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information  concerning  "  regularity  "  of  vibration.  But  in 
the  first  place  we  must  ask  ourselves  whether  we  can  attach 
any  meaning  to  the  ex]"»ression  "  regularity  "  of  vibration 
when  applied  to  white  light. 

5.  To  quote  Lord  Rayleigh  once  more: — "  It  would  be  in- 
structive if  some  one  of  the  contrary  opinion  would  explain 
what  he  means  by  regular  white  light.  The  phrase  certainly 
appears  to  me  to  be  without  meaning — what  Clifford  would 
have  called  nonsense^''* . 

I  believe  that  those  who  speak  of  the  regularity  of  vibration 
in  a  continuous  spectrum  have  in  their  mind  the  state  of 
motion  of  the  original  vibrating  system,  and  not  that  of  the 
medium  through  which  the  light  is  transmitted.  If  we 
imagine  the  light  to  be  produced  by  a  number  of  different 
vibrating  systems,  each  sending  out  homogeneous  vibrations, 
prismatic  decomposition  would  give  what  we  should  call  a 
line  spectrum.  We  may  imagine  the  lines  of  the  spectrum 
to  be  so  close  together  that  any  resolving  power  which  we 
can  apply  fails  to  separate  them. 

There  is  nothing  to  prevent  our  imagining  for  the  sake  of 
argument  that  all  continuous  spectra  if  examined  by  resolving 
powers,  say  a  million  times  larger  than  we  can  apply  at 
present,  would  ultimately  appear  to  be  line  spectra,  each  line 
representing  perfectly  homogeneous  light ;  and  if  each  line 
is  due  to  a  separate  vibrating  system,  we  may  reasonably  say 
that  that  system  remains  perfectly  regular  for  an  indefinite 
time.  Let  us  then  imagine  a  practically  continuous  spectrum 
of  this  nature  in  which,  for  the  sake  of  simplicity,  there  is  no 
difference  in  intensity,  all  wave-lengths  being  equally  repre- 
sented. The  spectrum  might  be  made  completely  continuous 
by  imagining  each  vibrating  system  to  be  split  up  into 
several,  mo^nng  with  uniform  velocities  in  different  directions, 
and  that  velocity  may  be  made  indefinitely  small,  as  the 
difference  in  wave-length  between  the  vibrating  systems  is 
indefinitely  reduced.  But  for  my  purpose  it  wiU  be  sufficient 
to  take  the  spectrum  as  ultimately  discontinuous,  and  I  shall 
take  such  a  system  of  vibrations  as  the  representative  of  what 
may  be  called  "  regular  "  Avhite  light.  On  the  other  hand, 
imagine  a  set  of  molecules  setting  up  a  luminous  disturbance 
by  perfectly  irregular  and  indefinitely  short  impulses.  When 
examined  by  a  spectroscope  we  should  see  a  continuous 
spectrum  ranging  over  all  wave-lengths  with  equal  inten- 
sities ;  of  such  we  may  imagine  "  irregular "  white  light 
to  consist. 

The  question  I  shall  discuss  in  detail  is  this  : — Can  we  by 

*  Phil.  Mag.  xxvii.  p.  463,  note  (]889). 


514  Prof.  Arthur  Schuster  on 

any  interference  experiments  distinguish  between  the  light 
sent  out  on  the  one  hand  by  a  regularly  vil)rating  system  of 
molecules,  and  on  the  other  hand  by  irregular  short  impulses? 

6.  One  of  the  fundamental  facts  of  our  subject  is  the  im- 
possibility of  two  different  sources  ])roduciHg  interference 
phenomena.  This  fact  is  generally  taken  as  a  proof  that 
molecules  must  suffer  frequent  disturbances.  But  two  bodies 
sending  out  what  we  have  called  regular  white  light  would 
have  the  same  property.  For  imagine  each  of  the  two 
sources  to  send  out  a  series  of  waves  of  lengths  Xi,  Xjj  &c., 
differing  by  quantities  which  are  so  small  that  no  instrumental 
power  at  our  command  can  resolve  them.  The  illumination 
at  any  point  of  a  screen  will  depend  on  the  manner  in  which 
the  trains  of  waves  coming  from  the  two  sources  will  combine. 
The  difference  of  phase  between  the  two  sets  of  Avaves  of  length 
Xj  depends  not  only  on  the  relative  distance  of  the  sources 
from  the  screen,  but  also  on  the  difference  of  phase  at  the 
two  sources.  As  there  is  no  connexion  between  that  difference 
of  phase  for  the  different  wave-lengths,  the  wave-lengths  in 
close  proximity  to  Xi  will  partly  destroy  each  other,  partly 
have  fourfold  or  any  intermediate  intensity,  the  result  being 
the  same  at  all  points  of  the  screen  as  if  no  interference  had 
taken  place.  This  leads  to  an  important  result.  Imagine 
a  body,  the  molecules  of  which  vibrate  in  a  perfectly  definite 
period,  but  have  a  translatory  motion  such  as  we  imagine  the 
molecules  of  a  gas  to  possess.  Such  a  body  would  give  a 
spectrum  of  one  line,  which,  however,  would  have  a  certain 
width  owing  to  the  motion  of  the  molecules.  The  want  of 
homogeneousness  produced  by  this  translatory  motion  would 
be  quite  sufficient  to  prevent  the  possibility  of  interference 
between  two  similar  sources,  and  we  need  not  take  refuge  in 
the  impacts  between  molecules  to  explain  the  non-existence 
of  interference. 

7.  In  fig.  1  let  Lj  and  Lg  be  two  lenses.  Hi  Hg  and  K^  Kg 
two  screens  in  their  focal  plane  having  small  apertures  at  the 
foci  G  and  F.  If  ACB  is  a  grating,  a  disturbance  passing 
through  G  will  produce  a  certain 

effect  at  F.     Unless  the  relative  Fig.  1. 

positions  of  what  for  convenience' 

sake  we  may  call  collimator  and  h 

telescope  are  adjusted  so  that  a  K T--^ 

direct  image  of  G  is  formed  at  'vfl           l]..,^^  ^ 

F,  the  optical   lengths  of  rays  ^\\\ 

such  as  GBF,  G(."F,  GAF,  will  ^2^                  '"a 

not  be  the   same,  consequently  Ml 

an  instantaneous  impulse  at  G  k,     f      Kg 

will  not  remain  an  instantaneous 
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impulse  at  F,  but  the  light  reflected  from  each  line  of  the 
grating  will  reach  F  at  certain  intervals  of  time,  and  a 
clisturbance  will  be  set  up  at  F  which  will  last  during  a  finite 
time.  The  time  it  takes  for  an  impulse  at  G  to  pass  com- 
pletely through  F  will  l)e  that  required  by  light  to  go  over  a 
space  equal  to  the  diti'orence  in  optical  length  of  the  extreme 
rays  GBF  and  GAF.  The  fact  that  in  every  dispersive 
system  an  instantaneous  impulse  entering  the  system  is 
changed  into  a  disturbance  lastino-  throuoh  a  finite  time  is 
of  fundamental  importance.  It  is  easily  seen  that  this  is 
brought  about  in  the  case  of  a  grating,  but  the  fact  is  equally 
true  if  the  dispersion  is  due  to  refraction,  as  will  be  pointed 
out  further  on. 

Imagine  that  in  fig.  1  two  impulses  of  the  same  type 
succeed  each  other.  If  the  second  impulse  begins  to  reach 
F  before  the  effects  of  the  first  impulse  have  passed  away 
interference  may  occur,  but  if  the  disturbance  due  to  the  first 
impulse  has  completely  passed  through  F  before  the  second 
impulse  reaches  it,  no  interference  can  take  place,  and  this 
will  happen  whenever  the  distance  between  the  impulses 
before  they  reach  G  is  greater  than  the  difference  in  the 
optical  length  between  the  extreme  rays  GAF  and  GBF.  It 
is  thus  seen  that  if  light  were  to  consist  of  separate  instanta- 
neous impulses,  interference  at  the  focus  of  a  grating-spectro- 
scope of  finite  resolving  powers  could  only  take  place  if  the 
retardation  were  smaller  than  a  certain  amount ;  if  the  retar- 
dation were  greater,  no  interference  could  possibly  occur. 

Now  consider  the  light  to  be  what  we  have  called  regular, 
that  is  to  say,  to  consist  of  the  superposition  of  a  large  num- 
ber of  homogeneous  vibrations.  If  the  beam  of  light  is  spht 
into  two,  one  being  retarded  with  reference  to  the  other,  the 
spectrum  formed  in  the  focal  plane  of  L2  will  be  crossed  by 
bright  and  dark  bands  ;  if  the  retardation  is  gradually  in- 
creased these  bands  ^vill  gradually  get  nearer  and  nearer 
together,  and  at  the  same  time  become  less  distinct  as  their 
distance  approaches  the  limits  which  are  still  resolvable  by 
the  grating.  Looking  at  it  in  this  general  manner,  there 
seems  to  be  no  reason  why  there  should  be  a  definite  limit 
when  interference  ceases,  but  it  would  seem  as  if  there  ought 
to  be  always  a  fluctuating  intensity  along  the  spectrum, 
although  the  difference  in  intensity  between  the  bright  and 
dark  bands  would  with  increasing  retardation  of  the  inter- 
fering beams  become  so  small,  that  they  could  no  longer  be 
traced.  This  is  the  test  case  previously  alluded  to,  by  means 
of  which  I  originally  thought  we  might  distinguish  between 
"  regular  "  and  irregular  w^hite  light.  It  was  found,  however, 
that  on  actually  calculating  the  difference  in  intensity  between 
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the  maxima  and  minima  of  light  produced  by  interference  in 
what  we  have  called  regular  white  light,  it  is  found  that,  just 
as  in  the  case  of  the  single  impulses,  there  is  a  definite  limit 
of  retardation,  depending  on  the  resohing  ])ower  of  the 
spectroscope,  and  if  the  retardation  is  increased  beyond  that 
limit,  the  spectrum  is  perfectly  uniform.  We  shall  arrive, 
therefore,  at  the  conclusion  that,  both  for  small  and  for  large 
resolving  ])Owers,  any  hypothesis  we  make  as  to  the  original 
production  of  luminous  vibration  will  lead  to  the  same  con- 
clusion. There  is  no  distinction  between  regular  and  irregu- 
lar light  beyond  that  which  is  brought  out  by  the  distribution 
of  intensity  in  the  spectrum.  If  the  intensity  vanishes  except 
for  a  definite  wave-length,  we  must  call  the  vibration  com- 
pletely regular  ;  if  the  intensity  is  the  same  for  all  vibrations, 
it  will  appear  that  we  must  call  it  completely  irregular. 

We  are  prepared  now  to  deduce  a  formula  which  will  allow 
us  to  calculate  the  disturbance  at  F  (fig.  1),  given  the  dis- 
turbance at  G. 

8.  It  is  convenient  to  introduce  what  may  be  called  a 
"  simple  grating."     An  imaginary  grating  of  this  kind  has 

Fig.  2. 
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already  been  made  use  of  by  Lord  Rayleigh  in  his  article 
in  the  Enci/clopf£dia  Britannica* .  A  simple  grating  has 
properties  such  that  a  disturbance  of  unit  amplitude  is  reflected 
as  a  disturbance  of  ampKtude  cos  (/  s,  where  q  is  a  constant 
and  s  is  measured  along  the  grating  at  right  angles  to  its 
"  lines."  In  whatever  manner  the  lines  of  an  actual  grating 
are  ruled,  we  may  always  express  the  amplitude  of  the  reflected 
ray  as  a  function  of  s  and  obtain  that  function  by  means  of 
Fourier's  theorem  as  a  sum  of  terms,  one  being  constant  and 
the  others  simply  periodic ;  so  that  every  grating  may  be 
treated  as  a  superposition  of  a  number  of  simple  gratings  and 
an  ordinary  reflecting  surface. 

*  "  Wave  Theory,"  §  15. 
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In  fig.  2  let  a  plane-wave  front  LM  advance  towards  a 
grating  AB  having  its  centre  at  0,  and  let  the  disturbance  at 
some  point  of  the  line  PC  be  given  as/(rtf),  t  being  the  time 
and  a  the  velocity  of  light.  By  a  proper  choice  of  the  origin 
of  time  we  may  express  the  disturbance  at  any  other  point 
by  the  same  function.  If  we  imagine  a  telescope  pointed  in 
the  direction  OC,  the  disturbance  at  the  focus  of  the  object- 
glass  will  depend  on  the  disturbance  at  some  previous  time 
over  the  different  points  on  the  line  HK  at  right  angles  to 
CO,  account  being  taken  only  of  that  part  of  the  disturbance 
which  reaches  a  point  F  on  IIK  in  a  direction  DF  parallel  to 
CO.  Let  F'  be  a  point  on  CD  such  that  DF  =  DF,  and 
assume  that  the  disturbance  at  any  time  which  reaches  F 
from  D  is  the  same  as  that  which  would  have  reached  F'  if 
the  grating  had  been  absent,  the  amount  only  being  reduced 
in  the  ratio  cos  qs  to  unity.  The  excess  of  optical  length 
GDF  over  PCO  is  ^(sin /S  — sin«),  where  a  and  ^  are  the 
angles  formed  by  the  normal  to  the  grating  with  CP  and  CO 
respectively.  Hence  if  s  is  measured  from  C  and/(a<)  is  the 
disturbance  at  0,  the  disturbance  at  F  will  be 

cos  5'5/{a<— 5(sin/S— sina)}. 

The  amplitude  at  the  focus  of  the  telescope  will  be  propor- 
tional to  the  above  expression  integrated  over  the  effective 
aperture.  If  h  be  the  length  of  the  lines  ruled  on  the  gra- 
ting, 2Z  its  width,  the  integral  will  become,  writing  7  for 
sin  /3  —  sin  «, 

/+^ 
A  cos /3 1    cos  gs^f{at^<ys)  ds (1) 

It  is  of  course  immaterial  whether  the  beam  is  limited  by  the 
grating,  or  whether  we  have  an  infinite  grating,  and  limit 
the  beam  by  covering  the  object-glass  by  a  diaphragm  of 
length  h  and  breadth  2  /  cos  /3. 

A  more  rigorous  analysis  which  is  given  further  on  (22) 
will  show  that  the  expression  which  has  been  deduced  when 
multiplied  by  a  constant  factor  correctly  represents  the 
amplitude  of  the  disturbance  at  the  focus  of  the  telescope,  if 
the  origin  of  time  is  properly  chosen,  and  if  f{at)  expresses 
the  velocity  of  displacement  in  the  incident  beam.  The 
factor  by  which  (1)  must  be  multiplied  in  order  to  give 
correct  numerical  values  is  l/27raF,  where  a  is  the  velocity  of 
light  and  F  the  focal  length  of  the  telescope. 

We  get  a  clear  idea  of  the  meaning  of  the  integral  (1)  by 
its  geometrical  interpretation.  The  distance  between  suc- 
cessi\-e  lines  of  the  grating  is  27r/q,  and  if  there  are  2N  lines 
on  the  grating  it  follows  that  ^/  =  27rN  ;  writing  X=27r<y/q  and 
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changing  the  variable  to  75=.^,  the  integral  (1)  becomes 

h  cos /3C+'^^  ^         ,^    /•/    .  \i  fCi\ 

^1         GOfi  27rxfKf (at  — x)(lv.    .    .     .     (2) 

7      J  -NA 

For  a  given  position  of  collimator  and  telescope,  it  is  known 
that  a  homogeneous  ray  of  a  certain  wave-length  will  have 
its  principal  maximum  of  the  first-order  spectrum  at  the  focus 
of  the  telescope,  and  it  is  easily  seen  that  the  wave-length  in 
question  is  given  by  the  same  relation  by  means  of  which  we 
have  defined  X.  Also  if  ^1  =/"(a<)  is  the  disturbance  at  any 
point  of  the  incident  beam,  y=f{cit  —  x)  will  be  the  disturbance 

Fig.  3. 


at  a  distance  x,  the  wave  traveUing  in  the  positive  direction. 
If,  therefore,  in  fig.  3  the  thick  line  represents  the  shape  of  a 
wave  travelling  from  left  to  right,  and  the  thin  line  is  the 
cosine  curve  ?/2  =  cos  ^irxfK,  having  as  many  periods  as  there 
are  lines  on  the  grating,  the  disturbance  at  the  focus  of  the 
telescope  is  proportional  to  J  yx  y-2  dx. 

The  disturbance  at  all  times  is  obtained  by  letting  the  wave 
travel  forward,  the  cosine  curve  remaining  in  the  same 
position. 

9.  We  shall  use  equation  (1)  as  the  basis  of  our  calculations. 
It  is  required  to  find  the  disturbance  at  F  (fig.  1)  for  any 
given  position  of  the  telescope.  We  may  define  the  position 
either  by  the  quantity  \  or  by  q  =  27ry/\  ;  when  convenient  we 
shall  introduce  the  number  of  lines  on  the  grating  2'E  =  qll'ir. 

As  a  first  example,  \Qif\at)  =  p  cos  pt,  that  is  to  say,  let  the 
incident  beam  be  homogeneous,  the  maximum  displacement 
bein  o-  unity.  Leaving  out  constant  factors,  the  integral  to  be 
determined  is 

I     p  cos  qscos{pt— Ks) ds, 

where  k  is  written  shortly  for  py/a. 

Remembering  that  gl  is  a  multiple  of  27r,  the  integral  is 
easily  seen  to  become 

-^^^  sin  kI  cos pt (3) 
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It  follows  that,  whatever  the  direction  of  the  telescope,  the 
disturbance  passing  tln-ough  its  focus  is  of  the  same  period  as 
that  of  the  incident  light,  that  is  to  say,  whatever  the  period- 
icity of  the  grating  it  has  no  power  of  altering  the  periodicity 
of  the   disturbance.     The    amplitude    of  the  disturbance  is 

g  "^  g  sin  kI.     The  manner  in  which  this  varies  according  to 

the  direction  of  the  telescope  is  shown  by  ex])ressing  I  in 
terms  of  2s,  when  it  is  seen  that  we  may  write  ibr  the  amjjli- 

*"^l^  ^ql     sin[27rN(/g  +  ^)/7] 

The  second  factor  is  of  the  form  (sin «)/«,  which  reaches 
its  maximum  value  when  a  =  0.  The  successive  maxima  are 
very  close  together  if  N  is  large,  so  that  the  Avhole  light  is 
near  the  points  for  which  k=  +q.  The  direction  of  the  optic 
axis  in  that  case  is  given  by  +(]((■=  J^y-  The  w^ave-length  of 
the  original  light  being  fM=27rci/p  and  the  distance  between 
the  lines  d=27r/q  =  2'7r/K,  the  relation  becomes 

fi  =  d<y=  +c?(sin  a  — sin/3), 

which  is  the  well-known  condition  that  a  wave-length  //,  shall 
have  a  first-order  maximum  in  the  direction  defined  by  /3. 
The  other  maxima  of  (sin  a) /a  which  our  equation  gives  are 
those  commonly  ascribed  to  dilfraction  from  the  edge  of  the 
aperture  of  the  telescope. 

The  principal  maximum  has  an  amplitude  which,  restorino- 
the  constant  factors,  is  j9?/t  cos  /3/27raF,  or,  introducing  the 
wave-length  /jl  of  the  incident  light,  the  amplitude  becomes 
hi  cos  jS/F/i.  The  numerator  of  this  fraction  is  half  the 
effective  aperture  of  the  grating,  and  the  intensity  of  the 
spectrum  is  therefore  one  quarter  of  what  it  Avould  be  if  the 
grating  were  replaced  by  a  reflecting  surface,  and  the  colli- 
mator moved  until  the  direct  image  coincided  with  the  focus 
of  the  telescope.  A  surface  which  acts  like  a  grating  must 
also,  as  pointed  out  by  Rayleigh,  act  as  an  absorbing  surface, 
so  that  the  sum  of  the  intensities  in  the  ~  diffracted  spectra 
will  be  smaller  than  that  of  the  original  light. 

10.  Ordinary  gratings  are  generally  taken  to  contain 
parts  which  are  alternately  completely  reflecting  or  trans- 
parent and  opaque.  Calling  d  the  distance  from  the  centre 
of  one  line  to  the  centre  of  the  next,  and  taking  the  origin  at 
the  centre  of  one  of  the  lines,  we  may  express  the  reflecting 
properties  of  the  grating  (confining  ourselves  to  reflecting 
gratings)  as  a  periodic  function  of  w,  say  /(a"),  which  may 
be  expressed  in  a  series  of  the  form 
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-^  +  A]  cos  —j-   +  l>2  COS  — ^  +  .  .  . 
Z  CI  (I 


where 


=  li> 


mirk  ,^ 
cos  — ^    a\. 
a 


Let  the  reflecting  part  cover  a  portion  2«  of  the  grating,  and 
the  opaque  part  a  portion  2c.  The  function  to  be  expanded 
has  a  vakie  one  from  ,v=^0  to  cc^a;  the  value  will  vanisli 
between  x=a  and  x  =  a  +  2c,  and  regain  the  unit  value  from 
x  —  d  —  a  to  .c  =  d. 
We  find  in  this  way, 

n„i  = (1  +  cos  mTT)  sui      ,    . 

or  if,  as  in  the  previous  investigation,  we  put  d  =  27r/g, 

f[x)  =  i-  +  -     sin  a(7  cos  qx  +  ^  sin  2aq  cos  2qx  +  -j  sin  4a5'  cos  42^.^  +  .  .  . 

The  first  term  represents  that  part  of  the  grating  which 
acts  simply  as  a  reflecting  surface.  In  order  that  the  first- 
order  spectrum  should  be  as  bright  as  possible  sina^=l,  or 
d?=4a,  in  which  case  the  spectra  of  even  orders  would  all 
disappear.  The  factor  2/7r,  taken  in  conjunction  with  what 
we  have  previously  proved,  sho-svs  that  a  grating  constructed 
in  the  manner  indicated  gives  a  first-order  spectrum  whose 
intensity  cannot  exceed  A/tt'^,  where  A  is  the  intensity  of  the 
reflected  image,  if  there  are  no  lines  on  the  grating.  The 
strongest  second-order  spectrum  has  an  intensity  A/Att^. 

The  direct  image  could  be  much  diminished,  and  therefore 
the  spectra  increased  in  intensity,  if  a  grating  could  be  made 
on  a  glass  surface — say  the  largest  surface  of  a  right-angled 
prism, — periodicity  being  introduced  by  silvering  the  glass 
along  parallel  lines.  If  light  were  Ihen  allowed  to  fall  in- 
ternally on  the  silvered  surface,  the  reflexions  taking  place 
between  glass  air  and  glass  silver  respectively  would  have 
nearlv  opposite  phases,  which  is  the  condition  required  for  the 
diminution  of  intensity  of  the  direct  image. 

It  appears,  then,  that  although  we  have  introduced  an 
imaginary  grating  called  a  simple  grating,  the  effects  are 
exactly  the  same  as  those  of  a  real  grating,  the  latter  con- 
sisting of  a  superposition  of  simple  gratings,  as  has  already 
been  pointed  out. 

11.  We  return  now  to  our  more  immediate  object,  and  take 
as  a  second  example  of  a  disturbance  analysed  by  a  grating 
that  of  a  single  impulsive  velocity  v  reaching  the  point  0 
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(fig.  2)  at  a  time  /],  and  lasting  during  an  interval  of  time  t, 
the, displacement  produced  by  the  velocity  being  (•  =  yT. 

The  value  of  f\at—^s)  will  vanish  in  this  case  unless 
at—ys  =  afi,  which  condition  determines  some  point  along  s 
at  which  the  disturbance  is  sensible,  provided  that  t  lies 
between  ti—yl/a  and  ^i  +  y//a.  The  integral  (1)  therefore 
becomes 

/taCCOSyS  r       /.       .N/   T         /wt'COS/3  n    xt    /.       .\;    7-1 

^  COS  [qa{t-t,)/y]  =  —^  cos  [27rl^a{t-t^)/yb]. 

The  equation  applies  while  t  lies  between  the  stated  limits  ; 
for  smaller  or  greater  values  of  t  the  disturbance  vanishes. 
Taking  account  of  the  omitted  factor,  the  disturbance  is  seen 

to  begin  vrith  an   impulsive  displacement,  — ^,  followed 

by  a  simple  ^nbration  continuing  for  as  many  periods  as  there 
are  lines  on  the  grating,  ending  with  a  permanent  displace- 
ment c.  While  the  disturbance  lasts  it  is  of  the  same  nature 
as  a  homogeneous  vibration  ha%'ing  a  wave-length  7//N,  and 
as  N/?  is  the  distance  between  the  lines  of  a  grating  we  may 
express  our  result  as  follows  : — 

The  disturbance  produced  by  a  single  impulse  leaving  the 
focus  of  the  collimator  when  resolved  by  a  grating  and  tele- 
scope will,  at  the  focus  of  the  telescope,  consist  of  a  succession 
of  oscillations  equal  in  number  to  the  lines  of  the  grating  and 
having  the  same  period  as  that  homogeneous  vibration  Avhich, 
leaving  the  collimator,  would  have  its  principal  maximum  at 
the  focus  of  the  telescope. 

It  would  be  wrong  to  speak  of  such  vibrations  as  homo- 
geneous, although  for  a  certain  time  they  may  be  analytically 
represented  by  a  sine  function.  This  has  repeatedly  been 
pointed  out  by  Lord  Rayleigh,  and  a  good  deal  of  the  difficulty 
which  has  been  felt  on  the  subject  is  due  to  our  natural 
inclination  to  consider  as  homogeneous  a  train  of  waves  which 
for  a  finite  space  coincides  with  the  curve  j/  =  cosam7.  Such  a 
train  is  the  more  homogeneous  the  greater  the  space  for  which 
the  equation  holds,  and  our  grating  will  give  at  the  focus  of 
the  telescope  light  which  is  the  more  homogeneous  the  greater 
the  nmnber  of  lines. 

12.  It  will  be  instructive  to  take  as  a  third  example  the 
case  of  such  a  finite  succession  of  waves  as  we  have  just 
spoken  of,  and  see  what  the  grating  will  make  of  it. 

We  put  /{at)  =  0  for  all  values  of  t  smaller  than  ti  and 
greater  than  (2,  while  between  these  values  of  t  the  velocity 
/(at)  shall  be  equal  to  p  cospt.  If  at  the  time  ^,  there  is  no 
discontinuity  of  displacement,  we  must  put  cosjjti^l  ;  and 
if  the  train  consists  of  m  complete  waves,  p{t2^ti)  =  2Tr)n. 
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We  have  to  find  the  value  of 

Vpcos  qs  cos  {2)t  —  Ks)ds, 

and  must  for  that  purpose  divide  the  integral  into  three  parts. 
During-  tho  first  period  the  train  of  waves  will  have  encroached 
on  the  grating,  and  the  Hmits  of  the  integral  during  that 
period  will  be  —  /  and  that  value  of  s,  viz.  a{t  —  ti)/y,  at  which 
f{at—>ys)  ceases  to  vanish.  During  the  second  period  the 
complete  train  of  waves  will  intersect  the  grating,  and  the 
limits  of  the  integral  will  be  a(t  —  f2)ly  and  a{t  —  ti)/y.  During 
the  third  })eriod  the  disturbance  will  pass  off  the  grating. 

It  is  not  necessary  to  give  the  details  of  the  calculation. 
During  the  first  period  the  disturbance  is  expressed  by 

PK      .         ,         .  ,  an       .     ,  ,, 

-^.  sm  qa{t-t,)/y—-i^,  sm  {pt  +  Kl)  ; 

that  is,  the  disturbance  may  be  expressed  as  a  superposition 
of  two  trains  of  waves,  one  having  a  period  equal  to  that  of 
the  incident  light  and  the  other  determined  by  the  direction 
of  the  diffracted  beam.  If  the  telescope  is  pointed  towards 
the  principal  maximum  of  light,  the  expression  reduces  to 

^[a{t-ti)/y  +  l]  cos pt, 

and  represents  a  vibration  with  variable  amplitude.  The 
factor  in  square  brackets  vanishes  when  the  disturbance  first 
reaches  the  grating,  and  after  m  complete  vibrations  becomes 

(niirp/K)  cos  pt. 

From  that  time  onwards  we  have  to  change  the  limits  of 
integration,  and  the  amplitude  of  the  disturbance  is  then 
expressed  by 

p  COS  gs  cos  {pt  —  KS)ds 

,    rcos  (gat/y—6)  ,  cos  (qat/y—^lr)l 

=  p  sui  iruiq/K — ^  H ^— — ^ —    • 

■^  |_  q  —  K  q  +  K  J 

In  this  equation  <f>  stands  for  — — --] -,  and  yfr  for 

[q-[-K)a  1  _^ _jnq^     ^^^^  difference  in  phase  between  the  two 

7  F 

vibrations  is  therefore  2Kafi/y  =  2pti.     But  as  cos^^i  =  l,  this 

only  means  that  the  two  vibrations  have  the  same  phase. 
Hence  the  amplitude  will  be 

2»o     .  . 
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The  maxima  of  light  take  place  when  (/  =  «,  and  the 
amplitude  of  the  principal  maximum  is  2mp/{q  +  K).  If  this 
is  compared  with  the  amplitude  of  the  principal  maximum 
formed  when  an  infinite  train  of  wavos  falls  on  a  hnite 
grating,  it  is  easily  seen  that  :  The  position  of  the  principal 
maximum  and  the  amplitude  at  the  principal  maxiuuim  are  the 
same  whether  an  infinite  train  of  waves  falls  on  a  grating  con- 
taining 2N  lines  or  whether  the  grating  is  considered  infinite 
and  the  train  of  waves  is  limited  to  2N  complete  waves.  If 
we  compare  the  time  of  vibration  instead  of  the  amplitude,  we 
mnst  note  an  important  diflPerenee  in  the  two  cases.  With  an 
unlimited  train  of  waves  falling  on  a  finite  grating  the  period 
is  everywhere  the  same  as  in  the  incident  light  ;  but  when  the 
train  of  waves  is  limited,  the  period  is  that  determined  by  the 
position  of  the  telescope.  At  the  principal  maximum  the  two 
periods  agree  ;  at  other  places  they  differ. 

13.  We  may  now  consider  the  case  of  two  disturbances  of 
the  same  type  following  each  other  after  an  interval  2t.  If 
both  consist  of  a  single  impulsive  velocity,  our  previous  result 
can  at  once  be  applied.  Such  an  impulse  will  at  the  focus  of 
a  telescope  produce  as  many  oscillations  as  there  are  lines  on 
the  grating,  the  complete  time  r'  of  each  oscillation  depending 
on  the  position  of  the  focussing  lens.  The  disturbance  will 
therefore  last  through  a  time  2Nt',  and  as  long  as  t<Nt' 
interference  will  take  place — that  is,  the  two  trains  of  waves 
will  partially  cover  each  other,  and  according  to  the  relative 
value  of  t'  and  r  the  energy  during  the  period  of  overlapping 
may  be  greater  or  smaller  than  the  energy  of  the  original 
vibrations.  But  as  soon  as  T^Ny,  the  waves  are  clear  of 
each  other  and  no  interference  can  take  place. 

Let  us  now  treat  the  same  problem^  taking  the  white  light 
to  be  "  regular,^''  that  is,  to  give  an  ultimately  discontinuous 
spectrum  of  homogeneous  vibrations. 

We  take  the  maximum  velocity  of  the  incident  hght  to  be 
the  same  for  all  wave-lengths,  in  order  to  make  it  more  closely 
correspond  to  the  single  impulsive  velocity,  which,  when 
resolved  by  Fourier's  theorem,  draws  no  distinction  between 
different  wave-lengths.  The  original  disturbance,  consisting 
of  two  trains  of  waves  following  each  other  at  a  time  2t,  is 
now  expressed  by 

f{at)  =  cospt  +  coa  p{t— 2t), 

from  which  the  disturbance  at  the  focus  of  the  telescope  is 
obtained  as  in  (3)  and  found  to  be 

g_^  g  sin  kI [cosj>t  +  cos /» (^ — 2t) ] . 
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This  represents  an  oscillation  having  a  maximum  velocity 


g  -^    g  sin  kI  cos  pr. 


If  the  energy  contained  within  a  region  d\  of  the  original 
light  is  B^/X,  where  B  is  a  constant,  the  energy  contained 
within  the  region  defined  by  p  and  p  +  dp  will  be  iir^adplp^. 

The  square  of  the  maximum  velocity  may  be  taken  as  a 
measure  of  the  energy  transmitted  in  a  given  time.  Changing 
the  variable  to  /c  by  the  relation  p  =  a/c/7,  and  introducing 
r=aT/7,  the  total  energy  E  of  the  separate  trains  of  waves 
passing  through  a  small  area  5  at  the  focus  of  the  telescope 
may,  when  their  number  becomes  large,  be  expressed  as  an 
integral.     To  get  correct  results  we  must  restore  the  omitted 

factor  -^ — ^    in   the   amplitude    of    the   disturbance,   and 

writing  A=  BA^  cos^  /3/FV, 


r__fdK_ 
Jo  (-f-'^' 


E  =  —  As  1   -r-~ jfTB  sin'2  d  cos^  kv, 

IT 


In  order  to  find  the  value  of  this  integral,  we  transform  it 
as  follows  : — 

q^dK       . 

-^^  Sni^  KL  COS''  KV 


=  1    /  o       ON  sin^  d  cos^  Kr+  \   7-^ ^^  sin^  d  cos^  kv 

=  \   7-0 9V  sin^  d  eos^  kv  —  \\    7-5 ^  -y  («  sin^  d  cos^  Kr) 

Jo(?-«)  Jo(r-«^)c?«' 

d  cos^  z^/'  —  2  1    r"2 2T  (^  ^^'^  ^'^^  ^^^^  '^*' 


.r  ^'^ 

— r  sin  2/*;?' sin^ /cZ) . 

The  values  of  these  definite  integrals  are  easily  found  by 
expanding  in  Fourier  series  functions  which  between  0  and  I 
shall  be  expressed  by  sin2ry,i-  or  cos  2(/.r,  and  vanish  for  x>l. 
The  general  equations  which  are  applicable  here  are  : 

(^{x)  —  —\     1  ^(A,)  cos  2kx  cos  2ddK dX 

"^Jo  Jo 

=  -  I     I  </)(X)  sin  2k.c  sin  2ddKdX. 
'^Jo  Jo 
Putting  (f){x)  =  &m2q.v  or  cos  2g'.r,  with  the  condition  that 
coS5'Z=l,  w'e  obtain  the  following  four  equations,  which  will 
hold  for  all  values  between  w  =  0  and  x  =  l,  but  not  necessarily 
at  the  limits. 


If    0<a:<l 
and     sin  2^=0. 
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sin  2<7.i'  =  -  1  -J— a  sin^  kI  cos  2/ca,\ 

=  -  I    -r 9  sin  IkI  sin  2«,r, 

cos  2qx  =  -  I   —s o  sin  2«Zcos  2kx, 

4  i      kcIk 
=  ~  1   -li ^  sin^  /tZ  sin  2/ca\ 

The  first  two  integrals  will  hold  for  ^  =  0,  as  the  left-hand 
side  vanishes  at  that  point ;  the  right-hand  side  will  therefore 
vanish  for  indefinitely  small  positive  values,  and  consequently 
also  for  indefinitely  small  negative  values.  The  third  equation 
will  also  hold  for  x=0,  as  both  sides  give  the  same  value  for 
positive  and  negative  values  of  x.  The  fourth  equation,  how- 
ever, does  not  hold  at  the  same  point.  Putting  x  =0  in  the 
first  and  third  integrals,  we  obtain 

0  =  I    -~ — 2  sin^  kL 

2  r"  Kdic     .        J 

1  =  -  1    ~6 5  sin  ZKl. 

Combining  these  with  the  previous  results,  we  easily 
deduce  the  following  : — 


l  +  cos25'.r=  — 


r°°    Kdk 

Jo    '^^^ 


sin  2kI  cos^  k.c, 


sin"  Kw 


1  — cos  2(70;=  —  I      — i ssin2/cZ 

sin  2qa:=  —  \     -~ ^  sin^  kI  cos^  kx. 

r*      KdK       .      o    ,  2 

=     1         —. r.  sin  ZKl  COS    KX, 

Jo    '^  -(? 

C"^      KcIk       .      o     7     •     2 

=   I       -, f.  sin  ZKl  sin  K.c, 

Jo    «  -'/ 

I     -H^ -,  sin^  /c 

Jo    7'-«- 


If    0<.x?</,    and 
sin  <jl  =  0. 


TT 

4 

TT 

4 


0  =  1       q"^'"  n sin^  kI cos^ /c/f. 
Jo    7'-«- 

PA//.  J%.  S.  5.  Vol.  37.  No.  229.  J^wn^  1894. 


If   X > I    and 

sinyZ=0. 
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r>ut  if  tho  value  of  r  exceeds  that  of  /,  the  integrals  have 
different  values. 

\Vith  the  help  of  these  eqnations  we  find,  if  r<l, 

E=  ^^[sin  2</r  +  2ql-\-2<j{I-r)  cos2q)']. 
Iq 

The  first  term  may  be  neglected  compared  to  the  two  others 
if  the  number  of  lines  on  the  orating  is  great,  and  we  may 
without  appreciable  error  write 

E  =  A.s[/+(/-r)cos27r]. 

This  equation,  however,  only  holds  when  I  exceeds  r.  If, 
on  the  other  hand,  r  >  Z,  the  definite  integrals  on  which  E 
depends  take  different  values,  which  give  in  that  case 

Eo=A5Z. 

The  expression  for  the  energy  here  does  not  involve  r,  and 
therefore  whatever  the  retardation  the  energy  is  the  same,  and 
the  spectrum  will  show  neither  minima  nor  maxima.  The  point 
at  which  interference  ceases  is  given  by  ?'  =  ?,  that  is  by 
Tz=.fyl/a  ;  7?  being  the  difference  in  optical  length  between  the 
extreme  rays  which  fall  on  the  grating,  the  value  of  t  is 
identical  with  that  for  which  interference  ceases  in  the  case 
of  a  simple  luminous  impulse.  Thus  Gouy  and  Rayleigh's 
proposition  is  proved  for  the  case  of  a  finite  grating.  Inter- 
ference ceases  completely  for  a  given  retardation  of  path 
depending  only  on  the  resolving  power  of  the  grating  and 
not  on  the  nature  of  the  light.  Our  test  case  is  therefore 
disposed  of,  but  it  is  not  easy  to  see  how  we  could  have  fore- 
seen the  result  without  the  complete  analysis. 

14.  The  expression  for  the  energy  may  with  advantage  be 
transformed  by  taking  as  the  area  s  that  included  within 
a  slit  parallel  to  the  lines  of  the  grating,  the  edges  of  the 
slit  coinciding  with  the  principal  maxima  of  the  two  wave- 
lengths A.  and  X-\- d\.  The  illumination  along  the  slit  will 
show  maxima  and  minima  distributed  in  a  well-known 
manner,  the  beam  bsing  limited  by  a  rectangular  aperture. 
If  X  is  measured  along  the  slit  and  the  intensity  is  taken  as 
unity  at  the  central  point,  the  intensity  at  any  other  point 
will  be 

.  „  ttIix 
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h  IxMiio  the  liei^lit  of  the  slit.  If  this  is  intognited  between 
intiiiite  ])ositive  and  neo;iitive  values  oi  x,  the  result  is  found 
to  be  \Yjh.  This  is  the  quantity  by  which  we  must  mul- 
tiply our  expression  if  the  whole  energy  passing  through 
the  slit  is  required.  As  regards  the  width  of  the  slit  we 
connect  in  the  lirst  place  X  and  /3  by  the  relation 

\=  —  (sin /8  — sin  a), 
q  ^ 

and  hence 

2tt 
d\=  — cos  8  dB. 
'J 

F  being  the  focal  length  of  the  telescope,  the  interval 
separating  the  princi})al  maxima  of  the  two  wave-lengths 
A,  and  dX  of  the  slit  will  be 

F  d /3  =  Fgdy  {2-77  cos  ^). 
Hence 

Eo=AFqVXd\/{27rh  cos  j3) 

=  Bg/d\cos^dX/{27ry), 
and  as  Xq  =  27Ty, 

Eo^BJd  cos  j3d\=iBsdX, 

where  s  is  the  effective  surface  of  the  telescope,  and  BdX  the 
energy  per  unit  surface  within  the  limits  specified  by  dX.  As 
was  shown  previously  for  a  single  homogeneous  vibration,  the 
energy  contained  in  the  first-order  spectrum  is  one  quarter 
of  that  which  would  reach  the  focus  of  the  telescope  if  the 
grating  were  replaced  by  an  ordinary  reflecting  surface. 

It  must  of  course  be  remembered  that  in  the  last  case  we 
have  been  dealing  with  a  succession  of  two  sets  of  waves  for 
each  of  which  the  energy  per  unit  surface  has  been  put  equal 
to  BdX. 

Returning  to  the  smaller  retardation  for  which  the  spectrum 
is  crossed  by  dark  and  bright  bands,  w.e  may  conveniently 
write  the  energy  passing  through  the  slit  between  the  wave- 
lengths X  and  X  +  dX 

where  D  stands  for  the  retardation  expressed  as  a  length. 
From  this  we  obtain 

-'-'(mininium)    -'-' 

E(niaiiinum)  4N\  — D 
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wliicli  liolds  as  long  as  the  retarihition  is  smaller  than  the 
product  of  the  wave-lciifj-th  into  the  nuni})or  of  lines  (2N) 
on  tlie  orating.  If  P  =  2NX-  the  equation  shows  that  there  is 
no  difference  between  the  minimum  and  maximum,  and  this 
continues  for  greater  values  of  D.  The  importance  of  the 
e(iuation  lies  in  the  fact  that  it  is  applicable  whatever  the 
nature  of  the  light,  as  long  as  the  inlensity  does  not  change 
rapidly  along  the  sjx'ctrum.  We  may  write  the  expressions 
in  a  form  in  which  they  are  applicable  to  the  spectra  of 
different  orders  and  also  to  spectra  formed  by  prisms.  If 
we  take  as  the  limit  of  revolution  of  two  lines  of  wave- 
lengths \  and  X  +  d\  that  in  which  the  principal  maximum 
of  one  falls  on  the  first  minimum  of  the  other,  Rayleigh  has 
shown  *  that  in  the  first-order  spectrum  two  lines  are  resolved 
when 

dX_J^ 

\  "  2N' 

If  we  take  XjdX  as  the  measure  of  the  resolving  power  (R) 
of  the  spectroscope  we  may  write  R  for  2N.  If  we  further 
express  the  retardation  N  in  terms  of  wave-length,  so  that 
D  =  »X  where  n  may  be  a  fraction,  the  distribution  of  in- 
tensity in  the  spectrum  may  be  written 

E  =  C  r^  +  2  A  -  '^)cos2  »7r]</\  =  C  fl  -f-  A  -  !^Vos  2«7r1f/\, 

where  0  is  a  constant  and  the  relation  between  the  maxima 
and  minima  becomes     ' 


E. 


E„,„v       2R— 5 


(4) 


15.  I  have  treated,  so  far,  only  of  grating  spectra.  Tlie 
investigation  in  detail  of  the  effects  produced  by  prisms  is 
more  complicated,  but  it  is  easy  to  see  that  there  can  be  no 
essential  difference  between  the  two  cases.  If  we  possessed 
a  substance  which,  when  cut  into  the  form  of  a  prism,  would 
separate  the  wave-lengths  laterally  according  to  the  same  law 
as  the  grating,  the  disturbance  at  the  focus  of  the  telescope 
attached  to  a  prism  spectroscope  would  be  exactly  the  same  as  if 
the  prism  were  replaced  by  a  grating  of  the  same  resolving  power. 
But  whatever  the  law  of  dispersion  the  condition  is  approxi- 
mately fulfilled  within  that  small  region  of  wave-lengths 
which  adds  appreciably  to  the  disturbance  at  any  point.  A 
sejuirate  treatment  of  prisms  would  therefore  seem  unnecessary. 

*  EncyclojHedia  Britannica,  "  Spectroscopy." 
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But  there  is  a  point  of  view  sufficiently  instructive  in 
my  opinion  to  be  mentioned.  In  the  case  of  a  grating  it  is 
easy  to  see  liow  a  solitary  impulse  is  spread  out  into  a  dis- 
turbance lasting  a  finite  time — it  is  not  so  clear  that  the  same 
holds  for  a  prism.  The  easiest  way  to  assure  ourselves  that 
a  prism  acts  in  the  same  way  as  a  grating,  is  to  cease  to 
consider  only  homogeneous  waves  and  to  follow  through  the 
prism  a  group  of  waves  involving,  as  it  always  does,  oscilla- 
tions of  different  periods. 

Let  us  imagine  a  train  of  waves  made  up  of  a  finite  number 
of  oscillations,  each  following  the  law  of  a  simple  pendulum. 
The  analytical  representation  of  such  a  grouj)  will  introduce 
wave-lengths  which  do  not  differ  much.  The  front  or  rear 
of  such  a  train  of  waves  may  be  taken  to  pass  through  a 
medium  like  glass  with  a  definite  velocity,  which  is  the  group 
velocity  corresponding  to  the  given  range  of 
wave-lengths.      In    fig.   4   let   AB    be   the  Fig.  4. 

direction  of  the  front  of  the  incident  wave, 
C/  D  that  of  the  emergent  wave,  then,  as  the 
group  velocit}'  in  the  prism  is  smaller  than 
the  wave  velocity,  the  front  of  the  group 
will  after  emergence  be  parallel  to  some 
such  direction  as  D  K.  If  the  light  is 
concentrated  by  means  of  a  lens,  the  position 
of  the  focus  is  determined  by  the  condition 
of  agreement  of  j^hase  ;  that  is  to  say,  the 
optical  length  from  all  points  C  D  to  the  focus  must  be  the 
same,  but  in  that  case  the  optical  length  from  the  different 
points  of  K  D  will  not  be  the  same, — in  other  words,  the 
front  of  the  wave  will  take  some  time  to  pass  through  the 
focus,  just  as  it  would  if  the  spectrum  were  produced  by  a 
grating.  The  same  holds  for  the  rear  of  the  group  and  for 
any  disturbance,  account  being  taken  of  the  different  group 
velocities  for  different  regions  of  the  spectrum.  To  make  the 
analogy  with  the  grating  more  complete,  let  us  calculate  the 
distance  C  K  through  which  the  group  has  fallen  behind  the 
front.  The  group  velocity  U  is  connected  with  the  wave- 
velocity  V  by 

where  k  is  inversely   proportional  to  the  wave-length.     The 
difference  in  the  two  velocities  is  therefore 

d\   ' 
The  wave-front  will  pass  through  a  thickness  i  of  the  ])rism 
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in  time  t/Y,  the  group-front  in  u  time  t/V.  The  difference 
in  time  is  /(V  — Uj/UV,  which,  us  V  and  U  do  not  differ 
much,  we  write  approximately /(V  —  U)/V-.  If/  represents 
the  effective  thickness  of  the  prism,  tlie  distance  CK,  through 
which  the  group  is  displaced,  will  be,  remembering  that  ftV 
is  the  velocity  in  air, 

/^^(V^-U}  _  fit\dV_  f^  dy^ilfi 

It  has  been  shown  by  Rayleigh  that  the  resolving  power  (R) 

of  a  prism  defined  as  in  (14)  is  t  ^  ,  so  that  the  displacement 

CK  of  the  group  will  be 

CK  =  RX, 

just  as  in  the  case  of  a  grating. 

VV^hat  holds  for  the  group  front  and  rear  will  also  hold  for 
any  portion  of  the  group  in  so  far  as  it  is  made  up  of  wave- 
lengths differing  only  to  a  small  extent  from  the  one  under 
consideration.  The  analogy  between  a  prism  and  a  grating 
of  the  same  resolving  power  is  therefore  comjilete. 

16.  The   consideration   of  the  group-front  instead   of  the 
wave-front  in  optical  systems 
leads  to  known    results   in  a  Fig.  5. 

somewhat  novel  and  instruc- 
tive way.  Thus  a  lens  (fig.  5) 
will  convert  a  plane  front  HK 
into  a  spherical  front  ACB ; 
but  the  group-front  will  be 
distorted  into  a  form  such  as 
ACB  ;  where  GC  depends  on 
the  thickness  of  the  lens.     The 

displacement  does  not  alter  the  focus  but  it  interferes  with 
the  definition  of  the  image.  The  want  of  definition  thus  pro- 
duced is  known  as  chromatic  aberration.  Chromatic  aberra- 
tion may  partially  be  corrected  by  joining  two  lenses  of  different 
materials.  From  our  point  of  view  a  lens  is  achromatic  when 
the  time  taken  from  the  original  wave-front  to  the  focus  F  is 
the  same  along  all  paths  for  the  </ro?cy>-fronts  as  well  as  for 
the  wave-h'onts  ;  and  it  is  easily  shown  that  this  condition  will 
lead  to  the  well-known  relation  for  achromatism.  It  must 
be  understood  of  course  that  the  group-front  differs  from  the 
wave-front  iu  the  important  particular  that  the  phases  at 
different  points  of  the  group-front  are  not  the  same.     In  a 
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o;roup  of  waves  the  waves  move  throuoh  tlie  groiiji,  and  the 
eontiguration  of  the  groiij)  chani;es.  We  can  speak  of  definite 
rate  of  propagation  (U)  of  the  group,  because  at  definite  inter- 
vals T  the  group  takes  up  the  same  shape  displaced  through 
a  distance  Ut.  A  good  idea  of  some  of  the  phenomena  of 
group  velocities  may  be  obtained  by  considering  a  medium 
in  which  the  wave-velocity  varies  as  a  linear  function  of  the 
wave-length,  for  in  that  case  the  group  velocity  is  independent 
of  the  period;  but  the  discussion  of  this  subject  must  be 
reserved  for  a  separate  communication. 

17.  It  will  be  useful  at  this  stage  to  inquire  in  what  cases 
we  can  legitimately  apply  the  word  "  interference "  to  an 
optical  phenomenon.  The  essence  of  interference  is  the  inde- 
pendence of  superposed  vibrations  ;  in  other  words,  the  most 
important  point  of  an  interference  phenomenon  is  that  there 
is  no  interference  as  regards  amplitude.  There  may,  however, 
be  interference  as  regards  energy. 

If  a  wave-front  is  propagated,  we  may  say  that  this  imphes 
interference,  for  if  the  different  points  of  the  wave-front  acted 
as  separately  vibrating  points,  and  v/e  summed  up  for  energy 
instead  of  for  amplitude,  a  very  different  result  from  that 
actually  obtained  would  be  arrived  at.  Diffraction'  may  in 
this  way  be  said  to  be  the  absence  of  interference.  But  in 
speaking  of  interference  phenomena  we  may  reasonably  leave 
out  of  account  that  which  is  involved  in  the  propagation  of  a 
wave-front. 

Consider  a  succession  of  separate  but  exactly  similar  im- 
pulses, such  as  is  shown  in 

fig.  6.  If  the  different  dis-  Fig.  6. 

turbances  do  not  overlap, 
there  can  be  no  interfer- 
ence between  them.      But  7 
if  each  imi)ulse  is  analysed 
by  Fourier's  theorem,  the 

different  wave-lengths  will  be  represented  with  different  in- 
tensities. If  the  sum  of  the  disturbances  is  analysed,  the 
relative  intensity  of  the  different  terms  of  the  series  will  be 
modified,  and  considerably  so  if  the  impulses  are  numerous 
and  succeed  each  other  at  regular  intervals.  The  lead  in  cj 
term  in  the  expansion  will  be  that  having  a  wave-length  equal 
to  the  distance  between  the  impulses.  From  the  point  of  view 
of  Fourier's  series,  we  may  say  that  the  different  disturbances 
have  "  interfered,^'  but  the  series  being  only  a  mathematical 
representation  of  the  curve  shown  in  the  figure,  I  think  the 
term  interference  would  be  misleading.  We  shall  reserve  the 
word  interference  exclusively  for  the  case  that  the  total  energy 
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contained  in  the  disturbance  is  not  equal  to  the  sum  of  the 
energies  contained  in  its  different  parts. 

If  such  a  succession  of  waves  as  we  have  been  speaking 
of  were  to  fall  on  the  retina  of  our  eye,  a  colour-eflPect  might 
be  produced  by  the  combination  where  none  is  produced  by 
the  individual  disturbance.  In  that  case  there  is  interference  ; 
but  it  will  be  shown  that  the  interference  is  due  to  some 
resonance  effect  in  the  eye,  but  does  not  exist  objectively. 

18.  We  proceed  to  discuss  the  nature  of  interference  pro- 
duced when  some  point  of  a  screen  is  illuminated  by  two 
different  sources  of  light.  Let  the  velocity  due  to  each  source 
separately  be  expi'essed  as  functions  of  the  time,/(^)  and^(<), 
the  velocity  at  any  time  due  to  the  superposition  of  the  two 
disturbances  is /(f)  -{-(}>{t),  and  the  excess  of  kinetic  energy  of 
the  combination  over  the  sum  of  the  energies  due  to  each 
separately  will  be  proportional  to 

The  value  of 

%J  —  VI 

may  be  taken  as  a  measure  of  the  "  interference."  In  order 
to  express  this  in  a  form  suitable  for  our  purpose,  we  make 
use  of  the  well-known  proposition  expressed  by  the  equation 

Limit  (A  =  oo)      f /(..)  ^-iilAf  d.v  =  (^^'"''  'f  ^  P°^'"™  ""<■  °'=°  ' 

From  this  we  easily  obtain,  if  ?t  is  a  positive  quantity, 

Limit  (7i  =  QO  )     J  ^  f{x)  ^^"/_^^x'^^  dx  =  irfiu) . 

Let  F(A.i,  ^2)  be  a  function  of  two  independent  variables,  and 
consider  the  integral 

\       \    F(X^,\n)cosK(\.i—X.2)dXid\!^dK. 

-coj-»jo 

Performing  the  integration  with  respect  to  k,  we  find 

Limit  (/c  =  oo)      f"    r°°F(\i,Xo)  "'"  ^  (^-^a)  ^x.dK, ; 
J-05J-00  y^i—X^) 

and  this,  with  the  help  of  the  above  relation,  becomes 
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Avliere  F(\i,\i)  means  the  function  into  which  F  is  changed 
by  substituting  everywhere  X^  for  \2'  If?  therefore,  we  trans- 
form a  function  of  one  vai-iuble  t^  F(/),  into  one  of  two  variables 
t  and  t' ,  F(t,t'),  by  simply  writing  t'  for  i  in  part  of  the  ex- 
pression, we  may  put 

r+»  r+co  r+x,  r  +  x, 

TT      F(/)af^=  F(Xi,  Xo)  cosa:(Xi— Xo)fZXi(?\o(f«:. 

J-»  J-ooJ-ooJo 

If  we  apply  this  to  the  product  f{t)(f>{t)  we  find 

•^      /(0<^(0^^^=  /(Xi)(/>(Xo)cos«(Xi-X2)(ZXi(/\2'/ac. 

J-oo  J_ooJ-ooJo 

The  theorem  expressed  by  this  equation  may  be  written 
where 

J +00  /^+Q0 

/(X)  cos k\  dX,  Bi  =       /(X) sin k\  dX, 

-oo  J-i 

r+»  r  +  oo 

Ao  =  I     ^ (X)  cos k\  d\,  Bo  =  I     (f)(X)  sin k\  dX. 

The  special  case  in  which  the  two  functions  /  and  cf)  are 
equal  has  been  proved  by  Rayleigh  (Phil,  Mag.  xxvii.  1889). 
The  excess  of  energy  of  two  trains  of  waves  over  that  of  the 
separate  ones  is  thus  seen  to  depend  in  a  simple  way  on  the 
analysis  of  each  by  Fourier's  theorem.  If  the  two  trains  are 
of  the  same  type,  one  following  the  other  at  an  interval  of 
time  2t,  we  can  put  the  excess  of  energy  E  into  the  form 

I E  =  r       I        r  /(Xi  +  t)/(X2  -  r)  cos  k{X,  -  Xo)  dX^  dX^  dK. 

Substituting  /ii  =  Xi  +  T, /x^^X^— r,  this  becomes 

J+xp  +  OO^CD 
_^    j     AmO/M  (^Os2kt  COS  K  (iXi—fi^)  dnid/l^dK, 

f{fi) COS K   d/j,     B=|     f{^)  sin K ft dfj,^ 

|E=      (A2  +  B2)cos2«t(//c (5) 

But  (A^  +  'B^)dK  is  proportional  to  that  part  of  the   energy 
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which  lies  within  the  range  cIk,  and  the  amount  of  interference 
is  therefore  seen  to  depend  on  the  distribution  of  energy  only 
and  not  on  any  assumption  respecting  the  regularity  or  irre- 
gularity of  vibration. 

19.  We  may  apply  our  result  to  some  special  case.  The 
simplest  experimental  arrangement  to  obtain  a  double  source 
is  that  of  placing  a  jtoint  from  which  light  diverges  close  to  a 
mirror  as  in  Lloyd^s  experiment,  and  we  may  imagine  the 
radiation  to  be  received  on  a  screen  at  rio;ht  anoles  to  the 
mirror  and  the  energy  to  be  measured  by  means  of  a  thermo- 
pile or  bolometer.  As  the  distribution  of  energy  will  entirely 
depend  on  the  law  connecting  radiation  and  wave-length,  we 
must  introduce  some  assumption  concerning  the  connexion. 
The  simplest  law  is  that  ascribed  by  Rayleigh  to  H.  F.  Weber, 
according  to  which  the  energy  contained  within  a  region  iIk  of 
the  spectrum  is  Ce'^-'^'iU 

where  C  and  a  are  constants  and  27r//c  means  the  time  of 
vibration. 

The  excess  of  energy  E  of  the  double  source  over  the 
separate  sources  is  from  (5) 

"""cos  ^ktiIk, 

If  the  source  of  light  is  a  slit  parallel  to  the  mirror  and  x  the 
distance  of  any  point  on  the  screen  from  the  mirror,  the  excess 
of  energy  contained  in  a  strip  of  width  d.v  would  be  E</.r,  and 
T,  which  is  half  the  retardation  in  time  of  the  light  reaching 
the  screen  from  the  two  sources,  is  proportional  to  x.  Hence 
changing  the  value  of  C  and  a,  we  may  say  that  the  excess 
of  energy  of  the  double  source  over  the  effects  of  the  single 
sources  acting  independently  is 

n 
—^  e-^'-'^-dx. 
a\/  It 

The  energy  is  seen  to  be  greatest  at  the  screen  and  to  fall  off 
quickly  towards  the  side.  The  excess  of  energy  is  everywhere 
positive,  or  the  total  energy  is  increased  by  the  presence  of 
the  mirror.  There  is  nothing  intrinsically  impossible  in  this 
result.  A  source  of  sound  will  do  more  work  when  placed 
close  to  a  wall  than  if  the  wall  were  absent.  If  effects  of  the 
same  nature  are  generally  not  observed  in  the  case  of  light,  it 
is  due  to  the  smallness  of  the  wave-length  of  the    radiation 
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which  constitutes  light.  But  any  law  connecting  radiation 
and  wave-length  must  take  in  all  ranges  of  waves,  and  the 
particular  law  adopted  gives  finite  values  of  intensity  within 
a  finite  range  of  k  even  for  infinitely  long  waves,  hence  the 
result  we  have  obtained  was  only  to  have  been  expected.  It 
may  be  said,  of  course,  that  we  have  assumed  our  wall  to  be 
a  perfect  refiector  for  all  wave-lengths  ;  but  it  is  not  necessary 
to  enter  into  this  question  any  further,  as,  for  other  reasons, 
Weber's  law  cannot  be  reconciled  \\\i\\  experiment.  H.  F. 
Weber  himself  really  uses  his  law  in  two  contradictory  senses 
and  seems  to  have  overlooked  the  great  diff:'eronce  there 
is  in  the  distribution  of  energy  in  a  spectrum  according 
as  a  prism  or  a  grating  is  used  to  analyse  the  light.  Weber 
takes  as  his  measure  of  energy  the  energy  contained  in  the 
'•  homogeneous  radiation  of  wave-length  A,."  If  the  quantity 
given  by  Weber  is  denoted  by  S,  Rayleigh  interprets  his 
meaning  to  be  that  the  energy  within  a  range  d\  is  S</X,  and 
in  the  discussion  of  Langley's  observations  Weber  uses  his  law 
in  that  sense;  but  Weber  also  draws  conclusions  favourable  to 
his  equation  from  the  fact  that  Tyndall,  using  a  prism,  observed 
the  maximum  heating-effect  of  an  arc-spectrum  at  a  particular 
place  and  uses  his  formula  as  if  the  energy  contained  within 
a  range  d^i  {/ii  being  the  refractive  index)  was  Sd/x. 

If  the  more  natural  interpretation  of  Weber's  formula  is  the 
right  one,  there  should  be  no  maximum  of  energy  in  a  s[)ectrum 
formed  by  a  prism  at  all,  but  the  intensity  should  indefinitely 
increase  with  the  wave-length.  For  /j,  and  k  being  approxi- 
mately connected  by  the  relation 

H  =  /jL^j  +  ck',  dfM  =  2  (■K(  Ik, 

the  energy  contained  within  a  range  dfi  becomes  proportional 
to  I 

-e-^-^-du,', 

K 

the  factor  of  c/yu.  being  infinite  for  infinite  values  of  the  wave- 
length. This  puts  Weber's  law  out  of  court.  We  may,  how- 
ever, draw  this  conclusion  from  it  : — If  a  -is  taken  to  be  infi- 
nitely large  all  radiations  are  of  equal  intensities.  In  that 
case  the  excess  of  energy  which  we  liave  deduced  from  the 
law  vanishes  at  every  point,  and  the  two  sources  may  be  said 
not  to  interfere  with  each  other. 

As  an  approximately  correct  law  for  the  distribution  of 
energy  in  the  spectrum  we  may  take  that  suggested  by 
Michelson,  and  write  for  the  energy  StZ/c,  where 
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The  excess  of  energy  according  to  (5)  will  be  proportional  to 

K'e-"'"' cos  2kt  dK=  ^ g-^Va=(4T''  +  Sa^ -Uah') . 

If  we  call  Eo  dx  the  energy  supplied  to  a  strip  of  width  d.v 
and  unit  length  by  each  source  separately,  then  for  t  =  0  the 
energy  should  be  4Eof/.'r.  Hence  the  excess  of  energy 
(E  —  2Eo)  due  to  the  double  source  will  be  determined  by 

E-2Eo=§Eoe-^'(45^  +  3-12c2),     .     .     /    (6) 

where  z  is  written  for  r/a. 

The  retardation  r  may  be  expressed  in  the  usual  way  in 
terms  of  the  distance  of  the  two  sources  from  each  other  and 
from  the  screen.     If 

D  =  distance  of  screen  from  source  of  light ; 
2d  =  distance  of  the  two  sources  of  light  from  each  other  ; 
V  =  velocity  of  light  ; 

a;  =  distance  of  any  point  of  the  screen  from  the  central 
line,  i.  e.  that  line  on  the  screen  for  which  t  =  0  ; 

Ave  have  the  following  relations  : — 

T=^fZ/(VD), 

^=^c?/(VDa). 

The  quantity  a  can  be  determined  if  we  know  the  wave-length 
for  which  the  energy  is  a  maximum  in  a  spectrum  formed  by 
a  grating,  the  condition  for  the  maximum  being 

or  Ka-=  V  3. 

2_ 

As  we  are  now  dealing  with  the  only  interference-effect 
which  can  properly  be  said  to  take  place  with  white  light 
when  the  source  is  only  doubled,  and  not  multiplied  more 
frequently  as  in  the  case  of  thin  films,  it  seems  worth  while  to 
discuss  the  energy-curve  as  given  by  (6)  a  little  more  closely. 

In  fig.  7  (page  541)  the  line  A  gives  the  assumed  illumination 
of  the  screen  due  to  the  source  only.  The  source  being  doubled 
by  the  introduction  of  the  mirror,  the  straight  line  B  gives  on 
the  same  scale  the  illumination  of  the  screen  calculated  on 
the  assumption  that  there  is  no  interference  ;  the  intensity  in 
that  case  being  simply  doubled.  The  curve  C  gives  the  actual 
illumination  obtained  by  Lloyd^s  mirror-arrangement,  cal- 
culated  on  the  hypothesis  that  Michelson's  formula  for  the 


Hence  ^(max.)=— ;^''''«^' 


Interference  Phenomena.  587 

distribution  of  energy  in  the  spectrum  is  correct.  The  dif- 
ference between  the  ordinates  of  B  and  the  curve  C  may  l)e 
taken  to  measure  the  amount  of  interference.  The  ctirve  D 
gives  the  assumed  distribution  of  energy  in  the  grating- 
spectrum,  the  absciss;i3  being  wave-lengths  drawn  to  such  a 
scale  that  a  particular  value  of  the  wave-length  is  placed  at 
that  point  of  the  screen  at  which  the  corresponding  homo- 
geneous radiation  would  have  its  first  principal  maximum. 
Analytically  the  curves  are  represented  {y  and  z  being  the 
ordinates  and  abscissa)  by  the  equations 

y=2+§.-X4.^  +  3-12.'^),  ....     (C) 

y=ie-^^-l^"- (D) 

Assuming  the  illumination  due  to  the  one  source  alone  to 
be  Eo,  the  principal  features  of  the  curve  C'  are  : — 

(1)  At  the  intersection  of  the  screen  and  mirror  the  illu- 
mination is  4Eo. 

(2)  The  intensity  diminishes  until  a  value  of  z  is  reached 
for  which  ~^  =  ^—  v/|  =  '275  (or  z  =  'b'2i:).  The  total  energy 
is  then  2Eo,  and  at  this  point  we  may  say  that  no  interference 
takes  place. 

(3)  The  intensity  diminishes  still  further,  and  now  becomes 
less  than  that  due  to  the  sum  of  the  two  separate  sources.  The 
minimum  intensity  takes  place  when 

£"=1-  v/|=0-919  (,-=0-959). 

The  value  of  Eq  at  this  point  becomes  O'TSEq,  or  only  al)out 
three  quarters  of  the  energy  due  to  each  source  alone.  - 

(4)  The  intensity  increases  again,  and  at  a  point  for  which 

2*  =  f  +  "^1  =  2*725  {z^l-'ob)  it  is  once  more  equal  to  2Eo. 

(5)  A  maximum  of  intensity  takes  place  when 

^2  =  1+  i/r=4-081  (2  =  2-02). 

The  maximum  is  not  very  pronounced,  its  value  being  2*24  Eq. 

(6)  The  intensity  diminishes  and  graduaHy  approaches  the 
value  2Eo.  The  total  excess  of  energy  on  the  screen  vanishes 
as 


J. 


e-^-(4-^  +  3-1252)f/~  =  0. 


As  a  result  of  our  calculation,  we  may  say  that  in  all  cases 
where  interference  is  ])roduced  by  an  artificial  doubling  of 
the  source,  such  as  in  Fresnel's  mirrors  or  bij)risms,  or  in 
Lloyd^s  mirror-arrangement,  the  true  interference-curve  with 
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white  hoht  does  not  consist  of  alternate  brif^ht  and  chirk 
bands,  hut  is  represented  by  the  curve  C  (fig.  7),  and  has  only 
one  well-defined  minimum.  There  would  be  no  interference 
at  all,  in  the  sense  the  word  is  used  here,  if  we  could  have  a 
source  of  lioht  giving  out  all  radiations  with  equal  intensities. 
If  we  can  draw  a  curve  such  as  that  given,  it  is  only  because 
wo  know  that  the  energy  of  our  available  sources  of  white 
light  is  distributed  in  a  way  which  cannot  ditFer  much  from 
that  represented  by  the  curve  D  (fig.  7).  There  would  be  no 
difficulty  in  extending  our  investigation  to  the  case  of  thin 
films  and  other  cases  in  which  the  source  of  light  is  multi- 
plied more  than  twice.  The  general  result,  however,  would 
not  be  altered  ;  whatever  interference  there  is,  must  depend 
on  the  prevalence  of  some  particular  wave-length  in  the 
original  spectrum. 

20.  Imagine,  now,  a  photographic  film  to  be  substituted 
for  the  screen  in  the  last  section.  Tlie  curve  C  (fig.  7)  would 
evidently  not  represent  the  elFect  on  the  film,  for  the  bands 
commonly  associated  with  interference-eflects  would  appear  ; 
this  indicates  an  interference  phenomenon  which  is  not  in- 
cluded in  the  cases  W'C  have  hitherto  discussed.  To  explain 
how  the  photographic  film  can  produce  interference  where 
it  previously  did  not  exist,  we  may  think  of  a  pendulum 
which  is  set  in  motion  by  a  blow  and  moves  without  fric- 
tion. Suppose  that  after  a  certain  lapse  of  time  the  blow 
is  repeated.  The  second  blow  may  increase  or  diminish 
the  momentum  due  to  the  first  blow  according  to  the  rela- 
tion between  the  interval  of"  time  which  intervenes  between 
the  blow  and  the  time  of  vibration.  It  will  be  quite  con- 
sistent with  our  use  of  the  word  if  we  say  that  the  second 
blow  has  "  interfered "  with  the  first.  But  if  friction  be 
introduced  so  that,  before  the  second  blow  is  delivered,  the 
motion  due  to  the  first  has  practically  died  out,  the  second 
blow  will  produce  its  own  effect  whatever  the  interval  of  time 
between  the  blow^s.  There  is  now  no  interference,  and  the 
interference  in  the  previous  case  is  seen  to  depend  on  the  fact 
that  the  effect  of  the  first  blow  is  a  periodic  motion  continued 
for  a  sufficient  number  of  periods.  From  the  case  of  a  single 
blow  we  may  proceed  to  the  discussion  of  impulses  delivered 
at  regular  intervals. 

Consider  two  exactly  equal  pendulums  vibrating  in  a 
period  t.  Let  blows  be  delivered  to  the  first  at  regular 
intervals  t,  and  to  the  second  at  intervals  t  +  r.  If  n  blows 
have  been  delivered,  the  first  being  given  simultaneously  in 
both  cases,  the  blows  given  to  the  second  pendulum  will  be 
behind  those  given  to  the  first  by  an  interval  in.     U  that 
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quantity  is  not  more  than  a  certain  fraction  of  a  period,  wliicli 
wo  may  rouohly  take  to  be  a  tenth,  the  eneroy  gained  is  j)rac- 
tically  the  same  in  both  cases.  But  as  n  increases,  the  tirst 
pendulum  will  oradually  accumulate  an  amount  of  energy 
decidedly  greater  than  the  second,  provided  there  is  no  fric- 
tion. If  the  friction  is  sufficiently  large  so  that  in  the 
interval  «t,  at  which  the  non-agreement  of  phase  between 
the  blows  and  the  pendulum  comes  to  be  important,  the  effects 
of  a  single  blow  are  practically  obliterated,  the  two  pendu- 
lums will  show  no  appreciable  difference  in  energv,  whatever 
the  time.  If,  on  the  other  hand,  not  knowing  beforehand 
whether  there  is  any  friction  or  not,  we  observe  that  the  two 
sets  of  blows  delivei'ed  at  intervals  t  and  t  +  r  produce  a 
markedly  different  effect  on  the  pendulum,  we  may  fix  a 
lower  limit  to  the  possible  amount  of  friction  that  can  exist, 
and  may  say  that  a  single  blow  must  produce  an  effect  which 
lasts  through  a  number  n  of  periods,  where  the  value  of  n 
must  be  greater  than  that  at  which  the  difference  in  phase 
becomes  detrimental. 

From  the  effects  produced  by  a  succession  of  blows  we  may 
pass  to  those  produced  by  a  continuous  periodic  force.  A 
vibrating  system  without  friction,  whose  natural  period  is 
27r/«,  will,  if  acted  on  from  rest  by  a  force  E  cos  Kt,  show  a 
displacement 

a  =  -^ 7,  (cos  Kt  —  COS  nt) , 


2E      . 

:; sSin 


/n  +  K\^   .    /n—K\ 


The  latter  form  of  the  equation  shows  that  if  n  and  k  are 
nearly  equal,  the  motion  is  approximately  represented  by  a 

vibration  of  amplitude  -^ — -j ^'^  ~T~  ^j  ^^^  maximum  velocity 
being  n  -k^  'j  J 

n  —  K         2  \2  48      /' 

if  {n  —  K)t  is  sufficiently  small.     If  n^  is  the  maximum  velocity 
in  the  special  case  that  n  =  K, 

U(,—n       [n  —  Kyt^ 


Uq  24 

Supposing  we  are  dealing  with  luminous  vibrations,  and 
that  our  eye  can  easily  appreciate  a  difference  of  intensity  of 
2  per  cent.,  that  is  a  difference  in  amplitude  of  1  per  cent, 
we  find  that  the  time  t  at  which  we  begin  to  draw  a  clear 
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distinction  between  the  effects  of  the  force  E  cos  kI  and 
E  cos  nt  is  given  by 

{n  —  K)t  =  ^  nearly. 

Tliis  means  that  the  difference  in  phase  between  the  forces  at 
the  time  t  may  amount  to  nearly  30°.  If  we  introduce  the 
periodic  times  of  vibration  of  the  two  forces  Ti=2'7r/n  and 
T2=27r/«,  we  may  say  that,  in  order  that  they  should  intro- 
duce a  difference  in  the  energy  amounting  to  two  per  cent,  of 
a  vibrating  system  whose  natural  ]iei'iod  is  27r/n,  it  is  neces- 
sary that  they  should  continue  to  act  for  m  vibrations  where 

m(T<i  —  Ti)        1      /— -,       ,,_  .       ,  1 

—5^4^ ~  =  —  V-24  =  -08  approximatelv. 

If  the  vibrating  system  is  subject  to  friction,  and  the  differ- 
ence in  the  energy  absorbed  is  two  per  cent.,  it  follows  that 
the  friction  must  be  sufficiently  small  to  allow  a  single  impulse 
to  produce  vibrations  which  do  not  appreciably  diminish  in 
m  vibrations,  where  m  is  the  number  determined  by  the  above 
equation. 

All  these  considerations  tend  to  show  that  if  a  medium 
absorbs  strongly  some  particular  wave-length  and  transmits 
another  wave-length  near  it,  the  particles  must  be  capable  of 
being  set  into  vibration  by  an  impulse,  and  that  the  periodic 
disturbance  of  the  particle  produced  by  the  inn)ulse  must  last 
the  longer,  the  more  sudden  the  variation  in  the  coefficient  of 
absorption.  The  fact  that  a  substance  draws  a  distinction 
between  two  periods  in  the  incident  light  which  are  near 
together  implies  a  regularity  of  vibration  in  the  substance 
capable  of  being  produced  by  irregular  impulses  of  the  medium. 

If  we  produce  an  interference-pattern  on  a  photographic 
screen,  and  by  this  means  are  able  to  observe  interference 
with  large  difference  of  path,  the  case  is  exactly  analogous  to 
that  in  which  a  grating  or  prism  is  used.  The  regularity 
which  enables  us  to  observe  the  interference  lies  in  the  instru- 
ment of  investigation,  and  does  not  prove  anything  with 
respect  to  the  regularity  of  white  light.  Our  eye  is  an 
instrument  which  distinguishes  light  of  different  wave- 
lengths ;  this  implies  a  certain  regularity  in  the  motion  pro- 
duced by  an  impulsive  disturbance  of  the  medium.  If  an 
impulse  reaching  the  retina  did  not  call  forth  periodic 
motion  in  nerve-fibres  persisting  for  some  appreciable  time, 
the  interference-spectra  observed,  say,  with  Lloyd's  mirror 
would  be  identical  with  that  indicated  by  a  thermopile,  as 
shown  in  fig.  7.  But  we  see  a  succession  of  a  few  spectra, 
and    may    gain    a    rough    idea    of  the    number    of  periods 
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during  wliich  a  more  or  less  regular  motion  is  produced  in 
our  eye  by  the  action  of  light.     We  may  easily  distinguish 


Fis:.  7. 


between  yellow  and  orange  light/ the  periodic  times  of  which 
stand  in  the  ratio  of  61  to  59.  The  fraction  (Tg— Ti)/Ti  is 
about  g^y,  and  the  number  of  -sdbrations  during  which  the 
effects  of  an  impulse  will  last  must  at  least  contain  24  com- 
plete periods.  On  the  other  hand,  1  think  we  should  find  it 
difficult  to  distinguish  in  any  part  of  the  spectrum  between 
two  vibrations  the  periods  of  Avhich  differ  by  the  three- 
hundredth  part  of  either  ;  and  we  may  conclude  that  the 
pliysical  effects  of  an  impulse  in  the  eye  could  not  show  any 
regularity  lasting  for  much  more  than  300  periods.  We  are 
not  of  course  dealing  here  with  the  physiological  actions 
which  prolong  the  sensation  of  light  for  a  measurable  time. 

The  fact  that  white  light  shows  any  objective  interference 
at  all,  without  the  artificial  introduction  of  regtilarity,  is  due 
to  the  prevalence  of  certain  wave-lengths  over  others.  What- 
ever regularity  there  is  in  the  light  is  intimately  connected 
with  the  distribution  of  intensity  in  the  spectrum. 

We  cannot  help  speculating  as  to  the  ultimate  cause  which 
renders  the  regularity  of  vibration  a  function  of  the  tempe- 
rature only,  and  independent  of  the  natural  periods  of  the 
molecules.  Perha])S  the  solution  of  the  difficulty  will  be 
found  in  the  fact  that  our  observations  tell  us  nothing  directly 
as  to  the  vibrations  of  the  atoms  or  molecules.  What  we 
observe  is  the  disturbance  of  the  medium,  and  the  distribu- 
ton  of  energy  in  the  spectrum  of  an  incandescent  black  body 
which  is  in  thermal  equilibrium  may  indicate  a  property  of 
the  medium  rather  than  that  of  matter.  That  is  to  say, 
the   motion  of  vibration  in  the  molecule   may  be  perfectly 
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irregular,  })ut  tlie  medium  may  take  up  and  propagate  some 
vibrations  quicker  than  others. 

Tliei'c  are  many  signs  tending  to  show  that  the  time  is  not 
far  distant  when,  in  order  to  explain  the  connexion  between 
optical  and  electrical  facts,  we  must  recognize  some  structural 
properties  of  the  medium,  and  the  regularity  in  the  vibration 
of  a  black  body  may  be  intimately  connected  with  such 
structural  properties. 

21.  The  result  of  this  paper  is  in  complete  agreement 
with  the  conclusions  formed  by  Gouy  and  Lord  Rayleigh  as 
to  the  nature  of  white  light.  We  have  obtained  an  expres- 
sion (§  8)  for  the  disturbance  produced  by  a  grating  if 
the  disturbance  in  the  incident  light  is  given,  and  traced  the 
result  in  special  cases.  We  have  more  especially  examined 
the  case  in  which  bright  and  dark  bands  are  formed  in  a 
spectroscope  when  two  sets  of  rays  are  brought  to  inter- 
ference, one  having  a  certain  retardation  compared  to  the 
other,  and  shown  (§14)  that  provided  the  intensity  of  light 
does  not  sensibly  vary  from  one  band  to  the  next,  the  relative 
intensity  of  the  maxima  and  minima  can  be  given  in  terms  of 
the  retardation  and  resolving  power  without  any  hypothesis 
as  to  the  nature  of  light.  No  conclusions,  therefore,  can  be 
drawn  as  to  the  "  regularity"  of  while  light.  The  nature  of 
light,  including  its  "  regularity ,''  as  follows  from  Rayleigh's 
investigations,  is  completely  defined  by  the  distribution  of 
energy  in  the  spectrum. 

The  analysis  of  the  spectrum  by  a  prism  is  shown  (§  15)  to 
involve,  like  that  of  a  grating,  the  spreading  out  of  an  impulse 
over  a  length  of  time  which  increases  with  the  resolving 
pov\  er.  That  is  to  say,  a  single  impulse  falling  on  the  slit 
of  the  collimator  will  not  pass  through  the  focal  plane  of  the 
telescope  as  a  single  impulse,  but  as  an  oscillatory  motion. 
This  follows  in  a  simple  manner  if  we  consider  the  passage 
through  a  prism  of  a  ''group  "  of  waves,  the  front  of  which 
moves  with  the  group  velocity. 

In  §  18  an  expression  has  been  obtained  for  the  distribu- 
tion of  light  on  a  screen,  in  a  case  of  simple  interference  like 
that  of  Lloyd's  mirror  arrangement.  The  expression  again 
only  involves  the  distribution  of  energy  in  the  spectrum.  If 
all  wave-lengths  were  equally  represented,  there  would  be  no 
interference  at  all.  The  coloured  bands  which  are  seen  in 
this  case,  as  well  as  the  colours  of  thin  films,  are  shown,  §  20, 
to  be  due  to  interference  produced  in  the  eye  itself,  and  to 
depend  on  the  fact  that  in  any  substance  showing  selective 
absorption  a  single  impulse  produces  an  oscillatory  motion 
lasting  for  some  time.     In  order  that  two  impulses  should 
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interfere,  it  is  necessary  tliat  their  effects  should  overlap. 
When  an  interference  pattern  is  ])roduce(l  either  in  a  spectro- 
scope, or  with  the  help  of  a  medium  like  the  eye  showing 
selective  absorption,  it  always  means  that  each  im})ulse  is 
spread  out  so  as  to  overlap  the  one  which  follows.  Looked 
at  from  a  different  point  of  view,  we  may  say  that  tu'o  perio- 
dicities are  involved  in  every  case  of  interference.  We  have, 
in  the  first  place,  a  retardation  of  path  of  the  two  interfering 
rays.  Whatever  the  nature  of  light,  if  analysed  by  Fourier's 
theorem,  this  retardation  is  seen  to  produce  a  periodicity, 
which,  however,  alone  is  not  sufficient  to  give  rise  to  inter- 
ference efi'ect.  The  prism  or  grating  which  analyses  the 
light,  or  some  medium  showing  selective  absorption,  intro- 
duces the  second  period.  If  there  is  without  such  means  an 
interference  which  can  be  objectively  observed  with  a  ther- 
mopile or  bolometer,  it  means  that  there  must  be  some  pre- 
vailing period  in  the  original  light.  The  light  may  be  homo- 
geneous or  it  may  only  show  like  sunlight  a  maximum  of 
intensity  in  some  region  of  the  spectrum. 

22.  We  have  calculated  the  disturbance  produced  by  a 
grating  with  the  help  of  an  equation  (1)  §  8,  Avhich  may  be 
proved  in  a  more  rigorous  manner.  Let  ^  be  a  function 
satisfying  the  differential  equation 

§=«V0, P) 

and  having  given  values  0  and  -~  at  the  boundaries  of  the 

space  we  are  considering.  Kirchhoff*  has  shown  that  at  any 
point  P  within  that  space  <^{t)  may  be  expressed  by 

47r</)(0=j*n(fS, 

■where  the  integration  is  extended  over  the  boundary  of  the 
space,  and 

d^         r  r     - 

f{t)  =  '^. 
''^'      d^ 

N  is  the  normal  directed  to  the  inside  of  the  space,  and  r 
is  the  distance  of  the  point  P  from  the  element  f/S  of  the 
surface.  The  differentiation  in  the  first  term  of  11  is  to  be 
carried  out  as  if  r  were  the  only  variable.     The  expression 

*  "  Zur  Theorie  der  Lichtstrahlen,"  Wied.  Ann.  Bd.  x\-iii.  p.  663  (1883), 
and  Gesammelte  Abhandlungen,  Nachtrag,  p.  22. 
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can  he  simplified  if  the  only  part  of  the  boundary  at  wliich  ^ 
does  not  vanish  consists  of  a  plane  surface.     Write 


■27ryfr. 


so  that 


2c/>=ti  +  ^2 (8) 

Both  i/r,  and  -1/^2  satisfy  separately  the  diflPerential  equation 

The  value  of  yp^i  at  a  given  point  and  time  is  expressed  as 
the  potential  due  to  a  double  layer.  Of  such  a  potential  it  is 
known  that  it  shows  a  discontinuity  at  the  surface  equal  to 
2^  {f) .  Hence  if  the  surface  is  plane  the  i/rj  at  the  surfacemust 
be  equal  to  <^(0'  The  function  -^^  takes,  therefore,  the  same 
value  as  ^  at  the  surface,  and  from  (8j  it  follows  that  the 
same  must  hold  for  ^fr2  also. 

The  value  of  yfr^  is  expressed  as  a  surface  potential,  and  the 
form  of  the  integral  shows  that  at  the  plane  surface 

^2  _  ....  _  # 

Hence  the  diflforential  coefl^cient  of  1/^2  at  the  surface  is  the 
same  as  that  of  (f>,  and  it  follows  again  from  (8)  that  the  same 
must  also  hold  for  -ylri. 

Both  yjr^  and  -yjr^  satisfy,  therefore,  all  conditions :  hence, 
taking  as  axis  of  z  the  direction  of  the  normal,  we  may,  for 
the  special  case  under  consideration,  write  Kirchhoff's  equation 


rf('--) 
.=  -p  ^  "Ids, 

all  of  which  forms  may  be  useful.     Taking  the  first,  perform- 
ing  the  dift'erentiation,  and   rejecting  the  terms  which  vary 
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inversely  as  the  squares  of  the  distance  compared  to  those 
terms  which  alone  are  of  importance,  unless  the  point  under 
consideration  is  close  to  the  surface,  we  find 

2.,w=ji.-^,(.-::).s=-ji..;^:l,(,-L).s. 

To  apply  this  equation  to  the  special  case  treated  in  §  8  we 
take  ^  at  the  surface  to  be  independent  of  that  direction 
which  is  parallel  to  the  lines  of  the  grating  and  measure  .v  at 
right  angles  to  the  lines  ;  if  21  is  the  width  of  the  grating, 
h  its  length,  ?'o  the  value  of  r  for  that  line  which  is  drawn 
from  any  point  P  to  the  centre  of  the  grating,  /3  the  angle 
between  Vq  and  the  normal,  and  if  finally  vq  is  taken  to  be 
very  large. 

The  amplitude  of  the  disturbance  at  the  focal  plane  of  a 
telescope  varies  inversely  with  the  focal  length  ;  hence,  if 
instead  of  receiving  the  light  on  a  screen  at  an  infinite 
distance,  we  collect  it  by  means  of  a  lens  of  focal  length  F, 
we  must  substitute  F  for  r^   in  the  above   expression.      Let 


now  "^[t  —  —]  be  the  disturbance  in  the  incident  beam  which 

falls   on  the   grating  at  an  angle  a,  and  let,  as  in   §  8,  the 

grating  act  in  such  a  way  as  to  reduce  yjr  in  the  ratio  cos  qs. 

The  value  of  </>  at  the  grating   will  for  the  reflected  beam 

become 

I  /,\  1  /       5  sin  a\ 

<}){t)  =  cos  gs  f{^t+—^  j, 

and  if  we  put  7  =  s  (sin /3  —  sin  a) , 

_.     , ,  .      h  cos  8  C^  d   ,  .  ,  .  , 

2Tr(}){t)=  — -p—  j      cos  qs  -^/^{t—ys/cr^ds. 

This  is  the  equation  we  have  made  use  of  for  the  displace- 
ment produced  at  the  focus  of  a  lens,  of  focal  length  F,  by  a 
simple  grating  the  lines  of  which  are  at  a  distance  27r/y,  the 
displacement  in  the  incident  beam  being  given  as  ■^(t  —  xja). 
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LIII.  A  New  Mode  of  making  Magic  Mirrors. 
By  J.  W.  Keakton"^. 

THE  first  explanation  tliat  occurred  to  me  on  seeing  the 
Japanese  mirror  about  fourteen  months  ago  was  that  the 
face  miglit  bear  directly  invisible  differences  in  polish,  which 
a  powerful  beam  of  light  would  probably  convert  into  visible 
ones  by  reflexion  on  to  the  screen.  To  produce  such  minute 
differences,  it  was  my  intention  to  take  pairs  of  different 
metals  closely  agreeing  in  colour  and  reflective  power,  as 
silver  and  platinum,  and  to  deposit  electrically  in  the  form  of 
some  easily  recognizable  figure  a  thin  coating  of  the  one 
metal  on  a  groundwork  of  the  other.  Very  faint  mercuric 
staining  of  bright  metallic  surfaces  was  also  contemplated. 
These  ideas,  however,  resolved  themselves  into  a  test  much 
simpler,  yet  involving  the  same  principle.  A  piece  of  metal 
was  so  polished  that  in  subdued  daylight  a  cross,  more  finely 
burnished  than  the  general  surface  of  the  plate,  could  just  be 
distinguished.  Reflected  on  to  the  screen,  the  figure  came 
out  exceedingly  faint ;  and  this  fact,  apart  from  the  con- 
sideration that  figures  so  produced  could  have  only  a  pre- 
carious existence,  was  sufficient  to  condemn  the  hypothesis 
in  question. 

This  result  has  a  bearing  upon  another  hypothesis — one 
worthy  of  prompt  burial  with  the  quiddities  and  essences  of 
the  purely  deductive  method,  viz.,  that  the  magic-mirror 
phenomena  are  due  to  local  molecular  rearrangements  in  the 
reflecting  surface,  brought  about  by  unequal  cooling  of  the 
mass  of  the  mirror.  Now,  since  it  is  held  that  the  regu- 
larity or  convexity  of  the  surface  is  not  thereby  affected,  this 
molecular  rearrangement  can  put  itself  in  evidence  optically 
only  by  reflecting  more  or  less  light  than  the  parts  of  the 
surface  unaffected  by  irregular  cooling.  But  it  has  been 
shown  that  with  figures  so  pronounced  as  to  be  directly 
visible,  the  electric  beam  is  powerless  to  produce  results  com- 
parable in  intensity  with  those  given  by  the  Japanese  mirror ; 
much  less  will  directly  invisible  figures  of  the  type  under 
reference  come  up  to  \\\q  required  standard. 

The  plate  used  in  the  foregoing  experiment,  whilst  fur- 
nishing no  clue  in  virtue  of  its  polished  figure,  yet  presented 
evidence  that  pointed  clearly  in  the  direction  where  a  solution 
of  the  problem  was  to  be  found.  Strikingly  well-defined 
lines  and  dapplings  of  light  -were  thrown  on  the  screen  by 

*  Communicated  by  the  Physical  Society  :  read  January  26, 1894. 
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light  reflected  from  the  disk.  These  marks  were  found  to 
correspond  to  concave  strains  protluced  by  hammering  the 
plate  into  rough  convexity  before  scouring  down  with  char- 
coal. Depressions  produced  by  electro-deposition  of  silver 
on  a  silvered  plate,  protected  in  parts  by  varnish  according  to 
the  figure  desired,  wore  therefore  tried  ;  but  they  invariably 
deepened  into  the  underlying  brass  before  the  sharp  edges  of 
the  figure  were  polished  away. 

Next,  a  fairly  thick  coating  of  silver  was  deposited  on  the 
plate,  and  a  pointed  bit  of  agate  was  repeatedly  drawn  with 
pressure  over  certain  parts  of  the  porous  layer  of  metal.  The 
figures  thus  obtained  were  startling  ;  for  the  depressions  ap- 
peared on  the  screen  as  reticulated  lines  of  deep  shade,  which 
had  their  analogue  in  the  broken  spinal  divisions  left  by  the 
agate  point.  The  bad  working  of  metals  electrically  deposited 
caused  me  to  give  up  the  deposition  method. 

My  plate  of  brass  was  next  slung  up  in  a  weak  solution  of 
copper  sulphate  and  sulphuric  acid  on  the  positive  wire  of  a 
pint  bichromate-cell.  After  an  immersion  of  four  minutes, 
the  parts  of  the  plate  not  protected  by  the  naphthaline  solu- 
tion of  sealing-wax  came  out  beautifully  fretted.  After 
several  attempts  on  these  lines,  and  two  days  after  the  lecture 
delivered  here  by  Prof.  S.  P.  Thompson  on  the  27th  of 
January  last  on  the  Magic  Mirror,  my  first  success  was 
achieved  in  the  shape  of  a  mirror  2  inches  in  diameter, 
representing  a  stem  with  leaves  and  a  guide-post  standing  in 
a  mound  of  earth.  From  that  mirror  to  my  present  one,  the 
first  of  the  new  class  being  completed  in  the  following  July, 
was,  however,  a  far  cry.  Applied  to  larger  mirrors  and 
figures,  the  electrical  method  proved  essentially  bad.  Exactly 
contrary  to  what  was  required,  the  figures  were  deeper  at  the 
edges  of  the  lines  than  at  the  central  parts  :  indeed,  a  broad 
line  scoured  down  into  two  lines  defining  the  lateral  limits  of 
the  original  one. 

Nitric  acid  was  finally  adopted  as  the  figure-eating  agent, 
care  being  tiiken  to  use  good  brass  and  to  polish  well  before 
immersion,  so  that  the  action  on  the  plate  might  be  uniform. 
Smooth  figures  were  thus  produced  after  immersions  of  up- 
wards of  six  seconds  in  strong  acid.  The  walls  of  the  figures 
are  perpendicular  to  the  surface  of  the  disk,  and  the  deter- 
mination of  their  proper  height  relatively  to  the  breadth  of 
the  lines  of  the  figure  involved  much  further  labour.  The 
process  of  scouring  with  Sheffield  lime  and  swans'- down 
calico  has  a  double  effect — it  rounds  off  the  upper  rectangular 
edges  of  the  walls,  and  at  the  same  time  converts  the  flat 
floors  of  the  figure  into  concave  depressions,  the  walls  and 
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floors  finally  merging  into  one  concave  sweep.  This  curve, 
with  narrow  lines,  is  sharper  than  with  broad  lines;  con- 
sequently the  latter  may  disappear,  while  the  former  remain 
visible.  Very  brief  immersions  in  the  acid  are  therefore  not 
suitable  for  figures  having  lines  differing  much  in  breadth. 
Long  immersions,  on  the  other  hand,  are  objectionable  both 
on  the  ground  of  the  excessive  labour  in  roundinti;  off  the 
edges,  and  of  the  well-nigh  impossible  task  of  reducing 
uniformly  the  deep  runnels  of  the  figure  by  scouring  the 
general  surface  with  charcoal. 

Gradations  in  depth  according  to  the  breadth  of  the  several 
limbs  were  therefore  tried,  and  produced  in  the  following 
way  : — The  figure,  say  of  a  tree,  is  made  by  removing  paraflin 
wax  from  the  brass  plate  with  a  pointed  stick  of  boxwood,  and 
is  then  fixed  by  a  very  short  immersion  in  the  acid.  The 
slender  branches  are  now  painted  over  with  hot  wax,  and  the 
broader  branches  and  trunk  are  reduced  in  breadth  sym- 
metrically by  the  same  means,  the  plate  then  being  immersed 
a  second  time.  By  a  repetition  of  alternate  painting  and 
immersing,  all  the  members  of  the  figure  are  made  to  increase 
in  depth  by  fine  gradations  from  the  boundary  lines  to  the 
central  parts.  This  method,  specially  applicable  to  figures 
with  very  broad  and  narrow  lines,  is,  however,  rather  trouble- 
some, and  does  not  give  satisfactory  results  unless  the  grada- 
tions are  minute,  which  otherwise  will  be  brought  out  by 
reflexion  on  to  the  screen. 

Reverting  to  single  immersions,  final  experiments  were 
made  with  plates  bearing  figures  prepared  in  the  usual  way, 
viz.  by  removal  of  wax,  a  record  being  kept  of  the  strength 
of  the  acid  and  the  time  of  immersion  in  each  case.  The 
result  is  that  for  figures  with  lines  ranging  from  ^  to  |  of 
an  inch  in  breadth,  an  immersion  of  3  seconds  in  a  solution 
of  5  volumes  of  concentrated  nitric  acid  to  2  of  water  oives 

o 

a  satisfactory  depth. 

The  next  step  was  to  produce  figures  in  low  relief,  which 
come  out  on  the  screen  in  shade.  As  there  is  in  this  case  no 
intersection  of  the  reflected  rays,  and,  consequently,  no 
blotting  out  or  dimming  of  the  figures,  very  narrow  lines  may 
be  used.  These  are  conveniently  drawn  with  a  camel's-hair 
brush  and  sealing-wax  dissolved  in  naphtha.  From  1  to  2 
seconds'*  immersion,  according  to  the  breadth  of  the  characters, 
will  be  found  sufficient. 


[  ^ii^  ] 


LIV.  The  Minimum  Temperature  of  Vlsihiliti/.  Bij  P.  L. 
Gray,  B.Sc,  Assoc.  R.C.S.,  Lecturer  in  Pkijsics,  Mason 
College,  Birminijham* . 

THE  title  of  this  pa]>er  is,  for  convenience,  somewhat 
elliptical.  Fully,  it  should  be  "  The  Minimum  Tem- 
perature at  which  a  Strip  of  Platinum,  either  bright  or  lamp- 
blacked,  becomes  visible  in  the  dark/^ 

Apparentlv  no  exact  work  has  been  done  on  the  point  since 
that  of  Draper  ("On  the  Production  of  Light  by  Heat,"  Phil. 
Mag.  1847,  XXX.  p.  345),  who  used  a  somewhat  similar  method 
to  that  described  in  this  paper.  This  work  seems  to  be  gene- 
rally little  known,  vague  statements,  usually  without  authority, 
being  given  when  the  subject  is  referred  to  at  all.  It  only 
fell  under  the  present  writer^'s  notice  after  the  observations, 
detailed  below,  had  been  completed. 

Draper  looked  at  a  small  strip  of  platinum,  only  .,lj  inch 
wide,  in  a  dark  room,  gradually  heating  the  metal  by  au 
electric  current  until  it  became  visible,  and  estimating  its 
temperature  from  its  linear  expansion,  measured  by  a  mag- 
nifying-lever  method.  Taking  a  mean  coefficient  of  expansion, 
from  Dulong  and  Petit's  results,  with  a  lensthenino-  of  ott^, 
he  arrives  at  a  temperature  of  525°  0.  This  is  obviously  too 
high,  as  no  account  is  taken  of  the  increase  of  the  coefficient 
with  temperature.  Taking  the  most  recent  result  f  for  pla- 
tinum, 

a  =  10-9(8001 +  1-210, 
or 

^  =  10-9(8901  +  1-210; 

and  integrating,  we  have 

/^- /,=  10-9  X  8901^+10-9x1-21 5-', 
or  ^ 

^=•0045045=         „         „         „ 

whence  ^  =  490°  C. 

As  this  formula  was  only  tested  experimentally  up  to  about 
73°  C,  it  is  most  likely  that  another  term,  in  <-,  should  be 
added,  which  would  somewhat  reduce  this  value,  and  thus 
produce  a  satisfactory  agreement  between  Draper's  result  and 
the  maximum  obtained  by  myself. 

*  Communicated  by  the  Physical  Society :  read  April  18,  1894. 
t  J.   R.  Benoit,   Travaux  et  Memoires  du  Bureau  International  des 
Poids  et  Mema-es,  vi.  1888,  p.  90, 
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In  the  same  paper  Draper  arrives  at  the  conclusion  that  all 
solid  bodies  become  visible  at  the  same  temperature;  a  conchision 
which  is  fully  borne  out  by  the  observations  given  below,  as 
to  the  equality  of  temperatures  in  the  case  of  bare  and  lamp- 
blacked  platinum. 

Draper's  value  being,  as  shown  above,  somewhat  doubtful, 
the  point  seems  worthy  of  more  exact  experiment,  both  from 
a  physical  and  a  physiological  point  of  view  ;  and  as  I  had, 
in  beainninff  a  series  of  in vesti orations  on  Radiation,  a  means 
of  keeping  a  platinum  surface  at  any  desired  temperature,  I 
made  a  number  of  observations  on  the  subject,  while  waiting 
for  other  apparatus  for  use  wath  which  the  platinum  strip 
was  primarily  intended. 

The  instrument  in  question  is  Wilson  and  Gray's  modified 
form  of  Joly's  Meldometer,  and  is  described  in  their  paper, 
"  Experimental  Investigations  on  the  Effective  Temperature 
of  the  Sun,"  read  before  the  Royal  Society  on  March  15th, 
and  shortly  to  be  published*.  It  consists  essentially  of  a  strip 
of  very  thin  platinum,  about  10  centim.  long,  1  centim.  broad, 
and  -^Q  millim.  thick.     The  plane  of  the  strip  is  vertical. 

It  can  be  heated  by  an  electric  current,  and  its  linear 
expansion  is  indicated  by  an  optical  method,  by  which  an 
alteration  in  temperature  of  1°  can  easily  be  noticed.  The 
method  of  calibration  is  described  in  Joly's  paper  t,  and  in 
that  already  mentioned,  so  that  it  is  unnecessary  to  do  more 
than  briefly  refer  to  it  here.  Minute  fragments  of  substances 
of  known  melting-points  are  placed  on  the  strip  and  watched 
through  a  microscope,  while  the  temperature  is  very  slowly 
and  cautiously  raised  until,  in  any  case,  melting  is  seen  to 
take  place,  when  the  position  of  the  spot  of  light  which  indi- 
cates the  expansion  of  the  strip  is  noted.  In  these  experiments 
the  substances  used  were  KgNOs  (339°),  AgCl  (451°),  KBr 
(699°),  and  gold  (1041°)  |.  From  these  observations  a  curve 
showing  the  relation  between  temperature  and  scale-readings 
is  obtained.  One  point  may,  however,  be  mentioned,  viz.  as 
to  the  difference  of  temperature  between  the  middle  of  the 
strip  and  its  surface.  Joly  says  §  that  the  difference  is  prob- 
ably measured  by  hundredths  of  a  degree  only.  The  following 
figures  will  show  the  correctness  of  this  assumption. 

At  a  temperature  of  about  500°  0.,  amount  of  energy  lost 
per  second  per  square  centimetre  =*3  calorie. 

*  Phil.  Trans.  1894. 

t  Proc.  R.  I.  A.  vol.  ii.  3rd  series,  1891-92,  p.  38. 

X  See  the  same  two  papers  .already  quoted. 

§  Proc.  R.  I.  A.  vol.  ii.  3rd  series,'  1891-92,  p.  49. 
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.-.Half      „  „  =  -001       „ 

k9 
Flow  of  heat  =  —r,  where  k  =  conduotivitv  {  =  "2),  and  6=  the 

a 
difference  of  temperature  required,  at  the  ends  of  the  distance 
d  (  =  -001  centim.), 

.-.•3=-^      whence  ^  =  0°-0015. 

The  loss  of  energy  per  unit  area  was  obtained  by  a  voltmeter- 
and-aninieter  metbodj  which  is  to  be  further  developed  for  the 
Radiation  experiments.  All  the  figures  are  approximate,  the 
smallness  of  the  resulting  difference  (about  yooo  °  ^'O  show- 
ing that  there  is  here  no  need  for  any  high  degree  of  accuracy. 

With  the  surface  of  the  platinum  lampblacked  the  case  is 
different ;  but  even  here  an  ajiproximate  calculation  shows 
that  there  is  still  less  than  1°  difference  between  the  platinum 
and  the  surface  of  the  carbon.  In  a  typical  case  the  following 
results  were  found: — 

Thickness  of  layer  ='00033  centim.  This  was  determiued 
from  a  knowledge  of  the  specific  gravity  of  the  lampblack. 

Conductivity  ="0002.  This  is  the  value  given  by  Everett 
for  powdered  carbon,  and  is  probably  less  than  the  correct 
value  for  the  lampblack  ;  but  the  two  must  be  of  about  the 
same  order  of  magnitude. 

Loss  of  heat  per  unit  area  at  500°  C.  ='5  calorie  per 
second  ; 

.    .-0002^^      . 

••    ^--00033'     ••  ^-^   ^' 

Metliod  of  Making  the  Kxpenments. 

The  first  requisite  was  to  get  the  strip  in  a  perfectly  dark 
enclosure,  within  which  both  eyes  could  be  directed  towards 
it  without  strain.  To  this  end  the  apparatus  was  enclosed  in 
a  wooden  box  (blackened  within),  one  end  of  which  was 
replaced  by  a  black  velvet  cloth,  under  which  the  observer 
placed  his  head,  and  which  he  could  gather  round  his  neck 
and  under  his  chin  so  that  not  a  ray  of  light  could  penetrate 
the  enclosure.  The  box  was  about  48  centim.  long,  30  broad, 
and  22  high,  and  ordinarily  the  eyes,  in  making  an  observa- 
tion, would  be  about  30  centim.  from  the  strip.  The  other 
end  of  the  box  was  provided  with  a  hinged  shutter,  which  was 
lifted  immediately  after  an  observation  had  been  made,  for 
the  purpose  of  noting  the  temperature  of  the  strip. 

The  strip  itself  was  further  protected  from  draughts  &c.  by 
means  of  a  piece  of  brass,  bent  twice  at  right  angles,  and 
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resting  on  tlie  slate  block  below  tbe  strip,  as  in  the  calibration 
experiments ;  thus  (natural  size)  : — 


7' 
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The  angular  dimensions  of  the  surface  of  platinum,  as  seen  in 
any  experiment,  were  therefore  : — 

Apparent  length  =3°  49'  approximately  ; 
„        width    =  1°  54' 
so  that  the  apparent  area  subtended  was  about  36  times  that 
of  the  full  moon. 

The  current  by  which  the  strip  was  heated  ran  through  a 
variable  carbon  resistance,  the  handle  of  which  was  within 
convenient  reach  of  the  observer  as  he  sat  with  his  head  under 
the  black  cloth.  He  could  thus  alter  the  temperature  of  the 
platinum  until  it  was  on  the  very  verge  of  invisibility,  a  very 
small  fraction  of  a  turn  being  then  sufficient  to  ])roduce  utter 
darkness  where  before  the  area  of  faint  light  had  been.  A 
contact-breaker  was  also  within  convenient  reach,  so  that  the 
current  cotdd  be  broken  or  made  at  pleasure,  and  the  objective 
reality  of  the  faint  luminosity  at  the  limiting-point  thus  de- 
monstrated. When  he  was  satisfied  that  the  limiting-point 
had  been  reached  the  hinged  end  of  the  box  was  opened,  a 
beam  of  light  sent  to  the  mirror  connected  with  the  strip,  and 
the  deflexion,  giving  the  temperature,  read  on  the  scale.  The 
possible  error  in  the  estimation  of  the  absolute  value  of  the 
temperature  may  be  taken  as  certainly  not  more  than  2°. 

Discussion  of  the  Mesidts. 
My  first  idea,  in  putting  down  final  results,  was  to  take  the 
mean  of  a  large  number  of  observations  as  expressing  the 
required  minimum  temperature  ;  but  there  soon  appeared  to 
be  too  much  variation  in  individual  cases,  both  for  the  same 
eyes  at  different  times  and  for  different  people's  eyes,  for  this 
mean  to  be  of  any  value.  It  seems  better,  therefore,  to  put 
down  the  determinations  in  some  detail^  with  such  remarks  as 
may  help  towards  some  general  conclusions  afterwards. 
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The  first  case  o;iven  is  my  own,  in  wliicli  it  has  naturally 
been  easier  to  obtain  a  larger  number  ot"  records  tlian  in  the 
case  ot"  other  people. 

The  dates  are  given  merely  to  distinguish  one  day's  obser- 
vations from  another's. 

The  letter  B  after  any  temperature  signifies  tliat  the  surface 
was  lampblacked  in  that  experiment  ;  otherwise  it  was  bare, 
and  in  its  ordinary  condition  of  polish. 

The  details  of  the  observations  arc  as  follows  : — 

Feb.  10th.  451°,  4(>0°,  460°,  444°,  447°,  448°.  Observations 
made  in  the  morning,  without  any  special  pre- 
paration as  to  resting  the  eyas. 

„    14th.     427°,  422°,  422°.     Evening. 

„    15th.     437°(B),4;32°(B),427°(B),427°,427°.  Evening. 

„  IGth.  422°,  418^,  421°,  419°  (B),  419°  (B).  ^  Evening  ; 
2nd  observation  after  two  minutes  in  complete 
darkness. 

„    19th.     410^,  410°.     Evening. 

„    22nd.    409°,  409°,  408°.     Evening. 

After  these  observations  more  attention  was  paid  to  the 
time  of  day  and  the  state  of  preparation  of  the  eyes. 

Feb.  26th.  401°,  397°;  388°,  394°,  384°;  398°,  403°.  Even- 
ing. Between  2nd  and  3rd  observations,  11 
minutes  were  passed  in  perfect  darkness;  after 
the  5th,  10  minutes  in  writing  under  a  bright 
incandescent  lamp. 

Before  the  next  set,  16  minutes  Avith  eyes 
shut  in  nearly  dark  room  : — 
383°,  392°,  392°  (B),  409°  (B),  409°  (B),  416°,  41 7°, 
409°. 

„    27th.    470°,  464°,  461°,  463°.     Morning  (bright). 

413°,  414°  ;  392°,  400°,  400°  ;  410°.  Evening  ; 
3rd  observation  after  half  an  hour  with  eyes 
shut.  Several  more  observations  were  made, 
showing  a  regular  fall  of  temperature  after 
resting  the  eyes  in  the  dark,  and  a  rise  after 
reading  &c.^  the  limits  being  about  390° and  410°. 

„    28th.     455°,  447°,  447°;  459°.     Morning  (dull). 

„  „  453°:  417°,  415°,  419°.  Afternoon  ;  4  minutes 
in  darkness  after  1st  observation. 

„  „  407°;  389°,  389°;  404°,  399°;  392,  392°,  393°. 
16  minutes  in  darkness  between  1st  and  2nd 
observations  ;  12  minutes'  reading  between  3rd 
and  4th,  and  again  a  few^  minutes'  rest  after 
the  5th. 
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Observations  on  two  succeedinfj  days  gave  readings  varying 
from  470°  in  the  morning  to  SSS"^  in  the  evening,  the  influ- 
ence of  rest  in  darkness  being  always  plainly  marked. 

To  test  if  the  intervals  of  rest  noted  above  were  sufficient 
to  bring  the  eyes  to  their  extreme  state  of  sensitiveness,  some 
observations  were  made  at  3  a.m.,  after  I  had  been  asleep  in 
a  dark  room  for  3  hours.  The  readings  then  obtained  were 
373°,  386°,  showing  a  slightly  greater  sensitiveness  than  that 
in  any  previous  experiment ;  the  small  difference  probably 
indicates  that  the  eyes  were  very  near  their  extreme  limit, 
and  that  no  longer  rest  would  give  a  lower  reading. 

Before  going  on  to  the  general  conclusions  to  be  drawn 
from  these  results,  the  values  are  given  obtained  by  other 
observers,  who  (with  the  exception  of  two)  were  either  mem- 
bers of  the  staff,  or  students,  of  Mason  College.  They  are 
probably  not  equally  trustworthy,  and  in  general  no  particular 
preparation  was  gone  through  by  the  observer. 

Usually  the  first  observation  in  each  case  showed  a  higher 
temperature  than  the  second  and  succeeding  ones.  This  was 
to  be  expected,  since  the  time  spent  in  darkness  during  the 
first  experiment  prepares  the  eye  to  a  certain  extent  for  the 
second.     The  results  obtained  are  as  follows  : — 


Case  A.     Mean  temperature     .     .     432°  C. 
„     X).             „           „              .     .     422 
C 436 


„  D.  „  „  .  .  409 

„  E.  „  „  .  .  428 

„  F.  „  „  .  .  438 

„  I.  „  „  .  .  426 

„  J.  „  „  .  .  440 

All  the  above  were  taken  either  in  the  morning  or  early  in 
the  afternoon. 

Case  H.     Mean  temperature     .     .     408°. 

In  this  case  the  room  was  darkish. 

Case  G.     Evening 388° 

Morning 435° 

Evening 380°-385° 

The  last  observation  was  made  after  ]  7  minutes  had  been 
spent  by  the  observer  with  his  eyes  shut  in  the  nearly  dark 
laboratory. 
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General  Conclusions. 

(1)  That  the  minimum  temperature  of  visihility  is  the  same 
for  a  bright  polished  metallic  surface  as  for  one  covered  with 
lampblack,  although  the  intensity  of  the  radiation  in  the  two 
cases  may  be  different. 

This  result  may  at  first  be,  to  some,  unexpected,  but  a  little 
consideration  \vill  show  that  it  might  have  been,  a  priori, 
anticipated.  For  probably  temperature  governs  the  highest 
wave-length  from  a  radiating  body,  and  wave-length  governs 
^-isibility,  at  least  after  an  extremely  small  intensity  of  radia- 
tion has  been  passed  *. 

(2)  That  the  visible  limit  at  the  red  end  of  the  spectrum 
varies  greatly  for  a  normal  eye,  according  to  its  state  of  pre- 
paration ;  i.  e.  according  to  the  intensity  of  the  light  in  which 
the  observer  has  been  before  making  the  observation. 

I  take  my  own  eyes  as  normal  ;  they  have  been  tested  in 
the  Anthropometrical  Laboratory  at  S.  Kensington,  and 
roughly  by  Captain  Abney's  method  ;  and  in  the  figures  given 
above  the  results  are  supported  by  those  obtained  by  the 
other  "  cases,"  none  of  whomf  are  known  to  have  abnormal 
sight. 

Speaking  generally,  we  may  say  that  a  bright  light 
diminishes  the  sensitiveness  of  the  eye  to  radiation  of  low 
frequency  ;  that  darkness  increases  it.  Or  that,  as  a  rule, 
the  eye  is  less  sensitive  in  the  morning  than  at  night. 

(3)  lliat  for  the  less  sensitive  condition,  the  minimum  tem- 
perature of  visibility  for  the  surface  of  a  solid  is  about  470°  C, 
bid  that  this  may  be  much  reduced  by  even  a  few  minutes  in  a 
dark  room. 

(4)  That  at  night,  a  surface  at  a  temperature  of  410°  is 
visible,  and  that  by  resting  the  eyes  in  complete  darkness,  this 
may  be  reduced  to  as  low  as  370°  nearly,  belotv  ichich  apparently 
one  cannot  go,  since  10  minutes'  rest  appears  to  be  almost  as 
efficacious  as  3  hours'. 

(5)  That  different  people's  eyes  {of  no  special  or  known  de- 
parture from  normality)  difer  somewhat  in  their  "  minimum 
temperature  of  visibility ,^'  but  probably  not  to  any  great  extent, 
if  tested  under  the  same  conditions  as  to  preparation,  ^'c. 

Case  G  was  a  somewhat  curious  one  ;  the  observer  was  the 
one  exception  among  those  I  tried  whose  red  colour-percep- 
tion is  perhaps  not  quite  normal.     He  ariived  at  the  lowest 

*  Langley,  "  Ener^  and  Vision,"  Phil.  Mag.  xxvii.  (1889),  shows 
that  the  amount  of  energy  sufficient  to  excite  vision  is  immensely  less 
than  that  radiating  from  the  strip  in  these  experiments,  at  least  in  the 
low-red  wave-lengths. 

t  With  the  possible  exception  of  Case  G. 
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tem]iorature  in  the  evening  without  any  long  rest  in  the 
darkness,  and,  as  is  seen  above,  17  minutes  in  perfect  darkness 
produced  no  alteration  ;  yet,  in  the  morning,  he  Avent  up  to 
about  tlie  usual  figure,  so  that  what  I  had  hoped  to  find  an 
abnormal  case  turned  out  approximately  ordinary. 

The  loss  of  distinct  colour  at  the  low  temperatures  is  very 
striking  ;  the  a])ponrance  to  myself,  and  to  most  of  the 
observers,  has  absolutely  nothing  of  red  in  it,  but  is  like  a 
white  mist — the  nearest  comparison  I  can  make. 

In  the  morning  observations,  however,  when  the  strip  dis- 
a])peared  at  from  4(50°  to  470°,  the  last  a])pearance  was 
distinctly  reddish  ;  and  this  agrees  with  one  observation  noted 
at  night,  when  after  getting  the  visibility  critical-point  at 
about  390°  C,  the  temperature  was  raised  until  one  could 
declare  for  certain  that  the  light  looked  red :  it  was  then 
found  to  be  449'-". 

Of  course,  in  all  the  observations^  the  luminous  area  was 
most  distinctly  seen  by  somewhat  averting  the  gaze  from  it  : 
generally  I  found  it  best  to  look  in  the  dii'ection  of  either  far 
upper  corner  of  the  enclosure. 

As  already  mentioned,  most  of  the  observers  pronounced 
the  appearance  at  the  critical-point  to  be  that  of  a  "  whitish 
mist  ;"  one,  however,  thought  he  saw  a  slight  "  lilac  tinge  " 
in  it;  and  "Case  G"  declared  it  to  be  decidedly  yellow, 
which  is  interesting,  because  to  him  a  red  mark  on  white 
paper  (such  as  a  pip  on  a  card  belonging  to  one  of  the  red 
suits  of  a  pack)  appears  yellow,  by  artificial  light  at  night. 

In  one  experiment  a  plate  of  glass,  J  inch  thick,  and  in 
another  a  layer  of  water,  i  inch  thick,  were  inserted  between 
the  strip  and  the  eye,  without  making  the  slightest  difference 
in  the  phenomenon  ;  showing  (1)  that  the  point  where  these 
substances  begin  to  be  more  or  less  opaque  to  infra-red  radia- 
tion had  not  been  reached  ;  (2)  that  the  small  difference  in 
intensity  produced  by  their  insertion  had  no  appreciable 
eflect.  This  last  conclusion  is  far  more  strongly  borne  out 
by  the  equality  of  temperature  in  the  case  of  the  bare 
metallic  and  the  black  surfaces,  and  indicates  that  in  all  the 
cases  it  was  wave-letigt/i,  and  not  intensitij,  which  was  deter- 
minative of  visibility,  so  disposing  of  the  possible  objectiou 
that  the  difference  between  "  morning "  and  "  evening " 
nnght  be  due  merely  to  the  state  of  enlargement  of  the  pupil 
of  the  eye,  which  would  naturally  be  more  contracted  at  the 
one  time  than  at  the  other,  thus  affecting  the  total  amount  of 
radiation  falling  on  the  retina.  Also,  if  such  an  objection 
were  valid,  it  would  imply  that  fatigue  of  the  umscles  of  the 


Determinallvn  of  the  Relative  Affinities  of  Acids.  557 

iris  produood  a  relatively  enormous  "tiine-lat^"  in  followinor 
elianoes  ot"  lunnnons  intensity,  which  we  know  does  not  exist. 

There  seems,  in  tact,  to  be  little  doubt  that  the  difference 
is  due  to  the  retina  itself  becoming  sensitive  to  long  waves 
after  rest,  which  were  incapable  of  affecting  it  when  it  was  in 
some  way  fatigued  by  exposure  to  the  ordinary  bright  light 
of  day. 

The  next  and  obvious  step  is  to  find  the  respective  wave- 
lengths corresponding  to  the  different  temperatures.  This 
point,  however,  and  others,  cannot  be  determined  without 
some  additions  to  the  present  apparatus,  and  will  form  the 
subject  of  a  future  paper. 


LY.    New  Metliod  of  Determinuuj   the  Relative  Affinities    of 
certain  Acids.     By  M.  Carey  Lea  *. 

THIS  method  of  measuring  affinities  is  based  on  the 
principle  that  the  affinity  of  any  acid  is  proportionate  to 
the  amount  of  base  tvhich  it  can  retain  in  the  presence  of  a 
strong  acid  selected  as  a  standard  of  compaAson  for  all  acids. 
The  standard  acid  ])eing  in  all  cases  kept  exactly  at  the  same 
dilution. 

An  example  will  make  this  clearer.  Sulphuric  acid  is 
here  taken  as  the  standard,  and- its  presence  or  absence  in  the 
free  state  is  ascertained  by  means  of  the  herapathite  test 
(described  in  this  Magazine  for  July  1893) .  For  simplicity, 
we  will  suppose  that  the  quantity  taken  is  always  a  gram- 
molecule  at  a  fixed  rate  of  dilution.  It  is  evident  that  two 
gram-molecules  of  sodium  hydroxide  would  exactly  saturate 
it.  If,  now,  sve  take  a  given  acid,  we  may  find  that  a 
quantity  of  its  sodium  salt  corresponding  to  three  gram- 
molecules  of  sodium  hydroxide  will  exactly  extinguish  the 
reaction  of  a  gram-molecule  of  free  sulphuric  acid.  With  still 
another  acid  we  may  find  that  a  quantity  of  its  sodium  salt 
corresponding  to  four  gram-molecules  of  sodium  hydroxide 
is  needed  to  extinguish  the  sulphuric  reaction.  Then  the 
affinity  of  the  second  acid  is  exactl}'  twice  as  great  as  that  of 
the  first.  At  the  point  where  the  free  su]])huric-acid  reaction 
was  extinguished,  the  second  acid  under  examination  retained 
twice  as  much  sodium  as  the  first,  and  this  quite  indej)endently 
of  any  question  of  comparative  basicity. 

Throughout  the  series  of  determinations  here  to  be  described 
the   sulphuric  acid  was  used  invariably  at  the  same  degree 

*  Cuniiijuijicati'd  by  the  Author. 
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of  dilution,  otherwise  the  results  would  not  be  strictly  coiii- 
])!iriitive.      Having   obtained  normal  acid  by  titration  with 

N 
pure  sodium  carbonate,  this  was  further  diluted  to  -r.  and  50 

o 

to  100  cub.  centim.  were  found  a  convenient  quantity  to  employ. 
The  salt  to  be  tested  was  finely  powdered  and  thoroughly 
dried  at  100°,  or  at  whatever  higher  temperature  it  could 
support.  It  was  then  ])laced  in  a  weighing-bottle  and  cooled 
ill  a  desiccator  and  kept  there  except  for  a  few  moments  at  a 
time.  By  using  the  dry  salt,  the  dilution  of  the  acid  was  kept 
constant.  When  the  ])oint  of  extinguishment  seemed  to  be 
reached,  at  least  four  final  crystallizations  were  made.  Great 
care  is  necessary  to  seize  the  exact  point  of  extinguishment. 
The  quantity  of  the  salt  found  is  then  reduced  to  correspond 
wath  one  gram-molecule  of  sulphuric  acid.  It  is  next  divided 
by  its  own  molecular  weight :  this  gives  the  number  of  mole- 
cules of  the  salt  needed  to  extinguish  the  reaction  in  one 
molecule  of  sulphuric  acid.  In  order  to  make  it  possible  to 
compare  acids  of  different  basicities,  the  figures  thus  obtained 
must  next  be  modified  to  corresjiond  with  the  basicity  of  the 
acid  used.  If  the  acid  is  bibasic,  no  change  will  be  needed. 
If  monobasic,  the  figures  obtained  must  be  divided  by  2.  If 
tribasic,  they  must  be  multiplied  by  |  &c.  Finally,  as  the 
quantity  characteristic  of  the  acid  is  the  excess  of  the  quantity 
found  over  the  amount  equivalent  to  one  molecule  of  sulphuric 
acid,  unity  is  deducted  from  the  amount  obtained,  and  the 
residue  thus  found  represents  the  comparative  affinity  of  the 
acid,  and  may  be  called  its  index. 

This  may  be  rendered  more  clear  by  one  or  two  instances. 

In  the  case  of  hydrochloric  acid,  there  was  needed  as  a 
mean  of  many  determinations  29'37  gram-molecules  of  sodium 
chloride  to  extinguish  the  reaction  in  one  gram-molecule  of 
sulphuric  acid.   At  this  point  the  solution  necessarily  contained 

Na2S04  +  2  HC1  + 27-37  NaGl. 

This  is  proved  beyond  question  by  the  fact  that  the  solution 
no  longer  gives  a  trace  of  reaction  of  free  sulphuric  acid. 
The  quantity  of  27 "37  gram-molecules  of  sodium  chloride  is 
the  proportion  of  undecomposed  sodium  chloride  that  must 
remain  in  the  solution  in  order  that  the  sulphuric  acid  may 
be  completely  converted  into  sodium  sulphate,  and  may  remain 
as  such  in  the  solution  in  a  condition  of  equilibrium. 

This  number  27*37  therefore  represents  the  strength  of 
the  affinity  of  hydrochloric  acid  for  sodium.  But  in  order  to 
compare  acids  of  different  basicities  it  is  convenient  to  refer 
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them  all  to  bibasic  sulphuric  acid,  and  therefore  tlio  number 
just  found  must  be  divided  by  2.  Therefore  13"G8  may  be 
taken  as  the  index  of  the  aflfinity  of  hydrochloric  acid,  in 
comparison  Nvith  those  of  other  acids  determined  in  like 
manner. 

Similarly  with  pyrophosphoric  acid.  The  mean  value 
found  for  the  quantity  necessary  to  extinguish  the  free  sul- 
phuric acid  in  one  gram-molecule  of  sulphuric  acid  was  found 
to  be  0*963  gram-molecule  of  sodium  pyrophosphate.  At 
this  point  the  licpiid  contains 

NaaSO,  +  i(H4P207)  + -^GSCNa^PA) 

in  equilibrium.  The  number  •463  therefore  represents  the 
comparative  affinity  of  i)yrophosphoric  acid,  except  that  as  the 
acid  is  quadribasic  the  number  found  must  be  multi{)lied  by 
2  in  order  to  bring  it  into  comparison  with  bibasic  acids. 
Therefore  the  index  of  ])yropliosphoric  acid  is  '926.  This  acid 
being  quadribasic,  half  a  molecule  contains  the  quantity  of 
sodium  requisite  to  satui-ate  a  molecule  of  sulphuric  acid,  and 
therefore  only  half  a  molecule  of  pyrophosphoric  acid  is  set 
free. 

In  other  words  :  It  is  found  by  experiment  that  the  quantity 
of  sodium  pyrophosphate  necessary  to  extinguish  the  reaction 
for  free  sulphuric  acid  with  one  thousand  molecules  of  that 
acid,  is  963  molecules  ;  out  of  this,  five  hundred  molecules  of 
pyrophosphoric  acid  are  set  free  as  just  mentioned,  and  there 
remain  463  molecules  of  undecomposed  pyrophosphate.  This 
number  463  multiplied  by  2  because  of  the  basicity  of  the 
acid,  and  divided  by  1000  to  make  it  correspond  to  one 
molecule  of  sulphuric  acid,  gives  '926  as  the  index  of  pyro- 
phosplioric  acid. 

The  state  of  equilibrium  is  always  conditioned  by  the  degree 
of  concentration.  If  to  any  solution  of  sulphuric  acid  a  salt 
is  added  in  just  sufficient  quantity  to  extinguisli  the  sulphuric- 
acid  reaction,  it  is  then  only  necessary  to  add  a  little  water 
and  the  equilil)rium  is  at  once  changed  ;  a  certain  j»ortion  of 
the  salt  that  had  been  added  is  re-formed  and  the  sulphuric 
reaction  reappears.  In  order,  therefore,  to  obtain  true  com- 
parative results,  it  is  necessary  to  use  the  sul])huric  acid  always 
at  exactly  the  same  dilution  and  to  add  the  dry  salt  to  it. 

The  affinity  of  sul])huric  acid  for  water  is  a  most  iinjjortant 
factor  in  all  determinations  of  this  nature.  Mendeh'-ef  indeed 
expresses  the  ojtinion*  that  most  of  the  affinities  hitherto 

*  '  Principles  of  Chemistry,'  English  edition,  vol.  i.  p.  377,  footnote. 
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determined  are  unreliable  for  want  of  sufficient  exactitude  in 
this  resp(^ct. 

To  show  how  much  precaution  is  needed  the  fallowing 
reactions  may  be  mentioned. 

When  4  cub.  centim.  of  normal  sulphuric  acid  are  added  to 
40  cub.  centim.  of  normal  solution  of  sodium  nitrate,  not  a  trace 
of  free  sulphuric  acid  can  be  detected  in  the  liquid.  In  con- 
sequence of  the  large  excess  of  sodium  salt  the  sulphuric  acid 
has  been  completely  taken  up  by  the  sodium,  with  of  course 
an  expulsion  of  an  equivalent  quantity  of  nitric  acid. 

But  when,  instead  of  4  cub.  centim.  of  normal  sulphuric  acid 
we  use  40  cub.  centim.  of  decinormal  acid,  then,  although  the 
quantities  of  acid  and  of  salt  are  exactly  the  same,  the  equili- 
brium is  completely  changed.  The  greater  quantity  of  water 
present  by  reason  of  its  affinity  for  sulphuric  acid  counter- 
acts to  some  extent  the  affinity  of  the  sodium.  Free  sulphuric 
acid  exists  in  the  solution,  and  is  abundantly  indicated  by  the 
herapathite  test. 

This  difference  may  be  even  more  strikingly  shown  in  the 
following  manner  : — Taking  the  mixture  of  4  cub.  centim.  of 
normal  sulj)huric  acid  and  40  cub.  centim.  of  normal  solution 
of  sodium  nitrate,  let  a  drop  be  placed  in  each  of  two  small 
porcelain  basins  previously  slightly  warmed.  To  one  of  them 
let  a  single  drop  of  distilled  water  be  added,  and  then  the 
herapathite  test  to  both.  In  a  few  minutes  the  one  which  has 
received  the  drop  of  water  will  show  well-marked  crystalliza- 
tions of  herapathite,  whilst  the  other  will  not  show  a  trace. 
The  effect  of  dilution  in  changing  the  equilibrium  of  the 
solution  of  a  base  with  mixed  acids  is  thus  made  visible  to  the 
eye  by  a  chemical  reaction.  Hitherto  it  has  been  a  deduction 
from  physical  changes  requiring  great  deHcacy  of  measure- 
ment. Results  of  a  precisely  similar  character  were  obtained 
when  potassium  bromide  was  substituted  for  sodium  nitrate, 
and  are  no  doubt  of  general  occurrence. 

The  applicability  of  this  method  proved  to  be  a  good  deal 
restricted  owing  to  the  tendency  of  many  acids  when  set  free 
to  decompose  the  herapathite  reagent.  For  this  reason  the 
affinities  of  hydrobromic,  hydriodic,  chloric,  iodic,  and  nitric 
acids  could  not  be  measured  with  accuracy,  although  many 
aitempts,  sometimes  as  many  as  30  or  40  or  more,  were  made 
to  get  reliable  results.  This  work,  however,  was  not  entirely 
thrown  away.  It  demonstrated  that  chloric  acid  has  the 
strongest  affinity  for  bases  of  any  known  acid.  It  might 
have  been  expected  a  priori  that  a  highly  oxidized  acid  of 
chlorine  would  have  stronoer  affinities  than  chlorine  hvdride. 
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It  also  sliowed  that  the  eoniparat'ivo  affinity  of  nitric  acid  has 
hitherto  been  phu-tnl  somewhat  too  higli.  Taking  hydrochloric 
acid  as  100,  nitric  acid  scarce!}'  exceeds  75. 

The  weaker  acids,  being  for  the  most  part  without  action 
on  the  test  solution,  give  satisfactory  results.  Oxalic  and 
tartaric  acids  must,  however,  be  excepted,  the  acid  set  free 
tends  to  form  acid  salts  of  sparing  sohibility,  these  are  pre- 
cipitateil:   thus  the  conditions  are  changed. 

The  results  obtained  are  here  tabulated  : — • 


Hydrocliloric  acid    

Succinic 

29-37 
1-21 
2-28 
102 
0-963 
1-2 

13-68 
0-21 
0-14 
0-53 
0-926 
0-2 

100 
1-54 
102 
3-87 
6-77 
1-46 

Acetic    

Citric 

Pyrophosphoric    

Tungstic    

The  first  column  of  this  table  shows  the  absolute  number 
of  molecules  of  the  sodium  salt  which  must  be  added  without 
regard  to  the  basicity  of  its  acid,  in  order  that  one  molecule  of 
sulphuric  acid  may  be  so  completely  saturated  with  base  as 
no  longer  to  give  a  reaction  for  free  sulphuric  acid. 

In  the  second  column  these  numbers  are  modified  in  such 
manner  as  to  cause  them  to  justly  represent  the  comparative 
affinity  of  the  acid.  With  monobasic  acids  the  number  of 
molecules  is  divided  by  2,  with  quadribasic  acids  it  is  multi- 
plied by  2.  For  a  tribasic  acid  it  is  multi})lied  by  |.  Bibasic 
acids  only  remain  unchanged.  Next,  unity  is  subtracted 
because  it  is  always  the  excess  of  the  salt  which  must  be  present 
in  order  to  keep  the  sulphuric  acid  saturated  with  base  that 
gives  the  measure  of  the  affinity  of  the  acid.  Were  this 
correction  not  applied,  the  entire  result  would  be  vitiated. 

The  third  column  gives  the  numbers  as  they  appear  when 
hydrochloric  acid  is  taken  as  100. 

Instead  of  adding  salts  of  different  acids  to  sulphuric  acid, 
w'e  may  add  various  acids  to  a  salt  formed  by  the  union  of 
sulphuric  acid  to  a  strong  base,  for  example,  to  sodium 
sulphate. 

Suljihuric  acid  is  now  recognized  as  being  a  weaker  acid 
than  hydrochloric,  and  yet  we  have  seen  tliat  it  is  able  to 
detach  a  certain  quantity  of  base  from  a  chloride.     Further, 
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that  if  the  chloride  is  present  in  sufficient  excess,  the  sulphuric 
acid  may  take  up  enough  base  to  completely  saturate  itself. 
The  oenoral  fact  that  a  certain  quantity  of  acid  may  be  expelled 
from  a  salt  by  another  acid,  even  much  weaker  than  the  first, 
has  been  shown  by  the  researches  of  Thomsen  and  of  Ostwald. 
So  that  if,  for  exam})le,  we  add  acetic  acid  to  a  solution  of 
sodium  sulphate,  a  distinctly  recognizable  quantity  of  sulphate 
is  decomposed  and  converted  into  acetate.  A  condition  of 
equilibrium  is  produced  in  which  the  liquid  contains  both 
acids  in  a  free  state  and  both  salts.  In  some  way  that  we  do 
not  yet  understand  the  presence  of  the  free  acid  maintains  the 
combined  acid  in  its  combination.  The  sodium  acetate  exists 
only  by  virtue  of  the  free  acetic  acid  present. 

The  existence  of  this  state  of  equilibrium  was  first  proved 
by  Thomsen,  who  deduced  it  from  the  thermochemical  changes 
which  took  place  on  mixing  the  solutions.  Ostwald  reached 
similar  conclusions  by  making  accurate  determinations  of  the 
changes  of  volume  and,  consequently,  of  specific  gravity 
which  resulted  from  the  mixing  of  the  solutions,  and  in 
other  ways. 

In  both  these  cases  the  conclusions  are  reached  by  logical 
deductions  from  the  phenomena  observed.  But  with  the  aid 
of  the  herapathite  test,  the  expulsion  of  sulphuric  acid  by  a 
very  much  weaker  acid  can  be  rendered  immediately  evident 
to  the  eye.  Thus  if  to  the  solution  of  sodium  sulphate  we  add 
acetic  acid,  and  place  two  or  three  drops  of  the  mixture  in  a 
warm  porcelain  basin  and  add  some  of  the  test  liquid  to  it,  in 
a  few  minutes  we  have  a  great  number  of  small  black  rosettes 
of  herapathite  which  crystallize  out.  Solution  of  sodium 
sulphate  not  containing  acetic  acid  gives  no  such  reaction 
with  the  herapathite  test.    It  dries  up  to  a  pale  yellow  residue. 

Acids  vary  very  much  in  their  ability  to  detach  sulphuric 
acid  from  soda.  The  follovving  acids,  w^hen  added  to  sodium 
sulphate  and  tested  by  the  herapathite  test,  give  the  results 
here  noted. 

Malic  acid,  gives  an  abundant  crystallization. 

Succinic  acid,  acts  similarly. 

Lactic  acid,  a  moderate  reaction. 

Mucic  acid,  about  the  same  as  lactic. 

Vanadic  acid,  traces. 

Arsenic  acid,  abundant  crystallization. 

Hippuric  acid,  distinct  traces. 

Salicylic  acid,  distinct  crystallization. 

Of  course  the  stronger  organic  acids,  tartaric,  oxalic,  and 
citric,  separate  sulphuric  acid  with  abundant  crystallizations 
of  herapathite  when  they  are  made  to  act  on  sodium  sulphate 
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and  the  test  is  applied.  It  was  observed  that  an  acid  oxalate 
acts  like  a  free  acid.  Tims,  when  a  solution  of  })otassiuni 
binoxalato  or  qnadroxalate  is  added  to  one  of  sodium  sulphate, 
sulphuric  acid  is  detached  precisely  as  if  free  oxalic  acid  had 
been  used. 

It  is  clear  that  extremel}'  weak  acids,  such  as  hippuric  and 
salicylic,  are  able  to  take  a  certain  quantity  of  base  even  from 
so  strong  an  acid  as  sul[)huric,  setting  free  a  recognizable 
quantity  of  this  latter  acid.  Carbonic  acid  is  still  weaker 
than  these.  Ostwald,  in  determining  the  relative  athnities  of 
acids  by  the  rate  of  the  decomposition  of  acetamide  and  by 
the  inversion  of  cane-sugar,  found  no  appreciable  effect  from 
carbonic  acid.  It  therefore  became  of  interest  to  ascertain  if 
any  sensible  decomposition  of  sodium  sulphate  would  result 
from  the  action  of  this  acid. 

Perfectly  pure  carbonic  anhydride  was  passed  for  a  long 
time  through  a  solution  of  sodium  sulphate  without  setting 
free  a  recognizable  trace  of  sulphuric  acid.  This  was  expected, 
the  experiment  was  only  preliminary  to  its  repetition  under 
pressure. 

For  this  purpose  sodium  sulphate  with  the  test  solution 
was  placed  in  one  leg  of  a  bent  tube,  in  the  other  leg  was 
placed  sodium  bicarbonate;  and  the  tube  was  sealed.  Heat 
was  gradually  applied  to  the  bicarbonate.  In  the  second  trial 
the  pressure  was  raised  so  high  that  the  stout  glass  tube  was 
ultimately  shattered  with  violence.  The  leg  containing  the 
test  liquid  and  sulphate  had  been  secured  in  a  clamp  and  re- 
mained uninjured.  The  liquid  therefore  had  been  subjected 
to  the  action  of  carbonic  anhydride  at  a  high  pressure — it, 
however,  gave  no  indications  of  a  separation  of  traces  of  sul- 
phuric acid  under  its  action.  It  is  to  be  remarked  that  this 
test  is  more  decisive  than  if  a  solution  of  sodium  sulphate  had 
been  used  and  had  been  tested  afterwards.  For  in  this  last 
case,  on  release  of  the  pressure,  the  reaction  might  readily  be 
reversed  with  recombination  of  sulphuric  acid,  had  any  been 
liberated.  But  with  the  test  liquid  present  during  the  pressure 
this  reversal  could  not  take  place. 

Carbonic  anhydride,  therefore,  does  not  even  under  pressure 
set  free  any  portion  of  sulphuric  acid  from  sodic  sulphate. 


The  reactions  described  in  this  paper  indicate  : — 

1.  That  when  to  free  sulphuric  acid  a  salt  is  added  in 

sutficient  quantity  to  cause  the  whole  of  the  sulphuric  acid  to 

saturate  itself  with  the  salt-base,  it  is  possible  by  means  of 

the  herapathite   test  to  determine  the  exact  point  of  such 
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saturation.  At  this  point  there  will  necessarily  be  as  much 
of  the  acid  at  first  combiniMl  with  the  base,  now  free  in  the 
solution,  as  corresponds  to  one  molecule  of  a  bibasio  acid, 
that  is  two  of  a  monobasic  acid,  half  a  molecule  of  a  quadri- 
basic  acid,  &c.  From  this  we  can  deduce  the  exact  nature  of 
the  resulting  equilibrium. 

2.  That  a  series  of  equilibria  thus  obtained  wdth  different 
salts  enables  us  to  determine  the  comparative  strength  of  the 
affinities  of  the  acids  of  those  salts. 

3.  That  the  fact,  already  proved  in  other  ways,  that  even 
small  quantities  of  weak  acids,  added  to  sulphates,  will  set 
free  a  certain  (luantity  of  sulphuric  acid  can,  by  means  here 
given,  be  for  the  first  time  rendered  visible  to  the  eye  by  a 
well-marked  chemical  reaction. 


LVI.  On  the  Design  and  Winding  of  Alternate-Current 
Electromagnets.  By  SiLVANUS  P.  Thompson,  D.Sc., 
F.R.S.,  and  Miles  Walker*. 

1.  XN  designing  electromagnets  for  use  with  alternate 
I  currents  various  considerations  enter  which  do  not 
enter  into  the  design  of  electromagnets  for  use  with  continuous 
currents.  Chief  of  these  considerations  are  the  self-inductive 
action  of  the  windings,  and  the  frequency  of  the  alternation 
of  the  current. 

As  with  continuous-current  electromagnets,  so  with  alter- 
nate-current magnets,  the  degree  to  which  magnetization  is 
carried  in  the  magnetic  circuit  of  given  configuration  depends 
upon  the  number  of  ampere- turns  of  the  excitation.  The 
methods  of  predetermining  the  numl^er  needed  to  produce  any 
desired  degree  of  magnetization  are  too  well  known  to  need 
any  reference.  Our  present  aim  is  to  show  how  to  determine 
the  winding  which  will,  under  given  circumstances  as  to 
frequency,  voltage,  &c.,  produce  any  desired  number  of 
ampere-turns. 

2.  As  a  preliminary,  however,  it  is  needful  to  touch  upon 
the  point  whether  an  electromagnet  (properly  laminated,  it  is 
understood)  will  give  an  equal  pull,  when  excited  with  an 
equal  number  of  ampere-turns  of  alternating  current. 

Since  the  pull  of  an  electromagnet  upon  its  armature 
depends  upon  the  normal  tension  along  the  magnetic  field 
inte orated    over  the  area  of  the  pole-face,  and  this  tension 

*  Commuuicated  by  the  Physical  Society :  read  April  27,  1894. 
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is  proportional  to  the  scjuare  of  tlie  intensity  of  the  niaf^netic 
tiiix,  then,  if  this  tiux  were  pro|)()rtional  to  the  number  of 
ampere-turns  of  excitation  (as  would  be  the  ease  if  tlie  per- 
meability were  constant),  the  pull  would  be  })roportional  to 
the  square  of  the  number  of  ampere-turns.  Now  the  ampere- 
meters for  alternate  currents  operate  upon  })riuciples  that 
cause  them  to  indicate  the  square  root  of  the  mean  square 
vahies  of  the  current.  Hence  it  follows  that,  if  permeability 
were  constant,  the  pull  should  be  proportional  to  the  square 
of  the  current,  whether  the  current  be  continuous  or  alterna- 
ting. But  since,  with  an  alternating  current  of  the  same 
nominal  value  as  a  continuous  current,  the  magnetism  is 
carried  at  each  period  to  a  point  considerably  higher  than 
with  the  continuous  current,  and  since  also  at  the  higher 
degrees  of  magnetization  the  permeability  is  lower,  it  follows 
that  the  pull  of  the  electromagnet  when  excited  bv  alternate 
currents  ought  to  be  slightly  less  if  the  excitation  is  so 
great  as  to  carry  the  magnetization 
into  the  regions  commonly  spoken  of  as 
approaching  saturation.  The  pull  ought 
to  be  independent  of  the  frequency  of  the 
alternation  provided  this  exceeds  a  certain 
minimum. 

Experiments  made  show  that  these 
views  are  justified  iu  practice. 

An  electromagnet  of  the  form  shown 
in  fig.  1  was  made  up  of  iron  stampings 
about  0'5  millim.  thick. 

The  principal  dimensions  were  as  follows  : — 

Mean  length  of  limbs  and  yoke  .  38      cms. 

Breadth  of  limb 3"1    cms. 

Gross  thickness  of  limb     .     .     .  2*54  cms. 

Nett  thickness  of  limb  .     .     .     .  2"1    cms. 

Nett  cross  section  of  limb .     .     .  6*5    sq.  cms. 

Width  between  limbs    ....  6*3    cms. 

Total  length  of  armature    .     .     .  12'7    cms. 


Fig.  1. 

The  stampings  of  the  armature  were  of  the  same  thickness, 
number,  and  breadth  as  those  of  the  electromagnet.  In  the 
succeeding  experiments  the  electromagnet  was  wound  with 
163  turns  of  copper  wire  2*03  millim.  in  diameter,  and  the 
armature  was  se[)arated  from  the  pole-faces  by  a  distance- 
piece  of  wood  0'952  centim.  thick. 
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Table  showing  Pull  and  Different  Frequencies  with  various 

Currents. 


Exciting  Current. 
Amperes. 

Mean  linca  per 
sq.  centimetre. 

Pull,  in  grammes, 

with  Continuous 

Current. 

Pull,  in  grammes, 

witli  Alternate 

Current. 

A.  At  a  frequency 

of  30  periods  per 

second. 

8 

2300 

280 

280 

12-5 

3600 

820 

820 

B.  At  a  frequency 

of  GO  periods  per 

second. 

8 

2300 

280 

280 

10-2 

2900 

530 

550 

C.  At  a  frequency 

of  90  periods   -per 

second. 

4 

800 

60 

60 

4-2 

1100 

100 

100 

10-2 

2900 

530 

630 

21 

5600 

2400 

2200 

D.  At  a  frequency 

of  120  periods  per 

second. 

13-2 

3900 

900 

900 

21 

5600 

2400 

2200 

These  experiments  show  that  the  pull  was  exactly  the  same 
when  the  intensity  of  the  flux  did  not  exceed  4000  lines  per 
square  centimetre.  At  higher  degrees  of  magnetization  the 
pull  with  alternate  currents  is  slightly  less. 

It  may  he  remarked  that  at  higher  intensities  and  with 
hio-her  frequencies,  eddy-currents,  if  any  are  present,  will 
produce,  for  an  equal  flow  of  exciting  current,  a  greater 
demagnetizing  action,  and  therefore  lessen  the  pull.  On  the 
other  hand,  if  the  current  is  supplied  at  a  constant  (alternating) 
voltage,  eddy  currents  do  not  decrease  the  magnetization  but 
cause  more  current  to  flow  in  proportion. 

Another  experiment  was  made  with  a  solenoidal  electro- 
magnet  with  a  laminated   U-form  plunger   belonging  to  a 
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Brush  altiM'nato-i'iirront  arc  -  lamp.  Tliis  plunger  with 
atrai'hod  nuH-hanisin  woiiihed  about  820  "ramuies,  and  was 
arrangtHl  to  bo  drawn  up  into  position  by  a  current  of  10 
amperes.  This  plunger  was  loaded  with  various  weights  and 
the  current  required  to  raise  it  was  measured,  with  the 
following  results  : — 


Total  weiglit. 

Continuous  Current. 
Amperes. 

Alternate  Current. 
Virtuiil  Amperes. 

820 
933 
1039 
1276 
1601 
1728 

10 

17-2 

18-2 

25 

31 

36 

10 

18 

19-5 

2G-5 

33 

40 

3.  When  alternate  currents  are  supplied  at  a  given  voltage 
to  an  electromagnet  ha^-ing  a  given  configuration  of  the  mao-- 
netic  circuit,  and  it  is  desired  to  produce  by  a  winding  any  given 
number  of  ampere-turns  of  excitation,  it  is  obvious  that  there 
are  many  ways  of  attaining  the  result  with  coils  of  various 
sizes  and  numbers  of  turns.  If  the  resistance  of  the  coil  is 
so  small  relatively  to  the  inductance  as  to  be  negligible,  then 
there  will  only  be  one  possible  solution  as  to  the  number  of 
turns.  If,  however,  the  resistance  of  the  coil  is  of  a  magni- 
tude comparable  with  that  of  its  inductance,  then  there  are 
various  possible  solutions,  for  an  equal  number  of  ampere- 
turns  may  be  produced  by  using  currents  of  different  strengths 
and  coils  of  different  numbers  of  turns.  In  the  cases  of 
different  windings  the  lag  of  phase  of  the  currents  will  be 
different.  If  the  resistance  is  large  relatively  to  the  inductance, 
the  difference  of  phase  between  the  current  and  the  impressed 
volts  will  be  small,  and  the  wasted  watts  large.  If  the  in- 
ductance is  large  relatively  to  the  resistance,  the  difference  of 
phase  will  be  nearly  90°  ;  and  the  current  will  be  nearly 
wattless,  the  efficiency  being  relatively  high. 

It  is  in  accordance  with  good  constructive  practice  to  use 
such  frequencies  in  the  supply,  and  coils  of  such  relatively 
high  coefficients  of  self-induction  as  to  justify  the  assumption, 
for  the  purpose  of  design,  that  the  inductance  is  the  important, 
and  the  resistance  of  the  coil  the  unimportant  matter.  How- 
ever, to  bring  the  calculations  to  bear  upon  all  cases  that  may 
occur,  both  resistance  and  inductance  have  heen  taken  into 
consideration. 
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Let  the  impressed  volts  be  called  V,  the  current  i  (both 
being  square-root  of  mean  s(iuare  values),  the  resistance  of 
the  coil  11,  its  coefficient  of  self-induction  L,  the  frequency  of 
the  period  of  alternation  n,  and  the  number  of  windint^s  W. 
The  inductance  will  then  be  2irnlj,  which  for  brevity  may  be 
written  ph.  Then  the  impedance  will  be  ^/R^+j/L^.  The 
relation  between  volts  and  amperes  in  the  coil  will  be  expressed 

The  angle  of  lag  being  called  (f),  its  sine  will  have  the  value 


Hence  we  have  the  following  relation  : — 

V  .  sin  ^  =  ^)>L  ; (1) 

these  being  equivalent  expressions  for  the  eflPective  part  of  the 
volts  that  is  employed  to  balance  the  counter-electromotive 
force  of  self-induction  in  the  coils.  Now  L  is  proportional  to 
the  square  of  the  number  of  windings  ;  and  may  be  written 
=  /:W^j  where  k  is  the  coefficient  of  self-induction  of  a  single 
turn,  and  W  the  number  of  windings. 

Now,  let  the  prescribed  number  of  ampere-turns  that  are 
to  be  produced  be  called  Z  =  iW.  Inserting  these  values  in 
(1)  we  obtain  the  expression 

Vsin0  =  A7>WZ; (2) 

and  finally  ^^_  Y  sin  (/>  _ 

^  -  ~iq>2r  ' ^'^^ 

which  is  the  relation  sought. 

4.  The  quantity  k  denoted  above,  the  coefficient  of  self-in- 
duction of  a  single  turn,  depends  upon  the  dimensions  of  the 
iron  parts  of  the  magnetic  circuit  and  upon  those  of  the  air- 
gap,  as  well  as  upon  the  permeability  of  the  iron.  If  the 
magnetization  is  not  carried  beyond  5000  lines  per  square 
centimetre,  the  permeability  may  be  considered  as  constant. 
But  k  will  decrease  with  any  increase  in  the  reluctance  of 
the  magnetic  circuit,  such  as  the  lengthening  of  the  air- 
<Tap.  On  the  contrary,  as  the  armature  is  attracted  up 
toward  the  poles  k  increases.  The  quantity  k  represents  the 
number  of  magnetic  lines  (  x  lO-**)  which  permeate  the  mag- 
netic circuit  when  one  ampere  circulates  in  a  single  turn  of 
wire  around  the  core.  We  have  only  to  multiply  k  by  the 
square  of  the  number  of  windings  to  obtain  the  coefficient  of 
self-induction  of  any  coil  subsequently  to  be  wound  upon  this 
magnetic  circuit.    The  quantity  k  must  itself  be  experimentally 
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determined.  This  can  be  done  by  winding  upon  the  magnetic 
circuit  an  experimental  coil  having  a  known  number  of  turns 
7r,  and  a  known  resistance  r.  Using  this  coil,  measure  the 
virtual  current  c  which  passes  when  it  is  supplied  at  a  voltage 
r  of  freciuency  n.  During  the  experiment  tlu*  armature  should 
be  tixed,  say  by  wooden  distance-pieces,  in  the  position  wliicdi  it 
•Nvill  occupy  in  use.  Then  the  coefficient  of  self-induction  /  of 
the  temporary  coil  will  be 


1=    Y^y-'  —  cV'^-f-    sJ^TT^V^i?. 

Then  I  being  thus  experimentally  determined,  it  follows  that 

From  tbe  equation  (3)  we  see  that  V,  />,  and  h  being 
constant,  there  is  a  certain  maximum  number  of  windings 
which  must  not  be  exceeded  if  we  are  to  get  tbe  prescribed 
number  of  ampere-turns  of  excitation;  for  sin  ^  cannot  be 
greater  than  unity.  If  this  maximum  number  of  windings  is 
exceeded,  the  result  will  l^e  to  give  fewer  ampere-turns. 
This  is  easily  seen  if  equation  (3)  be  put  iuto  the  form, 

V  sin  </) 

Other  things  being  equal,  the  ampere-turns  are  inversely 
proportional  to  the  nxunher  of  loindings.  This,  at  first  sight, 
seems  an  anomaly  ;  but  is  easily  understood  when  we  re- 
member that  the  self-induction,  and  therefore  the  lessening 
of  the  current,  is  proportional  to  the  square  of  the  number  of 
turns  ;  so  that  whilst  we  are  increasing  our  turns  w^e  are 
reducing  our  amperes  in  a  much  greater  ratio. 

Ha^^ng  ascertained  k,  the  only  other  factor  to  be  determined 
is  sin^.  This  in  most  practical  cases  can  be  assumed  to  be 
unity,  since  with  the  usual  frequencies  of  supply  and  using 
magnets  with  iron  cores,  there  is  no  difficulty  in  keeping  the 
resistance  negligibly  small  even  when  the  number  of  windings 
is  at  the  required  maximum,  so  that  </>  is  very  nearly  i>0°. 
This  will  be  seen  from  the  results  given  below  obtained  from 
an  actual  magnet.  In  most  ordinary  cases,  then,  we  merely 
write 

W  =  V/ApZ; (5) 

and,  having  calculated  W,  we  find  what  current  the  wire  will 
have  to  carry  from  the  equation  i  =  Z\V.  If  there  is  room, 
and  in  most  cases  there  will  be  ample,  we  may  wind  with 
thicker  wire  than  is  necessary  to  carry  the  current ;  but 
there  is  no  advantage  in  using  thicker  wire  than  such  as 
makes  11  practically  negligible. 
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5.  The  following  results  are  from  actual  experiment.  The 
core  and  armature  were  those  already  desciibod  in  rela- 
tion to  fig.  1.  The  iron  core  was  wound  with  140  turns  of 
cop])er  wire,  1*22  millim.  in  diameter,  for  the  purpose  of  first 
determining  k  when  the  armature  "was  at  the  distances  of  9'52, 
6'35,  3*17,  and  0  millim.,  res])ectively,  from  the  poles.  The 
resistance  of  the  wire  when  heated  by  carrying  12  amperes 
was  ()"3  ohm,  and  the  frequency  93  periods  per  second.  The 
fourth  and  filth  colunms  are  worked  out  from  the  formulae 
given  above  ;  for  instance,  in  the  first  case 


_  a/  (31)^- (12x0-3)-^ 


1  = 


27r  X  93  X  12 
0-00434 


=  0-00434. 


am' 


=  0-221  xlO-«. 


Air-gap 
(millimetres). 

Virtual  Volts 

at  terminals 

of  coil. 

Virtual 
Amperes. 

Coefficient  of  Self-induction 

Self-induction    of  one  turn. 

I.                       k. 

9-52 

6-35 

317 

0 

31 
35-6 
46-8 
51 

12 
12 
12 
2-76 

0-00434 
0-005 
0-00658 
0-023 

0-221x10-6 
0-225x10-*' 
0-336x10-6 
1-68  xlO-6 

Suppose  it  were  now  required  to  wind  the  iron  core  so  as 
to  obtain  2400  ampere-turns  when  the  armature  was  distant 
9*52  millim.  from  the  poles,  using  50  volts  and  the  same 
frequency  as  before. 

Taking  the  equation  (5)  we  obtain  : 

50 
•^  =  0-221x10-6x2x3-1416x93x2400=^^^  ^W''""')- 

Accordingly  163  turns  of  wire  2-03  millimetres  in  diameter 
were  wound  upon  the  core.  The  current  found,  under  the 
above  conditions,  to  flow  through  the  coil  was  14-9  am])eres, 
as  measured  by  a  Siemens's  electrodynamometer.  This  shows 
that  the  coil  produced  2430  ampere-turns,  the  error  being 
well  within  what  may  be  expected  when  using  commercial 
measuring-instruments. 

Some  other  results  obtained  with  this  magnet  are  given 
below. 
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Coil  163  turns  ;  resistance  (hot)  0"15  ohm. 

Air-gap 
(millimetres). 

Virtual  Volts. 

Virtual 
Amperes. 

Coefficient  of 
self-induction. 

Self-induction 
of  one  turn. 

9-52 
6-35 

50 
50 

14-9 
12 

000574 
000714 

0-216x10-" 
0-208x10-*' 

Coil  274  turns  ;  resistance  (hot)  0'6  ohm. 

9-52 
6-35 
3-17 

50 
50 
50 

5 

4-4 

3-5 

0-01712 

00194 

00244 

0-228x10-'^ 
0-259x10-^ 
0-320x10-'^ 

6.  An  advantage  of  the  alternate-current  electromagnet  is 
the  greater  constancy  in  the  pull  which  it  exerts  over  a  given 
range.  If  supplied  at  constant  voltage  a  ftiirly  con.^tant  pull 
on  the  armature  can  be  obtained  over  a  considerable  range. 
The  reaction  set  up  by  the  core  tends  to  set  up  a  back-electro- 
motive force  the  limiting  value  of  Avhich  is  equal  to  the 
impressed  voltage.  If  the  resistance  of  the  coil  were  actually- 
zero  and  the  magnetic  leakage  also  neghgible,  this  limiting 
value  would  be  attained.  Now  suppose  that  when  acting 
upon  its  armature  at  a  distance  the  self-inductive  reaction 
chokes  the  current  down  to  a  certain  value,  the  magnetization 
of  the  core  going  round  cycles  between  definite  maxima. 
Suppose  the  core  to  be  drawn  in  nearer  to  the  pole,  the 
reluctance  of  the  magnetic  circuit  is  lessened,  and  fewer 
ampere-turns  will  suffice  to  produce  an  equal  magnetization  ; 
but  because  the  reluctance  is  lessened  the  coefficient  of  self- 
induction  is  correspondingly  increased,  and  the  current  choked 
in  corresponding  proportion.  These  two  effects  counter- 
balance one  another,  the  magnetization  going  round  cycles  of 
practically  the  same  amplitude  as  before.  Hence  the  pull 
will  be  practically  unchanged,  save  in  so  far  as  any  change 
in  the  magnetic  leakage  at  the  different  positions  of  the 
armature  comes  in  to  affect  the  question  by  weakening  the 
field  between  the  pole-faces  and  the  armature.  Were  the 
pole-faces  made  relatively  large  so  as  to  obviate  the  tendency 
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to  le:ika<ro  and  ensure  the  field  being  nearly  uniform  in  the 
gap-s])aces,  the  pull  should  be  also  very  nearly  constant 
throughout  a  range  equal  to  at  least  one  third  of  the  breadth 
of  the  pole-face. 

7.  [Added  April  10th,  1894.]— It  is  useful  also  to  know 
the  latio  between  the  different  vohages  that  are  needed,  for 
a  given  electromagnet,  to  protluee  an  equal  number  of  ampere- 
turns  with  alternating  und  continuous   electromotive  forces. 

Let  Va  stand  for  the  alternating  volts  and  Vc  for  the  con- 
tinuous volts  which  must  be  applied  to  the  terminals  of  the 
coil  in  order  to  produce  equal  virtual  amperes.     Then 

Ja  _     ^W  +  p'L^ 

Ye  R  ^^^ 

When,  as  is  generally  the  case,  II  is  small  compared  with  />L, 
we  may  take  as  a  sufficient  approximation 

'^=^  (7) 

The  cdternate  voltage  ratio  is  proportioiial  to  the  frequency 
and  to  the  time-constant  of  the  electromagnet.— ^Y or  this  ratio 
we  may,  on  certain  assumptions,  find  an  expression  in  terms 
of  the  dimensions  of  the  core  and  coil.  Confiniufj  ourselves 
to  the  case  where  the  magnetic  circuit  is  closed  we  may  find 
the  value  of  L  as  follows  : — 

Let  li  be  the  length  (in  centimetres)  of  the  iron  magnetic 
circuit,  Ai  its  cross  section,  x\  its  volume,  m^  its  mass  in 
grammes,  fi  its  permeability,  and  S  the  number  of  windings 
in  the  coil.     Now  mi  =  l'l\i)i\.     Then  L  (in  henries)  will  bo 

L  =  47rAi/iS710»/i=z47rri;tiS710V  =  47r;«i/iS77-79  x  10H^\ 
Assuming   that  B  does   not  exceed   6000    lines    per    square 
centimetre,   we    may    take    for  ordinary  wrought-iron  sheet 
/z  =  2000,  and  inserting  this  we  obtain 

L  =  S2mi/310,000Z,2. 

Further,  let  I2  be  the  mean  length  of  one  turn  of  the  copper 
winding,  Ag  the  cross  section  of  the  copper  wire,  k  its  con- 
ductivity (mhos  per  centimetre  cube  =10^-f-l*63),  V2  the 
volume  of  copper  (^■=^A<J^,  and  m^  the  mass  of  copper 
(  =  8*8t'2).     Then  we  have  for  the  resistance  of  the  coil 

R=/2S/A2yi-=/2'So7ia=8-8/2'So7»a. 

Inserting  these  values  for  L  and  S  we  obtain  : — 
Va  _  ^>L  _  27r?iS°?ni  7/?2.10*' 

V,  ^  Ti  ~  3IOOOO/?  ^  8^8/782* 

Ya  ,     ,1      ««l"i2  /m 
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It  is,  however,  doubtful,  since  the  magnetic  circuit  contains 
two  joints,  whether  so  higli  a  value  as  2000  can  be  expected 
in  ordinary  work  for  fi.  In  that  case  the  coefficient  141  will 
be  lower.  AVith  the  electromagnet  described  al)ove,  at  a  fre- 
quency »  =  93,  and  witli'th(>  armature  in  contact,  the  coefficient 
was  0'(i  instead  of  1"-41.  This  is  tantamount  to  saying  that 
the  working  permeability  was  only  850.  As  so  arranged,  L 
being  O'Oli,  the  inductance  ph  was  25'26  ohms,  and  K  was 
0"15  ohm.    The  alternate  voltage  ratio  was  therefore  about  170. 

As  the  armature  was  removed  from  proximity  to  the  ])oles 
the  self-induction,  and  therefore  the  impedance,  fell,  making 
the  voltage  ratio  for  equal  currents  lower.  Wlien  the  armature 
was  at  o*17  millim.  the  ^oltage  ratio  fell  to  34,  and  at  9'52 
milHm.  to  21*5. 

It  was  stated  above  that  in  ordinary  cases  the  ratio  j^^l^ 
might  be  taken  instead  of  the  more  complete  expression  of 
equation  (6).  If  it  is  desired  to  obtain  a  nearer  approxima- 
tion to  ^W-\^p^Uj^  than  is  afforded  by  simply  neglecting 
the  R  under  the  square-root  sign,  w^e  may  take  the  value 

Ya  _  ;_?L      _R^ 
V^~  R  "^  2/>L' 

which,  by  reference  to  the  preceding  numerical  instances, 
shows  that  the  correcting  term  is  really  negligible,  being  in 
the  first  case,  where  />L/R  was  170,  only  g^-^j  ^'^^  "^  *^^ 
last  case,  where  pL/R  was  21*5,  only  4^3,  less  than  ^  of  1  per 
cent. 

8.  \_Added  Apiil  27th.']  —  Lastly,  a  very  simple  expression  can 
be  found  for  the  number  of  windings,  in  terms  of  any  desired 
mean  value  of  the  magnetic  flux  N  in  the  iron.  For  if  the 
iron  of  cross-section  A  is  subjected  to  cycles  of  magnetization 
in  which  the  mean  value  of  the  permeation  is  B,  the  mean 
flux  is  N  =  AB,  and  if  the  frequency  be  n  periods  per  second, 
the  self-induced  electromotive  force  in  W  windings  surround- 
ing the  iron  wall  be  equal  to  27rnWN-e-10*'  volts.  If,  then, 
the  resistance  is  negligibly  small,  this  may  be  equated  to  V, 
the  mean  volts  of  supjdy,  whence  we  obtain  at  once 

VxlO^ 

^''-^ (») 

For  example  : — Suppose  that  in  the  above  magnet  it  were 
desired  to  obtain  a  permeation  of  4000  lines  to  the  square 
centimetre,  the  total  number  of  lines  N  would  equal  the  area 
A  (6*5  square  centim.)  multiplied  by  4000,  or  N  =  2G,U00. 
Taking  the  volts  as  50,  and  the  periods  per  second  as  *J3,  we 
find  by  formula  (9),  W  =  329. 
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LVII.    The  Second  Law  of  Therinodijiuuiucs. 
By  S.  H.  BuKBuuY,  F.R.S* 

IN  ;i  stiitisticiil  system  of  molecules  let  T  bo  the  mcua 
kinetic  energy,  and  t'l . . .  tv  certain  "  controllable  "  co- 
ordinates, accordino-  to  the  notation  used  ])y  Messrs.  Larmor 
and  Bryan  in  their  l{(^[)ort  on  Thermodynanucs.  Let  BQ  be 
the  energy  that  must  be  su{)i)lied,  or  spent  in  external  work, 
"when  T  becomes  T  +  ^T,  ^"d  r\  becomes  I'l  +  ^rj,  &c.  The 
object  of  this   ])a])er   is  to  find   thci   most  general  condition 

that  will  make  -—  a  complete  differential  of  a  function  of 

T,  Vi.. .  Vf.  It  will  be  found  to  be  the  same  condition  which 
is  necessary  to  make  the  motion  stationary  with  T,  ^i . . .  tv 
constant. 

1.  Let  the  state  and  position  of  a  molecule  be  defined  by 
the  n  generalized  coordinates  Xi. . .  .r„  with  corresponding 
velocities,  and  the  r  controllable  coordinates  v, . . .  ?>.  It  is 
assumed  that  the  v'?>  vary  so  slowly  that  their  velocities  may 
be  neglected,  but  their  components  of  momentum  shall  be 
V] . . .  Vy.  Let  U  be  the  potential,  t  the  kinetic  energy  of  a 
molecule,  E=sU  +  t. 

2.  Let  us  assume  provisionally   that  if  the   molecule    be 

started  from  any  position  with  any  velocities,  v^. . . Vr  being 

maintained  constant,  its  motion  will  be  periodic  ;  and  there- 

dV 
fore  on  average  of  time  -^—  =0  for  each  v. 
^  dt 

3.  Generally,  if  only  the  conservative  forces  act,  t\. . .  tv 
will  vary.  We  must  then  apply  external  constraining  forces 
Pj . . .  P^  to  prevent  r^ . . .  ?v  from  increasing. 

By  Lagrange^s  equations, 

dY      dr      dJJ      T,  p  1 

-rr-  =-. 5 r  tor  each  v; 

at       dv       dv 

dY 
and  since  -j-  =0  on  average  of  time, 

-r,      dr      dU  o  i- 

ir=  ^ 5—  on  average  ot  tmie. 

dv       dv  ^ 

4.  For  any  given  constant  values  of  v^ . . .  rv  we  may  have 
many  different  motions  of  the  molecule,  all  of  this  character, 
but  with  different  values  of  t,  the  mean  kinetic  energy.  So 
with  the  same  r  we  may  have  different  values  of  r^ . . .  iv-  If 
we  wish  to  make  the  system  pass  from  an  original  motion,  in 

*  Communicated  bj  the  Author. 


Ihe  Second  Law  of  Thennod^nmincs.  bib 

which  these  quantities  are  t,  r^ . . .  i\,  to  a  varied  motion,  in 
wliic'li  they  are  t  +  ^t,  r,  4-Bci,  &c.,  we  have  (1)  to  supply 
energy  ^E,  (2)  to  do  work  '^V'dr  against  the  constraining 
forces.     The  whole  energy  re<|uired  is  Bl^  +  wP^i",  or 


3^-3u+.(:;^-f)B. 


5.  Now  let  there  be  a  great  number,  N,  of  such  molecules, 

all  with  the  same  values  of  Vi . . .  tv,   but  different  values  of  t 

and  E.    According  to  the  provisional  assumption  above  made, 

the  N  molecules  are  describing  periodic  motions  w^ith  different 

periods,  and  with  an   infinite  variety  of  phases.     Owing  to 

dV 
this  variety  of  phases  -j- =0  for  each  V,  not  only  on  average 

of  the  time,  but  on  average  at  any  instant  of  all  the  molecules 
describing  a  given  orbit.  And  if  the  whole  motion  be  sta- 
tionary, this  property  may  hold  even  though  the  motions  of 
individual  molecules  be  not  strictly  periodic.  We  may  then 
replace  the  provisional  assumption,  that  each  molecule  is  in 

dV 
periodic  motion,  by  the  assumption  that  -^  =  0  for  each  v. 

6.  Let  l^f{xi. .  .a;n)da;i. .  .dxn,  or,  shortly,  N/c^o",  be  the 
number  of  molecules  whose  coordinates  at  any  instant  lie 
between  the  hmits 

Xi  and  .2^1  +  (7.1' J, "^ 

a;^  and  .rg  +  dx2,  >■ (A) 

&c.  J 

Then  fdcr  is  the  chance  that  any  given  molecule  at  any  instant 
shall  belong  to  that  class. 

Similarly  let  /'(ii . .  -  i'n)c/i'i  • . .  dxn,  or,  shortly,  fd(/,  be 
the  chance  that  for  a  given  molecule  at  any  instant  the  velo- 
cities shall  he  between  the  limits 

ii  and  xi  +  dx^,'^ 

i'2  and  .t^g  +  '^-^Z)  r (B) 

&c.  J 

Whether  or  not  /'  be  a  function  of  the  coordinates  ^i . . .  a-n, 
we  must  have 


^fd<r'  =  l. 


The  chance  that  a  given  molecule  shall  at  any  instant  belong 
to  both  class  A  and  class  B  is  ff'dada',  or,  as  we  will 
write  it,  F  da-  dc/. 

2  R2 
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7.  With  this  notation,  if  the  bar  now  denotes  mean  values 
for  the  whole  system, 

JJ  =^^\J F da  da' =^Vfd(7^fiW 
=  SVfda. 


Similarly, 


Also 


dv       Jj  dv 
dr 


'^Jjdv 


,    _  .,  ,    Fdada'\ 
dv 


And  if  we  denote  by  T  the  mean  kinetic  energy  of  a  molecule 
for  the  whole  system, 

T=^^r¥dada'. 

8.  We  may  now  suppose  v-^. . .  i\  to  vary  in  any  manner 
for  all  the  molecules  simultaneously.  Further  we  may,  wath 
or  wathout  variation  of  Vi. . .  Vr,  make  T  vary.  Now  t  is  a 
quadratic  function  of  Xi . . .  .r„,  with  coefficients  which  may 
be  functions  of  Vi. .  .Vr  as  well  as  of  x^ . . .  x„.  And  there- 
fore when  Vi. .  .Vr  vary,  T,  or  Jj  t  F  da  da',  will  generally 
vary.  But  if  rj .  . .  Vr  be  constant,  T  can  only  vary  by  the 
variation  of  F.  We  might  suppose  F  a  function  of  a  variable 
6  not  contained  in  r  or  U.     Then  with  t?i . . .  v,  constant, 

•dT  =  -de{{T^dada'. 

And  when  rj  . . .  Vr  also  vary,  the  whole  variation  of  T  is 

BT=  {{s~^-dvFdada'+  (^rl^'l^-dvdada' 

+  \\T'^-d0dada', 

=  S^Sr+JjTSFrfcr^7(T', 


dv 


or 


:S^Bi,=BT-JjT^Fc/crrfo-'.      .      .      .       (I.) 
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9.  Again,  since  U=f\UFfZo-(/cr', 

^U=rrUBF(?<TaV+  IJF^Ut/o-.Zo-', 

=  rjUBFc/o-(Zc/+  ^^Yt^'dvdada', 
=  {\\]'b¥d<Tda'+%~-dv. 


Therefore 


■d\]-%'^]^^vM\\]-d¥d<Tda'.      .     .     .      (II.) 


In  the  same  way,  since  U=jU/'fZo-,  we  find 

^\J-t^-dv  =  \\]^fda.       .     .     .      (II.  a) 

10.  It'  ^Q  be  the  energy  imparted  to  the  syst-eni  or  spent 
in  work  when  the  variation  takes  place, 

BQ=BT+BU+SPBy 

=  BT  +  BU-S'^By  +  S'^bu,  because  ?  =0, 
do  dv  dt 

=  2BT  +  g  UBF  f/o- (/(/- Jj  tBF  f/o- d(/ 

by  (I.)  and  (II.).     Therefore 

^=2^1ogT+  (^^■dFdad<T'-  (('-■dYdada'.  .    (III.) 

11.  We  might  now  make  7^-  a  complete  differential  by 

assuming  F  =  0( — rr, — ),  where  ^  is  an  arbitrary  function. 

But  this  solution  must  be  rejected,  because  it  will  not  make 
F  vanish  for  all  infinite  values  of  r  and  U. 

12.  But  using  (II.  a)  instead  of  (II.)  we  obtain  instead  of 
(III.) 

\?=2BlogT  +  2j.^B/c/c7-JJ^SFrfcrcZa'.  .   (IV.) 
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And  now  we  obtain  a  solution  in  the  form 

'U 


/=t(f> 


where  <^  and  -^^  denote  any  functions.    And  since  F  and/  must 
vanish  for  all  infinite  values  of  the  variables,  we  are  led  to 

where  \  is  some  positive  numerical  quantity,  and  C,  C  are 
found  from  the  conditions 

C^^Fdada'  =  l, 

C/^fd.  =1. 

13.  But  these  are  the  same  conditions  which  make  the 
motion  stationary  withT,  Vi. . .  tv  constant.  This  has  been  satis- 
factorily proved  for  the  case  where  the  mutual  action  between 
the  molecules  is  restricted  to  ''  binary  encounters.''^  (Watson's 
Kinetic  Theory  of  Gases,  second  edition,  p.  36.j 

In  the  January  number  of  this  Magazine  I  have  endeavoured 
to  show  that  the  same  form  of  F  gives  stationary  motion  if 
we  remove  this  restriction  on  mutual  action. 

14.  If  the  necessity  for  making  -^  a  complete  differential 

can  be  established  as  a  substantive  law  by  independent  evi- 
dence, the  above  investigation  affords  an  independent  proof 
of  the  distribution 

U  +  T 

for  such  a  system  as  above  described,  and  that  whether  the 
mutual  action  is  restricted  to  binary  encounters  or  not. 

15.  I  have  assumed  that  the  continued  products  of  differen- 
tials da-  and  da  do  not  vary.     If  they  do  vary,  that  is  in  effect 

if  the  limits  of  integration  vary,  the  assumption  F  =  </)(  — ^^ — j 
will  still  make   -^  a  complete  differential. 
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Max  ;  tJie  Prifneval  Sava</e :  his  Haunts  and  Relics,  from  the  Uill- 
toj3s  of  Bedfordshire  to  Blacl-wall.  By  Wortiiixgtox  G.  Smith, 
<^-c.  Pages  i-xvi  and  1-34:9,  with  242  Illustrations  by  the 
Author.  8vo.  Stanford :  London,  1894, 
''PHE  author  of  this  interesting  book  makes  a  praiseworthy 
-*-  attempt  to  popularize  the  subject  of  Early  iMan,  from  a  strictly 
sc'ientitic  point  of  view,  with  the  evidences  of  his  existence,  his 
modes  of  life,  and  his  surroundings,  in  this  part  of  the  world  at 
least.  Mr.  W.  Gr.  Smith  has  done  much  in  judiciously  searching 
for,  and  happily  finding,  tangible  proofs  of  Man  having  occupied 
certain  sites  now  buried  beneath  various  deposits  that  have  been 
left  by  lakes  and  rivers  during  repeated  superdcial  changes  of  the 
land.  Here  some  geological  knowledge  aids  him ;  and,  as  an 
archaeologist  \\'it\x  a  good  eye  for  the  recoguition  of  differences 
between  relatively  old  and  new  implements  of  flint,  and  of  the 
chips  and  blocks  left  in  places  during  their  manufacture,  he  tries 
to  piece  together  the  broken  history  of  Early  Man  once  occupying 
parts  of  Bedfordshire,  Hertfordshire,  Middlesex,  and  Essex. 

Freely  using  the  results  of  similar  observations  made  by  others 
at  various  places,  and  recognizing  the  value  set  by  anatomists  on 
certain  human  bones  as  indicative  of  special  races, — and  by 
paheontologists  on  the  particular  characters  of  the  more  frequent 
bones  of  the  lower  animals  found  in  gravels  and  other  deposits  of 
Quaternary  age,  Mr.  Smith  has  thus  added  greatly  to  his  former 
contributions  to  the  Anthropological  and  other  Societies. 

In  the  first  two  Chapters  he  briefly  treats  of  Primeval  Man  as 
known  by  his  implements  of  stone,  found  in  caves,  gravels,  and 
elsewhere,  and  by  the  rarely  associated  fragments  of  human  skulls 
and  skeletons,  the  more  frequent  bones  of  animals,  and  remains  of 
plants ;  and  by  the  comparison  of  the  bones  of  some  of  the  lowest 
races  of  mankind  with  those  of  the  anthropoid  apes.  The  probable 
ways  and  habits  of  the  early  savages,  and  their  surroundings,  are 
presented  in  picturesque  descriptions  by  the  pen  and  pencil  of 
modern  civilization  forced  to  'i.  knowledge  the  barbarous  and  dis- 
gusting habits  of  our  probably  cannibal  progenitors.  "  Man  at 
that  time  was  not  a  (/c;y/-rtc/e;(^  animal,  for  he  had  never  been  higher; 
he  was  ttierefore  an  exalted  animal ;  and,  low  as  we  esteem  him 
now,  he  yet  represented  the  highest  stage  of  development  of  the 
animal  kingdom  of  his  time  "  (page  59). 

Of  the  primeval  folk  of  England  we  have  set  before  us  by  the 
artistic  author  four  pictures.  One  of  them  (on  the  cover)  is  a 
woman  sitting  on  a  dead  and  broken  tree-trunk,  with  her  hair 
turned  up  in  Egyptian  style,  and  in  "  full  dress,"  consisting  of  a 
waist-strap  supporting  a  stone  hache  ;  and  a  club  lies  handy.  The 
face  of  this  savage  is  almost  manly,  perhaps  tatooed  at  the  corners 
of  the  mouth,  if  not  moustached  ;  and  the  ear  is  strongly  pointed  ; 
a  feature  which  still  survives  at  Dunstable,  according  to  page  51 
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and  its  woodcut.  Ou  the  title-page  a  man  and  his  two  wives, 
with  an  infaut-girl,  make  a  fallen  tree  their  resting-place  by 
the  water-side.  They  are  destitute  of  even  skins  for  raiment, 
and  have  no  apparent  belongings  except  a  club  near  one  woman, 
and  a  stone-weapon  strapped  to  the  waist  of  the  other.  Their 
luxuriant  hair,  carefully  parted  or  otherwise  arranged,  barely 
hides  their  sharp-pointed  ears ;  tatoo-raarks  seem  to  add  width 
to  the  female  mouths,  whilst  the  man  has  a  moustache.  They 
are  all  looking  earnestly  in  one  direction  (towards  us,  as  if  to  be 
photographed),  waiting  for  something  or  somebody. 

The  chief  interest  of  the  book  is  coiniected  with  the  district 
round  about  Caddington,  a  village  30  miles  north  of  London, 
3  miles  south-east  of  Dunstable,  and  2  miles  south-west  of  Luton, 
Here  Mr.  W.  G.  Smith  has  discovered  very  many  man-made 
weapons  and  tools  of  flint,  of  very  great  antiquity,  on  the  highest 
hill-tops  of  the  Chalk,  which  are  capped  with  stony  clays,  gravels, 
and  brickearths.  These  deposits  are  described  briefly  at  page  70, 
and  in  more  detail,  with  carefully  drawn  sections,  in  subsequent 
pages.  Flint  implements  occur  in  the  upper  clays  and  gravels, 
which  are  much  distorted,  and  here  and  there  pushed  down,  as  it 
were,  in  violent  curvatures,  into  the  underlying  brickearth.  The 
last-mentioned  deposit  is  about  50  feet  thick  in  some  places ;  and 
Mr.  Smith  found  in  it,  at  some  10  or  12  feet  from  the  surface  of 
the  ground,  one  or  more  levels  distinguished  by  small  heaps  of 
flints,  artificially  accumulated  in  some  olden  time  ;  and  he  observed 
that,  both  among  them  and  on  the  intervening  spaces,  many  of  the 
flints  had  been  broken  and  "  dressed,'"  or  shaped  for  use.  He 
succeeded  in  fitting  together  hundreds  of  the  flakes  and  pieces  that 
had  been  disregarded  and  thrown  aside  by  the  primeval  artificers 
of  stone  tools  and  weapons. 

Carefully  following  out  the  indications  of  this  tool-making  area, 
Mr.  Smith  traces  it,  by  sections,  through  Caddington  Hill  (page  G4), 
as  having  been  a  part  of  an  old  land-surface,  bearing  one  or  more 
lakes  or  pools  along  a  marshy  valley  ;  and  on  the  valley-sides,  near 
the  water,  the  flint-folk  must  have  lived  and  worked,  leaving  their 
refuse  to  mark  what  is  termed  a  "  paUneolithic  floor,''  because  the 
tools  have  certain  shapes,  regarded  as  characteristic  of  the  older- 
stone-age  implements,  or  '•  pahieoliths." 

Li  the  "upper  red  clay  drift"  of  the  brick-pits,  smaller,  more 
roughly  shaped,  ochreous  or  chocolate-coloured  implements  are 
met  with ;  and  these,  evidently  deposited  long  after  the  working- 
floor,  or  lake-side  living-place,  was  covered  up,  were  probably 
derived  by  the  natural  agency  of  water  descending  from  neigh- 
bouring hills,  and  bringing  with  it  the  washings  of  some  local 
ochreous  capping,  possibly  very  much  older  than  any  of  the  valley- 
deposits. 

After  describing  these  more  or  less  stratified  materials,  and 
endeavouring  to  explain  the  conditions  under  which  they  were 
formed  and  modified, — and  giving  particulars  of  his  long  examina- 
tion of  the  sections,  and  his  persistent  search  for  the  actual  pits 
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and  strata  in  whit-h  the  several  forms  were  obtained, — the  autlior 
attempts  some  observations  about  the  fashions  and  tlie  relative  age 
of  Hint  implements,  but  they  have  neither  any  special  importance 
nor  novelty. 

The  latter  part  of  the  book  describes  some  of  the  relics  of 
primeval  man  as  found  on  the  banks  of  the  Lea,  from  its  source 
near  Duustable,  in  Bedt'ordshire,  to  London ;  with  a  description  of 
the  already  known  primeval  liviug-place  or  "  paUcolithic  floor'  at 
Stoke-Xewiugton,  London. 

In  Chapter  XllL  we  have  traces  of  Primeval  Man  elsewhere, 
near  the  Lea,  in  South  Beds  and  North  Herts. 

Chapters  XLV.  &  XV.  Traces  of  Primeval  Man  near  the  Lea  in 
Middlesex  and  Essex,  from  Waltham  to  Tottenham,  on  the  Border- 
Line  of  Loudon ;  and  from  Tottenham  to  the  Junction  of  the  Lea 
with  the  Thames  at  Blackwall :  with  notes  on  Stone  AVeapons  and 
Tools — the  Most  Ancient  Implements;  Implements  of  Medium 
Age  ;  Implements  of  Least  Palaeolithic  Age  ;  Pieces  of  Implements 
Conjoined  and  Flakes  Ite])laced ;  How  Stone  Implements  were 
Made  ;  worked  Wood  and  Bone  ;  Fossils  as  Beads  ;  Fossil  Bones  ; 
Shells  of  Land- and  Freshwater  MoUusca;  Plant-Ramains ;  For- 
geries of  Implements. 

Chapter  XVI.  Mesolithic  Implements. 

Chapter  XVII.  Palaeolithic  Stones  found  by  Neolithic  Men  and 
Reworked. 

Chapter  XVIII.  Neolithic  Implements  and  Keltic  Relics,  from 
South  Bedfordshire  to  London : — Implements  of  Stone  and 
Bronze ;  Earthworks,  Roads,  and  Trackways  near  Dunstable ; 
British  Hut  Foundations  near  Dunstable ;  Dene-Holes ;  Graves, 
Tumuli,  Skeletons,  Bones  ;  Place-Names  near  Dunstable. 

It  is  evident,  and  indeed  partly  stated,  that  Chapters  XIII.  to 
XVIII.  consist  of  renewals  and  reprints  of  earlier  notes  and 
memoirs  by  the  author  and  others,  published  in  the  Journ.  Anthro- 
pological Institute,  Proceed.  Greologists'  Association,  Quart.  Journ. 
Geological  Society,  '  Nature,'  '  Natural  Science,'  Proceed.  Essex 
Field-Club,  'Ancient  Stone  Implements  of  Great  Britain,"  'Archceo- 
logia  Carabrensis,'  &c.  In  such  a  compilation,  however,  the  refer- 
ences to  papers  by  fellow-workers  should  be  complete,  and  careful 
acknowledgement  of  all  sources  of  information  should  be  made  in 
every  case,  so  that  the  reader  should  distinguish  what  is  not,  from 
what  is  original,  in  the  book  before  him. 

The  printing  and  paper  are  good.  "All  the  Illustrations  are 
original  or  taken  from  original  sources."  They  have  been  admi- 
rably drawn  (some  after  photographs)  and  reproduced  on  wood  or 
otherwise,  by  the  Artist-engraver,  Mr.  W.  G.  Smith,  himself. 
The  "  archaeological  map  of  the  Caddington  and  Dunstable  district  " 
clearly  defines  the  topography  of  the  author's  discoveries ;  and 
another  map  shows  a  part  of  the  north-eastern  neighbourhood  of 
London.  The  numerous  illustrations  comprise  skulls,  bones,  stone 
tools  and  flakes,  sections,  local  views,  a  few  shells  and  fossils,  and 
four  neat  and  expressive  ideal  porti'aitures  of  the  aborigines.     We 
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are  sorry  that  two  of  these  clever  pre-llaphaelistic  picturos  are  not 
lodged  in  the  text;  one  is  on  tlie  title-page,  and  one  indeed  is 
seen  only  gilded  on  the  cover. 

Altogether,  this  interesting  work,  partly  descriptive  of  a  new  set 
of  discoveries,  and  partly  a  compilation  of  more  or  less  relative 
matter,  is  calculated  to  incite  a  taste  for  seriously  hunting  up  the 
history  of  Primeval  Man  ;  and,  by  showing  how  and  where  the 
study  may  he  practically  followed,  it  \\\\\  satisfy,  to  some  extent, 
many  enquiring  minds,  putting  them  on  the  right  lines  for  investi- 
gation, and  affording  some  clues  to  other  and  more  i-nportant 
systematic  works  on  archaic  anthropology. 

LIX.  Intelligence  and  Miscellaneous  Articles. 

ON  THE  MAGNETIZATION  OF  IRON  AND  NICKEL  WIKB  BY  RAPID 

V    V 
ELECTRICAL  OSCILLATIONS.       BY  PROF.  I.  KLEMENCIC. 

BY  the  aid  of  the  fornaulae  of  Lord  Rayleigli  and  Stefan  the  author 
endeavoured  to  determine  the  strength  of  magnetization,  or, 
in  other  words,  the  value  of  ji,  from  the  disengagement  of  heat 
which  occurs  in  a  magnetizable  wire  when  electrical  vibrations  are 
passed  through  (number  of  vibrations  about  9  x  10'' )•  Thp.  deve- 
lopment of  heat  was  measured  by  means  of  a  delicate  thermo- 
element near  the  wire  under  experiment,  and  was  each  time 
compared  with  the  disengagement  of  heat  in  a  non-magnetized 
wire.  Observation  gave  the  following  values  for  ^ : — soft  iron, 
118;  steel  (piano  wire),  soft  106,  hard  115;  Bessemer  steel,  soft 
77,  hard  74  ;  nickel,  29.  These  values  agree  well  with  those 
which  Baur  and  Lord  Eayleigh  found  for  very  feeble  magnetic 
forces.  As  the  experiments  of  these  observers  teach,  the  per- 
meability is  a  constant  magnitude  u])  to  certain  values  of  the 
magnetizing  force  while  it  thus  rapidly  increases.  The  present 
observations  show  that  in  these  experiments  fi  varies  within  a 
certain  range.  This  fact  can  be  explained  either  by  assuming  that 
the  magnetizing  forces  used  here  are  very  feeble,  and  of  the  order 
of  magnitude  of  those  strengths  of  field  in  which  /x  is  really  con- 
stant ;  or  by  assuming  that  we  are  dealing  with  much  greater 
magnetizing  forces,  but  that  the  magnetization  cannot  follow  the 
rapid  change  so  quickly  as  to  reach  that  part  of  the  curve  of  mag- 
netization wliich  corresponds  to  the  variable  and  far  greater  values 
of  fjt.  An  approximate  estimation  of  the  field-strengths  under 
consideration  shows  that  at  any  rate  on  the  surface  of  the  wire 
and  at  the  beginning  of  the  oscillations  we  have  magnetizing  forces 
which  are  several  hundred  times  as  great  as  that  limit  \\ithin 
which  /u  is  constant.  There  would  accordingly  in  this  case  be  a 
retardation  of  the  magnetization,  which,  however,  must  not  be 
confounded  with  hysteresis.  It  must  in  this  be  assumed  that  the 
results  of  Baur  and  of  Lord  Eayleigh  which  refer  to  longitudinal 
magnetization  are  also  applicable  to  circular  magnetization. 

Within  the  limits  of  the  constant  ;u  there  is  no  remanent  mag- 
netism ;  the  magnetization  in  this  region  is  similar  to  the  deforma- 
tion of  a  body  w  ithiu  the  limits  of  elasticity,  while  the  further  stages 
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of  magnetization  are  to  bo  compared  with  permanent  deformations; 
an  analogy  which  ^laxuell  had  ahvady  pointed  ont.  That  part  of 
the  magnetization  whicli  can  be  appHed  technically  is  in  the  region 
corresponding  to  the  permanent  deformations.  It  is  very  probable, 
and  the  assnmption  is  contirmed  by  experiment,  that  the  magneti- 
zation in  very  rapid  changes  of  field  does  not  attain  this  region, 
while  the  molecnies  within  the  region  of  the  constant  yu  can  follow 
far  more  rapid  oscillations  than  those  here  used.  Further  experi- 
ments, which  will  perhaps  best  be  made  by  discharges  of  condensers, 
must  decide  this  point. —  Wiener  Biu-ichte,  March  1, 1S94. 


RING-ELECTROMAGNET    FOR    PRODUCING    STRONG    FIELDS. 
BY  H.  DU  BOIS. 

The  large  ring  employed,  made  of  the  best  Swedish  iron  (50  cm. 
mean  diameter,  10  cm.  thickness),  is  slit  radially  in  one  place, 
tangeutially  in  another,  so  that  the  width  of  the  former  air-gap 
may  be  conveniently  varied.  It  bears  12  coils,  each  having  a 
resistance  of  0*2  ohm  and  covering  20"^  (J-)  of  the  circumference  ; 
by  means  of  these  a  maximum  magneto-motive  force  of  108,000 
ampere-turns  may  be  applied,  requiring  about  6'5  horse-power; 
the  highest  value  of  the  inductance  is  about  180  henries,  corre- 
sponding to  a  "  time-ratio  "  of  180/2-4=75  seconds;  the  mean 
values  are  of  course  less.  Ballistic  measiu'ements  are  none  the 
less  out  of  the  question. 

When  provided  with  flat  pole-pieces  the  apparatus  represents 
the  simplest  possible  type  of  magnetic  circuit,  and  is  therefore 
well  suited  for  an  experimental  verification  of  its  laws.  By  a 
special  method,  which  is  described  in  extenso,  the  author  was 
able  to  verify  his  form  of  the  theory  of  magnetic  circuits  (Phil. 
Mag.  Nov.  1890;  Wied.  ^luu.  xlvi.  p.  491,  1892)  with  sufficient 
approximation.  The  leakage  was  roughly  determined  by  a  com- 
pass ;  its  absolute  amount  was  found  to  reach  a  maximum  for  a 
comparatively  low  magnetizing  current,  and  to  diminish  consider- 
ably as  the  current  was  increased.  This  final  decrease  of  leakage, 
which  of  course  is  more  marked  still  when  referred  to  unit  flux 
of  induction  through  the  circuit,  was  previously  found  with  a 
smaller  ring  by  H.  Lehmann  (Phil.  Mag.  April  1893)  and  discussed 
by  the  author  ('The  Electrician,' xxix.  p.  450,  1892).  It  was 
explained  how  this  simple  fact  constitutes  an  "  experimentum 
crucis"  against  the  fallacy  of  assuming — arguing  from  analogy 
with  a  voltaic  battery  immersed  in  an  electrolyte — that  leakage 
must  always  increase  when  saturation  is  being  approached.  It 
was  also  found  that  leakage  is  considerably  diminished  by  the 
ampere-turns  near  upon  the  air-gap  :  the  "  pole-coils  ''  producing 
them  fulfil  the  useful  function  of  keeping  the  flux  of  induction 
together,  thus  preventing  the  lines  from  spreading. 

The  principal  object  of  the  apparatus  is  the  production  of  strong 
fields  by  concentrating  this  flux  through  properly  shaped  pole- 
pieces.  A  theory  of  the  latter  was  developed  almost  sinuiltane- 
ously   (1888)   by  Stefan   and   Ewing   and  Low,   in    which    the 
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assumption  of  absolute  saturation  is  made.  As  this  condition  can 
never  be  fulfilled  in  practice,  the  author  redetermined  the  best 
shape  for  the  poles  in  an  empirical  way.  It  was  found — in  good 
agreement  with  Prof.  Ewing's  prediction — that  it  is  best  to  take 
a  straight  truncated  cone  of  semi-vertical  angle  00"^  (instead  of  the 
theoretical  54°  4-1-').  The  field  obtainable  in  air  with  such  pole- 
pieces  falls  short  of  the  theoretical  value  by  several  thousand  units  ; 
however,  it  beats  the  previous  record  (about  3U,000  C.G.S.)  by  a 
considerable  amount.     It  was  found  — 

For  a  =  5  mm. ;  11  =  36,800  C.  G.  S. 
„   rt  =  3  mm. ;  H  =  38,0U0       „ 
where  (i  denotes  the  diameter  of  the  small  truncated  faces. 

To  give  an  idea  of  this  field  the  author  points  out  that  a  bit  of 
good  thin  iron  wire  would  easily  get  saturated  up  to  1  =  1750, 
corresponding  to  an  induction 

B  =  38,000  +  4  ttX  1750  =  00,000  C.G.S. 
This  corresponds  to  a  tension  of  B787r  dynes  per  cm.-,  or  144 
Kg-weight  per  cm."  A  concentrated  aqueous  solution  of  ferric 
chloride  in  a  U-tube  (Quinciic)  would  be  lifted  about  half  a  metre; 
finally,  the  resistance  of  a  bismuth  spiral  Mould  be  nearly  trebled 
in  the  field. 

The  author  concludes  that  it  is  possible  to  obtain  fields  of,  say, 
40,000  C.G.S.  with  ring-electromagnets  of  reasonable  size ;  but 
that  stronger  fields  can  probably  only  be  reached  by  means  out  of 
all  proportion  with  the  purpose  in  view. — Wiedemann's  Annalen, 
li.  p.  537  (1894). 

ON  THE  THERMAL  BEHAVIOUR  OF  LIQUIDS. 

To  the  Editors  of  the  Philosophical  Magazine. 
Gentlemen, 

The  last  number  of  your  Journal  contains  a  paper  by  Messrs. 
Eamsay  and  Young,  to  which  it  would  not  be  necessary  to  reply 
if  all  your  readers  were  familiar  with  the  investigations  on  the 
thermal  behaviour  of  liquids.  But  as  this  cannot  be  assumed  to 
be  the  case,  I  am  for  the  sake  of  my  scientific  reputation  compelled 
to  reply. 

Messrs.  Eamsay  and  Young  reproach  me  with  an  error  of  obser- 
vation of  about  50°  in  the  determinations  of  the  critical  point;  as 
these  authors  \^ell  know,  it  would  be  impossible  even  for  the  most 
inexperienced  to  make  so  serious  a  mistake.  The  liquid  I  used 
had  really  the  critical  temperature  stated,  but  I  was  in  error  in 
relying  upon  the  statement  of  the  chemist  who  supplied  me,  that 
the  products  were  pure. 

The  error  is  acknowledged  by  myself  in  the  book  I  published, 
and  the  critical  temperatures  I  found  are  no  longer  given.  But  it 
is  too  much  to  assume  that  a  physicist  who  once  in  a  way  had  the 
misfortune  to  work  with  a  mixture  instead  of  a  pure  substance, 
has  become  incapable  of  making  a  correct  observation. 
Lie^e,  May  7,  1894.  P-  DE  Heen. 


[     585     ] 


INDEX  TO  VOL.  XXXVJI. 


Acids,  on  the  relative  strengths  or 
*'  avidities ''  of  ^veak,  lo9  :  on  the 
reUxtive  affinities  of  certain,  557. 

Acoustics,  researches  in,  259. 

Aerodromics,  on  the  science  of,  430. 

Air-core  transformer,  on  the  beha- 
viour of  an,  394. 

Andrews  (Rev.  W.  R.)  on  the  Pur- 
beck  beds  of  the  Vale  of  AVardour, 
416. 

Barrell  (Prof.  F.  R.)  on  the  separa- 
tion of  three  liquids  by  fractional 
distillation,  8. 

Birds,  on  the  soaring-  of,  425. 

Birkeland  (K.)  on  the  nature  of  the 
reflexion  of  electrical  -waves  at  the 
end  of  a  conducting  -wire,  241. 

Blakesley  (T.  H.)  on  a  new  electrical 
theorem,  448. 

Books,  new  : — Love's  Treatise  on  the 
Mathematical  Theory  of  Elasti- 
city, 237  ;  Blake's  Annals  of  Brit- 
ish Geology,  1892,  239  ;  Czapski's 
Theorie  der  Optischen  Instru- 
meute  nach  Abbe,  331 ;  Molen- 
broek's  Anwendung  der  Quater- 
nionen  auf  der  Geometiie,  332 ; 
Wiedemann  and  Ebert's  Physika- 
lisches  Praktikum,  334  ;  de  Ileen's 
La  Chaleur,  335  ;  Poynting's 
Mean  Density  of  the  Earth,  413  ; 
Stringham's  Uni])lanar  Algebra, 
499;  Williamson's  Elasticity,  501  ; 
Macfarlane's  Trigonometric  Func- 
tions, 501 ;  Kohlrausch's  Practical 
Physics,  502 ;  Smith's  Man,  the 
Primeval  Savage,  579. 
Boys  (C.  V.)  on  the  attachment  of 

quartz  fibres,  463. 
Brogger  (W.  C.)  on  the  basic  erup- 
tive rocks  of  Gran,  415. 
Burbui-y  (S.  H.)  on  the  law  of  dis- 
tribution of  energy,  143;  on  the 
second  law  of  thermodynamics, 
574. 

Carbon,  on  the  atomic  weight  of,  499. 


Chemical  change,  on  the  phases  and 
conditions  of,  105. 

Couductiug-power,  on  the  sudden 
acquisition  of,  by  a  series  of  dis- 
crete metallic  particles,  94. 

Conductivity,  on  the  rotational  co- 
efficients of  thermal,  338. 

Cooper  (W.  J.)  on  the  fractional 
distillation  of  kerosene,  495. 

Cores,  on  the  magnetization  of  hol- 
low and  solid  cylindrical,  507. 

Cm-rent  running  in  a  cylindrical  coil, 
on  the  magnetic  field  of  a,  204; 
on  the  coefficient  of  self-induction 
of  a  circular,  of  given  apertm-e  and 
cross  section,  300. 

Currents,  on  a  potentiometer  for 
alternating,  201 ;  on  the  graphic 
representation  of,  in  a  primary  and 
a  secondary  coil,  406. 

Daniel  (J.J  on  the  polarization  upon 
a  thin  metal  partition  in  a  volta- 
meter, 185,  288. 

De  Ileen  (P.)  on  the  thermal  beha- 
viour of  fiquids,  424,  584. 

Distillation,  on  the  separation  of  three 

liquids  by  fractional,  8. 
Drops,  on  the  electricity  of,  341. 
Du  Bois  (II.)  on  the  polarization  of 
non-difliracted   infra-red  radiation 
by   wire    gratings,    505  ;    on   the 
magnetization  of  hollow  and  sohd 
cylindrical  cores,  507 ;  on  a  ring- 
electromagnet  for  producins:  stronjr 
fields,  583? 
Earth,  on  densities  in  the  crust  of 

the,  244,  375. 
Electrical  theorem,  on  a  new,  448. 

oscillations,  on  the  magne- 
tization of  iron  and  nickel  wire 
by,  582. 

waves,  on  the  nature  of  the 

reflexion  of,  at  the  end  of  a  con- 
ducting wire,  241. 

Electricity  of  drops,  on  the,  341. 
Electromagnetic   radiations,  on   the 


586 


T  N  D  E  X. 


action  of,  on  films  containiii<j^ 
metallic  powders,  90. 

Klectiomagnets,  on  the  desifzn  nnd 
binding-  of  alternate-cnnent,  "jC4. 

Electro-optics,  on  a  fundamental 
question  in,  380,  5(;8. 

Endotlierniic  decompositions  ob- 
tained by  pressure,  on,  .']1. 

]']iieigy,  on  transfornuitions  of,  by 
slieaviiig-stress,  31  ;  on  the  law  of 
distribution  of,  143 ;  on  transfor- 
mations of  mechanical  into  chemi- 
cal, 470. 

Fisher  (liev.  O.)  on  densities  in  the 
earth's  crust,  37o. 

FitzGerald  (Prof.  G.  F.)  on  an  ap- 
proximate law  of  the  variation  in 
the  pressure  of  saturated  vapours, 
89. 

Flame-spectra,  on  the  genesis  of,  2o3. 

Flames,  on  the  lumino.'-ity  of,  free 
from  solid  particles,  245. 

Free/ing-points  of  sodium-chloride 
solutions,  on  the,  1G2. 

Galitzine  (Prof.  B.)  on  the  thermal 
behaviour  of  liquids,  423. 

Gases,  on  the  luminosity  of,  245 ; 
on  the  mechanical  and  molecular 
energy  of,  340,  419,  507,  508. 

Geological  Society,  proceedings  of 
the,  415. 

Gore  (Dr.  G.)  on  changes  of  temper- 
ature caused  by  contact  of  liquids 
with  powdered  silica  &c.,  306,  504; 
on  the  mechanical  energy  of  mole- 
cules of  gases,  340,  508. 

Gratings,  on  the  polarization  of  non- 
ditl'racted  infra-red  radiation  by 
wire,  505. 

Gray  (J.  H.)  on  the  elasticity  of 
spider  lines,  491. 

Gray  (P.  L.)  on  the  minimum  tem- 
perature of  visibility,  549. 

Hull  (Prof.  E.)  on  an  artesian  boring 
near  "Windsor  Forest,  418. 

Hysteresis  attending  the  change  of 
length  by  magnetization  in  nickel 
and  iron,  131. 

Insects,  on  the  limits  of  vision  in, 
316. 

Interference  phenomena,  on,  509. 

Iron,  on  hysteresis  attending  the 
change  of  length  by  magnetization 
in,  131 ;  on  the  magnetization  of 
soft,  336,  421. 

. wire,  on  the  magnetization  of, 

by  rapid  electrical  oscillations,  582. 


Johnston-Lavis  (Prof.  H.  J.)  on  en- 
closures of  quartz  in  lava  ol 
Stromboli,  416. 

Jones  (().  G.)  on  the  viscosity  of 
li(juids,  451. 

Joubin  (P.)  on  the  magnetization  of 
soft  iron,  33(5,  421. 

Jukcs-Prowne  (Prof.  A.  J.)  on  den- 
sities in  the  earth's  crust,  244  ; 
on  the  Purbeck  beds  of  the  Yale 
of  Wardour,  416. 

Keartou  (J.  W.)  on  a  new  mode  of 
making  magic  mirrors,  546. 

Kerosene,  on  the  fractional  distil- 
lation of,  495. 

Kerr  (Dr.  J.)  on  a  fundamental  ques- 
tion in  electro-optics,  380. 

Klemencic  (Prof.  I.)  on  the  mag- 
netization of  iron  and  nickel  wire 
by  rapid  electrical  oscillations,  582. 

Knott  (Prof.  C.  G.)  on  magnetic- 
elongation  and  magnetic-twist 
cycles,  141 . 

Kraevitch  (K.  D.)on  an  approximate 
law  of  the  variation  in  the  pressure 
of  saturated  vapours,  38. 

Kynaston  (II.)  on  the  Gosau  Beds 
of  the  Salzkammergut,  418. 

Langley  (Prof.  S.  P.)  on  the  internal 
work  of  the  wind,  425. 

Lea  vM.  C.)  on  eudothermie  decom- 
positions obtained  by  pressure,  31 ; 
on  transformations  of  mechanical 
into  chemical  energy,  470 ;  on  a 
new  method  of  determining  the 
relative  affinities  of  certain  acids, 
557. 

Light,  on  the  nature  of  white,  542. 

Lightning,  on  the  spectrum  of,  420. 

Liquid,  on  a  method  of  finding  the 
refractive  index  of  a,  467. 

Liquids,  on  the  separation  of  three, 
by  fractional  distillation,  8 ;  on 
changes  of  temperature  caused  by 
contact  of,  with  powdered  silica, 
Szc,  306,  504;  on  the  thermal 
behaviour  of,  215,  423,  424,  503, 
584;  on  the  viscosity  of,  451. 

Littlewood  (T.  H.)  on  a  method  of 
finding  the  refractive  index  of  a 
liquid,  467. 

Lodge  (Prof.  0.  J.)  on  the  sudden 
acquisition  of  conducting-power 
by  a  series  of  discrete  metallic 
particles,  94 ;  on  the  molecular 
energy  of  gases,  419. 

Luminosity  of  gases,  on  the,  245. 


T  X  T)  i-:  X. 


587 


McCowaii  (Dr.  J.)  on  rid^o-liin's 
aiul  liii08  fomu'cted  with  tbeui,  '2'27, 

Magnetic-elongation  and  niagnetic- 
t\vi:!it  cvck'M,  on,  141. 

Magnetic  Held  of  a  cnrrent  running 
.  in  a  cylindrical  coil,  204. 

^liieklinir  of  concentric  spherical 

siiells,  on  the,  9"). 

Magnetization  of  soft  iron,  on  the,33G. 

Mayer  (Dr.  A.  M.),  researches  in 
acoustics,  2oO  ;  on  the  blending  of 
sensations  of  interrui)ted  tones,  41 1 . 

MetiiUic  particles,  on  the  sudden 
acquisition  of  conducting-power 
by  a  series  of  discrete,  94. 

powders,    on    the    action    of 

electromagnetic  radiations  on  films 
containing,  90. 

Metals,  on  a  thermoelectric  diagram 
for  some  pure,  218. 

Meyer  (G.)  on  an  experiment  to 
photograph  the  spectrum  of  light- 
ning, 420. 

Minclun  (Prof.  G.  M.)  on  the  action 
of  electromagnetic  radiations  on 
films  containing  metallic  powders, 
90;  on  the  magnetic  held  of  a 
current  running  in  a  cylindrical 
coil,  204 ;  on  the  coefficient  of 
self-induction  of  a  circular  current 
of  given  aperture  and  cross  section, 
300;  on  the  graphic  representation 
of  cuiTcnts  in  a  primary  and  a 
secondary  coil,  406. 

Mirrors,  on  a  new  mode  of  making 
magic,  540. 

Monckton  (H.  AV.)  on  picrite  and 
other  associated  rocks  at  Barnton, 
417. 

Nagaoka  (II.)  on  hysteresis  attend- 
ing the  change  of  length  by  mag- 
netization in  nickel  and  iron,  131. 

Nickel,  on  hysteresis  attending  the 
change  of  length  by  magnetization 
in,  131. 

wire,  on  the  magnetization   of, 

by  rapid  electrical  oscillations,  ^)S'2. 

Pickering  (S.  U.)  on  the  freezing- 
points  of  sodium-chloride  solu- 
tions, 162 ;  on  the  densities  of 
solutions  of  soda  and  potash,  359. 

Polarization  upon  a  tbin  metal  parti- 
tion in  a  voltameter,  on  the,  185, 
288. 

Potash,  on  the  densities  of  solutions 
of,  359. 


Potentiometer  for  alternating  cur- 
rents, on  a,  201. 

Pressure,  on  endotherniic  decomposi- 
tions obtained  by,  31. 

of   saturated    vapours,    on    an 

approximate  law  of  the  variation 
in  the,  38. 

Pressures, temperatures, and  volumes, 
(Ui  "corresponding,"  1. 

Quartz-tibres,  on  the  attachment  of, 
463. 

Quincke  (G.)  on  a  fundamental  ques- 
tion in  electro-optics,  508. 

Radiations,  on  the  action  of  electro- 
magnetic, on  films  containing 
metallic  powders,  90. 

Ramsay  (Prof.  W.)  on  the  thermal 
behaviour  of  liquids,  215,  503. 

Ridge-lines  and  lines  connected  with 
them,  on,  227. 

Rimington  (E.  C.)  on  the  behaviour 
of  an  air-core  transformer,  394. 

Ring-electromagnet,  on  a,  583. 

Rubens  (II.)  on  the  polarization  of 
non-diflhicted  infra-red  radiat'on 
by  wire-gratings,  505. 

Riicker  (Prof.  A.  W.)  on  the  mag- 
netic shielding  of  concentric  sphe- 
rical shells,  95. 

Rudski  (M.  P.)  on  the  thermo- 
dynamics of  the  sun,  304. 

Rutley  (F.)  on  the  sequence  of  per- 
litic  and  spherulitic  structures,  416. 

Sarasin  (E.)  on  the  nature  of  the 
reflexion  of  electrical  waves  at  the 
end  of  a  conducting-  wire,  241. 

Saret  (C.)  on  the  rotational  coeffi- 
cients of  thermal  conductivity,338. 

Schuster  (A.)  on  interference'  phe- 
nomena, 509. 

Self-induction  of  a  circular  current 
of  given  aperture  and  cross  section, 
on  the  coefficient  of,  300. 

Shearing-stress,  on  transformations 
of  energy  by,  31,  470. 

Shells,  on  the  magnetic  shielding  of 
concentric  spherical,  95. 

Shields  (Dr.  J.)  on  the  relative 
strength  or  "  avidities "  of  weak 
acids,  159. 

Smithells  (Prof.  A.)  on  the  lumin- 
osity of  gases,  245. 

Soda,  on  the  densities  of  solutions  of 
359. 

Sodium-chloride  solutions,  on  the 
freezing-points  of,  162. 


588 


INDEX. 


Solutions,  on  the  origin  of  the  theory 

of,  47o. 
Spider  lines,  on  the  elasticity  of,  491 . 
Stock'  (^V.  11.)  on  a    thenuoolectric 

diagram  for  some  pure  metals,  218. 
Stoney  (Dr.  G.  J.)  on  the  limits  of 

vision,   -with    special  reference  to 

the  vision  of  insects,  31  (J. 
Sun,  on  the  thermodynamics  of  the, 

:m. 

Swinburne  (J.)  on  a  potenliometer 
for  alternating-  currents,  201. 

Temperature,  on  changes  of,  caused 
by  contact  of  liquids  with  insoluble 
powders,  30(),  504. 

Temperatures,pressures,  and  volumes, 
on  "  corresponding,"  1. 

Thernuil  behaviour  of  liquids,  on  the, 
215,  423,  424,  503,  584. 

Thermodynamics  of  the  sun,  on  the, 
304. 

• ,  on  the  second  law  of,  157,  574. 

Thermoelectric  diagram  for  some 
pure  metals,  on  a,  218. 

Thomas  (G.  L.)  on  the  separation 
of  three  liquids  by  fractional  dis- 
tillation, 8. 

Thompson  (Dr.  S.  P.)  on  the  design 
and  winding  of  alternate-current 
electromagnets,  5G4. 

Thomson  (Prof.  J.  J.)  on  the  elec- 
tricity of  drops,  341. 

Tones,  on  the  blending  of  sensations 
of  interrupted,  411. 


Transformer,  on  the  behaviour  of  an 
air-core,  304. 

Van't  lloff  (J.  II.)  on  the  origin  of 
the  theory  of  solutions,  475. 

Va])ours,  on  an  approximate  law  of 
the  variation  in  the  pressm-e  of 
saturated,  38. 

Veley  (Y.  II.)  on  the  ])hases  and 
conditions  of  chemical  change,  105. 

Visibility,  on  the  minimum  tempera- 
ture of,  549. 

Vision,  on  the  limits  of,  316. 

Voltameter,  on  tht;  polarization  upon 
a  thin  metal  partition  in  a,  185,288. 

Volumes,  pressures,  and  tempera- 
tures, on  "corresponding,"'  1. 

"Walker  (M.)  on  the  design  and 
winding  of  alternate-cmTent  elec- 
tromagnets, 564. 

Wanklyn  (J.  A.)  on  the  fractional 
distillation  of  kerosene,  495. 

"Waves,  on  the  nature  of  the  re- 
tlexion  of  electrical,  at  the  end  of 
a  conducting  wire,  241. 

"\iMnd,  on  the  internal  work  of  the, 
425. 

Young  (Prof.  S.)  on  the  generaliza- 
tions of  Van  der  "Waals  regarding 
"  corresponding  '  temperatures, 
pressures,  and  volumes,  1  ;  on  the 
separation  of  three  liquids  by 
fractional  distillation,  8 ;  on  the 
thermal  beha\iour  of  liquids,  215, 
603. 


END  OF  THE  THIRTY-SEVENTH  VOLUME. 


Printed  by  Tayjlor  and  FRA^CIS,  Eed  Lion  Court,  Fleet  Street. 


O 


BINniNG  DEPT.  MAY18195B 


QC 

1 

ser.5 
V.37 

Physical  & 
Applied  Sci. 
SenaU 


The  Philosophical  magazine 


PLEASE  DO  NOT  REMOVE 
CARDS  OR  SLIPS  FROM  THIS  POCKET 

UNIVERSITY  OF  TORONTO  LIBRARY 


*tN^ 


